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THE SEGRE IMBEDDING AND ITS CONVERSE

Bang-Yen Chen (7) and Wei-Eihn Kuan (2)

(1) (2) Department of Mathematics Michigan State University, East Lansing, Ml 48824 - U.S.A.

Résumé : En utilisant les coordonnées homogenes des espaces projectifs compl%?s, C. Se§re a
o a aq,...,Q

construit, en 1891, un plongement kaehlerien de C P T'x .XCP Mdanscp ' 1”7 N , ou

N(a],...,an) = (1 + ;) ... (1 + &) — 1. Dans cette Note, nous considérons le probléme inverse,

et nous obtenons le résultat suivant :

a o
Si M11 X ... X Mnn est une sous-variété produit de CP™M, et est le produit de n varié-

a Q
tés kaehleriennes, alors m > N(a-i,...,an). De plus, si m = N(a1,...,an), alors M11 X .. XM Mest

a a
un ouvert de CP 1 X ... X CP M et I'immersion considérée est le plongement de Segre.

Summary : Using homogeneous coordinates of complex projective spaces, C. Segre constructed
in 1891 a Kaehler imbedding of € P X X €P*MincC PN apprp) where N(aq,...a,) =
1+ a1) w (1 + @) = 1. In this papeor[, we conside& the converse problem to the Segre imbedding
and obtain the following result : If M11 X .. X Mn" is a Kaehler submanifold of € P™ which is
the product of n Kaehler manifolds, then m > N(a1,...,an). And if m = N(a1,...,an), then
M(ﬁ X .. X M‘:n is an open portion of CPa] X .. X ﬂ:Pa“ and the immersion is obtained by the

Segre imbedding.
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0. - INTRODUCTION

Let € P" be a (complex) n-dimensional complex projective space with the Fubini-
Study metric of constant holomorphic sectional curvature 4. Using homogeneous coordinates,
C. Segre [4] constructed in 1891 an imbedding from the product variety C PEX C ph into
CPN(a’ﬁ), N(a,8) = a + B + af, as follows

(0.1) So,p: € X CPP cpN(B)
(x;) - (vy) = (x;y,)-
It is well-known that S a8 is a Kaehler imbedding which is known as the Segre imbed-

ding from CPYX CP into CPN(aB)

In 1981, Chen [2] had considered the «converse» problem to the Segre imbedding
and obtained the following.

THEOREM A. /f € P™ admits a Kaehler submanifold M‘]" X Mg which is the product of two
Kaehler manifolds of (complex) dimension o and B, respectively, then m = N(a,B8). In particular,
if m = N(e,B), then (a) M‘f X MB is an open portion of CP* X C PP and (b) the immersion is obtai-

ned by the Segre imbedding S, , up to holomorphic and isometric transformations of C pm.
op

a a
For the product variety CP Ix.xep N using homogeneous coordinates, C. Segre

defined the following imbedding

a a N(a,...,&
(0.2) Sa, ..o, P Tx .xep"sgp | )
e O
() - 0 ) O )
where
(0.3) N(a1,...,an) =sptsy+o s,
n
where 51 = Z Z oo Gy WSy = Q1 It is clear that Sa1 pe is also a Kaehler
i=1 i <j n

PR
imbedding. We call it the Segre imbedding from CP 1 X ..XCP %n into CP Nie “ n).

In view of Theorem A, it is natural and interesting to consider the following two

problems :
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Problem 1. Is N(a1, 2% ) the smallest p055|ble dimension of a complex projective
space to admit a Kaehler submanifold M11 X .. XM, %n which is the product of n Kaehler mani-

folds ?

Problem 2. If N(a1, N ) is the smallest possible dimension of a complex projective
space to admlt such a product submanifold, does this product submanifold have to the obtained

from the Segre imbedding ?

In this paper we will solve these two problems completely. More precisely, we will

obtain the following.

THEOREM 1. /f € P™ admits a Kaehler submanifold M1 X .. X M which is the product of

n Kaehler manifolds M]l, M, %n of complex dimensions aj,..., respective/y, then we have
(1) m=> N(a1,...,an),
(2) ifm=N(ay,.., ), then
“ % ; % %n
(2.1) My X ... X M " is an open portion of CP " X ... X CP ", and

(2.2) the immersion is given by the Segre imbedding Sa1 up to holomorphic

.Q
n
and isometric transformations of CP™,

Let h denote the second fundamental form of the immersion and VPh the p-th cova-

riant derivative of h. Then we also have the following best possible inequalities.
a a m
THEOREM 2. Let M1 X .. X Mn" be a Kaehler submanifold of CP"". Then we have

(0.4) 19920125028 2, o .«
i <.<ip %
for £=23,.. n The equa//ty of (0.4) holds for some L if and only if M11 X .. X M N js an open

portion of CP * X .. X (IIP N and the immersion is given by the Segre imbedding S up to

.
n
holomorphic and isometric transformations of € P™. Moreover, in this case, the equa//ty of (0.4)

holds forall £, 2=2,3,...,n

It seems to be interesting to point out that N(a1,...,an) =1+ a1) (1 + an) —1is
much biger than the dimension of M in general. For example, Theorem 1 shows that if € P™
contains a Kaehler submanifold M which is the product of twenty 3-dimensional Kaehler mani-
folds, then M is only 60-dimensional, however, CP™ is at least 1,099,511,627,776-dimensional !!!
Moreover, if m is 1,099,511,627,776, M has to be obtained by the Segre imbedding !!
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1. - BASIC FORMULAS

Let M be a submanifold of a Riemannian manifold M with Riemannian metric <, >
and Riemannian connection V’. Denote by V the induced connection on M. The second funda-

mental form h of the immersion is given by
(1.1) h(X,Y)=V’XY—VXY

where X and Y are vector fields tangent to M. For a vector field £ normal to M and X tangent to

M, we put
(1.2) Vs(s = —AEX + DXE

where —AEX and DXE denote the tangential and normal components of V’xg’, respectively. We

have
(1.3) <h(X,Y),t>=< AEX,Y >.

For the second fundamental form h, we define its first covariant derivative Vh to be a

normal-bundle-valued tensor of type (0,3) given by
(1.4) (Vh)(X,Y,Z) = Dxh(Y,Z) ~h(VyY,Z) - h(Y,VyZ).

Let R’, R and rD denote the curvature tensors associated with V’, V, and D, respec-

tively. The equations of Gauss, Codazzi, and Ricci are then given respectively by

(1.5) R(X,Y;Z,W) =R(X,Y;Z,W) =< h(X,W),n(Y,Z) >
+<h(X,Z), h(Y,W) >,

(1.6) R'(X,Y;Z,£) =< (Vh) (X,Y,Z) = (Vh) (Y,X,Z),¢ >,

(1.7) R(X,Y;Em) =RP(X,Y;tm) —< [Ag AL XY >

for vector fields X,Y,Z,W tangent to M and £,n normal to M.

If we define the p—th (p > 1) covariant derivative of h by

(1.8) (VPh) (X1 X9, Xp49) = Dy ((TP7Th) (Xgpm X p0))

p+2

v
—'Zz (P777h) (X0 T XX 1),
I:
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then VPh is a normal-bundle-valued tensor of type (0,p+2). Moreover, it can be proved that vPh

satisfies
(1.9) (TPh) (X;, X, X3,mXp9) = (TPh) (XX 1, X3 X 1)
=RrD (X1,X5) (TP 2h) (X3 X p42)
p+2 )
+ Z VP7%h) (X350, R(X7,X) X, Xpto) P>2.
We put Goh =h.

Let M be a Kaehler manifold with the complex structure )] and M be a complex sub-

manifold of M with the induced Kaehler metric. Then we also have the following

(1.10) h(JX,Y) =h(X,}Y) = Jh(X,Y),
(1.]1) AJE=JAE, JAE=_AEJ, and DxJ:E:JDxE.

Let R denote the curvature tensor of €CP™. Then it is well-known that R takes the

following form :
(1.12) RX,Y)Z=<Y,Z>X-<X,Z>Y
+<JY,Z> X =< JX,Z> Y +2<X,)Y > )Z.
In particular, if M is a complex submanifold of CP™, (1.6) and (1.12) imply
(1.13) (Vh) (X,Y,Z) = (Vh) (Y,X,2)
= (Vh) (Z,X,Y).
In section 2, we also denote

(Vh) (X,Y,Z) by (V,h) (Y,2).
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2. - PRODUCT OF 3 KAEHLER MANIFOLDS

Throughout this section we shall assume that M = M(]x X Mg X Mg is the Riemannian

product of three Kaehler manifolds M‘{‘,MIZ3 and Mg' of (complex) dimensions a, B, and 7, respecti-
vely. Let x : M > €P™ be a Kaehler immersion from M into the m-dimensional complex projecti-

ve space cp™.

In the following, we assume that §X1,...,Xa,]X],...,JXa; (respectively,
{Y],...,YB,JYP...,JYﬁ } and { Z1,...,27,JZ1,...,JZ,Y} ) forms an orthonormal basis for M? (respec-

tively, for Mg and for Mg). We regard these vector fields as vector fields in M in a natural way.

We need the following results for the proof of the Main Lemma.
LEMMA 1. LetM = M? X Mg X M'37 be a Kaehler submanifold of CP™. Then
(2.1) h(Xi,Ya),J h(Xi,Ya),h(Xi,Zr),J h(Xi,Zr),h (Ya,Zr),
Jh(Ya,Zr), i=1.,a;a=1..6;r=1,.7;
are orthonormal local vector fields in TM.

Proof. Let X and W be any unit vectors tangent to M? and Mg X Mg, respectively. Then by (1.5)

we have
(2.2) ﬁ(X,W;W,X) =< h(X,W),h(X,W) >—<h(X,X),h(W,W) >,
(2.3) R(X,JW;W,X) =< h(X,JW),h(X,JW) >—< h(X,X),h(JW,JW) >

Combining (1.10), (2.2), and (2.3) we find
K(X,W) + K(X,JW) =2 I h(x,w) 112,

where K denotes the sectional curvature of € PM. Since X A W is a totally real section, i.e.,
<X,W>=<X,JW>=0, this implies that the length of h(X,W) satisfies

(2.4) Th(X,W) I=1.
Therefore, by linearity, we obtain

(2.5) <h(XGWLR(X W) >=0, i#), ij=1,.2,
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where we put Xa+k = JXk , k=1,.,a Let W1,W2 be any two of the orthonormal vectors
Y1,...,Y6,Z1,...,Z Then we find from (2.5) that

Y
(2.6) < h(Xi,W1 ),h(Xj,W2) >+ < h(Xi,Wz),h(Xi,W1) >=0.
On the other hand, because R(Xi,XJ-;W],Wz) =0, (1.5) and (1.12) imply

Combining (2.6) and (2.7) we get < h(Xi,W1),h(X‘-,W2) > = 0. From this, together with (2.4),

we conclude that
h(XI;Ya);Jh(XI;Ya);h (lezr))Jh(XI)Zr)»
i=1..,a;a=1,..8; r=1,.7

are orthonormal. Applying the same argument to h(Y,W) for unit vectors Y,W tangent to Mg
and M? X Mg , respectively, we obtain Lemma 1. ‘

LEMMA 2. Let M = M‘f X Mg X Mg be a Kaehler submanifold of CP™ and X,Y, and Z unit vector
fields tangent to M? , Mg, and Mg, respectively. Then we have

(2.8) < (Vxh)(Y,Z),h(Y,Z)>=0

(2.8) and
< (Vxh)(Y,2),Jh(Y,2) >=0.

Proof. The first equation of (2.8) follows from (1.4) and the identities VxY =VyZ =0 and
Ih(Y,z) I=1.

The second equation follows from the first equation and equation (1.14).
LEMMA 3. Under the hypothesis of Lemma 2, we have
(2.9) Ah(Y,Z)X =0.
Proof. Let U be any unit vector tangent to M, Lemma 1 implies

<Ap(y,z)¥U> = <h(Y,2),h(X,u) >=0.
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This prove (2.9).
LEMMA 4. Let M =M% X M5 X M) be a Kaehler submanifold of CP™. Then we have
(2.10) I (@yh)(Y,Z) I=1

B

for any unit vector fields X, Y and Z tangent to M?, M2 and Mg respectively.

Proof. From the hypothesis, we have R(X,JX)Y = R(X,JX)Z = 0. Thus (1.9), (1.11) and (1.12)
imply

(2.11) < (VyxVxh)(Y,2) = (V¥ xh)(Y,2),Jh(Y,2) >

=< RP(X,X)(h(Y,2)),Jh(Y,2) >

<ROGIX)IN(Y,2)0(Y,2) > = <[Ap(y 7)Ajp(y,2)IXX>
=2+2 I Apy zX 12=2
by virtue of Lemma 3. On the other hand, (1.8) and Lemma 2 give
(212) <V Txh)(Y,Z) - (V¢ V) xh)(Y,2),Jh(Y,2) >
=<Dx (Vxh)(¥,2)) = Dy (V) xh)(Y,2)) = (¥ x xjh)(Y,2),Jh(Y,2)>
Thus, by (2.11), (2.12) and Lemma 2 we find
2=<=(Vxh)(Y,2) + (V)xh)(¥,Z),D;x Jh(Y,Z)) >
=<~ (Vxh)(Y,Z) + (€th)(v,z),(§lxh)(1v,z) >
=2 1 (Vyh)(Y,2) I2
by virtue of (1.13). From this we obtain (2.10).
In the following, we put

(2.13) V =Span {h(X,Y),h(X,Z),h(Y,Z) IXETMY, YeT™ME, z€ ™I} .
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Then V is a complex (af + By + ay)-dimensional holomorphic subbundle of the normal bundle
Tim. Moreover, the vector fields given by (2.1) form an orthonormal local basis of V.

We need the following.
LEMMA 5. Under the hypothesis of Lemma 2, we have
(2.14) (th)(v,z) is perpendicular to V.

Proof. Let Y and Y’ (respectively, Z and Z’), be two unit vector fields tangent to Mg (respectively,
Mg). Then, for any unit vector field W tangent to M? , Lemma 2 implies

(2.15) < (@xh)(Y,2),h(Y",2) > + < (Vih)(Y",Z),h(Y,Z) >=0.
On the other hand, from (1.4), (1.13), and Lemma 1, we get

(2.16) < (Vyh)(Y,Z),h(Y,2') > = < (Vyh)(X,Z),h(Y’,2) >

<Dyh(X,Z),h(Y",2") >

~<h(X,2),Dyh(Y",2)) >

1l

—<h(X,z),[Vyh)(Y",2)) >

—<h(X,2),[@yh)(Y,2') >

1l

~<h(X,Z),Dy,h(Y,2’) >

Il

< (Vy,h)(X,2),h(Y,Z) >.

Consequently, we have

(2.17) < (Vyh)(Y,Z),h(Y",2') > =< (Vyh)(Y,2),h(Y,2") >
=< (Vxh)(Y",2"),h(Y,Z) >.

Combining (2.15) and (2.17) we obtain

(2.18) < (Vxh)(Y,2),h(Y",Z) > =0.
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By linearity, (2.18) implies

(2.19) < (Tyh)(Y,2),h(Y,Z)> + < (Txh)(Y,Z'),h(Y",Z) >=0.
Therefore, (2.17) and (2.19) give

(2.20) < (Vyh)(Y,Z)h(Y",2') > =0.

Since (§Xh)(Y,Z) = (ﬁYh)(X,Z) = (ezh)(X,Y), a similar argument vyields
< (ﬁxh)(Y,Z),h(X’,Y’) >=<Z ﬁxh)(Y’Z)'h(X"Z’) > = 0 for any unit vectors X, X’ tangent to
M‘f. These proves Lemma 5.

LEMMA 6. LetM = M‘{ X Mg X Mg be a Kaehler submanifold of CP™. Then
(2.21) (§Xih)(va,zr), i=1,..20, a=1,.,8; r=1..7
are orthonormal local vector fields in T‘LM.
Proof. From (1.9), (1.12), Lemmas 1 and 3 we have
(2.22) < ﬁxjxjh)(va,zr) - (_V_xjflxih)(Ya,Zr),h(Yb,Zt) >
=< RD(Xi,Xj)(h(Ya,Zr)),h(Yb,Zt) >
= R(X;X;h(Y,Z)h(Yp,Z,)
+<IAn(y, .z )An(y,,z )] X% >
=0
for i,j=1,.,2a; ab=1,..8; rt=1,.,7.

On the other hand, (1.8) and Lemma 5 imply

(2.23) < (€Xi6xjh)(va,zr) - (\7Xj§xih)(Ya,zr),h(vb,zt) >
=< Dxi(ﬁxjh)(va,zr)) - ij(ﬁxih)(va,zr)),h(vb,zt) >
=< (inh)(Ya,Zr),(ijh)(Yb,Zt) >

=< T 2 Tx Y2 >
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Hence, (2.22) and (2.23) give
(2.24) < (inh)(\(a,zr),(ﬁxi h)(Yp,Zy) >
=< (ijh)(Ya,Zr),Wxih)(Yb,Zt) >.
From Lemma 4 and linearity we also have
(2.25) <@y )(Y,2),(Ty N)(Y,2)>=0, i#j; ij=1,.2
! J
Thus, by using linearity again, we find
(2.26) < (ﬁxih)(va,z),(ﬁx h)(Y,,Z) >
j
+< (inh)(Yb,Z),@xjh)(Ya,Z) >=0.
Combining (2.24) and (2.26) we obtain
(2.27) <@ h(Y,2),(Tx h)(Yy,2) >=0,
J
i#j; ij=1,.20

Thus, by applying linearity, (2.24), (2.27) and Lemma 4, we obtain Lemma 6.

Combining Lemmas 1, 5 and 6, we obtain the following.
LEMMA 7. LetM = Mc{ X Mg X Mg be a Kaehler submanifold of CP™. Then
h(X;Y,), Jh(X;,Y,), h(X;,Z,), Jh(X,,Z,),
h(Y,Z,), JR(Y,,Z,), (Vh)(X,,Y,,Z), ) (Vh)(X,,Y,,Z,) ;
i=1.,a; a=1,...68; r=1,.7;

are orthonormal local vector fields in TlM.
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3. - MAIN LEMMA

a a
Let M = M11 X .. X Mn" be the Riemannian product of n Kaehler manifolds
a a
M1l,...,Mnn of complex dimensions 0 peens@py respectively. Assume that M is a Kaehler submani-
fold of CP™,

In the following, we denote by Xi,Yi,Zi,..., etc. (with super-index i) vector fields

a. a a
tangent to M; I, We shall also regard them as vector fields tangent to M = M11 X .. X Mn" in a
natural way. Moreover, we assume that X'1 ,...,X&i , X'ai+1 = JX'1 ,...,X'2a£i = JXLMi form an ortho-

Q.
normal basis for M; I

We need the following Main Lemma.

a a
LEMMA 8. Let M = M11 X ... X Mnn be a Kaehler submanifold of CP™. Then the following

vectors

i i i i — i i i
1T y2 1 y?2 1T yw2y3
O X JhOXLX2), @) (] X2 X3 ),

_ i in i — i i
Tyv2y3 n—2 1 n
J(Vh) (Xa1 ,Xaz,Xa3),...,(V h)(Xa],...,Xan),

) i i
on—2 1
T 2000] X,
n
i <i2<...<in ;1 <j,i],...,in<n ; 1<a<a ;
are 2(sy + s3 + ... + ) orthonormal vectors normal to M.

Proof. We will prove this lemma by induction.

If n =3, this lemma is just Lemma 7. Now we assume that this lemma holds for

n<2-1, 2> 4, we want to prove that it is also true for n = &,
% W - m
LetM=M;" X ... X Mg" be a Kaehler submanifold of CP™". We put

- (41 Q —Q. Q.
-1 _ 4, %01 Q _ _ _
MeZ1' =MgZ{" X Mg* and MiJ—Mjl, i=1,..,2-2.

—a -
- 1 -1 -1 -1 Q Q -1 -1 Q L
We consider My " X ... X Mg~; . Then X1 ,...,Xa2_1, X1 '""XO‘Q , JX1 ""’JXaQ_1' JX ,...,JX(MS2

form an orthonormal basis for MQ_1 . Thus by induction, we know that
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i i i i
1T y2 1 y2 1 2—1
(X, X2, IO X2), hOcl X ), gh X1 X&),

a1’ asz —1

2 1 Q i 2 i3
h(X X3 )Jh( X3 )(Vh)(X1X2 3),

T 1 x2 x'3 12 (81
J(Vh) (X X3 Xa )(Vh)( XayXag .

J(Vh)(Xl X2 x3), @n)(x1 X2 x2),

32’ a3 a-l’ 3.2 aQ
1 2 L o3 Q—]

a”asz 1 aszzam
S0-3 sz—z -1, %3 i 2
vV 2h) (X, X x VAR (X! X 2 X
It )(a 29’ )( )(;111 ag_o’ sz)
73 i .8

h)(X.! ..., X
\ )(31 aszzasz)

I-I <..<i2__2; 1<|],...,|2_2<Q_2; 1<a<a )

13

a a
are orthonormal vectors normal to M11 X .. X MQQ. Applying the same argument to all other

possible similar cases and by induction, we obtain the following.
Statement 1. The following normal vectors ;
i Xi2 hXi] Xi2 v i1 Xi2 i3
(X X2), It X2), @) x;! X2 x3),

" 3

J(Vh)(X X2 x3)

a ’ 3.2’ 3.3
Vn 3h e ,X n_1 Vn 3h X , ’X n_1 ;
T3 AP )X, X )
i]<i2<...<in_1,1\]|1, ’n—] 1<aj<ai;

are orthonormal.

We need the following.

Statement 2. For i <..< it+2’ and i # i1,...,it+2, and any permutation o of (i1,..

.,it+2), we
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have
(3.1) A_ i i xi=0
Vth)(x 1,...x t12)
and
(32) T 1.x T2 = G xle2)

Proof. First we mention that Lemma 3 implies the following

(3.3) A Xi=0, i #iy

i
h(x 1 x2)

If k # i, then Statement 1 yields

(3.4) <A xi xk>

(v‘h)(xi‘,...,xit”)

U P
=<h(x xK), @) (x 1, x t+2) >

Hence, in order to prove (3.1), it suffices to prove

(3.5) <A Xiyis=g,
@h)x 1. x t+2)

) Q.
for any vector Y' tangent to M; .

PR T :
For i # i1,iy,i3 and unit vector fields X 1,X 2,X 3,X! and Y/, we have

<A yi>

— iy i g X
Vh)(x 1 x2x3)

=< (Vh)(Xi],Xi2,Xi3),h(Xi,Yi) >

i .

=<D ; h(X2X3),h(X'Y')>
X1

=-<h(X 2X3),D i1h(x',Y')>

X
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=—< h(xiz,xi3), ('V'h)(xi‘,x‘,Yi) >
——< h(xiz,xi3), (Vh)(x‘,xi‘,vi) >
=-< h(xiz,xi3),DXih(Xi1 Yh)>
=< Dxih(Xiz,Xi3),h(Xi],Yi) >

=< (ﬁh)(xi,xiz,xi3),h(xi1,Yi) >

This proves (3.1) for t=1.

15

For (3.2), if t =1, (3.2) follows from (1.13). Now, we assume that both (3.1) and

(3.2) are true for t<<r—1, r=>2, that is we have

(3.6) A ; i Xi =0
@h)(x 1,...x t2)
and
6.7) @), x 142 = @ty "1 x ),

for t<r—1. Then we have from Statement 1 and (3.7) that

(3.8) <A Xyi>

(v’h)(xi1 ,...,xif+2)

i i o
=< @ h) X .. X2 hx vl >

=<D | (@)X 2, X T 2)) p(x]vi) >
X

N o
=< (@ h)(x2,...x™2)p i hOXLY) >
X

=—< (6"1h)(xiz,...,xi'”),(ﬁh)(xi1,xi,Yi) >
=—< ('V'Hh)(xi2,...,xi'+2),(?7h)(xi,xi‘,Yi) >

I i
=< (Vh)X'X2.. X2 h(x 1yl >.
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If i <ii,, then from Statement 1, we obtain (3.5) and hence (3.6) for t=r.

Ifi>i,, then (3.8) implies

Xyl>

@) (x1..x"2)

=< (€’h)(xiz,x‘,xi3,...,xi’+2),h(xi1,Y‘) >

+< RD(xi,xi2)((5’“211)(xi3,...,xif+2),h (xi‘,vi) >
=< (\7rh)(xi2,xi,xi3,...,xir+ 2),h(Xi1,Yi) >

+ E(xi,xiz;(ﬁr‘zh)(xi3,...,xi'+2),h(xi‘,Y‘))

i
X' x 2>,

¥ 2n)(x 3, X ™2) hx 1Y)

Thus, by (1.8), (1.12), and (3.7) we find

Xyi>

@h)(x 1. xr2)

N TR i i
=< (@h)X2x' x 3. X2 hx1yh)>
PR T i
=<D i2((Vr Ty x 3, X ™2)hix 1yl >
X

N N A i i
=<D (@ T3, x5 xix st xm+2) n(x 1 y) >
X

— i i i i
=< (V)X 2. xSX xSt x™2)hix1y!)>,
where ig <i<i | ;. Thus by Statement 1, we obtain (3.5) and hence (3.6) for t=r.
Now, we shall prove (3.7) for t=r.

Let £ be any normal vector field normal to M. Then by (1.9), (3.7) and induction

we have



The Segre imbedding and its converse 17

< (Vrh)(xi1,...,xif+2),z >
=< (V’h)(xi2,xi1,xi3,...,xif+2),z >
+< RD(xi1 ,xi2)((V’"Zh)(xi3,...,xif+2)),s >
=< (Y?'h)(xiz,xi1 ,xi3,...,xi'+2),z >
+ ﬁ'(xi1,xi2;(§7"“2h)(xi3,...,xi'+2),z)

+<[A Al X X2 >

(6"2h)(xi3,...,xif+2)
=< (‘v’rh)(xiz,xi1 ,xi3,...,xi'+2),s >.
This shows that
(3.9) (\"7’h)(xi1,xi2,...,xi’+2) = (V’h)(xiz,xH ,xi3,...,xi'+2).
If 1 <s, then we also have from induction
(3.10) (V’h)(xi1 ,...,xis,xis“ ,...,xi'+2)
=D ;. (T X2, X5, X T2)

X
N P WO
=D (TTRIX 2. X+ X5, X r+2)
X
R A T WO i
=@ h)(x 1. x5TTxsH xs xst2 | xr+2),

Consequently, (3.9) and (3.10) imply (3.7) for t=r. Thus, by induction, we obtain (3.6) and (3.7)
for any t. This proves Statement 2.

Statement 3. For unit vectors Xi1,...,Xip+2, ih<..< ip+2 , 1<s<p+2, we have

(3.11) @h)(X' 1, 1x5,.. X PH2) = ) TPh) (X', X P+2).

Proof. If p=0, (3.7) follows from (1.10). If p =1, we obtain from (1.4) and (1.13) that
@Fr0x1,x2,x3) = Tn)x 2x 1 x'3)

=D ; (h(JXi‘,xi3))=D i J(h(xi1,xi3))
X2 x'2
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-0 h(XTx3) =@ x2x 1 x3)
X 2

= @)X 1 x2x3).
Similar argument also yields
T x2x3) = [Fr)x 1 x 2)x'3) = ) Th) (X 1 x2.x'3).
These proves (3.11) forp=1.

Now, assume that (3.11) holds for 1 <p < t—1. If s > 1, then, by (1.9) and induction,
we have

T xS X Y PR R
(@th)(x 1,..)x5,..x *2) =D . (¥ (X 2. xS X +2)
x'1

=t— i i i
=D i]J(Vt Th)(x2,..x5,...x t2)
X

=)D ; T Th)(x' 2. x 1)
x'1
= @)X T X TF2).

If s =1, then by (1.9), Statements 1 and 2, we find that for any unit normal vector field £, we
have

< (ﬁth)(inl ,xi2,...,xit+2),g >
=< (Vth)(xiZ,in1,...,xit+2),z >
+<RPUX X2 ([T 2n)x 3, X T2 £ >
=< J(ﬁth)(xiz,xﬁ,...,xit+2),s>
+<ROXTX2Z@ 20X 3, X 26>

+<[A ,AS]JXI1,XI2>

(V‘“Qh)(xi3,...,xit+2)
=< @)X 2X T X2 g >
—< @)X T X2 X2 g >

— <RP(X'2 X' 1)@ 2n)(x 3, X t+2)) £ >

=< J(§th)(xi1,xi2,...,xit+2),g >
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— i i i — i i
Since this is true for any £, we obtain (Vth)(JX ],X 2,...,X t+2) = J(Vth) (X 1,...,X t+2). Conse-
quently, we obtain (3.11) for p = t. Thus by induction, we obtain Statement 3.

Statement 4. For unit vectors x! ,...,X", we have
1@ 2h)(x",.. x") I=1.
Proof. We have
(3.12) <@ Th)gx? xT x2,...xM - @ Th)x  yx! x2,...xM),
J@ 3R (X2, x") >
=< RPxT x1)(@"3n)(X2,...X"),} " 3h)(X2,... x™) >
= <RI xL@3h)(X2,... XM, (T 3h) (X2,.. X" >

+<[A— x! x>

(V"‘3h)(x2,...,x")’A 1" 3h)(x2,...X")

=242 1A_ x12=o,

@ 3h)x2,.. X"
On the other hand, we also have
(3.13) <@ Thyox!x1x2..xm - @ Th)xyxt x2,.x"),
JV" 30y (X2, x™) >
=< (T 2n)(x7,..,.x™) - D1 (@ 2h)0x" X2,..,X™)
=@ 20X x11X2 X, @30 (X2, X" >
=< (V"‘2h)(1x1,x2,...,x"),DX1 J@"3h)(x2,...x") >
-< (6"‘2h)(x1,...,x"),ojx1 (" 3h)(X2,...x") >
=1 @ 2)xT x2,.,xM 12+ 1 (@ 2h)(xT,..x") 12
=2 1@ 2h)(x" x2,..xM 12

Combining (3.12) and (3.13), we obtain Statement 4.
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Statement 5. The following vectors

(T2)0G X3 )@ 20X, . X )

=105 i=1.,n;

are orthonormal.
Proof. From (1.7), (1.9), (1.12), and Statements 1 and 2, we find

Xg )= @ Th)xg, ,x1 X2

on—1 1 2
<(V h)(X Xb X 2y

a L} xnn ),,

VI 3h)(x2 ,..XD ) >
( It ) bn)
=<RP0G Xp (TR X7 ), T 3h)xE ... xp )>
ay’ 4 2 n
-5 oh—3 n\y (on3 2 n
RO X5 @00 XD ) T30 X0 )

1 1
<A @ 3h)(x2 ... X0 )’ (v""3h)(x2, Xp )] a1Xb; ”

a ety

Hence, by using (1.8) and Statement 1, we may obtain

(3.14) < (V"‘zh)(x& X2

i ,xn V2, x1 X2 ..xD)>
AR AR U

=< (@ 2h)(x] ,...X" ),('V7"‘2h)(xg1,...,xg ) >
n n

a )ty

By continuing this process sufficient by many times, we will obtain

(3.15) <@ 2R XD T )X XD )>
a4 1 n
<@T2h)XG X e @)X XeyrXe ),
where {ci,ei } = {ai,bi }, i =1,..,n. Thus, by using linearity, (3.15), and Statement 4, we may
conclude that
(T 2h)(x] Xap=Xg )3 3= T i=1,00;
4

are orthonormal. Therefore, it suffices to prove that
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3.16 <@ 2n)x! . x" )@ 2h)(x] . XD ) >=0.
(3.16) T 20) (K] XD )T 20) K] XD )

If 3; = b, for all i, then (3.16) is trivial. Suppose that there is an i such that a, # b;,
then we just replace XL_ by JX'b_, and applying the previous case, we obtain (3.16). Consequently,
i i
we obtain Statement 5.

In the following, we put
[P i i
= 1T y2 1 %2y <;
(3.17) N, span{h(xa1,xaz),1h(xa1,xaz)l.1<|2,
ay = 1,...,ai] y = 1,...,ai2}
and

i i i i
3.18 N_=Span { (V'h)(X.1,...x"*2) J(Vh)(x.] .. x+2) |
(3.18) . =Span | (V'h)( ayXa oW (V) (Xl X %)
i1 <w<iyos 2= 1,...,ait§

forr=1,...,n—2.

Statement 6. We have
Nn—-2 1 Nt ’
for t=0,1,...,n=3.

Proof. If n =3, this statement is already proved in Lemma 5. Now, assume that n > 4.

If t<n—+4 and it <..< it , then we may find one j such that j # i1,...,it. Using State-

ments 1 and 5, we have
< (@ 2h)(x! ,...,X"),(ﬁth)(Yi] ,...,Yit+2) >
=< (V"”zh)(x",x1,...,§<\i,...,x"),(§th)(Yi1,...,Yit+2) >
=< ij((V"‘Zh)(ﬂ,...,Qi,...,x”)),(vth)(Yi‘ ,...,Yit+2) >
=—< @ 3n)(x! ,...,g(\j,...,xn),ij((Vth)(Yi1 ,...,Yit+2)) >

_ A —_ < i
=—< (V" 3h) ("X xM), @ Ty edy 1y t2) >
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Consequently we have Nn—2 1 Nt fort=0,1,...,n—4.

Now, we want to prove that N _, L Nn—3 . Let X1,...,Xn be unit vector fields. Then
we obtain from Statement 1 that

1@ 3h) (X2, x" I=1.
Thus, by (1.8), we have
<@ 2h)(x" X2,...xM),[@"3h)(x2,.. x") >=0.
Hence, by linearity, we get
(3.19) <@ 2Zn)x1 x2x3,..xM), @ 3n)x2x3,..x") >
+< (T 2Zn)(x " y2x3,.. X", [T 3n) (x2 x3,.. x") >=0.
On the other hand, using Statements 1 and 5, we also have
<@ 2h)x1,...xM),@"3n)(v2 X3, x") >
=< @ 2n)x2 x1 x3,..x"),[@"3h) (Y2 X3, x") >
=< DXQ((V"‘%)(X‘,x3,...,x")),(V"“3h)(Y2,x3,...,x“) >
=—< @ 3r)x"x3,..XM), """ 2n)(x2¥2 X3, x") >
-< (V“‘3h)(x1,x3,...,x"),(V"‘3h)(VX2Y2,x3,...,x“) >
=~ < @ 3n)(x" X3, x™, [T Zn) (x2,¥2 x3,.. x") >
=~ < @ 3n)x1 X3, XM, T 2n) (Y2 X2 x3,... X"
+RP(X2 y2)(@"4h)(x3,...x™) >
=—< (V“‘3h)(x‘,x3,...,x"),DY2 @"3h)(x2,..x" >
—RXZYZ,@ %) (x3,...x"),[""3n)(x ! x3,...xM)

<[A_._ A x2,y2 >
[ @) (X3, x") (N 3h)(x1,x3,...,x“)]
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=< DYQ(('V'"‘3h)(x1,x3,...,x")),(§"‘3h)(x2,...,x“) >
=< (@ 2h)(x" Y2 x3,...xM),[ @ 3n)(x2,..x") > .
Combining this with (3.19), we obtain
(3.20) <@ 2Zh)(x" X2, x"), [T 3h)(v2 X3, X" > =o0.
Continuing this process n—1 times, we will find
< (@ 2n)(x! x2,..x"), @ 2h)(Y2,...Y" > =0,

Therefore, by using Statement 6, we conclude that Nn—2 is perpendicular to Nn—3' Thus State-

ment 6 is proved.

From Statements 1, 5, and 6, we obtain Lemma 8.

(Q.E.D.)

4. - PROOF OF THEOREM 1

a a
LetM = M11 X ... X Mn" be a Kaehler submanifold of € P™ which is the product of
n Kaehler manifolds. Then by the Main Lemma, we see that m > N(oz1 ,...,an).

Now, we assume that m is the smallest possible dimension N(a1, ). We want to

prove that each M; i is an open portion of a CP '

PR Q.
Let X'Y' be any two unit vector fields tangent to M, !, We need the following

Lemmas.
. i .
LEMMA 9. For any X')Y' tangent to M; ! we have
(4.1) h(x',YY) LN,
where N is defined by (3.17).

Proof. Let XI YI and Z' be tangent to M, %i and Wi tangent to M. iy

i j # i. Then from (1.5) of
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Gauss, (1.10) and (1.12), we find
< (X' Y),h(xiwl) >
=< h(x' W),n(Xx Y >
=—<h(x W) h(x] Yl >

Hence, we have < h(Xi,Yi),h(Xi,Wi) > = 0. By applying linearity and using the equation of Gauss

again, we obtain
(4.2) <h(XiY)hEZ w)>=0, i#j

If j,k # i, then Main Lemma and equation (1.5) of Gauss also yield
(4.3) <h(X'Y)hwWvK)>=o.
Combining (4.2) and (4.3) we obtain (4.1). This proves Lemma 9.

i i 9

LEMMA 10. For X' and Y' tangent to M, ', we have
(4.4) h(XLY') L N;.

Proof. Let j1,j2,j3 be distinct. Then i is distinct from at least two of j1,jz,j3, say i # j2,j3. Then

from Lemmas 9 and 10, we have
(4.5) < (XY, @) (X1 X'2,x'3) >
=<h(x\Y)D ; h(X'2,x'3) >
X1
_ i viy 12 o3
=—<D . h(X' Y)h(x2x3)>
"
X
—— < @)K Xy a2 x13) >
_ 1 iy xd2 3
——<Dxih(X JY')h(X 4 X2) >
=< h(x' 1y, @) (X x'2x/3) >

If i #jq, then (4.5) and Lemma 8 imply that

(4.6) < h(xi,Yi),ﬁh)(xH,xj2,xj3) >=0.
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Assume that i = j;. Then using the same method as the proof of (4.6), we may find

(4.7) <h(xi¥),[Th)(Z X2 x3) >
=< (Vh)(zi,xi,vi),h(xj2,xj3) >,

On the other hand, Lemma 9 implies

(4.8) < @n)(Z X Y h(2x3) >
+< h(xi,Y‘),ﬁh)(z‘,ij,xj3) >=0.

Combining (4.7) and (4.8), we get

(4.9) < h(Xi,Yi),(Vh)(Zi,Xj 2,xj 3)>=o.

Therefore, by (4.6) and (4.9) we obtain (4.4). This poves Lemma 10.

LEMMA 11. For X! and Y tangent to M;Ii, we have

(4.10) h(xLYY) LN,

fort=2,3,...,n—2.

Proof. We shall prove this lemma by induction. Assume that h(Xi,Yi) 1 Nt for t < £-1. We want
to prove that h(X',Y') L Ny for £=2,..,n-2.

Let j],...,jQ+2 be distinct. Then we may assume that i ¢j2""’j!2+2' Then by Lemma 9

and induction we have
<h(xLY),@h) 2T 72 >

=<h(X' vH),D i (@ h)(Z2,. /2>
A
— i —ol i i
=—< (@) X i), @ hy (22, 22>
=<h@ 1Y), [Fh)x 22, 72>
Ifj; # i, this implies

<h(xLyl), @) 21 2> =0,
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If j; =i, then we have
<h(Xiy), @) (222,242 >

_ < @)Xy, @) (22,242 >,

On the other hand, because h(Xi,Yi) L Ng_4, we also have
< h(xi,Y‘),(ﬁ’lh)(zi,zb,...,zi“?) >

< @h)(Z' x\ i), @7 h)(zi2,...,zi’2+ 2> =

Thus, we find h(Xi,Yi) L Ng. Consequently, by induction, we obtain Lemma 10.
From Lemmas 9,10, and 11, we conclude that h(X' Y.) = 0. Since Ma' is totally

geodesic in M = M11 X .. X Mg " We see that M, % is also totally geodesnc in € P™,

m = N(aq,--., n) Therefore, M; i is an open portion of a linear subspace € P % . Consequently,

M= M11 X .. X Mn is an open portion of LP * X..XCP n. This proves statement (2.1)
of Theorem 1. Statement (2.2) then follows by local rigidity theorem of Kaehler submanifolds.
This proves Theorem 1. (Q.E.D.)

5.-PROOF OF THEOREM 2

(0.4) follows immediately from Lemma 8. Moreover, it is clear that if we have

(5.1) 19920 12=012% D,

i <.<ig | %

for some £, 2 <2< n, then
= j j
(5.2) -t 2h)(xa11,...,xa’fz) =0
whenever two or more of j1,...,jQ are equal.
If =2, (5.2) implies

(5.3) h(X Y)=0
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a
for any X' Yl tangent to M; ' Because M, i sits in M = M1] X o XM" gs a totally geodesic
submanifold, (5.3) shows that M is totally geodesw in CPM. Thus each M is an open portion

Q.
of CP !. Therefore, M is an open portion of CP 1 .XCP %n . By applylng Calabi’s rigidity

theorem, we see that the immersion is obtained by the Segre imbedding Sa1 o -
O

Now, assume that (5.1) holds for some £ with € =3,4,..., or n. Then we have (5.2)

whenever two or more ofj1 ,...,jQ are equal.
If two or more of k1,...,k,2_1 are equal, then we may choose one i with i # k1,...,k2_1.

From (1.8) and (5.2) we find

(5.4) @ h)gxi xi xa \ ,xa;‘1)

[T B B LS T
- (V h)(x »Jx ;Xa1 "-'Jxag_l )

Thus, by using (1.7), (1.9), (1.12) and (5.4), we get
0=<RP(xI XNz, 5>
=ROX\X'J8) + <[ApA X X' >
=20g12+2 IIAEXi 12,

k
where £ = (V’Z 3h)(X X 5-11 ). Therefore, we find

e
_ kK, k

(5.5) V3. 1. x. 1) =0
( ) aq aQ_l)

whenever two or more of k{,--kg_1 are equal. Continuing this process -2 times, we obtain (5.3)
for X' Yl tangent to M %i . Applying the same argument as before, we conclude that M is an open
portion of CP 1 . X CP " and the immersion is obtained by the Segre imbedding. Moreover

)

if this is the case, we can see that the equality of (0.4) holds for all £, 2=2,...n. (Q.E.D.)
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