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Volterra integral equations associated
with a class of nonlinear operators
in Hilbert spaces

ENzO MITIDIERI() and MARIO TOsQUES(?)

RESUME. — Soit H un espace de Hilbert réel. Nous étudions I’équation
non linéaire de Volterra

t
u(t) + / b(t — s)Au(s) ds > F(t) 0<t< T
0

ol b et F sont respectivement une fonction scalaire et une fonction vec-
torielle et A est un opérateur (éventuellement multivoque) qui n’est pas
nécessairement monotone.

Nous démontrons, sous des hypothéses convenables, des résultats d’exis-
tence, d’unicité et de régularité pour la solution u.

Enfin, nous donnons des exemples qui clarifient les résultats abstraits.

ABSTRACT.—Let H be a real Hilbert space. We study the nonlinear
Volterra equation

t
u(t) + / b(t — s)Au(s) ds> F(t) ,0<t<T
o

where b and F are respectively a scalar and a vector valued function and A
is a (possibly multivalued) operator not necessarily monotone.

Under suitable hypotheses we prove various existence, uniqueness and
regularity results for the solution u. Some examples which illustrate the
abstract results are presented.

§ 0. Introduction

In this paper we discuss some existence and regularity properties of the
solution of

u(t) + f bt - s)Au(s) ds> F(t) ,0<t <T, (0.1)
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where A denotes a nonlinear (possibly multivalued) operator on a real
Hilbert space H, b : [0,T] —+ R and F : [0,T] — H are given func-
tions. Many results concerning the existence, uniqueness and asymptotic
behaviour of the solutions of (0.1), are known if A4 is a maximal monotone
operator, or more generally, an m-accretive operator in a Banach space X.

See for example, [10], [11], [12], [13], [15], [16], [21], for some results in
this direction.

The aim of this paper is to give some contribution to the existence
and regularity theory in the case that “A is not necessarily monotone”.
A similar problem was discussed also in Kiffe [12], where this author has
considered “non monotone” perturbations of monotone operators. Using
the ideas introduced in [4] - [9], we have been able to prove some existence
results for (0.1), for a large class of nonlinear operators.

We emphasize that our results enable us to treat concrete .examples of
operators which are not necessarily perturbations of maximal monotone
operators.

This paper is organized as follows :

Section 1 contains some definitions and properties needed in the subse-
quent sections.

Section 2 contains some results concerning the existence and uniqueness
of the “local” solution in the “nonvariational case” that is, we consider
operators which are not necessarily of the form A = 3~ f (the precise
meaning of the operation “6~” is explained in section 1. In the same
section we give also some sufficient conditions for the existence of the global
solution.

In section 3 we analyse further properties enjoyed by the solution of (0.1)
in the “variational case”, that is when A =9~ f.

In particular we give some sufficient conditions which ensure the global
existence of solutions, as well as, their regularity.

Finally section 4 contains some concrete examples which illustrate our
abstract results.

§ 1. Preliminaries

In this paper H will denote a real Hilbert space with scalar product ( , )
and norm || | = (, )3.

Ifue Handr >0, weset B(u,r) ={ve H:|v—u| <r}.
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Volterra integral equations

Let A : H — 2Ha (possibly multivalued) operator defined on D(A4) =
{u € H: Au # 0}, and let Q@ C H be an open set.

DEFINITION (1.1).— An operator
A:H 28

is said (p, f)-monotone if

(i) there ezists a lower semicontinuous function
[: Q- RU{+oo}
such that
D(A) c D(f) ={z€: f(z) e R}
(#) there ezists a continuous function
p:D(f) xR >Rt
such that for every u,v € D(A) and a € Au, § € Av one has

(@ —Byu—v) 2 (p(u, f(u), lall) + (v, f(v), 18I lw — vl (1.1)

In what it follows, if A is a (p, f)-monotone operator, we will use the
standard notation

0 inf{||a| : @ € Au}, if u€ D(A)
| A || = :
+o00 s otherwise.

A particular class of (p, f)-monotone operators are the so called “f-
solvable” (i, f)-monotone operators (see [4], [9]).

DEFINITION (1.2).— Let A be a (p, f)-monotone operator on H.

Then A is said “f-solvable” at u € D(A) if

(t) for every ¢ > 0, there exist M,\o > O : for every A €]0,)o] and
v € B(u, Ac), there exists w € D(A) :

v—w

A

€ Aw, ”"_Tw”g M, f(w) <M.

Remark (1.2).— If A is a Lipschitz perturbation of a monotone operator,
then A is a (p, f)-monotone operator with ¢ = suitable constant and f = 0.
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Furthermore if A coincides with its maximal extension (see [20]), then A
is also f-solvable at every point u € D(A) (in this case we have f = 0 too).

For other concrete examples of operators which satisfy the properties of
Def. (1.1) and (1.2), see [4] - [5] - [6] - [7] - [8].
® - convex functions

A particularly usefull class of (i, f)-monotone operators are obtained as
it follows :

Let 2 be an open subset of H and g : 1 =+ R U {+o0} a given function.

As usual, we will put D(g) = {v € H : g(v) € R}. For u € D(g) we can
define

9o = | {ec 7 otpipr = fﬁ:)__u(”a 22=% > 0}, i ue D(g);
9, otherwise.
(1.3)

We will put D(37¢g) = {u € H: 9 g(u) # ¢}.

It is not difficult to see that ~g(u) is a closed, convex subset of H for
every u € D(97g).

Therefore we can denote by grad™ g(u) the element of minimal norm of
97 g(u).

If 3~ g(u) is not empty, we say that g is “subdifferentiable” at u, and we
will denote by 3~ g(u) the set of its subdifferentials and by grad —g(u) the
“subgradient” of g(-) at u.

DEFINITION (1.3).— A lower semicontinuous function
[: 2> RU{+oo}

18 called “®-convez” if :
there exists a continuous function

® : D(f) x R® —» R* such that Vv € D(f),Yu € D(3" f) and
Va € 3~ f(u) we have

f(v) 2 f(u) + (v —u) = B(u,v, f(u), f(v), llell) - [lu—vl®. (1.4)

It is known that if f is a ®-convex function, then A = 3~ f is a (p, f)-
monotone operator (for a suitable ) which is f-solvable at every point of
D(3™f).
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Volterra integral equations

For the proof of this fact, as well as for some relevant properties of ®-
convex functions, see (8.

In what it follows, if T > 0 and H is a Hilbert space, we will denote by
AC([0,T); H) (Lip([0,T); H) the space of absolutely (Lipschitz) continuous
functions, and by BV (0,T; H) the space of the functions with essentially
bounded variation on ]0,T'.

If h € BV(0,T; H), we will use the convenction that
1 [t
h(0) = lim n h(s)ds.
0

t—0t
T

WT) = lim Tlt- [ hs)as

If w:[0,T] — H is a continuous function we will put also
t
(uxh)(t) = / u(t — s) dh(s)
0

In this paper we shall use the following definition of solution for (0.1).

DEFINITION (1.4).— IfT >0, b € L'(0,T;R), F € L'(0,T; H), we
say that a function v € L'(0,T; H) is a strong solution of (0.1) on [0,T)
if :

there ezists a function W € L'(0,T; H) such that

W (t) € Au(t), a.e. on [0,T)] (1.5)

and

u(t) + (b= W)(t) = F(t), a.e. on [0,T) (1.6)

§ 2. The nonvariational case

In this section we will prove the main result of this paper, namely “a
local existence” result for the equation (0.1) in the general case of a (i, f)
monotone operator A which is f-solvable.

We start with a simple uniqueness result :
PROPOSITION (2.1).— Let A be a (p, f)-monotone operator on H.
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Assume that
be AC([o,T};R), b’ € BV(0,T;R) ,b(0) =1, (2.1)
F e AC([0,T); H) (2.2)
Let u; (1 =1,2) be a strong solution of
ui(t) + (b * Aug)(t) D F(¢) (2.3);
on [0,T], such that for i =1,2

T
/0 p(ui(s), F(ui(s)), [Wis)])) ds < +oo (24)
Then u; = uz and Wy =W, on [0,T).

Proof .— Clearly u; € AC([0,T]; H). By (2.1)-(2.2) we know (see Prop.
1 of [10]) that u; satisfies

{ 2 4 Aui(t) > G(wi)(t) a.e. on [0,T]
u;(0) = F(0)

where, Vv € C([0,T]; H)
G(v)(t) = F'(t) + (r = F')(t) — r(0)v(t) + r(t)v(0) — (v * r')(2)
(r being the unique solution of r + b’ * r = —b'). Since
G (1)) — G(u2) ()| < 7(t) llur — vzl L= (0,5;1r) ae. 0 [0, T]  (2.6)

where «(t) = |r(0)| + Var(r;[0,¢]), (2.5) and the (i, f)-monotonicity of A
give :

(2.5)

2
Zllu(t) ~ wa0)? < 2 (. st Iwo)

“Nua(®) = w2 @)1 +2 1G(u1)(¢) = Glu2) @) lwa(t) —w2(e)]| (2.7)

which, by Gronwall lemma, implies

lua(®) = 2@l < {Jlu1(0) - wa(0)] + / IG(u1)(s) — Glus)(s)llds}
- eon( [ lusle), 1(us(e)), IW:(6) D) (2.8)
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Using (2.4), (2.6) and (2.8) we conclude easily.

Remark (2.1).— By proposition (2.1), it follows that if F' € Lip(|0, T]; H)
and u; (# = 1,2) is a strong solution of (2.3); on [0, T] such that

(ui, f(u'l)) € Lip([o) T]aH) X L°°(0, T; R)’
then u; = u3, since, in this case, W; € L>(0,T; H) (i = 1,2).

THEOREM (2.1).— (Local ezistence)
Let A be a (p, f)-monotone operator which is f-solvable at uo € D(A).

Assume that

be AC([0,T|;R) , b’ € BV(0,T;R), b(0) =1 (2.9)
Fe AC([0,T};H) , F' € BV(0,T; H), F(0) = uo. (2.10)

Then there ezist T €]0,T] and a unique strong solution u of

u(t) + (b * Au)(t) 3 F(t) (2.11)
on [0,T].
Furthermore
u(t) € D(A) for every t € [0,T. (2.12)
(u, f()) € Lip([0,T); H) x L*(0,T;R) (2.13)

For the proof of theorem (2.1) we need the following lemma whose proof
can be obtained using the same techniques of Prop. (1.4) of [9] (see also
Prop. (4.1) of [9]).

LEMMA (2.1).— Let A be a (p, f)-monotone operator which is f-solvable
at ug € D(A)

Then :

for every C > ||A%uo||, there exist M > f(uo), Ao >0, r > O such that
if we set

N = {u € B(uo,r) N D(A) : f(u) < M, ||A%| < C}

and
Qx={veH:d(v,N) < AC},VA €0, Ao]
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the following facts hold :

( for every A €]0, o] there exists a map

(i1) }in}) Jx(v) = u for every u € N;

 for every (vn)n C D(A) and (ap)n, C H with
ay, € Avy, :

limv, =v € B(uo,r), w—lima, = ¢,
n n

Lllen|l £C, f(vn) <M = a € Au;

for every u € N there exists a unique element A°u sucht that
{ 4%l = inf{]le| : & € Au};
 for every A €]0, o], the map

AA : nA — H, defined by AA = I—.TJ

satisfies
(i)(A,\vx b AAUz,t)l - 02) Z -M ”01 - 1)2”2

for every vy,v2 € Q1), and

(i) lim Axu = A®u, for every u € N.
\ —

Proof of theorem (2.1).— We shall organize the proof as follows :

(2.14)

Jy : 0y — D(A)
such that
4 (173 (u) = Ia(0)]| < (1 = AM)~Yju — v, Vu,v € 0y
(i)
-J
Ay v= "——/\*—(”) € AJx(v), f(Ir(v)) < M, | Arv]| < M

(2.15)

(2.16)

(2.17)

I. Solution of an approximating equation and research of a priori bounds

for the approximating solutions.

'II. Uniform convergence of the approximating solutions on a common

interval of existence.

III. The limit of the approximating solutions is a strong solution of (2.11).
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1. Set
€ =2(1+ [ 4ol + IF'll (0,750

and let M, Ao,r, N and (1) be as in the statement of the preceding lemma.

By the lower semicontinuity of f, and the continuity of ¢, we can suppose
(unless of decreasing r) that : for every

v € B(ug,2r) = f(v) >m, veQN
and

w = 2sup{p(u,1,22) : ¥ € B(uo,2r), m<z; < M, ||z2| <M +C}
< +o00

and (unless of decreasing Ao) that for every A €]0, Ao] we have Jy(Q)) C
B (UQ,2Y).

Let A €]0, 0] and
uy: [0, Tn[—= O\, 0<TH LT
be the unique strong solution of
ux(t) + (b * Axuy)(t) = F(t) (2.18)

defined on its maximal interval of existence [0, T} [.

We know that u) satisfies

{ f;it’_‘ = —Axur(t) + G(ux)(t) (2.19)
ux(0) = uo

a.e. on [0, Ty |.
Using i) of (2.17), (2.18), we have for every A €]0, Ao] and for every T/, h :

O<T'<T +h<T
that

%Ilux(t +h) —ua(@®)l1* < 2M(|lua(t + k) — ua(®)|I*)+
+2[G(ua)(E + k) = G(ua) @) [lualt +~) —ua(t)]

(2.20)
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a.e. on [0, T'[, which implies
llux(® +R) = ua(@ll < (lua(h) — wa(0)+

+/0 IG(ur)(r + k) — G(ur)()||dr) .. exp (2MT"), on [0, T"].

(2.21)
Using (2.6) we have also
oup, llua(s +2) - ua(s)[| < exp (2MT"):
. (2.22)
s =0+ [ 4() sup urto + 5) — ua(o)ar}
2 fua(o-+B) = a9 < exp (MT)ur(h) - wr O]
t T (2.23)
. (1 + (/; exp(exp (2MT')/; 'y(r)dr)ds))
which implies, by (2.19), that
1501 < 120k < f @y

< (1 4xur(0)]] + IIF "(0)[)&(T"), a.e. on [0, T"].

Therefore, by (ii) of (2.17) and the definition of C, there exist T > 0 and
€ > 0 such that (unless of decreasing o), for every A €]0, Ao},

“du,\ “ ® a.e.on [0,T]N[o, T)|. (2.25)

Furthermore (unless of decreasing T') by (2.25) we get,

G @l = IF'(€) + (r * F)(2) + (r + u3) ()]
SNF llze 05wy + lIrllze o,y  T(1F' 2o 0,70 + (2.26)

C; e) < —6—‘2;6, on [0,T] N [0,Th[,

which implies, by (2.19) that for every X €]0, Ao)

+

lAxuar(t)|| < C — &, V¢t €[0,T] N[0, Th] (2.27)

t Here k() is a computable function such that limq_ o k(7T') = 1
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and
(2 (6) = woll < [ (w(8) = wa(®)ll+
+ lua®) - woll < MArur @+ T(Z55)

_<_(C—e)(z\o+§)<r

for every t € [0,T] N [0, T)[, (unless of decreasing Ao and T).

Now, by (2.14) (i) and (2.19), we have

{ [A°Tx(ur (@)l < [|[Axua®)l] < C —e
Fr(a(®)) <M

which implies, together with (2.28), that
JIra(ua(t)) eN
for every t € [0,T] N [0, Th\[.
On the other hand, by (2.27) we have
llea(®) — Ia(ua@)ll = Al Arua(®)]| < A(C —¢)
which implies that, for every A in |0, o]
0 < inf{d(u(t),d0) : t € [0,T]| N [0, TA[}.

(2-28)

(2.29)

(2.30)

(2.31)

(2.32)

We conclude that T < T) for every A €]0, )] since [0,T)[ was the

maximal interval of existence of u).

II. Now we want to show that (u))x converges uniformly on [0,T] to a
Lipschitz function u such that f(u) is bounded and u(t) € D(A) for every

telo,T).

By (2.14), (2.19), the definition of w and the (p, f) - monotonicity of A,

we have for every A, u €]0, Ao and a.e. on [0, T] that
1d

= —(Axua(t) — Apuu(t), Ia(ua(®) — Ju(uu(?)))

— (Axua(t) — Apuu(t), ua(t) — Ia(ua(t)) — wu(t) + Ju(uu(?)))

< wllua(t) - wu(®)I* + wAlArua@)l] + sl Apua @)+
+2(0+ ) (| Arua @)l + [ Auuu(®)]l)?

<w(llual) —wu@®) + WA + 1)*+ (A + 4).
“(lArua@ll + [ Apua @) <

< w(lualt) = wu(®)? + 4 + w)(1 + (A + p)w)C.

~ 141 -
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Therefore, for a suitable constant K; > 0 and for every t € [0, T, we have

t
ler) = uul8I < 7 ([ 16 - Glan) lFar
+ O WT) < ST 0)lun = it
+(\+WEKiT)

which implies, for a suitable K, > 0,

t
I3~ wulle oy < Ka{ [ N = vl o mpdr + O+ ).
So, for a suitable K3,

”‘UA - u“"iw (0,T;H) < ('\ + “)K3' (2‘34)

Therefore (ux)x converges, uniformly on [0, T), to a Lipschitz map
u : [0,T] — Q, such that

”:lit—u(t)” <C ae.on[0,T]. (2.35)

By (2.27) we get that limx_0 Ji (ua(t)) = u(t) uniformly on [0, T).

Using now the lower semicontinuity of f, (2.29) and (2.15) of lemma
(2.1), we conclude that

u(t) € N,Vt € [0,T)] (2.36)

and in particular
m < f(u(t)) < M, u(t) € D(A) (2.37)
for every t € [0,T).
I Finally we want to show that u is a strong solution of (2.11) on [0, T].

Since
lAruall oo o700y S C —€ (238

for every A €0, Ao}, tilere exists W € L*°(0, T;H ) such that
”W”Lm (O,T;H) <C-e¢ (2.39)
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and
lim Aur =W (2.40)

in the weak topology of L*(0,T; H )- Let A < Xo be such that (1—Aw) >
By (2.36), we know that '

v(t) = u(t) + AW (t) belongs to 02, a.e. on [0, T).

Using the definition of Ay, the (p, f)-monotonicity of A, the definition
of w and (2.14) of lemma (2.1) we have

/ (Ar0(r) = Aptin(r), I (o()) — T (wu())dr

(2.41)
> - / 195 (0(r)) = Tu(uu () 2dr
Taking the limit as u — 0 in (2.41), we get
T
/0 (1 = Aw)[|J (0(r)) — u(r)||%dr <O (2.42)

which implies that Jj (v(t)) = u(t) and W (t) € Au(t) a.e. on [0, T).
Furthermore, passing to the limit as A — 0 in (2.18), we conclude that u
is a strong solution of (2.11).
Finally Remark (2.1) implies the uniqueness of u.

We conclude this section with the following :

THEOREM (2.2).— (Global ezistence). Let A be a (p, f)-monotone
operator on H which is f-solvable at every point of D(A).

Assume that :

{ve D(A) : f(v) <K, [|4°]| < K} (2.43)

{for every K > 0, the set
13 closed in (1.

Suppose that uo € D(A)..and (2.9)-(2.10) hold. Let To(< T) be the
supremum of T such that u is a strong solution of (2.11) and (2.18) holds.

Then
for every t € [0,To[, u(t) € D(A); (2.44)
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if limsup{u%-'tfu p= ot V fu(®) V d(u(t),00) 1} < +oot  (2.45)
""To_

then To = T, u is a strong solution of (2.11) on [0,T] and

(u f(w) € Lip (0T H) x L°(0,T5R)  (2.46)

Proof .— We get (2.44) directly from (2.43). Suppose now that

limsgp{”‘;—t:”[,w(o't;g) V f(u(t)) v d(u(t),aﬂ)"l} < o005

t—T,

we found easily that

lim u(t)=wen (2.47)
t—To

and by (2.43) @ € D(A), u is a strong solution of (2.11) on [0, 7] and

(4, f(u)) € Lip ([0, To); H) x L*(0,To; R) (2.48)

Then, if To < T, using Theor. (2.1) we can extend u to a right
neighborhood of Ty. This contradiction proves the claim.

§ 3. The variational case

The aim of this section is to examine some regularity properties of the
solution obtained via Theor. (2.1), in the special case A = 8~ f, f being a
®-convex function, (see def. (1.3)).

THEOREM (3.1).— Let A = 3~ f be the subdifferential of a ®-convez
function f : Q — R U {+o0}.
Suppose that
uo € D(A) and (1.5),(1.6) hold (3.1)

and set

To = sup{T > 0: u is a strong solution of (2:11) on [0,T],
and (2.18) holds}. (3.2)

t If a,b € R we set a Vb = max(a,d).
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Then
f(u) is Lipschitz continuous on compact subsets of [0, To|, (3.3)

and
d du
Ef(u(t)) = (W(t), ;i?(t))’ a.e. on [0,To) (3.4)
(where W is given by def. (1.4)).
Furthermore the following property holds :

~

if there ezists a continuous function X : D(f)2 x R? —» R+
such that
(3.6) ®(u1,uz,71,73,73) = X(ur,u2,1,22)(1 + |z3|?)
! and (3.5)
(3.7) limsup(—f(u(t)) V d(u(t),80) ™) < +oo
t—T,
then To =T, u s a strong solution of (2.11) on [0,T] and
L (3.8) (u,f(w)) € Lip([0,T}; H) x Lip([0,T];R).

Proof .— Let u and T be given by theorem (2.1).

By the properties of ®-convex functions (see (1.20) of [8]) we know that
fo every A €]0, Ao| the function

1) = 55 v = BE)IE+ FEA®) (39)
is in C1(1,) and
grad fi(v) = L‘)I‘A—(—Q = Ax(v).

Therefore, taking into account that a.e. on [O,T] we have

d _ duy
FhE) = (4ne), S20) (3.10)
we get by (2.25)-(2.27), that (fa(u1))a is a family of equilipschitz maps on
[0,T), and
lim fa(ua(t)) = f(u(t) (3.11)
for every t € [0, T, which clearly implies that f(u) is Lipschitz on [0,T).
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Now, let —1—_'0 be the supremum of T such that u is a strong solution of
(2.11) on [0,T] and

(v, f(v)) € Lip ([0,T]; H) x Lip([0,T]); R).
By the preceding remark we know that To > 0. We want to show that

T, = To.
We remark that,
d du
1) = (W, Z0) (3.12)
a.e. on [0,To[, (W(t) € 3~ f(u(t))). Now, if T, < T, by the definition of
To, there exists K > 0 such that

;gg(ess{ll S0lvIvel} <x (3.13)

which, by (3.12) implies the extendability of f(u) to a Lipschitz map on
[0,T,).

Applying theorem (2.1) with initial data uo = u(T,) we obtain a
contradiction. To prove property (3.5), we remark, first of all, that u satisfies
the following problem :

{ 2(t) + W (t) = G(u)(t) a-e. on [0, To] (3.14)
©(0) = uo,
where W is given by (1.5).
Using (3.12), we have for every t € [0, To| that
[ 1% < 10 = )
(3.15)
+{[1e@era}t { [ 1w},
Therefore, if 0 < € < 1, by (2.6) we get
(-9 [ 1% as < 1(ul0) - S+
+ L [ I6W@eiRds < 7e0) - 16@) + 5 [ 1666~ -

- Gluo)(o)IPds + 3¢ [ IG(o)(@lFds <
< 1) - 1) + & [ ) ([ 15 @l ds)ar + e
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where ¢; = - foT 1G(uo)(s)|*ds.
Now by (3.7), we have

inf{f(u(t)) :0.<t < To} €R. (3.17)

Then, for every t € [0, To[ and a suitable ¢z > 0,

bodu, iz
/ ”_(s)” ds < (f(uo) — e2)(1 — &1+

[ 2 [ 18 as s

Using Gronwall lemma, we obtain for every ¢ € [0, Tp),

(3.18)

[ 15 @l < rtw0) - (1 + T e ([ a1~

(3.19)
that is
To du 2
- / 112 (8)]12ds < +oo (3.20)
o dt
Therefore, u is Holder continuous, and by (3.7)
lim u(t)=wen. (3.21)

t—T,

This implies that we can extend u on [0,To] by putting «(To) = %. In
particular by (3.14) we have

To
/ W (s)[[2ds < +oo, (3.22)
(o]

and by (3.12), (3.20), (3.22),

sup |f(u(t))| < +oo. (3.23)
0<t<To

Now by (3.6), since A = 3~ f, for every u;v € D(A) and a € Au, 8 € Av
the following inequality holds

(e —B,u—v) 2 =X (u,v, f(u), f(v)) (1 + [lef* + IBI) - [lu — v]|?, (3.24)
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where

X(u1,u2,21,2;) = Y(ul,uz,-’n,zz) + 7(uz,ul,t'v'zv,-’l?l)-

K now 0 <T' <T'+h < T, by (3.14) we have
S+ B) = )1 < 2X(u(e + B), u(0), u + h),
F@) + W+ R)1* + W (@)1 lu(t + B) - u(®)]?
+2[|G(u)(t + ) — G(u)@)]] [lu(t + &) — u(t)|
< 2ea(1+[[W(e + R)|1* + [W (@)% llu(t + &) - u(®)])?
+2(|G(u)(t + ) — G(u) ()] [|u(t + k) — u(t)||. a-e. on [0,T"],
for a suitable cs, since by (3.23)
sup{X (u(r),u(s), f(u(r)), f(u(s)) : 0< r,s < T} < +00,
Gronwall lemma implies that for every ¢ € [0, T'] we have
llu(t + k) — u(@®)ll < (lu(k) - u(0)]| + _/0 IG(x)(s + k) — G(u)(s)ll)ds)
exp(es [ (1+W (s + R + W (e)P)ds
t
< eallle(n) =@+ [ 1(5) sup_ flulr +8) = u(r)lds
0 0<r<s
(3.26)
which implies that for every ¢ € [0,T'] we have,

T
(e + h) = w1l < callu(h) - w(O)]| (1+ T exp (cs / 7(s)ds)). (3.27)

Therefore ||$%(t)|| < ¢5 a.e. on [0, To], which implies together to (3.7,
that
. du -1
limsup(|| 55| v £(u(t)) v d(u(e), 80) ) < +oo. (3.28)
=T, dt
Then To = T by theor. (2.2) and (3.8) follows since % f(u(t)) € L*(0,T).

Remark (3.1).— Suppose that f is a $-convex function with & given by
(3.6), and (2.1), (2.2) hold.
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Then, using the same proof of Theor. (2.1), it is easy to show that if
u1, uz are two strong solutions of (2.11) on [0, T] such that (see (3.25))

T
/0 X(u1(s),u2(s), £(21(s)), f(uz () (1+ [Wa(s)]*+
+ [[W2(s)||?)ds < +oo

(3.29)

then u; = uz and Wy = W3 on [0, T).

In the particular situation where & has the form (3.6) we get the local
existence of the solution also in the case that uo € D(f).

THEOREM (3.2).— (Local existence)

Suppose that f is a ®-convez function, with ®-given by (3.6) and A =
a-f.
Suppose that
uo € D(f) and (2.9), (2.10) hold.

Then, there ezist T > 0 and a unique strong solution u of (2.11) on [0, T)
such that
u € HY3(0,T; H), f(v) € AC([0,T};R) (3.30)

for every t €]0,T) :

(v, f(uv)) € Lip(t,T); H) x Lip([t,T);R) and u(t) € D(4). (3.31)

Proof .— Let ug € D(f).

By (8] Prop. (1.2) we know that, there exists a sequence (uon)n C D(A)
such that

li'l‘nuon = uo, f(‘uo”) < f(uo) (=> h'r;n f(uon) = f(uo)) (3.32)

For every n, set
Fr(t) = F(t) + (von — uo)

and let To, and u, : [0, Ton[— H be such that Ty, is the supremum of T’
such that u, is the strong solution of

Un(t) + (b% Aug)(t) > Fu(t) (3.33)
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on [0,7'] and

(vn, f(un)) € Lip([0,T’]); H) x L*([0,T'); R) (3.34)

" I- First of all we want to show that there exists T > 0 such that Ton > T
for every n € N.

Without loss of generality we can suppose that there exists r > 0 such
that

(u,o,,),, C B(uo,r),B(uo,2r) cQ (3.35)

and, by the lower semicontinuity of f, that

f(v) > m for every v € B(uo,2r). (3.36)

As in the proof of (3.5) of Theor. (3.1), we can find a constant ¢; > 0,
independent of n, such that for every t € [0, To,[, we have

t
/0 ll%‘t—"(s)ll"'dss (f (2on) = f(un(t)) + D)e1. (3.37)

Let 0 < T < T be sucht that

VT(f(uon) —m+1)er <r (3.38)

Since,

d(un(t), o) < 7+ d{un(t), von) < 7 + \H s (@59

we get, by (3.36) and (3.37) that for every ¢t € [0, T]| N [0, Ton[, and for every
n € N that

un(t) € B(vo,2r) (3.40)
Using (3.37), (3.36) and Theor. (3.1), we have that T < Ton for every
n € N.

Furthermore by (3.32), (3.37), (3.36), there exists a constant ¢z > 0 such
that for every ¢t € [0,T] and n € N, we have m < f(un(t)) < c2.

II - Now we show that (u,,), converges uniformly on [0, T] to a continuous
function u : [0,T] — B(uo,r) sucht that u(t) € D(A) a.e. on [0,T].

- 150 -



Volterra integral equations

We recall that u,, satisfies

{ 71( ) + Wa(t) = Ga(un)(t) a.e. on [O,T] (3.41)

un(O) = uo,,

where Gn(v)(t) =F(t) + (s* F’)(t) — s(0)v(t) + s(t)v(0) — (v = s')(¢t), (s
being the unique solution of s + b’ * s = —¥').

By decreasing r, we can suppose that
¢3 = sup{X(uy,u2,21,%3) : |us —uof| < 2r, m < z; < ¢z, 1 =1,2} < 400

Using (3.24) and (3.41) we get, for every n,m € N and a.e. on [0, T} that,

Edgllun(t) = um(®)lI* < 2 es(1+ [Walt)lI? + [[Wim(8)]|*) -

Nun(®) — wm@l? + 2[|Gn(un)(t) — G (um) ()] (3.42)
llun(t) — um (@)l

which implies that for every ¢ € [0,T],
llun () — wm(@)l] < (Ilua(0) — um(0)||+

+ [ 1Ga(un)6) — G um)($lds) (5.43
- exples [ (14 [Walo)IP + Wi (57

By (3.36), (3.37), (3.40) we have

sup{ /0 152 (6)ds : n € N} < +oo, (3.44)

{Gn(un)}nen is bounded in L*(0,T; H), (3.45)
which implies by (3.41) that

sup{ /0 ) [Wa(s)|de :n € N} < +oo. (3.46)

Therefore there exists a constant ¢4 > 0, such that for every n € N we
have, for every ¢ in [0, T]
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l[un(t) = um(@l < ea(llun(0) — um(0)]|+

/ IGn(un)(s) = Gom(m) (s} 1d5) < (3.47)

t
< ca([[4n(0) — um(0)]| + / 7(5) [[6n = ]| o (0,0,81y5).

Using again Gronwall lemma we get, for every n,m € N

_ T
l6m = el om0 7511y < 4lln(0) ~ um(O)[(1+T exp( / car(s)ds) (3.48)

which implies that the sequence (), converges uniformly on [0,T], to a
continuous function u such that for every t € [0, T, we have

u(t) € B(uo,r), m < f(u(t)) < ca. (3.49)
Now, Fatou lemma and (3.46) imply that
nl{rfoo inf ||W,(t)|| < +oo a.e. on [0,T] (3.50)
which gives (since (2.43) holds (see (1.17) of [8]))
u(t) € D(4) a.e. on [0,T]. (3.51)
Using Remark (1.14) of [8] together to (3.50) we conclude that
lim f(un(t)) = f(u(t)) a.e. on [0,T]. (3.52)
n
III - Now for a.e. t € [0,T] such that u(t) € D(A) and lim, f(un(t)) =
f(u(t)) we can apply theor. (2.1) and (3.5) of theor. (3.1) to show that
there exists a strong solution % on [0,T — ¢] of (2.11) such that

(& f(@) € Lip([0,T —t]; H) x Lip([0,T —]; R).

Further, by a technique similar to the one used in step II, we can show
that for every 7 € [0,T —t],u(t + 1) = %(r).

Therefore (3.31) holds; u € H!2 (O,T; H) and W € LZ(O,T; H).
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Finally f(u) € AC([O,TEH), since f(u) € Lip([t,T];R) for every
t €]0,T] and & f(u) € L'(0,T;R) and lim;_o+ f(u(t)) = f(u(0)).

COROLLARY (3.1).— Suppose that
f:H — RU {400}
ts a lower semicontinuous function such that there exists a continuous
function X : D(f)? x R? — RY such that for every v € D(f),u €
D8~ f), a € 3~ f(u) we have

F(v) 2 f(u) + (@0 = u) = X(u,v, f(u), f(v)) 1+ [le]?) flu—]]?

and
inf{f(v) :ve€ H} > —oo0.
If
uo € D(f) (3.53)
be AC([0,T]: R),b’ € BV(0,T;R),b(0) =1, (3.54)
F e AC([0,T);H),F' € BV(0,T; H), F(0) = uo, (3.55)

then there exists a unique strong solution u of

u(t) + (b* 87 f(u))(t) > F(¢) (3.56)

on [0,T], such that
(v, f(u)) € H“*(0,T; H) x AC([0,T};R) (3.57)
for every t €]0,T), (u, f(v)) € Lip([t,T); H) x Lip([t,T]|;R). (3.58)

If in addiction uo € D(8~ f), then (3.58) holds also for ¢ = 0.

§ 4. Some applications of the abstract results

The aim of this section is to illustrate, by some examples the abstract
results obtained in the preceding sections.

The first example is a direct application of Corollary (3.1).

- 153 -



E. Mitidieri and M. Tosques

Ezample.—1 Let A C RN be a smooth, bounded open subset and
©1,p2 € H>2(A) N C(A) such that

p1<p2 onA (4.1)

p1 <0<z ondA (4.2)

1
Set H = L?(A) equipped with the usual norm ||u|| = { IN Iu(z)lzd:x};
and consider,

K={ueH:p1<u<pz ae onAi} (4.3)
I'={u€H:|u|=p}, p>0. (4.4)
Furthermore suppose that :

inf{||lul| : v € K} < p < sup{||u|| : v € K}

lesll # p(E = 1,2). t (4.5)
The sets {z : p1(z) < 0}, {z: p2(z) > 0} are connected

Under the above hypotheses the following facts hold (see [18]).
Let
f:H — RU{+o0}

be defined by

f(u) - {%fAlvulzdz ,VuéHé’z(A)ﬂKﬂl‘ (4.6)
+o00 , otherwise;
then,
(a) f(-) is lower semicontinuous on H
(b)ue D@ f) <> u € HY*(A)nH*>?(A)nKNT
(c) for every u € D(9™ f) there exists A € R such that :

[Au + Au|™ a.e. on %x 1o g ; < ugz; = wggz;:{

- _ ) —Au—)u a.e.on {z:p1(z) < u(z) < pa2(z
grad”f(u) = —[Au+du]t  ae.on {z:p1(z) = u(z) < p2(z)}
0 a.e.on {z:p1(z) = u(z) = p2(z)}

t For example this happens if A is connected and ;3 < 0 < @2 on A.
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(d) there exists a continuous function X such that for every v € D(f), u €
D(8™ ), € 3~ f(u) we have;

F(v) 2 () + (v — u) = X(u, f(w)) (1 + [le]) flu—v]*. (4.7)

Using (a)-(d) we get by Corollary (3.1) the following proposition.

PROPOSITION (4.1).— Let f be defined by (4.6) and let T > 0 be ﬁzed.
Assume that

(1) b€ AC([0,T] : R),b' € BV(0,T;R), b(0) =1

(i) F(t,z) € AC([0,T); H), F'(t,z) € BV(0,T; H)

(i1) F(0,z) = uo(z) € Hy*(A) N K NT.

Then there ezxists a unique strong solution of

u(t, z) +/; b(t — s)8~ f(u(s,z))ds > F(t,z) on [0,T]

u(0, z) = uo(z) (4.8)

u(t,z) € H?(A) N H¥?(A)n K NT, Vvt €]0,T).

We emphasize the fact that in the above example f is not a perturbation
with Lipschitz gradient of a convex function (observe that the domain of f
is not convex).

As application of theor. (3.2) we have the following example.
Ezample.—2 Let A C RY be a smooth open bounded subset. Set
H = L%(A). Let us consider the following problem : t
t
u(t,z) + / b(t — s)(~Au(s, z) + g(u(s, ), z)ds = F(t, ),
0

u(t,z) € Hy*(A),
(0, z) = uo(z) € HY*(A),

(4.9)

where
g:RxA—-R

is a given Caratheodory function.

t In the following, we implicitely assume that b and F satisfy the same hypotheses as in
Example 1.
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In order to apply theorem (3.2) we assume that the primitive of g(-, z),
i.e. the following function :

G(s,z) = /:g(r, z)dr,

satisfies the properties :

(i) there exists bo € R, ag € L*(A) such that for every s € R we have
G(s,z) > —ao(z) — bols|*+ ¥
(ii) there exists a Caratheodory function
w:AXxR?*>R

such that for Vr,s € R and a.e. on A we have

(i) y |w(z,s,r = )| < a(z) +b(|s| + |r — s])?, 2 < p < 5,1
ac€L¥3(A), a() >0, bER, if N > 2;
(i), if N =1,

lw(z,s,r —s)| < a(z) + B(s,r — ) a € L?(A); B is constinuous

and
G(r,z) > G(s,z) + g(s,z)(r — 8) —w(z,8,r — 8) |r — s|2,
G(s,*) € L'(A), for a.e. s in R.
Let it be
f(u) = { 3 [y{18uf + Glu,z)}dz, if we Hy(A),
+o0, if we H\ Hy”(4A).

It is not difficult to see {1 that f is a lower semicontinuous functional
and that for every ug € Hy*?(A), there exists an L?(A)-neighborhood U of
uo such that for every u,v € UN D(f) and a € 3~ f(u), we have (for some
suitable ¢,e > 0) :

f(v) 2 f(u) + (v —u) = c(1+ [f(w)| + |f(v)))° - lv — w|}®.

t If N = 2, we may permit any p > 2
tt For a complete proof of this fact see [19].
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A direct application of theor. (3.2) gives :

PROPOSITION (4.2).— For every uo € H}™(A) there ezist T > 0 and a
unique strong solution v of (4.9) on [0,T], such that

uwe HY2(0,T; Hy*(A)); u(t,) € H>2(A) n Hy*(A), Vt €]0,T),

/A (|Au(t, 2)[? + G(ult, z),2))dz € AC((0, T}, R).
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