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Positive solutions of some coercive-anticoercive
elliptic systems

GI0VANNI MANCINI(D) AND ENZO MITIDIERI(Y)

RESUME.— Dans ce travail nous traitons des résultats d’existence ou non-
existence pour une classe de systémes elliptiques semi-linéaires, avec des
nonlinéarités critiques, en connexion avec un principe de maximum pour un
systéme elliptique associé.

ABSTRACT.—In this paper we discuss existence-nonexistence results for a
class of semilinear elliptic systems with critical nonlinearities in connection
with a maximum principle for a related elliptic system.

0. Introduction

In dealing with elliptic systems,

—Au = f(u,v) in Q c RN
—Av = g(u,v) in QcRY (0.1)
u=v=0 on 9N

where § is a smooth bounded domain and f,¢g : R x R — R are given
mappings, we must face [2,7-11,15,17,18,21,24] all the typical problems as-
sociated with the scalar case, like nonuniqueness, nonexistence, breaking of
symmetries, lack of compactness related to critical growth of the nonlinea-
rities f and ¢, as well as some specific features, mainly the lack of a general
maximum principle.

We will investigate in this paper existence and nonexistence results for
a special class of systems of the type (0.1) in connection with a kind of

1) Dipartimento di Scienze Matematiche, Universita degli Studi di Trieste Piazzale
Europa, 1 - 34100 Trieste (Italia)

- 257 -



G. Mancini and E. Mitidieri

“maximum principle” and critical nonlinearities. Namely we concentrate
our attention on the problem

—Au=Au—év+ f(u) inQCRV (0.2)
—Av=6u+yv+h(v) inQcRN (0.3)
u=v=0 on 92

(here A, ~, 6 are real constants).

Special cases of (0.2)-(0.3) (e.g. h = 0) were considered previously in

[8,13,15-17,21] where those authors treat essentially sublinear nonlinearities
(i.e. f sublinear).

Here we are concerned with the problem of existence and non-existence
results for (0.2)-(0.3) for nonlinearities of the type,

f) £ = 172, 2 = o
(h) he C'(R), h(0) = K'(0) = 0,k(t) <0, te R

i.e. for systems which are sublinear in v, but superlinear with limiting growth
in u. The main motivation of our study is the following nonexistence result :

Let A; be the first eigenvalue of —A with Dirichlet b.c.

PROPOSITION 0.1.— Assume (f) and (h)1, and let Q be a smooth
starshaped domain contained in RN (N > 3).

I,
(Al) 0<é< Al -y
(ha) h(t)t < 2H(t) = 2/t h(s)ds, teR
0

then (0.2)-(0.3) has no positive solutions (u,v) # (0,0) provided

Y+26<A<0

or
2
AL+

Al -
In contrast, we can prove the following existence result.

Let \; be j-th eigenvalue of —A with Dirichlet boundary condition.
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THEOREM 1.— Let Q@ C RN be a smooth bounded domain (N > 4).
Assume that (f) (h1) — (h2) hold and

0<A<mjin{)\j+/\j6i7}

Then there ezists a non trivial solution (u,v) to (0.1)-(0.2).

If, furthermore
A>y+26

holds, then (0.2)-(0.8) has a solution (u,v) € (HE N L)%, withu >v > 0.

As far as the nonexistence result is concerned, we have to point out that
while the inequality A > A1 + T‘si; is sharp, we don’t know wether the
inequality v + 26 < A < 0 can be improved. This is because the argument
a la “Pohozaev” we use, requires a kind of maximum principle which in
general does not hold without some restrictions on the parameters A,y and
8.

Because of this we obtain different bounds on A, in Theorem 1, as far as
existence and, respectively, non existence of positive solutions are concerned.

The paper is organized as follows :

In Section 1. we recall some kind of maximum principle for an integro-
differential operator related to (0.2)-(0.3) and we prove radial properties of
positive solutions in case € is a ball.

In Section 2. we prove some non existence results, first analyzing the
case of a general starshaped domain, secondly concentrating our attention

to the special case = B;(0) and N = 3.

In Section 3. following Brezis-Kato [5], we prove L*-regularity and
obtain L*°-bounds for solutions of an approximate problem related to (0.2)-

(0.3).

In Section 4. we prove some existence results in the case of @ C RV
with N > 4.

Finally Section 5. deals with the special case of A = 0, vy =0 and N = 3.

Notations.— Throughout the paper we will use standard notations for
Sobolev spaces H} and corresponding norms

HuH2=/QIVul’dx lul;’3=/ﬂlul”dr
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< -,- > will denote the scalar product in H{, while (-,-) will be the scalar
product in RY.

1. A maximum principle and radial properties
of solutions

Let us first consider the linear system,

—Au=Adu—6v+ f(z) nf u=0 on JN (1
—Av=~56u+~yv+h(z) inQ v=0 on I (1.2)
Throughout this Section we will always assume
(Al) 0<é< )\1 -y
52
A A< A
(A2) <A1+ M=o

For completeness, we present here some results contained in [13].

PROPOSITION 1.1.— Assume (Ay) — (A2) and
(As) Y+26 <A

If h(z) <0 < f(z), f,h € L2N/N+2 gnd (u,v) € HE x H}, solves (1.1)-
(1.2), then u is non negative.

Proof .— Let us denote by G the Green operator

Vu € L¥¥ i< G(u),p >:= / updz, ¢ € H)
Q
If (u,v) € Hi x H} solves (1.1)-(1.2), then

u = 1G(w) = (A — V)G () — 6G(v) + G(f)
v —vG(v) = 6G(u) + G(h)

Setting B = (I — vG)~1G the system rewrites
(I-(A\-=%)B+6&B*)u=Bf—6§B*h>0.
So it is enough to prove that the operator
L:=(I-(\—-7)B+6B%""
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is order preserving. But A > v 4 2§ implies L = « - B(I —aB)~Y(I — BB)~1
where a~, =1 are the two positive solutions of §2z2 + (y=AN)z+1=0.So
that af = 6%, « + 8 = A — v and hence a + §2a~! = B + §24-1 = A—vy<
Al —v+ )\fi . This implies @ < A\; — v, B < A; — ~, because the function
t— t+ ¢52t_Y is convex, with minimum value at ¢ = o given by 20, and
A1 —7 > 6. In turns, this implies [|af|| = (A1 —v)™! < 1, ||#B]| < 1 and
hence (I — aB)™!, (I — fB)~! are order preserving.

Remark.— (A1) is a necessary condition for the validity of Prop. i.1,
because it is necessary for L, B to be order preserving. In fact (A;) just
means that the positive eigenfunction ¢1, for LB corresponds to.the largest
eigenvalue of LB, since the spectrum of LB is given by (A\; — v + 82(\j —
N = =1)7Y (=Ap; = A @), 5 € C5°(R)) and if Ay —v > 6, it is no
longer true, in general, that \; —y+62(A1—v) ™! < Aj—y+82(Aj—y)"1;5 > 1.

PROPOSITION 1.2.— Assume f,h € C! satisfy the following assumption :
(i) 0< ft)<a+bt"'t, abeRY
(k1) h(0)=h*(0)=0, —M < @ <0,s>0
h(s)=0 s<0.

Then, if (6,7, \) satisfy (A1)—(A2)—(As), every Hj -solution (u,v) of (0.1)-
(0.2) satisfies

uZA;7v>0 in Q (1.3)
u < 9 <0 on 8Q (n. exterior normal to ON) (1.4)
on ~ On

Proof .— Let (u,v) be a solution of (0.1)-(0.2).

Using Prop. 1.1 with f(z) := f(u(z)), h(z) := h(v(z)) we easily see that
u20.

Setting

0 if v(z) <0
a(x) = { h(v(r)) if v(x 0
o(2) f o(z) >
equation (0.2) gives

—Av—(y—a(z))v=46u>0
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and since a € L*®, a > 0, the weak maximum principle implies v > 0.
Finally, if €; is a solution of (¢ = 1.2)

€ +(7—Ne+6=0

we have

—A(u—ev) 2 (A —be)u — (6 +ve)v = (A — be)(u — ev)

which implies in particular

A—7 Ou  Ov
> > M Z o
u > oF; v>v and 6n<6n<0

We end this Section with a result concerning symmetry properties of
solutions, which seems to be new and of interest in itself.

PROPOSITION 1.3.— If in addition to the assumptions in Prop. 1.2 we
assume

(*) ffA)+A—y—-2620 R'(¥)<0 t>0
an Q = Bg(0), then the solutions of (0.1)-(0.2) are radially symmetric.

Proof .— After introducing the new variable w

= u — v we see that
(u,v,w) is a positive solution of the system

— Au = fi(u,v,w) := f(u) + (A = §u + dw
— Av = fo(u,v,w) 1= §u + yv + h(v) inQ
- Aw = fz(u,v,w) = f(u) + (A =26 —y)u— h(v) +(§ +7)w

u=v=w=0 on 99

f,

Since

> 0 (far 1 # j) we can apply a result by Troy [24], to infer that
(u,v w) 1s radial and w'(r) = u/(r) — v'(r) < 0, r € (0, R).

Remark 1.4.— As one easily sees the above result can be used to obtain
L°-bounds of positive solutions to (0.2)-(0.3) in the same spirit as Cosner

(9]
2. Some non existence results

In this Section we first give a general result concerning non existence of
positive solutions for (0.1)-(0.2) in a starshaped domain contained in R".
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In case N = 3 we will sharpen our result, following BREzIS-NIRENBERG
(6] in case © is a ball. In both cases our technique heavily relies on the
maximum principle for (0.1)-(0.2) given in Section 1, and consequently we
restrict our attention to parameters (), 6,7v) satisfying (A;) — (A2) — (As).

Nevertheless, we don’t know whether our limitations an (A, 8,v) are sharp

or not.
PoHOZAEV identity for (0.1)-(0.2). (see [13]). Let (u,v) be a smooth
solution of (0.1)-(0.2), then

Ou,2 Ov,2
— ) - (= do =
(P) /m<z,u> {(61/) (av) J o
=2/\/u2—27/v2—46/ uv+(2—N)/uf(u)+
Q Q Q Q
+2N/ F(u) +(N—2)/h(v)v —2N/ H(v)
Q h Q
PROPOSITION 2.1. — Let @ ¢ RN N > 3) be a smooth bounded domain.
Assume that (A1) — (A2) — (A3) and (f), (k1) — (h2) hold. Then (0.1)-(0.2)
has no positive solutions provided either

(52
1=

(i) ’\2/\14—/\
or

(i) 264+v <A< 0 and Q is starshaped.

Proof .— The proof of case (i) is straighforward and will be omitted. To
deal with the case (ii), we use (P) together with the assumptions on f(-)
and A(-).

It is easy to see that (A;) — (A2) — (A3) imply that the right hand side
of (P) is non positive, while by Prop. 1.2, the left hand side is positive in
view of (1.4) and the starshapeness of (.

Remark 2.2. —1It is not difficult to check that the above Proposition holds
under the more general assumptions on the non linearities :

FORLY " ftyar

se€R
s h(s) < 2*/0 h(t)dt

b

We now show, as in the case of a single equation considered by BREzIs-
NIRENBERG [6], we have a more delicate situation in case N = 3 and Qisa
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ball. For simplicity, we will limit ourselves to the case v =0, h(-) = 0 and
Q = B4(0).

PROPOSITION 2.3.— Let Q = {z € R? : |z| < 1}, and let (u,v) be a
C?-solution of

—Au=du+ (ut) —6v on Q (2.1)
—Av = éu on Q (2:2)
u=v=0 on 0N

Assume that 0 < § < 2/16, and let

o(6) € (2\/3, )

be the lowest solution of

46
L(s):=s sens—~i—sen—-=0
s s

in such an interval. Then

o%(8) 462 o
)\€<25, ) +02(6)>=>u—v=0.

2

Remark 2.4.—Let 0 < § < % the function L(s) is positive in (2\/5,#/2)
and becomes negative for s = , hence there is a lowest solution of L(s) =0
in (2\/5, 7). If we denote by o(§) such a solution, clearly lims_,o+ 0(6) = 7:
thus, “in the limit” we get a non existence interval for values of A, given by

(0, 7r2/4), which is the one obtained by BREZIS-NIRENBERG in the case of a
single equation.

. , .. 02(8) 457 .
Nevertheless we don’t know if - + —2@5 is a sharp bound for non-
o
existence, as well as our method, relying on a maximum principle, doesn't

apply (in the case v = 0) to negative \'s, and hence it is an open question
to know whether non-existence results hold true in this case.

Proof .— Thanks to Prop. (1.3), we are reduced to prove that our system

2(8 467? .
has no positive radial solutions, for A € (26, z i ) + 02(5)). Again, our

proof relies on a appropriate :
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PoHOZAEV identity for (radial) solution of (2.1)-(2.2).

Let (u,v) € C%(0,1) be a radial solution to (2.1)-(2.2). Let ¢ € C=(R)
be such that 1(0) = 0 and (1) > 0. Then,

(Pr) SO 7 vy = 2 / uS(r2' — rp)drt

/ (7' "+ Ay’ ) 2 _ ¢'"v2 - 2uv1/)'] dr.

Proof of (Pr).— The radial solution (u,v) of (2.1)-(2.2) satisfies

2
—u" = =u' = du+u® —bv
r

—o" - gv' = bu
r
u'(0) =v'(0) =u(l) =v(1)=0
Following BREZIS-NIRENBERG [6], we first multiply the first equation

(respectively the second equation) by r2yu’ (r?yv’), and by (1/2r?y’' —
rip)u ((1/2r%4" — r)v). After integration by parts we obtain

1
SWPSW = [ G+ aw)rtars

/ (P — rpyusdr + 6 / wortypdr — § / wo(5r29' — r)dr
(2.3)

1/ — 111/!22_ ! /2d+
§|v (1)|2¢(1)_/0‘ 41/; vir 5A uv'r dr 24)

+6/ uv( 2¢—-r1/))dr

Taking (2.3)-(2.4), after integration by parts we get (Pr)-
Now using Prop. 1.2 we get,

A= / (G 24" 4+ A Yu? itﬁ'"vz — 26uvy|dr+
+ —/ 6(1' —ryp)dr >0
3 Jo
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with strict inequality if (u,v) is not identically zero.

2(8 52
Our claim is that if A € (26, fi—) + 2742T5)) we can choose 9(-) to get

A < 0, which will imply v = v = 0. We choose (), among the solutions
(¥, @) of the O.D.E. system :

1
¥+ =260

¢ = —26¢ (2.5)
¢ <0 in (0,1)
$»(0)=0
with such a choice of (¥, ¢) we have the following :
A-VA
LEMMA 2.5.— Let A > 26, and set A = \? — 462, c = . Then

1 1
AL /; v(Av — 28u) (' — % o Yridr + %/0 uS(r?y’ — ro)dr.

Proof .— Since ¢(\ — ¢) = 62, we have

1
(u? —v?) + p (Av? — 26uv) =
= %[cu2 +(A=c?=2v/cVA—c¢c uv] > 0.
Thus P
26(u? —v?)p' < —~2—(,\'u2 — 26uv)p’

c

because ¢’ < 0. Hence using (2.5);
1 " ! 2 1 "2 1

(Zdz + A u ~ 3 P v? — 26uvy’ =

26
= 26" (u? — v?) + (Mo? — 26uv)y’ < (W? — 25uv)(1j)' - 799').

Remark 2.6.—Let (9, ¢) be a solution to (2.5); then

(z) " +4) " +1662 ¢ = 0.
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Conversely if ¢ solves (z), the pair (¥, | with

1

—
Y= 557

solves (2.5).

Assuming A > 26 and denoted by +ip, Fic the roots of the characteristic
equation of (z), we have the following relations

PP =2(A-V1), =20+ VA) (2.6)

p? =4dc, pt +0? =4\, p?c? = 1662 (2.7)
Since 0% > 46, we also have p? < 46 < 0. Now assuming as above A > 26,
let us choose the following solution (v, ¢) to (2.5)

2
1/)(t)=g— sin ot — 2 sin Et
26 o 58
o2 $ ( . )
¢(t) = sin ot — — sin ;t

46
o=0(\08), p=p()\6), being given as in (2.6).

Remark 2.7.— 1t is clear that ¢ chosen as above, satisfies ' < 0in (0,1),
provided o < m, because

46
P'(t) = o’(cos ot — cos ;t)

46

and — < 7.
o

We want also to emphasize that, in view of the existence result; which
we will give later, and which holds true if

7!'2 462 2 §2

(here obviously A\; = 7?), we have to assume ¢ < 7. In fact by (2.6)
o’ 48
4 o?

and the necessary assumption (in order to get non existence)

\ < 2 " 462
4 w2
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yields o < 7.

To complete the Proof of the Proposition 2.3, we need some simple

estimates which we collect in a lemma whose proof can be obtained by
direct calculation.

LEMMA 2.8.— Let o(6) be the lowest solution of

. 46 . 46
osino—— sin— =0
o o
in (216, ). Let (3,) be given by (2.8). Then

é
() ¥ -3¢'20 in(01)

(i)  —t)'>0  in(01)
(ii1) P(1)>0
Completiton of the Proof of Proposition 2.2.

Now the result follows, using Lemma 2.5 and Lemma 2.8, taking into
account that by (1.3) and (1.4) we have u > A/2§ v and u'(r) — v'(r) <

0, r € (0,1).
3. Regularity and L°°-estimates

The main purpose of this section is to get some uniform L*°-estimates
for weak solutions of families of elliptic systems of the type

—Au=Jdu—6v+ f(u) inQcRN (0.1)
—Av=6u++v+hg(w) inQc RN (0.2)g
u=v=0 on 02

where (),7,6) € R3, v < \; (the first eigenvalue of —A with Dirichlet
boundary conditions) and f(-), hr(-) are allowed to have “limiting growth”.
More precisely we will assume that :

There exist positive constants a, b,ar,br, such that for every t € R we
have

IF®)] < alt|” ! +b, |hr(t)| < arlt]® ' +br (3.1)
Our argument follow closely the work of Brezis-KaTo [5] devoted to a

single equation. In what follows we deal with a given system, so that we
drop subscript R.
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PROPOSITION 3.1. — Let (u,v) € H} be a solution of

—Du=au+bv+ f(u) (3.1)
—Av=cu+dv+ h(v) (3.2)

where (a,b,c,d) € R*, f,h € C' satisfy (3.1) and f(0) = £'(0) = h(0) =
h'(0). Then (u,v) € L.

For convenience of the reader we state here some facts which are essen-
tially contained in [5].

LEMMA 3.2. — Let a; € LN/?, (7 € N) be such that :

Ve>03 K.>0: sup/ la; N2 < (3.4)
J |")’|ZK=

Then there ezists u € R such that for every f € L*N/N+2 eqch equation
—Au+aj(z)u+pu=f (3.5)

has a unique solution uj € H{. Furthermore ||u;|| < Clflan/ny2 and
f20=u; 20.

Proof .— Using (3.4) we see that,

/ |aj|2u2 S/ aju? +K€/ u? <
Q laj|> K. lajl<K

- N/2
< Kul+ WY ( [ gat®) ™ <
laj|> K.

< Kelul? + elulpi ™Y

which implies
AMNﬁSKM%ﬂME (3.6)

Thus, the bounded selfadjoint linear operators in H}, given by
< Lju, ¢ >:= / VuVe + aj(z)up + Ky pup, ¢ € H}
Q

are (uniformly) positive definite : taking € = 1/2, we find K, independent
of j, such that

1 1
< Lju,u>> 5 |lull® + Klul; - Klulf = 5 [lull*.
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Hence, for such K, and any given f € L2N/N*2 the equations

<LJUJ’LP>=‘/Qf‘P ’ SDGH(}

are uniquely solvable for every j € N and

1
3 sl << Loy >= [ fuy < flawpsalulawy-s
Q
implies
llujl| < cost|flan/n+2

Finally, if f > 0, multiplying (3.5) by min(u,0) (dropping subscript j)
and using again (3.6), we get min(u,0) = 0.

LEMMA 3.3.—Leta € LN/2 and f € L? with p > 2*. Letu € H} be a
weak solution of

—~Au + a(z)u = f.
Thenu € LP => u € L™ (withT= N/N —2), and

lulrp < cost(lflp + 1u|p).

Proof .— Set

a;(z) = {a(x) if la(z)| <

J sign a{z) otherwise
Lemma (3.2) applies, to find K € R such that the equations (omitting
subscript j)
—Azj+aj(z)z; +kzj = f + ku (37)
T
—Az+a(z)z +kz= f + ku

have a unique solution zj, z = u respectively. Furthermore,
llzi]| £ cost |f + Kulas,

HY _ _ _ N/2
so that we can assume z; =2 Z, for some z. Clearly Z = u, because ajL——» a
LNIN-2
and zjp

Zp for every ¢ € H}, and then we can pass to the limit in

/Q (V2jVe + ajzj + kzjp) = /Q(f + ku)p, ¢ € Hy.
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Now, let us fix ¢ < p. To estimate |z;|~q, first notice that taking eventually
the positive and negative part of f + Ku, it is enough to estimate |zj|r,
assuming 2z; = 0. Dropping subscript j, let us consider z, = min(z,n).
Since |za|?"! € Hj, denoting f = f + Ku, we get from (3.7) :

(‘1—1)/ | V2?2872 =/V2Vz3,‘1 g/ lajlz 2271 + et <
Q Q Q

Flalenlg™ + [ aslet+ [ laglz 2g
<n 2>n

z

and hence,

4(g—1 ~ _ '
W2 [ 19atlf < \Polzaly™ + [ laslag 45 [ o
q Q o i

>n

Using (3.6), with u = 23/* we finally get

ﬂ_;__ll/ Ivzz/zlz _<_ |ﬂq|2n|g_l +5/ |V27q./2|2+ke/ |zn|q]/ 21
q Q a . :

>n

2(¢—-1)

Taking € = —Z and using Sobolev inequality we obtain,

Calallys, < Flalonlf™ + kelanlg +5 [ 2t

2n

sending n to infinity and using Fatou lemma we get
Cylzlf < ke(IFlg +1210)" (2 =) (38)

with C, and k independent on j.
Using lemma 3.2 and taking ¢ = 2* in (3.8) we get

Cae2jlr2e < kil fl2e
Iterating this procedure, we get, up to ri=12* < p < 7i2*
Cilzslrize < kal Flimaze

and then ~
clzjlrp < K|flp (3.9)
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with ¢ and K independent on j. Passing to the limit (as j — +00) in (3.9)
we get

clulsp < K|f + Kulp

Combining Lemma (3.3) and elliptic regularity applied to both equations
(3.1)-(3.2), we obtain the claim of Proposition 3.1.

We are now in position to give L°-estimates for solutions of (0.1)-(0.2)z.

PROPOSITION 3.4.— Let f, hg satisfy (3.1) and
£(0) = £1(0) = hip(0) = hp(0) =0, hR(t)<0, teR  (3.10)

Let (ur,vR) be solutions of (0.1)-(0.2)r such that,
(i) {ur} is precompact in L, and supp llvrl|l < +o0. Then,

S\}l{p|uRle < +00, sup |vr|Le < +oo.

Proof .— According to Proposition 3.1, we know that (ur,vr) € L®. Set
ar(z) := X + dg(z), where

aR(m)={f(uR(z)) if up(a) #0

ur(z)
otherwise

It is easy to see, using the compactness assuptions, that

Ve>0:3 K¢ > Ozsup/ laRIN/2 <e (3.11)
R ar> K.

So that, by Lemma 3.2, there exists p € R, independent on R, such that

ugr(+) is the unique H}-solution of

~Az — ap(z)z + pz = pup — dvg. (3.12)

To get a uniform bound for {|ugr|}, we first prove LP-estimates. To this
extent, let us introduce zg,wg, solutions of (3.12) corresponding to right
hand side (pug — dvr)t and (pugr — dvr)™ respectively : they exists and

are unique because of Lemma 3.2. We claim that, setting 7 = N/N — 2, we
have

Vp>13C,: {le|rp < CP(I“'R\F + lelp) (3.13)

‘ZR‘rp < Cp(‘uR‘p + lZR|p)
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where C} is independent on R.

Since for p = 2, the right hand side in (8.13) are bounded with respect
to R, we will get

sup [ugrler < sup [wr|,p + sup |zr| < 400
R R R

because obviously ur = wgr + zg. In turn this implies supp |ur|2+2 < +00,
and thus, by iteration, we will get

Vp > 1,sup|u <
) RPI Rlp < 400 (3.14)

To prove (3.13) for, say zr (the same procedure works as well for wRg) we

first need
Vp>1:3Dp>0:'UR,pSDp'uR,p (3.15)

where D, does not depend on R. Let us prove (3.15) with vg replaced by

TR, solution of
—Av — yv — hp(v) = buf in

v=20 on 89 (3.16)

A similar argument, taking instead up, will give (3.15). If 5 >
0 is the solution of (3.16), multiplying the equation by o !, we get
(observe that hg(Tr(z)) < 0)-

»  4Hp-—1 —p/2 2 pe
—’7/UR+——‘—( = )/ lvvlzoz/ 2 =(P*1)/ VOR[> o 2—7/?‘,’-{ <
Q Q Q Q
< 6/ u}i)”};l,
Q
and using Poincaré, inequality,
4p-1) " —p—
( —Y —7) [ 9% < oluily [oalp .
Since v < Ay, if p > 2 is sufficiently close to 2, we get
|5rlp < Cpluflp (uniformly in R)

Starting with such a p, and using Sobolev inequality, we have
2* N-2
_p/2 N — — p— —
ap (/Q (”IIJZ/ ) ) <7lorl} + 6lu§lplvnl£ V< Bp([rlp + [uflp)”

- 273 -



G. Mancini and E. Mitidieri

and hence
Brl?, < Bylutl?

which implies [Gr|rp < Cplu}|rp. By iterating the above procedure, we thus
get Vp>2,3Cp,>0:|og| < Cplukl|p (uniformly in R).

We now go back to the proof of (3.13). Multiplying the equation

—Azp —ag(z)zr + pzr = (pur — svr)t

by z‘l’;l, we get as above

2D [ varrp < [ an@)h+ [ (oun—sor) 5
p Q Q Q

Now, in view of (3.11) we can apply (3.6) to get, with a suitable choice
of € and using Sobolev’s and Holder’s inequalities :

Cylzrl?, < ke / 2+ Cp(lurly + [vrly) |z

for some positive constants C}, ke independent on R.

Using (3.15), we finally get
|2rI2, < Cp(l2rlp + |urlp)”

Now, elliptic regularity, Sobolev imbedding and (3.14)-(3.15) applied to
(0.1)g give uniform (w.r. to R) L*°-bound for ug.

Finally, if suppg |ur|pe < M, setting

A —yip = §M in Q
1’[):0 on 92

we get,

—A(vr — %) — y(vr — ¥) = Sur + hr(vr) — M < hr(vr),

and multiplying the above inequality by Vg = max{vr — ¥, 0}, we obtain

/ﬂ IV(or — $)*|* -4 /ﬂ (vr — $)*? < /Q ha(vr)(vr — ¥)*.
Thus (vg —¥)* =0, i.e. vr(z) < Y(z) z€Q, VR.
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Similarly we get a uniform lower bound for vg.

4. The variational principle and
existence results

In this section we first consider system (0.1) (0.2) for some classes of
superlinear-sublinear nonlinearities, reducing our system to an integrodiffe-
rential equation of variational type. The early stage, when we consider f(-)
of the type (f) and h(-) satisfying (k1) — (h2) and asymptotically linear we
already deal with the main difficulty, i.e. a “mountain pass” situation with
the lack of P.S., which we over come in the spirit of [6].

Nevertheless, while the existence technique is quite the same as in [19]
(see also [3]), due to the lack of a general maximum principle, we are able
to produce two quite different existence results, as far as we are concerned
with existence and with existence of positive solutions respectively.

We believe that this is a peculiar difference between anticoercive-coercive
systems considered by us and elliptic equations.

Our first result is the following :

THEOREM 4.1.— Let @ C RN (N > 4) be a smooth bounded domain.

Assume

HOES U
and
(h1) h e C'(R), h(0)=h'(0) =0, R'(t) <0, te R
(h2) ()t <2H(t) teR
(h3) t-lj’foo R'(t) ezists and is finite

Then, there ezists a non-trivial solution (u,v) € H} x H} to

—Au = Au — év + f(u) mn Q (1.1)
—Av = éu + v + h(v) m Q (1.2)
u=v=0 on ON)
provided,
2
(A) 7</\1,0</\</\,-+—5— A4
Aji =
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If, in addition, we assume
(A1) 0<éd< A —7
(A2) 26+ <A
then (1.1)-(1.2) has a solution (u,v) satisfying u > v > 0.

In what follows (see Th. 4.9 below), we will improve our result, as far as

growth conditions on h(-) are concerned, making use of the a priori estimates
and the results of Section 3.

Finally, we will see that a more delicate situation occours if N =3 (see
Section 5 and [6] for the scalar case).

In order to prove th. 4.1 we first state a variational principle and we
analyse its geometric features.

Setting,

< Uv,p >:= / VoV — yop — h(v)p, v,p € Hy
Q

one can easily see, using assumptions (h1) — (h2) and v < Ay, that U(-)isa
strongly monotone operator. In addition using standard tools one can easily
find that the operator T = U~1G with

<Gu,go>::/u<p , u,p € Hy
Q

satisfies the following properties; which we collect in
LEMMA 4.2. —
. H} Hj
(i) (un) € HY tup=2u = Tu,~%Tu
(i) 3C >0:||Tul| < Clulan/n+2, v € Hj

(i11) 3C>0:0<fQTuu§C|u|§N/N+2, u € HY — {0}
Now, let us denote

J(v)::%/QIVUP—:YQ—/Q'L#—/QHO)), v € H;
F(u) :=< GT(u),u > —=J(Tu) = / U G(u)u — J(Tu), u € Hy.
Q

Notice that
< VJv,v >=< Uv,v >
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and hence
[(u) =< Ty, UT(u) > =J (T(uv)) =< VJ(Tu),T(u) > —J(T(w)) =
= J(T(u)) +2 /ﬂ H(Tu) - /9 A(T(w)T(w) > 3 (1 - L) zul?

because of (h1) — (h2).

Using the above facts, we easily get the following :

A variational principle

Bwi=g [ =5 [ v -5 [P 416w, we
Q
is a C%-functional on H{}, with
< VE(u),p >= / VuVep — dup — [u|2."2ucp +5/ U'G(6u)p, € Hy
Q Q

Henceforth, if VE(u) = 0, the pair (u,v) with v := T'(du) is a solution to
(0.1)-(0.2). This easily follows from the relation VJ(v) = U(v), so that

< VI(u),p >=< GT(u),p > + < GT'(u)(¢),u > —
— < G(u), T'(w)p >=< GT(u),p >, ¢ € Hy.

Thus if v = T(6u) and VE(u) = 0, we have
/ VuVe = / Aup + ]u]z‘—Qucp — vy, ¢ € H}
Q Q
/ VoVp = / Sup + yvp + h(v)p , ¢ € Hp
Q Q

i.e. (u,v) is a solution to (1.1)-(1.2).

Remark 4.3.—
(i) If (u,v) is an H}-solution to (0.1)-(0.2) then

1 ) 1
E(w) = ]ﬂ |ul?” — /ﬂ(5 h(v)v — H(v))
(ii) If v = T(u) then for u € H} it follows that
1
I(u) — H < VI(u),u >= ——/ h(v)v +/ H(v) >0
2 2 Ja Q
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In the following lemma we describe the geometric properties of “moun-
tain-pass” type of the energy E(-).

LEMMA 4.4.—
(i) E(0) =0, VE(0) =0 and

30>0: < B"O)pre > > Cliglhe € H]
(4) E(tu)=%% — o0 |, u € H} —{0}.

Proof .— Clearly E(0) = 0, VE(0) = 0 because U(0) = 0. Furthermore
E"(0) = I — A\G + §2G(I — vG)~'G has positive eigenvalues given by
/\;'2 (Aj + 8%(\; — 8)7* — )), which are bounded away from zero because
of (A)

(i1) Since, in view of Lemma 4.2 and the positivity of J
M) = [ T = I(T@) < Clulbwia

we immediately get E(tu) — —oo ast — +oo. To make use of the geometric

informations given by Lemma 4.4 we need the following crucial compactness
property of E(-).

Denote by
2
S := inf “1;”
w0 |ul?n
Ntz

the best Sobolev constant, we have :

LEMMA 4.5.— Let (un) € H} be such that VE(u,) — 0 as n —
+00. Then (un) has an H}-convergent subsequence provided sup, E(u,) <
L SN/2
N .

The proof of such (P.S.) condition, which makes use of arguments from

[18] (see also [23]), will be postponed, as well as the following estimate of
the “mountain pass level” : Setting

3= {p € C([0,1] : Hy) : p(0) = 0, E(p(1)) < 0}

we have :
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LEMMA 4.6.— Let N > 4 and A > 0. Then

=i L g
¢ ;g§; tes[(L)lvRuE(p(t)) <w¥°

Proof of Th. 4.1.—In view of Lemmas 4.4-4.6, the “mountain-pass
lemma” (see [1]) applies to get a critical point of E(-) at positive energy
C. Our variational principle implies the result.

In order to get existence of positive solution under the additional assump-
tion (A1) — (A2), we have to slight modify our arguments, first replacing
|u|?"~?u in (0.1) and h(v) in (0.2) respectively with

. -~ h(t if t>0
) = lt+|2 " and h(t) = {0( : othe:wise
The new system
—Au=Au+ [ut)F 7 - b in 0.1y
—Av =bu+yv+ /l;(v) in 0.2y
u=v=0 on OS2

has only L°-positive solutions by Prop. 1.4. In turns, solutions to (0.1)’-
(0.2)’ can be obtained as critical points of the modified functional

= 1 A 1 .« o~
B = 5 Il = 5 = 52 [ 1t +Bew)

where T is defined in the obvious way. Slight modifications of our arguments,
show that Lemma 4.4 (with (ii) only for positive u's) - 4.5 and 4.6 hold with
E replaced by E, and hence the result follows.

Now we go back to the proofs of Lemma 4.5 and 4.6.

Proof of Lemma 4.5.— It will require several steps :
Step 1.—  sup,, [|un|| < 4+o0, so that, w.lo.g. : up, — u, un — u a.e; and
up — u in L* for every a € (1,2*).

Furthermore there exists (see [19]) positive measures g4 and v and
numbers a; > 0 such that for every ¢ € L>(Q), it results

/|Vun[2¢p dz — / @ du
Q Q

/lun|2.<p d:c—»/vdu (4.1)
Q Q

/du:/ [ul*de + ) a; (4.2)
Q Q

/d,uZ/IVuIch dx+.§"2a;v—ﬁ_2 (4.3)
Q Q

- 279 -



G. Mancini and E. Mitidieri
Step 2.— a,-;é0=>2ajZSN/2
1
Step 8.—  limainf B(un) < > aj.

The lemma will follow noticing that assumption sup E(un) < 1/N SN/2
and Steps 2,3 imply a; =0, (i.e. [, |un|? — [, [u|? in view of (4.1)-(4.2))
which joint with u, — u in L?" imply u, — w in L? . Finally, setting

< Nu,p >:= / Iulz‘“zucp, w € H}
Q
we easily see from

E(upn) = tn — AG(tn) — N(tn) + 6GT(8un) = 0

that un, — u in H}.

Proof of Step 1.— By Assumption we have
1 1 .
0(1) + 0(1)||un|| = E(un) — 3 < VE(up), up >= N/ lun|® +T(6u,)-
Q
1 .
—% < VI'(buyp), dun > > N /Q |un|?

and hence ) \ 1
> 2_ 2 2 _ - n 2*
B(un) 2 glunll = 5 lunl? = 5 [ funl

implies sup,, ||uxn|| < +oo.

Proof of Step 2.— Passing to the limit in
< VE(up),p > = /QVunV<p — Aupp — /Q [un|? ~2unp+
+5/QT(6un)ga , ¢ € Hy
we see that, taking in the limit ¢ = u,
/ﬂ (IVul? = M? — [uf?") + 6T(6u)u = 0 (44)
On the other hand, since T is completely continuous and
< VE(tn),tun >= |luall? = Mua|? — [unl2s + 5LT(5un)un1ﬁo
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we get

u() = /\/Q uldz + v(Q) — 6/;) T(bu)u dz (4.5)

But () = Jq [Vul? + SZa] ~*/N by (4.3), so that using (4.4) and (4.5)
we conclude

N—2/N
S(E aj) <S E ay—z/NS—/ur%—u(ﬁ):E aj.
Q

Proof of Step 3.— From (4.2)-(4.3) and (4.5) we obtain

. 1 = A ) -

lim E(uyn) = 3 n() — B /n u? — o v(Q) + I'(du) =
1
N

— 1
v(§) + T(6u) - 5 < VI(5u),6u > > % S
J

Proof of Lemma 4.6.—1It is enough to find a point @ such that
SUP¢>0 E(tu) < %5 N/2_ For this purpose, we will use “instanton” like func-
tions employed by BREZ1S-NIRENBERG [6].

For a given cut-off function ¢ € C§°(f2), ¢ = 1 in a neighbourhood of

zero, we set

N-=-2
€N

u(z) = K Ez__,go(z) z€Q, €>0.

(€ +|z[*)

It is well know that (see BREZIS-NIRENBERG [6]) for a suitable choice of
the normalization constant K, one has the following estimates

fluel> = SN2 +0("7?) (4.6)
[uel2e = SN2 4 0(eN) (4.7)
0(eV=2) if 1SP<’VN_2
luel2 = § 0(e7 ~N2) if p> g (4.8)
N—2 2(N-2 . — A’V
0(eV=2)|logel ™7 if p N5

(here 0(¢®) mean 0(¢*)e~* bounded, and bounded away from zero).
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In particular

_fo(e?) if N >4

fuclz = {0(62) lloge| if N=4 (49)
luel? = o(uel?) fl<p<2 (4.10)
luell® = SN2 + of|ucl3)

fuclZ: = S™2 + o(fucl3) (a11)

Now, if E(teue) = maxi>o E(tuc), then d/dt E(tue)i=t. = 0, ie. teu,
satisfies

t7 (Huellz - M“e\%) + / T(6teue)bteue = tE‘ IUElg:
Q
Using (4.11) and Lemma 4.2-(iii) we get

BN 4 o((ucl)) = Mucl < ¢ (S¥/% + ofucl)) <
< 2(S™ + o1 (julf) — Mucl} + 0o (Juel3))
and hence,
tz._2 1 AS‘NﬁIueI% + o(luelg) (412)

Thus, writing we = teue ve = T(dw,) from

E(w.) = % fﬂ lwe[2" dz — /Q(% h(ve)ve — H(vo))dz,
and since —h(s)s < const.S? by (hs), we obtain
B(tar) < - (7 = 5 Auc) + o(Judp)
Using (4.12), inequality || Tu|| < Clulan/n+2 and (4.10) we finally obtain
E(taud) < % (s¥72 - % Mucl3) +o(lucl?) < % SN2

provided |u(|? is sufficiently small, i.e. if € is small.

Remark 4.7.— In dealing with the modified functional E, we need a few

modification to get Lemma 4.5. As far as Step 1 is concerned, we get instead
of (4.7) :

. /Q (@) <+ |lual) (4.13)
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N-2
- T -
w2l = < VE(ua),ut > > [ub|? —A( [t ) - [
= Clunl gz x| 2

and then

1 N-2 _
2 "“;r”2 S AMlua|l 7 + Cillunll + Czuunnl)rl”"Z + Cs (4.14)

Assuming, by contradiction, |lun|| — 400, we get from (4.14) @, :=

+
Yn_ _,0in H}, and consequently, if @ := w — lim —UL, it results © < 0.
[|en]l llunll

Furthermore, from

VE(un) = tn — AGup — Nu, + §GT(6un) — 0 (4.15)
here
<Nup>= [@H79, Ve < W' BT o e B
Q
we get 5GT(6un)
u T(éu
7 =lim | A\G(— ) + - (4.16)
m (0otzp) + )
strongly in H{}, because ||T(8un)|| < cost|uy| : thus, setting
D :=w — lim T(6u,..),
llunli
(u,v) satisfy
7= AG(u)+6G(T), w#0 (4.17)
(i.e) —AT = AU — 6T

On the other hand, since

]anVga=6/u,.<p+7/v,,<,9+//ﬁ(vn)-,9, w € H}
Q Q Q Q

by definition of v, := T(8u,), we also have, dividing by |lun|| and passing
to the limit (using (h3)) :

/VﬁVga:é/mp-F‘y/6(,9+/’f;'(+oo)ﬁ+cp, » € H}
Q Q Q Q
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But since T < 0, by the maximum principle 7 < 0 and hence
~AT =éu+ T (4.18)

Using assumption (A); — (A)z, we see that (4.17)-(4.18) ha only the trivial
solution, i.e. @ = T = 0, a contradiction. This proves step 1 for the energy
of the modified problem. As for step 2, it is enough to observe that if
Un — U, Vg 1= T(buy) — v = T(6u), (u,v) solve the system (0.1)-(0.2)
and hence they are positive functions in view of assumptions (Ay) — (Az)
and Prop. 1.2. But then we still have (4.4), while (4.5) follows observing
that lim, [, [uf 1> =lim, [, |un|?". In fact,

< Ve(ug),u, > = / |Vul2 = Aug | + 6/ T(6un)u, =0
Q Q

implies [, [Vu,|*> — 0 because u;; — @ = 0 in Hj. The same remark allows
to work out Step 3, and thus the proof of Lemma 4.5, for the modified
problem, is complete.

Remark 4.8.—Step 1 in the proof of Lemma 4.5 can be obtained
replacing (h); with the more general assumption

(R) Ja,b:|h(8)|<a+bls]*, 1<a<2" -1

Similarly, assumption (k1) could be replaced by

(R)a There exists a € (1,2%) : sups™© (% sh(s) — H(s)) < 400

We want to show now how to drop the growth assumption on h(-), making
use of Theorem 4.1 and of the a priori bounds given by Proposition 3.4.

THEOREM 4.9.— Let N > 4, and assume (A1) and (Az). Then if

(hy) R(0)=0=h'(0), K'(s) <0, seR

(hs) M) 5wy, s 20
are satisfied, the problem

— Au=Au—6v + |u[* "2u
— Av = bu + v + h(v)

- 284 —



Positive solutions of some coercive-anticoercive
has a non trivial solution (u,v) € H3(Q)2. If in addition
(As) Y+26< A,

holds, then the above system has a solution (u,v) satisfying

A
> —
u__267)>v>0.

Remark 4.10.— (hs) = (h2).

Proof of Theorem 4/9.— Given M > 0, let us consider the truncated
nonlinearity :

h(s) if |s|<M
ha(s) = { h(M) + (s — M)h'(M) if s>M
R(=M)+ (s + MY)R'(=M) if s> -M

Notice that has satisfies (hs), and hence (hz) too (h3). Thus Theorem 4.1
applies to get solution (uar,vam) of the modified system :

— Au = du — bv + [u]? "2
— Av = bu + v + hp(v)

The proof will be now performed in several steps. Indicating with Eas the
energy corresponding to har, (upr,var) can be chosen such that

Step 1. sll‘xlp(”uM” + |lom]]) < +o0
SN/2
Step 2. sup Eap(upnr) <
M N
Step 3. (upr) is precompact in L”
Step 4. sup |[vpoo < +00
M

Clearly step 4 implies the result.

We will chosse (uar,va) as given by Theorem 4.1, so that they satisfy
the inequality Ep(upm) < 1/N SN/2.
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Proof of Step 1.— Here, and in what follows we will use the obvious
notation :

Hpy(s) = /;s hy(o)do, up(v) = v — yG(v) — Np(v), v € Hy

< Nu(v),p > = / ha(v)e, Tw = UG, v e H]
Q
_1 2 Y [ 2 1
Ju(v) = |Vl v Hp(v), v € Hy
2 Ja 2 Ja Q
FM(u) = / TM(u)u - JM(TM(u)), u € H&
Q

Notice that vy = Tar(6unr) so that fn VMUM = fn Tr(Sup)unm.

Now, given upy, vy as above, we have

and also,
Jusell? = Mol + [ Jusel™ = [ onune
Q- Q
and thus, since [, u(u)u > 0 (u # 0,
luall? < SN2 4 cxs™ 7.
Proof of Step 2.— It is enough to remark that (4.19) rewrites :
. 0 2) =
t272 =1 — Muel + 0p (|uel3) with _"“_(E‘PE‘_Z)QO
Uel3

uniformly with respect to M, because the inequality [ Tm(8teuc)dteu, <

2N
ct?lue ?,, (p € [jv—ﬁ’2*]> holds true with ¢ independent on M. As a

consequence, following the proof of Lemma 4.6, we get

SN/Z A N 2
Epm(teue) < N "3 SN u | + O (Juel)

which implies
1
sup Ep(teue) < — SN2
M N

if € i1s sufficiently small.
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Proof of Step 8.— This is a slight modification of the arguments used in
the proof of Lemma 4.5. We already know that, given M;, passing eventually
to a subsequence, we have u; := up; — u, v; := vp; — v for some u and
v, because [lvag; || < ¢f|luag || by lemma 4.2-ii, with some ¢ independent on
M;. Following the proof of Lemma 4.5, we have just to prove that

/n(|Vu|2 — Alul? = [u|® +svu =0 (4.8)
W) = A/n u? +v(Q) - 6/{; uv (4.9)

(where p(-) an v(+) are limits, in the sense of measures, respectively of |Vu;|?
and [u;|*", and v = |u|?" 4+ T a;6z;)
Ya;
liminf Epq, (uj) = —N—L (4.10)
j

Now, (4.8) and (4.9) easily follow from

/VujVu=/\/u,-u+/ IUjlz.-2Uju—6/Uju
Q Q Q Q
/|Vuj'2=,\/u?+/!uj[2.~6/ UjVh
Q Q Q N

and the fact that v; — v, uj — u in Hj. As far (4.24), using Remark 4.3
and (h2), we see that

1 .1 2 _
Ej(uj) > _17/9 lui> — N (/n [ul* + % a;)

Proof of Step 4.— This is just a consequence of the precompactness of
{uam} in H} and sup,, |lvam|| < +oo in view of Proposition 3.4.

and

5. The case N = 3

In this section we concentrate our attention on the existence of solutions

to the very special system

—Au+ Au+u’ — v in Q c R®
—Av = bu inQcR? (5.1)
u=v=0 on 9N
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or equivalently to the problem

—Au — du + 623(u) =u® inQ (52)
u=20 on 09

obtained from (4.1) by inverting the second equation (i.e. < Bu,p > =
Jaue s ¢ € Hy).

We will follow closely the approach of Bahri-Coron (see also BREzIs [4],
SchHOEN [22], Mc LeoDp [20]) which describes the important role played by

the regular part of the Green function of the linear operator involved in the
given nonlinear problem, in estimating

§)‘ = inf fQ |Vul? — Afn u? 4 62 fQ B(u)u

p)
“fz)é (fn u®)

For definitness, let G(-,-) be the Green function relative to

—~Az—=Xz+6B(z)=h inQ
(5.3)
z=0 on 02

52
(herehEL2,0<)\</\1+rand5>0)i.e.
1

2(z) = /QG(m,y)h(y)dy-
As usual one can split G(+,-) into a singular and regular part
Gla,v) = o + o
Y —47T|1'—-y| gfﬂ,y)

where g(z,y) is, for every = € Q, the only solutions to

—Ag(z,) = Ag(z,") +8°By(z,) = 11;0 ~ 5"~’B)(|z1_ .1> in Q

1 (5.4)

Q(Tw')z—m in 09

PROPOSITION 4.1.— Let Q C R3 be a smooth bounded domain such that
0eq.
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If
g(0,0) >0

then R
S\ < S,

and consequently (4.1) is solvable.

Proof .— Since the proof is the same as in BREzis [4] we only give the
ideas involved.

Let € > 0 and consider

e
V= @i ey TR

a direct calculation shows that

—AU, =3U7  in RS

We consider as “test” functions for estimating :S'; the solution to

—Ape — Ape + 62B(pe) = —AU. in

pe =0 on 02 (5.5)

By introducing
Pe — Uc

N

he(z) =
we see that h. satisfies

- 523(;) in Q

2 —
— Ahe — Ahe + 6°B(he) = (e + |z]2)172

1

@+ [elP) 72

he = __(52 T !z|2)1/2 on aQ
(5.6)
Since (elel:cI{)l_/z — Ii_—l in L? as € — 0, elliptic theory gives
he > hgase—0
uniformly in €, where Ay is the solution to
1 .
—Ahg — Aho + 62B(ho) = L 623(—) in
|z| |z|

. (5.7)
hy = —— on Of)

||
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that is ho(x) = 47g(z,0). At this point the calculations are exactly the same
as in BREZIS [4]. So we shall omit them.

COROLLARY 5.2.— Let © C R3 be a smooth bounded domain such that
0eQ.
Assume that

2
() 26</\<>\1+§— A > 6
1

and
() (N VA2 —462)g4(0,0) — (A — /A2 —462)¢_(0,0) >0

( here g+ is the regular part of the Green function of the problem —AG —
V2 462
(2‘_%_2_&5_)@ =6(— y)) holds.

Then (5.1) has a positive solution.

Proof .— The positivity of the solution is guaranted by (i). (see Prop.

1.1). For the existence part, it is sufficient to observe that if (i) holds then
the solution of (5.7) is exactly

ho(e) = (A—;—\/_z— {\__4;16> 94(2,0) - (12‘\/—%%;‘—5—) 9-(2,0). 63

Remark 5.3.—In the limiting case (from the point of view of the
maximum principle) A = 2§, for the existence of positive solution it is

sufficient to assume that ¢(0,0) > 0 where in this case g is the regular
part of G, defined by

A .
—AG — §G =6(-—y) in Q 59)
G=0 on 0N

Remark 5.4.—In the special case @ = B1(0) and XA > 26, A\; > §, we

know by Prop. 1.3 that all positive solutions of (5.1) must be radial. In this
case (ii) of Corollary 5.2 reads :

\2 — 2
(O + 2 —462)3ctg «/3‘#5_ <
_ 2 482
< A=V ——462)3ctg\/-)\——1\2——4—o— (5.10)
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So we can see that in view of the nonexistence results given by Proposition
2.3, (5.10) is “almost sharp” in the sense that there is only a small interval
of A's in which we do not know what happen. However, since by using
the original technique of BREZIS-NIRENBERG [6] we can arrive at the same
solvability condition (5.10), we can conjecture that (5.10) is sharp.

Remark 5.5.—If Q = B;(0) and A = 26 A\; > & (here A\; = 7?) then (5.1)
has a positive radial solution if ”72 <A< 2n.
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