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Convergence of unilateral convex sets
in higher order Sobolev spaces

ENRIcO ViTALI(D)

RESUME. — Nous obtenons une caractérisation de la convergence au
sens de Mosco dans la classe des convexes unilatéraux de W;™?(Q)

(m > 1) de la forme {u EWP(Q) |u> ¥ sur ﬂ}. Etant donnés les

obstacles (1/1;,) 5 ¥, cette caractérisation s’exprime par la convergence
au sens de Mosco des ensembles unilatéraux associés aux fonctions car-
actéristiques des ensembles de niveau {15 > t} et {4 > t}. Dans le cas
p = 2, en développant ce résultat nous obtenons des conditions nécessaires
et suffisantes formulées au moyen de la convergence des (m, 2)-capacités
des intersections {5, > t} N A entre les ensembles de niveau et une con-
venable famille d’ouverts 4.

ABSTRACT. — We establish a characterization of the Mosco conver-
gence for the class of unilateral convex sets in Wy™'?(Q) (m > 1) of

the form {u EWP(Q) |u> on ﬂ}. For given obstacles (d’h)h and
¥ this characterizationis expressed in terms of the Mosco convergence of
the unilateral sets determined by the characteristic functions of the level
sets {1 > t} and {¥ > t}. In the case p = 2 we further develop this
result obtaining necessary and sufficient conditions in terms of the con-
vergence of the (m, 2)-capacities of the intersections {¢, > t} N A of the
level sets with a suitable family of open sets A.

Introduction

The purpose of this paper is to give necessary and sufficient conditions
for the convergence in the sense of Mosco of a sequence of convex sets of
(unilateral) obstacle type in higher order Sobolev spaces.

(1) Scuola Internazionale Superiore di Studi Avanzati (S.I.S.S.A.), via Beirut 4 — 34014
Trieste (Italy);
permanent address : Universita degli Studi di Parma, Dipartimentodi Matematica,
via M. D’Azeglio 85 ~ 43100 Parma (Italy).
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This notion of convergence was introduced by U. Mosco in [22] for the
class of closed convex subsets of a reflexive Banach space and, through
the epigraphs, for the class of convex lower semicontinuous functionals.
The range of application covers a number of situations in perturbation
or approximation of optimization problems (see [22], [23] and [3]). In
particular, if A is a (possibly non-linear) operator from a reflexive Banach
space X into its dual and (K}) is a sequence of convex subsets of X which
converges to a set K in the sense of Mosco, then, under some natural
assumptions on 4, it can be proved that the solutions uj of the variational
inequalities

up € Kp, (A(ug), v —up) >0 forevery v e Ky,
converge strongly in X to the solution u of the variational inequality

ue K, (A(u),v—u)>0 foreveryve K.

Therefore, a study was developed to determine significant conditions
which could imply the Mosco convergence (see, for instance, [25]). Here
we focus our attention on the important class of the convex subsets of
Wgn’p(ﬂ) (9 open subset of R*, m > 1, 1 < p < +00) associated to an
obstacle function, i.e. of the form Kg(4), where ¢ : § — [—o0, +o0] is any
function, and

Ko(¥) = {u e Wy"P(Q) | u > 4 on Q}.

We point out that in order to consider also thin obstacles i, namely
obstacles given on sets of Lebesgue measure zero, we have to pass to the
more refined concept of Cp, p-capacity (defined from the norm of W™P(R™))
and specify, up to sets of null capacity, both the values taken by u and the
set where the inequality » > 9 has to be considered.

Given a sequence (1) of obstacles, it is clear that a strong enough
convergence of (¥y) to ¥ implies the convergence of (Ko(v¥p)) to Ko(¥).
The question is then to find minimal assumptions on the obstacles which
guarantee the Mosco convergence.

In this connection, for the case m = 1, we must mention the result
obtained by H. Attouch and C. Picard in [5], which unifies previous studies
on the same line (see the references in [9]). As a consequence, it is proved
that the convergence of the obstacles in a suitable LP-space constructed by
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means of the C; p-capacity, as well as the weak convergence of (¥5,) to ¥

in WOI”(Q) for some s > p, turn out to be sufficient to yield the Mosco
convergence of the corresponding convex sets (see also [6]).

These results (quite satisfactory for C; ,-quasi continuous obstacles) were
refined, by means of new techniques, by G. Dal Maso in [9], where necessary
and sufficient conditions are established for the convergence in the sense
of Mosco of a sequence (Ko(%3)) in Wc}’p(ﬂ). Here no regularity on the
obstacles is assumed.

In this paper we aim to find an extension of the characterization given in
(9] to the case of higher order Sobolev spaces. More precisely, we begin by
presenting, in section 2, some properties of the class of subsets of W(;n P(Q)
we deal with. Here, on the basis of the concept of unilateral convex set in
W(} P(Q) (see [4]), we introduce an analogous notion for Wy P(Q) (requiring
that, if w and v are in the set, then the same holds for every w > u A v
(minimum between u and v)). It is proved that every closed unilateral
convex set in W(;n'p(ﬂ) is a convex set of obstacle type. This extends the
corresponding result given in [4] for the case m = 1, and allows us to
obtain the closedness, under the Mosco convergence, of the class of obstacles
constraints in W;"*(Q).

The subsequent sections can be divided into two parts. In the first one
(sections 3 and 4) we take into consideration the sets Ko(yy) in W, (1)
(m > 1) associated to a sequence (3,) of obstacles, and we characterize
their Mosco convergence to a set Ko(%) in terms of the Mosco convergence
of (K0(1{¢h>t})) to Ko(1lgyssy), where 1ry,>¢t} and 1oy denote the
characteristic functions of the level sets {4, > ¢} and {¢ > t}, respectively,
and ¢ varies in a dense subset of R. This result is first achieved in section 3
for a sequence of obstacles which take the value —co (i.e. give no constraint)
outside a fixed compact subset of  on which they are equi-bounded from
above. Next (section 4), these conditions are weakened by means of a proper
control on the range of the functions v and on their behaviour near the
boundary of Q.

In a second part (section 5), we give necessary and sufficient conditions
for the convergence in Wy ?(2) of the sequence (Ko(1g,)) to Ko(1g),
where E}, and E are subsets of 2. Here (Theorem 5.1), the characterization
in expressed through the convergence of the capacities of E;, N A to the
capacity of E N A, where A is taken in a sufficiently large family of open
subsets of Q. In particular, if we specify the sets Ej to be the level sets
{¥n > t} of a sequence (33,) of obstacles, then we obtain the main result of
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the paper: the characterization of the convergence of (Ko(wh)) to Ko(¥) in
terms of convergence of capacities of level sets (Theorem 5.12). The results
in section 5 are confined to the case p = 2.

Finally, we want to point out that the main difficulty in the attainment
of these results is the loss of the lattice structure passing from WO1 2(Q)
to Wy ?(Q) (m > 1). This is overcome making use chiefly of suitable
approximation lemmas for C, p-quasi continuous functions, and of the
representation of the elements in W™P(R™) as a convolution between an
LP(R™) function and a non-negative kernel (the Bessel kernel).

1. Notations and preliminaries

Throughout this paper n and m are positive integers, p a real number
with 1 < p < 400 and Q an open subset of R™ (not necessarily bounded).
We denote by W™ P(Q) the space of functions v € LP(f2) whose distribu-
tional derivatives D*u are in LP(Q2) for every multi-index o with |a| < m.
We equip W™P(Q) with the usual norm

p
“u“m,p;ﬂ = Z HDau”zI,LP(ﬂ) ' (1'1)

la[<m

Wy P(Q) will stand for the closure of C§°(Q2) in W™P(Q2). Moreover
we set H™(Q) = W™2(Q) and HJ(Q) = Wgr?(Q). If w € W™2(R"), by
u € Wy"P() we mean that the restriction ulq of u to Q is in Wy ?(Q).

We denote by A(Q2) the class of all open subsets of 2, and by B(Q) the
o-field of all Borel subsets of 2. If A and B are subsets of R", we write
A € B if the closure 4 is compact and contained in B. A family (At)telR of
elements of A(Q) is said to be a chain in A(Q) if A; € A¢; whenever s, t € R
and s < t. We say (see [13], [17]) that a subset R of A(Q) is:

(a) cofinal in Q, if for every subset B of Q with B € there exists A € R

with B € 4;

(b) dense in A(R), if for every pair Ay, Az in A(Q), with A; € A2, there

exists A € R with A1 € A € Ay;

(c) rich in A(Q), if for every chain (At)

A; ¢ R} is at most countable.

tcir 0 A(R) the set {teR|
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It is easy to see that every rich set is dense and that every dense set is
cofinal. Moreover the intersection of a countable family of rich sets is rich.

e, wme, H™, |||, . A and B will stand for LP(R"), W™P(R"),
H™(R™), ||| A(R™) and B(IR™), respectively.

For every s, t € R we set

m,p;IR™’

s At=min{s,t}, sVt=max{s,t}, sT =sVO0.
By RT and R~ we indicate the sets {t €IR|¢ > 0} and {t €R |t < 0},
respectively.

For every subset E of R™ we denote by 1g the characteristic function
of E with respect to IR", defined by 1g(z) = 1if z € E and 1g(z) = 0
if £ € R™\ E. Moreover we set xg(z) = 0if ¢ € E and xg(x) = —oo if
z €R™\ E.

The abbreviation a.e. will mean almost everywhere with respect to the
Lebesgue measure.

Recall now some notions we shall need in the subsequent sections.

1.1. Bessel potentials and Sobolev spaces

We define a linear map J,, : LP — LP by setting for every f € L? and
for every =z € IR™ (see, for example, [26] chapter V):

(Unf)(@) = Gme £)@) = [ Gmle - 0)f)dy.

where G, is the L! function on IR™ whose Fourier transform, defined
through

Gm(€) = /In 272G, () dz

for every £ € R™, is given by (1 + 4r%¢|?) ~™/2 1t is known that Gy >0

and HG"‘HLI = 1. The function J, f is called the LP-Bessel potential of f
of order m.

THEOREM 1.1 ([26] chapter V, theorem 3). — Jp, establishes a bijective
correspondence between LP and W™P. Moreover there erist two positive
constants ¢y and cp such that for every f € LP

| fllzs < Mmflmp < e2ll s - (1.2)

Hence Jy, is an isomorphism of Banach spaces between LP and W™P,
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The spaces L5, = Jm(LP) of all LP-Bessel potentials of order m coincides
with W™P_ It will be equipped with the norm induced by J,,

lell =l cz, = 1GTm) 7 0l
which turns out to be equivalent to the norm H . Hm » introduced in (1.1).
Remark 1.2. — For every u € W™P there exists a function v € W™P

with v > »* and Mvmm’p < |Humm’p. Indeed, if f = (J;m) lu, then it
suffices to define v = J, fT.

1.2. Capacities and quasi-topology

If K is a compact subset of R™, we define

Crmp(K) = inf{Hgo”fn'p ¢ €CPR™), ¢ > 1k onR"},

B p(K) =int{[|¢||?, , | ¢ € CPR™), ¢ > 1k on R"} .

We extend Cp, p and B, p to all the subsets of R™ as external capacities
in the usual way (see, for example, [7]). The equivalence of |- “mp and

m . mm’p implies that Cy,p and Bn,p are equivalent capacities; thus the
notions involving sets of zero or arbitrarily small capacity are the same for
both of them. In such cases the symbol “cap” will be often used instead of
Cm,p OF B p.

Given a subset E of R", if a statement depending on # € R™ holds for
every = € E except for a set N C F with cap(N) = 0, then we say that it
holds (m, p)-quasi everywhere ((m, p)-q.e.) on E (we usually omit E if it is
R™).

We say that a function f: E — R is (m, p)-quasi continuous if for every
€ > 0 there exists an open subset A of R™ with cap(A) < ¢, such that fle\a
is continuous on E \ A. The definition of (m, p)-quasi lower semicontinuous

(Ls.c.) and (m, p)-quasi upper semicontinuous (u.s.c.) function is given in
a similar way.

B p turns out to coincide with the capacity defined in [20], paragraph 8,
and in [21] by means of the Bessel kernel G,,. Hence we have, in particular,
that every function u € W™ P has an (m, p)-quasi continuous representative,
denoted by %, which is unique up to (m, p)-q.e. equivalence. Indeed (lemma
5.8 in [20]), if f and g are (m,p)-quasi continuous and f > g a.e., then
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f>g (m,p)qe. If ue Wy"P(Q), the restriction to Q of the (m, p)-quasi
continuous representative of any extension of u to a function of W™P is
well defined and denoted by .

It can be proved that for every f € LP the function G, x f is (m, p)-quasi
continuous. Moreover, for any F C R™

Bmp(E) =inf{||f||%, | f€LP, f>00nR™, Gmxf>1onE}
=inf{|[u|?, , | w€ W™, 3> 15 (m,p)qe.}
=inf{[Jull?,, | w€ WP, T> 1 (m.p)qe. on B} .

As for Cpn,p we have

Cmp(E) = inf{“u“fmp lue WP &> 1g (m, p)-q.e.} .

We point out that By, p is countably subadditive.

We say that a sequence (f) of functions from IR™ into IR converges in
(m, p)-capacity to a function f from R™ into IR, if for every € > 0

JJim_cap{z €R™ | [fi(2) - f(2)| 2 ¢} = 0.

ProOPOSITION 1.3 ([21], theorem 4). — If (up) is a sequence in W™P
which converges to u in W™P, then (%) converge to & in (m,p)-capacity
and there ezists a subsequence () of (@y) which converges to & (m, p)-q.e.

PrOPOSITION 1.4.— If (fy) and (gp) are sequences of functions from
R™ into IR which converge in (m,p)-capacity to the functions f and g,
respectively, then the sequences (fp A gp) and (fr, V gi) converge in (m, p)-
capacity to f A g and fV g, respectively.

Proof. — Apply the inequality

\fnhgn—FAgl <|fu—Fl+|on — g

and the analogous one for v. O

We shall use some other topological notions connected with capacities;
to handle them it is more convenient to deal with countably subadditive
capacities, though most of the results still hold for equivalent capacities.
We refer to [17] for a systematic account.
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Let E, Ey and Ej be subsets of R®. We say that E; is (m,p)-quasi
contained in Ej if cap(E; \ E2) = 0; consequently, we say that E is (m, p)-
equivalent to Ej if cap(Eq A E3) = 0 (where A denotes the symmetric
difference).

E is said to be (m, p)-quasi open (resp. quasi closed, quasi compact, quasi
Borel) if for every € > 0 there exists an open (resp. closed, compact, Borel)
set A such that cap(E A 4) < e.

It is easy to see that A is (m,p)-quasi open if and only if R™ \ A is
(m, p)-quasi closed, and that any countable union or finite intersection of
(m, p)-quasi open sets is (m, p)-quasi open. Moreover A is (m, p)-quasi open
(resp. quasi closed) if and only if 1g, or equivalently xg, is (m, p)-quasi
l.s.c. (resp. quasi u.s.c.).

It can be proved that a function f : R®™ — R is (m,p)-quasi
ls.c. (quasi us.c.) if and only if the sets {z € R™| f(z) >t} (resp.
{z € R™ | f(z) > t}) are (m,p)-quasi open (resp. quasi closed) for every
t €R.

Let w € W™P and t > 0; by approximating » by C§°(R™) functions it
is easy to see that the set {z € R™ | @(z) > t} is (m, p)-quasi compact. It
follows that an (m,p)-quasi closed set with finite capacity is (m, p)-quasi
compact.

It can be shown ([17], theorem 2.8) that for every subset E of R™ there is
an (m, p)-quasi closed set E which is (m, p)-quasi contained in every (m, p)-
quasi closed set which (m, p)-quasi contains E; E is unique up to sets of
null capacity and it will be referred to as the (m, p)-quasi closure of E.

We will sometimes drop the prefix (m, p) in the foregoing notations.

PROPOSITION 1.5.— Let E and Z be subsets of R™. Then the following
conditions are equivalent:

(a) every (m,p)-quasi open set G with cap(G N Z) > 0 is such that
cap(GN E) > 0;

(b) Z is (m, p)-quasi contained in E.

Proof
(a) = (b) Consider the quasi open set G = R™ \ E; Since cap(GN E) =
cap(E \ E) = 0, we have, by condition (a), cap(Z \ E) = cap(GN Z) = 0,
i.e. Z is quasi contained in E.

(b) = (a) Fix a quasi open set G; let us assume that cap(GN E) = 0
and prove that cap(G N Z) = 0. Consider the quasi closed set F = E \ G.
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Since E \ F is (m,p)-equivalent to E N G, we have cap(E \ F) = 0, i.e.
E is quasi contained in F. Hence Eis quasi contained in F, thus F is
(m, p)-equivalent to E. This means that cap(G N E) = 0 and therefore
" cap(GNZ)=0,as GN Z is quasi contained in G N E by assumption. O

Finally, for any function ¢ : IR®™ — [0, +00] we define

Bmp(p) = inf{]Hu“lfn,p lue W™P o< (m,p)-q.e.}.

1.3. Convergence in the sense of Mosco
Let V be a Banach space with norm || - ||.

DEFINITION 1.6. — Let (K}) be a sequence of subsets of V.

(i) The strong lower limit of the sequence (Kp) in V is the set
s;llim infKjy of all u € V with the following property: there ezist
—+00

an indez k € IN and a sequence (up) converging to u strongly in V
such that up, € K}, for every h > k.

(ii) The weak upper limit of the sequence (Kp) in V is the set

w-lim sup K}, of all w € V' with the following property: there exist a
h—+o0
sequence (up) converging to u weakly in V and a subsequence (Kh,)

of (Kp) such that uj, € K, for every k € N.

Note that s-lim inf K, C w-lim sup Kj,.
h—+oo h—+o0
DEFINITION 1.7. — Let (Kp) be a sequence of subsets of V and let K be

a subset of V. We say that (K}) converges to K in the sense of Mosco in
V (see [22]), and we write

Kn—K inV,

ifs’-LIim inf K, = w-limsup K;, = K.

—+o0 h—+oc0

Remark 1.8.— s-liminf K}, and w-limsup K} are the lower and upper
h—+oo h—+oo
limits of the sequence (K}), in the sense of Kuratowski, taken with respect
to the strong and, respectively, to the sequential weak convergence in V
(see for instance [22]; [23] and [3] for a more general treatment of these
concepts).
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An important general property of the strong lower limit is that it is
strongly closed in V. Moreover we shall need the following result.

ProposITION 1.9 ([22], theorem B). — Assume that V is reflezive; let

(Kp) be a sequence of convez subsets of V which converges to a subset K of
V in the sense of Mosco (in V). Then

lim inf Jju||= inf ||u||.
h—+o0 u€Kp u€K

In the sequel we shall take as V one of the spaces W™?, W ?(Q) or
LP(Bmp) (see definition 2.15).

DEFINITION 1.10. — Given a function ¥ fromR™ into R, for every subset
B of R® we define

K($,B) = {u € W™P | % > ¢ (m,p)-q.e. on B}
while, if B C Q,

Ko(¥,B) = {u e Wy"?(Q) | &> ¢ (m,p)-g.e. on B}.

By proposition 1.3, K(, B) is a closed convex subset of W™P and
Ko(¥, B) aclosed convex subset of W"*(2). We shall denote K (%, R™) and
Ko(v,Q) by K(¥) and Ko(¥), respectively; note that K (v, B) is nothing
but K(Tgv), where

¥ on B
Tgy = { —oo onR™\ B. (1.3)

If (¢1,) is a sequence of functions from IR™ into IR and B a subset of R”,
we shall use the notation

K'((¥4), B) = slim inf K (43, B) (in W™?)

KII((d)h)’ B) = w-lim sup K(¢hy B) (ln Wm.P) ;

h—+o00

if B = R™ we shall simply write K'((v)) and K" ((¥#)), respectively.

Ko((¥n). B), Kg((¥n), B) (for B C Q), Ko((¥n)) and Kg((vr)) are
defined in the obvious way.
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2. Approximation lemmas and convex sets

In this section we first state two approximation results (lemmas 2.1 and
2.3), which will be widely used. Next we define the class of closed unilateral
convex sets in Wy "P(£2) and prove that it coincides with the class of convex
sets of obstacle type in Wy ?(Q) (proposition 2.9). This generalizes the
analogous result given in [4] (theorem 3.2) for the case m = 1. Moreover,
we show the closedness of the class with respect to the convergence in the
sense of Mosco in W;"P(Q) (proposition 2.12). Finally we point out a
useful connection (proposition 2.19) between the Mosco convergence for
convex sets of obstacle type in W™ P and in the space LP(Bp, p) (see defini-
tion 2.15).

Let us recall a result from [9] (lemma 1.5):

LEMMA 2.1.— Let f : R* — R be an (m,p)-quasi u.s.c. function.
Assume that there exists a function w € W™P with w > f (m,p)-q.e.
Then there ezists a sequence (up) in W™P such that (up) decreases and
converges to f (m,p)-q.e.

Before giving the other fundamental approximation result, we need a
theorem from non-linear potential theory (see theorem 3.2 in [1]).

THEOREM 2.2.— There ezists a constant ¢ depending only on n, p and
m such that

1 teo
180(0) < [ By ({2 €R™ | 9(2) > 1}) 487 < B (v)
0
for every function ¢ : R™ — [0, +00] (here dtP means ptP~1 dt).

LEMMA 2.3.— Let (fy) be a sequence of functions from R™ into R and
let f be a function from IR™ into R. Then the following statements hold:

(i) let fr, be (m,p)-quasi u.s.c. for every h € N. If (f3) is decreasing
and converges to zero (m,p)-q.e., and there ezists a function w €
W™P such that w > f (m,p)-q.e., then (fr) converges to zero in
(m, p)-capacity;

(i) if (fn) converges to zero in (m,p)-capacity and there exists a se-
quence (wp), which converges strongly in W™P, such that fr, < Wy
(m, p)-q.e. for every h €N, then (Bm,p(f: )) converges to zero;
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(iii) if u is a function in W™P and (Bm,p((fh — i)+)) converges to
zero, then we can find a sequence (up) tn W™P which converges
to u strongly in W™P and for which @y > fi (m,p)-g.e. for every
heNlN.

Proof

(i) For every h € IN and t > 0 the sets {f, >t} = {z €R™| fy(z) >t}
are quasi closed and have finite capacity, hence they are quasi compact.
The continuity of By, p on decreasing sequences of quasi compact sets (see
theorem 2.10 in [17]) yields that (B »({fs > t})) converges to zero.

(i) Let w be the limit of (wp) in W™P. For every h € IN and ¢ > 0 the
subadditivity of By, p gives:

Bmp({fn > t}) < Bmp({@h >1})
< Bmp ({m > %}) + Bmyp <{ﬁh —F> %}) .

On account of remark 1.2, from theorem 2.2 we easily obtain that

/:oo Bmp ({iﬁ > %}) dtP < 40,

oo}

i
L B {‘ —'>-} dtP = 0.
h—»Too 0 m,p( Wh w_2 )

Since (Bm,p ({fh > t})) converges to zero for every ¢t > 0, we can apply a
version of the Lebesgue dominated convergence theorem with respect to the
measure dtP, so that

+o0

lim Bmp({fn >})dt?P =0.
h—+o0 Jo

Now we conclude by theorem 2.2.

(i) is an easy consequence of the definition of B, p, on non-negative
functions. O

Remark 2.4.— lemma 2.3 is a slightly extended version of lemma 1.6 in
[8], and in fact it can also be directly proved by a similar argument.
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DEFINITION 2.5.— We say that Ko is a unilateral convex set in
Wo P(Q) if Ko is a subset of Wy P(Q) with the following property: if
u, v € Ko, wEWgn’p(Q) and w > uAv ae. inQ, then w € K.

We point out that Ko immediately turns out to be convex.

DEFINITION 2.6. — We say that a subset Ko of Wy () is C*®°-convex
when the following condition holds: if u, v € K¢ and ¢ is a function in
C>°(Q) with values in [0, 1] and bounded derivatives of every order, then
pu+(1—¢)v € Kp.

It is clear that the unilaterality condition implies C*-convexity. We
now show that actually the two conditions are equivalent for every closed
unilateral convex set Ko provided it is stable under addition of non-negative
Wy P(Q) functions, i.e. such that

iquKg,veWgn’p(Q)andeua.e.inQ,thenvEKo; ()

If Ko is a subset of Wom’p(ﬂ), we put

K(Ko) = ﬂ{uewm’piavEKou:va.e. on w},
w€EN

where the intersection runs over all the open sets w @ Q.

LEMMA 2.7.— Let Ko be a C®-convez set in Wy P(Q), closed in
Wo P(R) and satisfying condition (a) introduced above. Then K(Kp) is
a C%®-conver set in W™P, closed in W™P, for which (a) holds and

Ko = ’CfQ(Ko) N W(;n’p(ﬂ) , (2.1)

where Klq(Ko) = {ulq | u € K(Ko)}. Moreover, if Ko = Ko(¢) then
K(Ko) = K(Tay) (where Tq is defined in (1.3)).

Proof. — Assume Kg # 0, otherwise there is nothing to prove; then we
can suppose 0 € Kj.

By C%-convexity, if u € Ko and ¢ is a C§°(R™) function taking its
values in [0, 1], then pu € Ko. The closedness of X(Kp) now follows
easily by means of standard cut-off functions, as well as the equality
K(Ko) = K(Tqv) in the case Ko = Ko(¥). C*-convexity of K(Kp) is
immediate. Les us check condition (a). Consider v € K(Ky) and v € W™P
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with v > u a.e.; we fix two open sets w and w’ such that w € w’ € Q, and
a function ¢ € C§°(w’) with ¢ =1 on w and 0 < ¢ < 1. Since u € K(Kp),
there exists a function ug € K¢ equal to u a.e. on w’, thus ¢v > pug a.e. in
Q and pug € Ko; by condition («) which holds for Kg, ¢v € Kg. Moreover,
v = pv a.e. on w and then v € K(Ky) because of the arbitrary choice of w.

Let us prove (2.1); only the inclusion Ko 2 Klq(Ko) N Wy P(Q) is
not trivial. Let u € K(Kp) with ulq € WyP(Q). Fix € > 0; since
ulq € Wy P(Q) there exists a function n € C°(f) such that 0 < 7 < 1 and
Hu—nu“mp,n < € (see theorem 3.1 in [18] and theorem 5 in [19]). Let w €Q
be an oper‘l set containing spt 7; since u € K(Kp), and hence nu € K(Kj),
we can find a function wg € Ky equal to nu a.e. on w. Consider a function
¢ € C§°(w) with ¢ = 1 on sptp and 0 < ¢ < 1; we have nu = p(nu) = pwy
a.e. on  and pwg € Kg. Since ¢ > 0 is arbitrary and Kg is closed in
Wy P(£2), we conclude that u € Ko, therefore K[q(Ko) N Wy P(R2) C Ko. O

ProposITION 2.8.— Let Kg be a closed subset of Wén’p(ﬂ) satisfying
condition (a) above. Then Kq is a unilateral convez set if and only if Ko
1s C*®-convez.

Proof. — Assume that Ky is C®-convex and let us prove that it is a
unilateral convex set.

(1) Case 2 =R™ Let u,v € Ko, w€ W™P? with w > uAv a.e. in Q; we
have to prove that w € Ko. Fix h € N; the sets A; = {& > v+ 1/p} and
Ay = {5' >u+ 1/h,} are quasi closed and have finite capacity, thus they are
quasi compact: we can find compact sets C; and Cs and open sets w; and
w9 such that

C; CA CCiUw;, Bmp(w;) < (:i=1,2).

& =

Let ¢p be a function in C§°(R™) with 0 < ¢ < 1 and ¢, = 0 on Cy,
¢n = 1 on Cy. For every € > 0, if 2/} < € the subadditivity of B p yields:

Bmp ({|er+ (1 - ¢n)7 — EAT| > €}) < Bmp(w1) + Bmp(wz) <

1

>

this means that the sequence (pz% + (1 — ®r)¥) converges to ¥ A ¥ in
(m, p)-capacity. For every h € IN put now f;, = (wﬂ + (1 = ¢p)7) v w; by
proposition 1.4 (fy,) converges to w in (m, p)-capacity, therefore, on account
of remark 1.2, we can apply lemma 2.3 and find a sequence (wp) in W™?
which converges to w strongly in W™® and with w;, > f, (m,p)-q.e. for
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every h € IN. By C*-convexity and condition (a), wy, € Ko for every h € N,
hence w € K¢ because Ky is closed in W™P,

(i) Consider now the general case of 2 open subset of R™. By lemma 2.7
the set K(Kp) is closed in W™P, C®-convex and satisfies condition (a).
Hence we can apply the foregoing part (i) of the proof and get that K(Kj)
is a unilateral convex set in W™ P; the same is true for Kg in W(;n’p(ﬂ), as
it follows from the equality Ko = K1q(Ko) MW, P(Q) given in lemma 2.7 0

Let us now show that any closed unilateral convex set is of obstacle type.

PROPOSITION 2.9. — Let Ko be a non-empty closed unilateral convez set
in Wo P(Q). Then there ezists an (m, p)-quasi u.s.c. function ¥ : @ — R
such that Ko = Ko(¥); ¢ is uniquely defined on Q up to (m,p)-q.e.
equivalence.

Proof

(i) Case 2 = R™. First of all let us prove that for every k € IN, k > 2, the
following statement holds:

if uq, ug, ..., U € Kg, v € WMP

(8)

and v > u; Aug A---Aug ae., then v € K.

Since (,B)2 holds by assumption, it suffices to show that for every k > 2
(ﬁ)k implies (ﬁ)k+1‘ Fix k > 2, a subset {uy, ..., ug, upy1} in Ko and
a function v € W™P with v > u; A -+ A u A ugyq a.e. The function
f =41 A AUy is (m, p)-quasi continuous, hence, by lemma 2.1 we can
find a sequence (wp) in W™P such that (@) decreases and converges to
f (m, p)-q.e. Observe that by assumption (,G)k, wy, € Ko for every h € IN.
The sequence ((@Wp A Tppq) V T)')h decreases and converges (m, p)-q.e. to v:
by remark 1.2 and lemma 2.3 there exists a sequence (vy) in W™? which
converges to v in W™P? and for which v, > (Wh A Ugy1) V 7 (m, p)-q.e.
for every h € IN. By definition of unilateral convex set, vy € Ko (since
wyp, € Kp) for every h € IN; the closedness of Ko in W™? implies that
v € Ko and thus we have proved that (6) kil holds.

Since W™ P is a separable metric space, there exists a sequence (v3) of Ko
dense in Ko. For every h € N let ¥, = inf;«;<p ¥; (¥y, is defined up to sets
of zero (m, p)-capacity). The sequence (1) is decreasing and its infimum ¥
is (m, p)-quasi u.s.c. since each function ¥y, is (m, p)-quasi continuous. We
now prove that Ko = K(%).
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Let us show that Ko C K(¢). Let u € Kg. There exists a subsequence
(vh,) of (vp) which converges to u in W™P; by proposition 1.3 we may
suppose that (vj, ) converges to u (m,p)-q.e. Since for every k& € N,
Yh, < U, (M, p)-q.e., we get ¥ < & (m,p)-q.e., i.e. u € K(¢). Therefore
Ko C K(¥).

Let us prove now that K(;/;) C Kgp. Consider u € K(z_/)—) and for every
h € N let fr, = ¥ Vu; then (fy) decreases to u (m, p)-q.e. By lemma 2.3 we
can find a sequence (up) in W™P which converges to u in W™? and such
that for every h € N, uy, > f5, (m, p)-q.e. By (ﬁ)h, uy, € Kq forevery h € N,

hence u € Ky since K is closed in W™P. We conclude that K(¢) C Kp.

If ¥, and ¥, are two (m, p)-quasi u.s.c. functions such that K(¥;) =
K(¥2) = Ko, we get easily that ¥; = Py (m, p)-q.e. by approximating both
of them (m, p)-q.e. by means of lemma 2.1.

(ii) Consider the general case of Q open subset of R®. By part (i) of
the proof and by proposition 2.8 there exists an (m, p)-quasi u.s.c. function
¥ : R™ — R such that KX(Kp) = K(¥); moreover 3 < 0 (m, p)-q.e. onR™\ Q.
Now from the equality Ko = K[q(Ko) N Wy P(Q), stated in lemma 2.7,
we obtain that Ko = Ko(¥[q) with ¥[q (m,p)-quasi u.s.c. Finally, the
uniqueness of such an obstacle function follows from the corresponding
property for K(Kg). O

PROPOSITION 2.10.— Let ¥ : @ — R be a function such that Ko(¢) # 0.
IF{:Q — R is the (m, p)-quasi u.s.c. function, given in proposition 2.9,
for which Ko(¢) = Ko(¥), then ¥ is the (m, p)-quasi u.s.c. envelope of ¥
(i.e. the least (m, p)-quasi u.s.c. function f:Q — R with f > ¢ (m,p)-qg.e.
on Q).

Proof. — Assume at first @ = IR™. By lemma 2.1 we easily obtain that
¥ > % (m,p)-q.e. Fix now an (m, p)-quasi u.s.c. function f : @ — R with
f > % (m, p)-q.e. By lemma 2.1 we can find a sequence (uj) in W™P such
that (@) decreases and converges to f A% (m,p)-q.e. Since f A% > ¥
(m, p)-q.e., we have uj, € Ko(¥) for every h € IN, then %, > ¥: taking the
limit (m,p)-q.e. we have f A Y > 9, i.e. f > ¥ (m,p)-qe. We conclude
that ¥ is the (m, p)-quasi u.s.c. envelope of .

Consider the general case of  open subset of IR®. Let Tqvy denote the
(m, p)-quasi u.s.c. envelope of Tq®; then Ty < 0 (m,p)-q.e. on R™\ Q.

- 108 -



Convergence of convex sets

By lemma 2.7 and what just proved we have

Ko(¥) = {ula | v € K(Tay)}n Wy P(Q)
= {vla [v e K(Ta$)} N W5™?(Q) = Ko(Ta¥) -

Moreover it is easy to check that (Tqv)lq is the (m, p)-quasi u.s.c. envelope
of ¥. O

Remark 2.11.— Consider a subset F of  and its quasi closure E. If
Ko(1g) # 0, then E is quasi contained in  and Ko(1g) = KO(IE) (indeed,
if u € Ko(1g), then {z € Q | 4(z) > 1} is quasi closed and quasi contains
E). Hence, in particular, the capacities C p and By, p we are dealing with
are “quasi stable” in the sense that every set has the same capacity as its
quast closure (see [17]).

It is now immediate to prove the closure, with respect to the Mosco
convergence, of the class of closed unilateral convex sets in Wy 7 (Q).

PROPOSITION 2.12.— If (¥3,) is a sequence of functions from Q into R,
then the strong lower limit K{((¥p)) of the sequence (Ko(¥yp)) is a closed
unilateral convez set in Wy P(Q).

Proof . — We have already remarked that K ((¢h)) is strongly closed in
Wy P(R). Let us show that conditions (a) holds (stability with respect to
addition of non-negative Wy ?(Q) functions).

Fix u € K§((¥)) and v € WyP(Q) with v > u a.e. on Q; we can find
a sequence (up) converging to u in Wy?(Q) with up € Ko () whenever
h > k, for a suitable index k € IN. If we put vy = up + (v — u) for every
h € N, then we obtain a sequence (v,) converging to v in W(;n’p(ﬂ) and
such that vy € Ko(4) for b > k. Thus v € K{)((v4)).

Since we have just proved condition (a), and K{((vp)) is trivially
C®>-convex, we conclude by proposition 2.8 that Ké((zﬁh)) is a unilateral
convex set. O

We state now two useful consequences of proposition 2.12.

COROLLARY 2.13. — Let () be a sequence of functions from Q into R
such that K{((¥n)) # 0. Then

Ko((¥n)) = [ Ko((¥n), @),
wEN

where the intersection runs over all the open sets w € Q.

- 109 -



Enrico Vitali

Proof.— Only one inclusion is not trivial.

Let us fix v € ,eq K§((¥n), @) and show that u € K{((¢p)). As
K{((¥1)) # 0 it easy to see that there is no loss of generality if we assume
Pp < 0 (m, p)-q.e. on § for every h € IN. Consider open sets w and w' with
w Ew' €N and a function ¢ € C§°(w’') with p = lonw and 0 < ¢ < 1.
Since u € K{((¥n), ') we get pu € K{((¥n)). By propositions 2.12
and 2.9 there exists a function ¥ : € — R such that K{((¥n)) = Ko(v).
Therefore u = ¢u > ¢ (m,p)-q.e. on w. Since w is arbitrary we conclude
that u € Ko(¢) = K5((¥1)). O

PROPOSITION 2.14. — Let f and (fr,) be a function and a sequence of
functions, respectively, from Q into R. Let u € Wy P(Q). Assume one of
the following hypotheses:

(i) fn is (m,p)-quasi u.s.c. for every h € N, (fg) is decreasing
and converges to © (m,p)-q.e. on Q, and there ezists a function
w € Wg*P(Q) such that @ > fy (m,p)-g.e. on Q;

(i) (fr) converges to u in (m,p)-capacity and there exists a sequence
(wp), which converges strongly in Wy P(Q), such that fr < Wy
(m, p)-q.e. on Q for every h € N.

Then we can find a sequence (up) in Wy P(Q), which converges to u
strongly in WgP(Q), and for which Uy > fn (m,p)-g.e. on Q for every
heNlN.

Proof. — Assume (i) (case (ii) can be handled in a similar way); we may
suppose that f < 0 (m,p)-q.e. on Q for every h € IN. Let us consider
the functions f, and u as defined all over R® with value zero on R™ \ Q:
(fr) is a sequence of (m,p)-quasi u.s.c. functions on R™ and v € W™P,
Then lemma 2.3 yields that u € K'((fz)), thus u € K (Kg((fr))), as one
can easily check. By propositions 2.12 and 2.9, Kj((fx)) is a unilateral
convex set of obstacle type; on account of the definition of K (K{((fr))) we
conclude that u € K{((fx)). This is what we had to prove. O

We conclude this section with a few remarks about the connection
between convex sets of obstacle type in the spaces W™P and LP(Bmp).
The spaces LP(Bmp) have a kind of convergence naturally modelled on
W™ P but their elements are not required to possess derivatives: so they
may be more suitable when truncation arguments are involved. LP-spaces
with respect to a capacity were introduced in [2] for the Riesz capacity.

We recall now the definitions and some properties we shall need (see [5]).
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DEFINITION 2.15. — Let Qm p denote the space of (m, p)-quasi continu-
ous functions from R™ into R (with the equivalence relation of (m,p)-qg.e.
equality). Define

Lp(Bm,p) = {f c Qm,P | 3 uc Wm,p’ l.ﬂ S E (myp)'q'e'} )

and for every f € LP(Bpm p)

1 £l (B yy = (B (1£1))*77

= inf{l”u“lm,p lue WP |fl <% (m,p)-q,e.} .

PrRoPOSITION 2.16

(i) [1 . HLP(B ) is an increasing norm on LP(By, p) with respect to which
m,p

LP(Bm,p) is a Banach space;
(11) WP is continuously imbedded in LP(Bm p).

The proof can be easily obtained as in proposition 1.2 of [5] taking into
account theorem 2.2.

Remark 2.17.— Let (fz) be a sequence of functions in L?(B, ) which
is decreasing and converges (m, p)-q.e. to a function f € LP(Bp, p). Then it
immediately follows from lemma 2.3 that (f) converges to f in LP(Bpm p).
By proposition 1.3 we also have that convergence in LP(By, ) implies
convergence in (m,p)-capacity and, up to a subsequence, convergence
(m, p)-q.e.

Moreover, we observe that if f € L?(Bn, p) and g is either an (m, p)-quasi
continuous non-negative function or g € LP(Bym p) then f A g € LP(Bmp);
furthermore the mapping f — f A g is continuous from LP(B,,p) into
LP(Bm,p). A similar statement holds for V.

For every % : R®™ — R define
K@) = {f € L?(Bmp) | f > ¥ (m,p)- q.e.}.

We remark that K (%) contains K (%) (provided that the functions of
K(¢) are identified with their (m,p)-quasi continuous representatives).
Moreover, K (%) is closed in LP(Bm, p); more precisely:

PROPOSITION 2.18.— K () is the closure of K () in LP(Bmp).
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Proof. — Let f € I?(w); by lemma 2.3 there exists a sequence (up)
in W™P such that (up) decreases and converges to f (m,p)-q.e. Then
up, € K(¢) for every h € N and, on account of remark 2.17, (up) converges
to f in LP(By, p). Therefore f is in the closure of K(v) in LP(Bp p). O

Given a sequence of functions () from R™ into R, we set

K'((¥n) = sliminf K (¥1) in LP(Brnp).-

_ ProposiTioN 2.19.— K(¥) C K'((¥n)) if and only if K(v) C
K'((4r))-

Proof. — Assume that K(¢) C K'((¥n)). By proposition 2.16,
K'((¥n)) C R'((¢h)) so that proposition 2.18 yields

K(¥) Celpa(p,,) (K (¥4))) € K'((¥n))

since I?'((ybh)) is closed in LP(By, p). Therefore K(¥)C I?’((¢h)).

Assume now that K(v) C I?'((z/;h)). Let v € K(¢). Since K(¢¥) C
K (%), we can find an index k¥ € N and a sequence (fy) in LP(Bm p)
converging to % in LP(Bp p) such that fp € IZ'(wJ:h) for every h > k. By
remark 2.17 and lemma 2.3 there exists a sequence (up) in W™P which

converges to u in W™? and for which @, > fi (m,p)-q.e. We conclude
that u € K'((¥4)), therefore K(¥) C K'((¥1)). O

3. Convergence of obstacles and level sets:
the case of equi-bounded obstacles on a compact set

Following the study carried out in [9] for the case m = 1, we now
characterize the Mosco convergence of the sequence (Ko(yp)) to the set
Ko(v) through the Mosco convergence of (K0(1{¢h>t})) to Ko(1{ysey)s
for t in a dense subset of R (if f : @ — R is any function and ¢ € RR, by
{f > t} we denote the level set {z € Q| f(z) > t}). The main result in this
section is theorem 3.1, where the obstacles are assumed to be equi-bounded
from above and equal to —oo outside a fixed compact subset of . These
additional conditions will be considerably weakened in the next section.
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THEOREM 3.1.— Let (¢) be a sequence of functions from Q into R and
let Y be a function from Q2 into R. Assume that there ezxist a set Q' €Q and
a constant M > 0 such that for every h € IN:

Y, Yp=—00 onQ\Q ; ¥, Yvp<M on@.

Then
Ko(¥r) — Ko(¥) in Wy P(Q)

if and only if there ezists a dense set D in R such that for everyt € D

Ko(Ly,>e3) = Ko(lgysey) in WeP(Q). (3.1)
Moreover, condition (3.1) is equivalent to
KO(X{¢h>t}) — KO(X{l[))t}) mn W(;n’p(ﬂ) . (3.1/)

Finally, D can be chosen so that R\ D is countable.

Throughout the following preliminary lemmas, ¥ and (¥}) are a function
and a sequence of functions, respectively, from R™ into IR.

LEMMA 3.2.— Let Q' €@ Q. If Ko(¥) and K(¢) are non-empty, and
Yp =% (m,p)-q.e. onR™\ Q' for every h €N, then the following conditions
are equivalent:

(a) Ko(¥n) — Ko(¥) in Wg"P();
(b) K(¥p) — K(¥) in WMP,

Proof. — Let ¢ € C$®(R) such that ¢ = 1 on a neighborhood Q" of '
and 0< p < 1.
(a) = (b) Assume (a). Since Ko(v) # 0 we may suppose that ¥, 1, < 0
(m,p)-q.e. on Q for every h € IN. Let us prove that K(¢) C K'((¥p)).
Take v € K(v). As ¢u € Ko(9), there exist an index k € IN and a sequence
(vn) converging to wu in Wy P(Q) such that v, € Ko(tp) if h > k. Let
n € C2 (") with n =1 on Q' and 0 < n < 1; then nvy, + (1 —n)u € K(¢p)
for every h > k, as ¢, = ¥ on R™\ @', and (nvy + (1 — 1)u) converges to
u in W™P. We conclude that u € K'((44)), hence K(¥) C K'((¥4)).
Moreover, it is simple to see that if u € K"((v)) then pu € Ko(¥)
and © > ¥ (m,p)-q.e. on R™\ Q. This means that u € K(¢), therefore
K"((¥n)) C K(¥).

(b) = (a) It can be proved in a similar (and even simpler) way. O
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LEMMA 3.3.— Let Q' be a subset of Q with Q' € Q. Assume that
(Ko(¥n, Q') converges to Ko(, Q') in the sense of Mosco in Wy ().
Then for everyt € R

Ko(¥p +1,9) - Ko(¥ +1,9) in Wy"P(Q).

Proof . — Consider a function ¢ € C§°(Q2) with ¢ = 1 on Q; then it
suffices to observe that Ko(¥p+t,Q') = Ko(¥n, Q) +tp and Ko(y+¢, Q') =
KO(d’v QI) + t(p. O

LEMMA 3.4. — Let (fy,) be a sequence of functions in LP which converges
weakly in LP to a function f. Let (1;) be a sequence of negative real numbers
converging to —oo and assume that to every i € IN there corresponds a
function g; € LP such that

feVt;, > 9; weaklyin LP as k — +o0.

Then
g; — f weaklyin LP asi — +oc0.

Proof. — Fix a non-negative function v € LP', where 1/p+ 1/p’ = 1.
Let M be an upper bound of the sequence (kaHLP); for every i, k € IN we
have

0< / (fa Vt; — fr)vde = / (t; = fe)vdz <
IR™ {fe<ti}

< - de < M ) .
B /’;fk<t.'} fivdz < HvHL” {fe<t:s})

Moreover, by Chebyshev’s inequality |{fi < t;}| tends to zero as i — +oo
uniformly with respect to k. Thus

lim (fu Vt; — fr)vdz =0

i—+oo JR

uniformly with respect to k, and then

1— 400

lim (9;i — flvde =0.
IR™

For a general v € LP it suffices to consider its positive and negative
parts. O
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LEMMA 3.5.— Let T be an unbounded set of non-positive real numbers.
Then the following conditions are equivalent:

(a) K(vpVt) > K(¢p Vt) in W™P for everyt € T;
(b) K(¥p) — K(¢) n WmP.

Proof

(a) = (b) Let us show first that K(¢) C K'((¢¥n)). Let u be in
K(¥) and (t;) a sequence in T converging to —oo. If u = J,,f with
f € LP, put v; = G x (f V t;) for every i € IN. By assumption (a),
v; E K(¥ Vi) C K'((¢h Vt;)p), then for every i € IN, v; is in K’((z/)h)).
This latter is closed in W™P and (v;) converges to u strongly in W™?,
hence v € K'((v4)). Therefore K(¢) C K'((v1)).

Now we prove that K”((¥5)) C K(¢). Let (h:) be a strictly increasing
sequence of positive integers and let u be the weak limit in W™? of a
sequence (ug) such that u, € K(¢,) for every k € N. If f = (Jm) 7!
and fr = (Jm) lug (k € N), then (f) converges to f weakly in LP. Let
(t;) be a sequence in T which converges to —co; by means of a diagonal
argument we may suppose that for every i € IN there exists a function
g; € LP such that f; Vv ¢; converges to g; weakly in LP as k — +oc0. Since
Gmx*(frVt;) € K(¥p, V;) and (Gmx(fi VE;)) converges to G xg; weakly
in W™P as k — +o0, by assumption (a) G xg; € K(¥ Vt;) C K(¥) for
every : € IN. By the previous lemma, (G, * g;) converges weakly in W™ ?
to Gm x f = u, so that u € K(+) as K(v) is convex and strongly closed in
W™P. We conclude that K" ((¢1,)) C K(¥).

(b) = (a) Fixt € T. We show that K(¢ vt) C K'((¥p V1)). Let
u € K(Yy Vt) and u = Jnf, with f € LP; in particular v € K (%) thus,
by assumption, we can find an index k£ € IN and a sequence (vj) which
converges to u in W™P and such that v, € K(vy) for every h > k. If
fr = (Um) " Lon, put 2z = Gm x (fo V f) for every h € IN; when h > k we
have

2 =CGmx(faV) 20 VE>YpVt (m,p)qe.;

therefore z;, € K(vp V t). Moreover, (zp) converges to u in W™P, as (f3)
converges to f in LP, so that u € K'((¢p Vv t)). Therefore K(¥ V) C
K'((¥n v 1)).

Finally, if u is a function in K" ((¢p, V t)), then % > t (m,p)-q.e. and
u € K"”((¥y)); by condition (b), u € K(4 Vt). We have thus proved that
K"((¥pVvt)) CK(pVi). O
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COROLLARY 3.6.— Let (Ey) be a sequence of subsets of R™ and let E
be a subset of R™. If there ezists a set Q' € Q which contains E and the
sequence (E}), then the following conditions are equivalent:

(a) Ko(1E,) — Ko(1g) in Wy P(Q);

(b) Ko(xk,) — Ko(xg) in Wy 2(Q).

Proof. — By lemma 3.2 it suffices to consider the case 2 = IR™.

(b) = (a) It immediately follows from lemma 3.3 and part (b) = (a) of
lemma 3.5.

(a) = (b) Consider a bounded open set Q" 3 Q/; it is easy to check
(see the proof of lemma 3.2) that condition (a) implies the convergence
of (K(1g, , Q")) to K(1g, 2"). On account of the boundedness of Q, by
lemma 3.3 (K(1g, —1, Q")) converges to K(1g—1, 2") and then for every
real t < 0, (K(xg, Vt, Q")) converges to K(xg Vt, Q"). Part (b) = (a)
of the previous lemma now gives that

K(xg, Vt) = K(xgVvt) foreveryt<O.

By part (a) = (b) of the same lemma, we conclude that (K(xg,)) converges
to K(xg)- O

LEMMA 3.7.— Assume that K(¥) # 0; let ¢ be the (m,p)-quasi u.s.c.

envelope of ¥ (see proposition 2.10). Ift € RT, then P At and (J—t)+ are
the (m, p)-quasi u.s.c. envelopes of Y At and (¢ — t)+, respectively.

Proof.— % At is quasi u.s.c. and majorizes ¥ A t. On the other
hand, let f : R® — R be a quasi us.c. function with f > ¥ At

(m,p)-q.e; since f+ (¥ —t)T > v Aat+ (v —t)T =% (m,p)qe., then
f+@- t)+ > ¥ (m,p)-qg.e. Moreover ¥ < +oco (m,p)-q.e. as K (%) # 0;
hence f > ¥ — (J - t)+ =yp AL (m, p)-q.e. We conclude that P Atis the
quasi u.s.c. envelope of ¥y At. The case (z/) —t)+ can be handled in a similar
way. O

LEMMA 3.8.— Lett € RT. Assume that

Ky At) CK'((vpAt)
K(@-0%) CK [((¥n-0)")] -

Then K (%) C K'((¥n)).
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Proof. — By proposition 2.19, lemma 3.8 may be restated in the follow-
ing form: given t € RT, if
K(y At)

CK'((vn A1)
R((w-t)t) C

[((¥n =0)")]
then I.(:(d)) C E’((d’h))- This follows easily from the identity f = (f At) +
(f-n*.o

LEMMA 3.9.— Assume that K(¢) # 0 and that (K(¢)) converges to
K(¥) in W™P. Then

I'{—I
I?/

K(YnAt) = K(Y At) in WP,
K((¢h‘t)+)—+K((¢—t)+) in WP

for everyt € RT.

Proof.— Fix t € RY. Let us prove that K(y At) C K'((¥p A1)
by showing that IZ'(zb At) C I~('((¢h A't)) (see proposition 2.19). Let
fe I~((¢ At). By assumption and by proposition 2.19, I}(z/;) - I?'((wh)).
Consequently, for every function g € K () there exists a sequence (gp)
converging to g in LP(Bpm p) such that g, € K(¥3) for h large enough.
By remark 2.17, ((gn A t)V f) converges to (g At) V f in LP(Bm ) and
(gpA)V f € I?(z/)h At) for h large enough. Then (gAt)V f € I?’((d)h At)).
Let 9 be the quasi u.s.c. envelope of ¢ (see proposition 2.10); by lemma 2.1
it is possible to find a sequence (fy) of quasi continuous functions, which
decreases and converges to ¢ (m, p)-q.e. Take the elements of (f},) as g in the
previous result: ((f, At)V f) is a sequence in I?'((¢h At)) which decreases
and converges to f (m, p)-q.e., as f > YAt (m, p)-q.e. by lemma 3.7; actually
we have convergence in LP(By, ), by remark 2.17. Since I?’((z/)h At)) is
closed in LP(By, p), it must contain f, too. Therefore

K At) CK'((Yn AL)).
In a similar way one can obtain the inclusion
K((¥-7)C K [((¥n —1)7)] .

Let us now prove that K"((¢5 — t)7)C K((¢ — t)t). Let u €
K"((¢p — t)*). There exist a strictly increasing sequence of positive
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integers (hy) and a sequence (u) converging to u weakly in W™P, such that
uy, € K ((¥n, —t)*) for every k € N. The inclusion K(¥At) C K'((¥n At))
proved above yields that for every v € K (% At) there exist an index ko and
a sequence (vj,) converging to v strongly in W™?, such that vy € K(yp At)
for every h > ko. We may assume that hj > ko for every k € N. The

sequence (uj +vp, ) converges to u+v weakly in W™P. Moreover, for every
keiN

T + Tpy > (Y At) + (¥hy — )" =4, (mp)qe;

thus, by the assumption on K (), u+v € K(¢), i.e. u+v € K (3) for
every v € K(¢ At). By lemma 2.1, there exists a sequence (wp) in K(¥ At)
such that (wp) converges to ¥ At (m,p)-q.e. If we take the functions wy, as
v, passing to the limit we obtain

i+9At>Y (mp)ae;
this implies that
i>p-PAt=(P- t)+ (m,p)-q.e. on the set {$ > —o0};

on the other hand, % > 0 (m,p)-q.e. as u € K" [((wh —)7)]. We conclude
that uw € K((¥ — t)*) and therefore

K"((¢n—)7) CK((¥ -1)F).
In a similar way on can prove that

K"((¥n A1) CK(¥At).D

LEMMA 3.10.— Let X be a separable metric space, I an open interval
of R (possibly unbounded) and (Kt)tel a family of closed subsets of X,
increasing fort € I (i.e. Ky C Kt whenever s, t € I and s <'t). Then
there ezists a countable set T C I such that for everyt € I\ T we have

K¢=CI<UK,) =) &~

s<t >t

Proof.— See the proof of theorem 2.7 in [9]. O
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Proof of theorem 3.1. — Observe that corollary 3.6 gives the equivalence
between (3.1) and (3.1').

Part I Assume that there exists a dense set D in IR such that (3.1) holds
for every t € D. Suppose % and ¥y, for every h € IN, to be defined all over
R™ with value —oco outside Q. Let us prove that

K(yp) —» K(¥) inW™?, (3.2)

which implies the convergence of (Kg(llzh)) to Ko(¥) in Wén’p(ﬂ) by
lemma 3.2.

We note that we may assume the obstacles ¥, and v also equi-bounded
from below on ©’. Indeed, by lemma 3.5 (part (a) = (b)), (3.2) follows
from the convergence

K(¥pVs) — KW Vs)

for every s € R™. Observe now that if s € IR™ and k € IN, we have
YRV s = [TQI(’(,/)h \Y S)] Vs

and the corresponding equality for 3. Therefore, in view of lemma 3.5 (part
(b) = (a)), to get (3.2) it suffices to prove that

K (Tai(¥p v 5)) — K(Tai(4 v 3))

for every s € R™. Hence we may assume that the stronger condition
[¥], |[¥n] < M on Q' for every h € IN is satisfied. Moreover, since the
obstacles are equal to —co outside a compact subset of Q, lemma 3.3 allows
us to assume that 0 < ¢, ¥ < M on Q' for every h € IN. For the same
reason it is not restrictive to suppose that 0 € D.

In order to prove (3.2) we first show that K(¥) C K'((v)). Fix

€ > 0; by the density of D there exist tg,t1,...,%, in IR such that
O=tg<ti < - <tg=M,t;-t,_ 1 <efori=1,...,qand ¢; € D for
t=0,...,g—1. For every h €N define
q q
®h= (Li—tic) Ligoe,)r =D (i~ tic1) Liyse,_y} -
1=1 =1

We want to prove that
(@) C K'((25)), (3.3)
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arguing by induction. Since

S At =111 so1y PAtL=t1 >0}
{¥n>0} {¥>0}

condition (3.1) for ¢ = tp = 0 immediately gives the first step, i.e.
K(® At1) C K'((®5 At1)). Assume now that

K(@At;) CK'((Bh A L)) (3.4)

for somei=1,...,¢— 1. Since

((Bh Atigr) — ti)+ = (tiy1 — i) Liyp>t}
(@ Atigr) =) = (tig1 — 1) Leyseds

we have, by assumption, that

K [((<I> Atigq) — ti)+] CK' [(((@h Atigq) — ti)+>h] .
This inclusion, together with (3.4) and lemma 3.8, gives
K(®Atiz1) C K'((®h Atigr)) -

Thus we have proved the inductive step, hence inclusion (3.3).

We are now in a position to prove that K () C K'((¥5)). Let u € K (%)
and ¢ € C§°(R™) with ¢ = 1 on . Then u + ep € K(®) and, by
(3.3), u + ep € K'((®4)); since &, > ¢, for every h € IN, we have
u+ep € K'((yp)). We conclude that K'((v)) contains u as it is closed in
W™P and € > 0 is arbitrary. Therefore K(¥) C K'((v1)).

Now let us prove that K" ((¢5)) C K(¥). Let u € K" ((¢3)): there exist
a strictly increasing sequence of positive intergers (hy) and a sequence (uy)
converging to u weakly in W™P, such that uj, € K(%3,) for every k € N.
If ¢ is as above, for every fixed ¢t € D we have

— kel
up —tp € K(X{d)hk >t}) forevery k €N,
(ug — tp) converges to u — tp weakly in W™P,

Our assumption, in the form (3.1'), together with lemma 3.2, implies
that u — to € K(x{y>¢}), hence u > ¢ (m,p)-q.e. on the set {¢ > t}.
Since ¢ is arbitrary in D we easily obtain that u € K(3). Therefore
K" ((¥r)) C K(¥). We conclude that (3.2) holds.
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Part I Assume that

Ko(¥n) — Ko(¥) in Wy P(Q).

Let us prove that there exists a subset D of R such that IR\ D is countable
and condition (3.1) holds for every ¢t € D. We point out that the following
proof does not use the assumption of boundedness of the obstacles.

By lemma 3.2 we have
K($n) — K($) in W™ (3.5)
Let s, t € RT with s < t and define
gn=(t=9) M (W At) =]
9= (-9 [(wAt) -]
for every h € N. By lemma 3.9, (K(gs)) converges to K(g). Moreover

Liyn>tr S 9h < L{yy>s}
Leysey S 9< 1iysa)s

so that ,
K(1iyssy) C© K'((Liy,>ep)
-

K" (1{gn>s}) € K(Liysey)-
Hence, for every t € RT,

clyyme [U K(1{¢>s})] S K'(1{gp>e}))

<t

< KII((I{l/)h)t}))g m K(l{d))‘r}) .
>t

Apply now lemma 3.10: there exists a countable set Ty C IRT such that,
for every t € RT \ Ty,

K’((1{¢h>t})) = K"((l{dzpt})): K(1{¢>t})1

i.e.

K(l{d)pt}) - K(l{d))t}) in WP
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By lemma 3.2 we conclude that

Ko(lgy,>1) — Ko(liysey) in W5tP(Q)
for every t € RT \ T,.
Since for every A € R, condition (3.5) and lemma 3.3 imply that
KW +A) > K(¢p+A) in WP,

what we have just proved allows us to say that for every A € R the set T, of
those t € R with ¢t > —A for which (3.1) does not hold, is at most countable.
Now it suffices to make A vary in Z. O

4. Convergence of obstacles and level sets:
The general case

In this section we extend the result of theorem 3.1 to the case of obstacles
dominated by a sequence of functions strongly converging in W(;n P(Q).

THEOREM 4.1.— Let (¢¥) be a sequence of functions from Q into R and
let ¥ be a function from Q into R. Then

Ko(¥n) — Ko(¥) in W5"P(Q) and Ko(¢) # 0

if and only if the following conditions (a) and (b) are satisfied:
(a) there ezists a dense set D in R and a set F C A(Q), cofinal in Q,
such that
KO(I{wh>t}nB) - K0(1{¢>t}nB) in W(;n'p(n) (4.1)

for every t € D and every B € F;

(b) there ezist a sequence (wy) in Wy P(Q) and an indez k € IN such
that (wp) converges strongly in Wy P(Q) and wy, € Ko(¥p) for every
h>k.

Moreover, if BE R, (4.1) is equivalent to

KO(X{¢h>t}nB) - KO(X{¢>t}nB) in Wc;n’p(n)- (4.1)

Finally, we may assume that R\ D is countable and that B @ Q for every
BeF.
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Before proving this theorem we state, without proof, a localization result
which can be obtained as theorem 2.7 in [9], and for which we use the
technical notion of rich set introduced in section 1.

PROPOSITION 4.2. — Let (¥y) and o be as in theorem 4.1. Suppose that
Ko(v¥) # 0 and that

Ko(¥r) — Ko(¥) in W5"P(Q).
Then there ezists a set R C A(Q), rich in A(Q), such that
Ko(¥n, A) — Ko(¥, A) in W5 P(Q)
for every A€ R.
Besides, we need one more lemma, for which we refer to lemma 4.7 in [9].

LEMMA 4.3.— Let ¢ and (yp) be a function and a sequence of functions,
respectively, from R™ into R; let T be an unbounded subset of RT. Assume
that

K(¢ypAt) > K(¥ At) in WP
for everyt € T, and that

lim limsup Bmp((¥n —t)T) = 0. (4.2)
to+%0 ht oo
Then
K(¥p) — K(¢) in W™P,

Proof of theorem {.1.— The equivalence between (4.1) and (4.1') for
B & Q2 comes from corollary 3.6, while, by proposition 4.2, we may suppose
that BEQif B € F.

Assume that (Ko(v5)) converges to Ko(¥) and that Ko(3) # 0. Let us
prove that condition (a) holds with a set D whose complement in R is at
most countable. By proposition 4.2 there exists a countable set F C .4(R),
cofinal in 2, such that B € Q and

Ko(¥n, B) — Ko(¢, B)

for every B € F. Since part II in the proof of theorem (3.1) does not
depend, as we remarked, on the boundedness of the obstacles, we obtain
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that for every B € F there exists a set Dg C R such that R\ Dp is
countable and

K0(1{¢h>t}ﬂB) - K0(1{¢>t}mB)
for every t € Dpg. Since F is countable, we get condition (a) with a set D
such that R\ D is at most countable.

Condition (b) is an immediate consequence of definition 1.7 of Mosco
convergence.

Assume now (a) and (b). As observed above, we may suppose that if
B € F then B € . First of all we want to prove that

K(¢n, B) — K(4, B) in wmP (4.3)

for every B € F.

We claim that (4.3) is implied by condition (b) together with the following
one

K(vp At, B) > K(¥ At, B) (4.4)

for every t € RT. To prove this, it suffices to show that (b) implies condition
(4.2) of lemma 4.3. Let (wy) and k be as in (b); denote by w the limit of
(wg) in Wy "P(Q) and define f = (J;m)"lw and fi = (Jm) 1wy, for every
h € IN (here we consider w and wy, as functions of W™? with value zero
outside Q). For every t € RT and h > k we have

limsup By p (Y4 = 0)°) <, Bm_[|Gon < (F2 = )" |7, ,
=[(f =" 1%,

we obtain (4.2) taking the limit as ¢ — +oco0.

Now (4.4) follows from condition (a), lemma 3.2 and theorem 3.1 applied
to the sequence (TB(”/’h At)), taking into account that

{TB 1/)h /\t T} {¢h> ‘r}ﬂB
{Ts(¥At)> 7} ={y>7}nB

for 7 < t. We have thus proved (4.3).

From (4.3) and lemma 3.2 we obtain

Ko(d)h, B) — Ko(lﬁ y B) in W(;”"’(Q) (4.5)
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for every B € F. Since F is cofinal in Q and (b) holds, corollary 2.13 and
(4.5) yield

Ko((¥n)) = [ Ko((¥n), B) 2 ) Ko(¥, B) = Ko(¥),
BeF BeF

hence Ko(¥) C K§((¥n))-
Finally, by (4.5)

1) € [ &g ((¥n), B) C ) Ko(¥, B) = Ko(¥),
BeF BeF

hence K{((¥1)) C Ko(%). We conclude that

Ko(¥n) — Ko(v) in WgP(9)

and consequently Kg() # @ by condition (b). O

The next theorem presents a simple situation in which condition (b) of
theorem 4.1 is satisfied without requiring that the obstacles are bounded
from above. In the following characterization only the level sets of the
obstacles are involved.

THEOREM 4.4.— Let (¥p,) be a sequence of functions from Q into R and
let ¥ be a function from Q into IR. Assume, in addition, the ezistence of a
set Q' € Q such that ¢, P, <0 (m,p)-g.e. on Q\ Q' for every h € N. Then

Ko(’l[)h) - KQ(I[)) n W(;n'p(ﬂ) and Ko(”(,{)) * 0

if and only if the following conditions (a') and (V') are satisfied:

(d') there ezists a dense set D in R and a set F C A(Q), cofinal in Q,
such that

K0(1{¢h>t}nB) - K0(1{¢>t}nB) in W(;n'p(n)
for everyt € D and every B € F;

(bl) hm lim sup/+<x> Crmp({¥n > s})(s —t)P"1ds=0.
+oo h~++0c0

Proof. — By theorem 2.2, (b') is equivalent to

t—l}—Tco 1;1111‘.:5 Brmp((¥n — t)+): 0. (4.6)
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As shown in the proof of theorem 4.1, this is implied by condition (b) (of
theorem 4.1).

Assume now (a') and (b’), and let us prove that (b) holds. Since
¥, ¥, < 0 outside ', in view of theorem 4.1 we obtain

Ko(¥if At) — Ko(¥T At) in W"P(R)
for every t € Rt. Therefore, by lemma 3.2,
Ky At)— KT At) in WmP,
On account of (4.6), we can apply lemma 4.3 and conclude that

K(y;)— K@¥"). (4.7)

Furthermore, since each obstacle ¥ is non-positive outside 2/, from
(4.6) we easily get that there exists a sequence (wp) bounded in W™P
and such that wjy > 1/),': (m, p)-q.e. for h sufficiently large. We can extract
a subsequence (wp,) which converges weakly in W™? to a function w.
Therefore w & K”((d);f)) and, by (4.7), w € K’((tﬁ:)). It follows that
K'((¥3)) is not empty, and this implies condition (b) by definition of Mosco
convergence.

Now, it only remains to apply theorem 4.1. O

5. Convergence of level sets
and convergence of capacities

In this section we consider the sequence of convex sets (Ko(1g,)) in
W, 'P () associated to a given sequence (E},) of subsets of 2, and we express
its Mosco convergence to a set of the same form through a convergence
condition for the capacities of the intersections Ej, N A with a rich family
of open sets A (theorem 5.1). Afterwards we link this result with the one
of the previous section by taking as (Ej) the level sets of a sequence of
obstacles (theorem 5.12).

In this section only the case p = 2 will be studied.

THEOREM 5.1.— Let (Ep) be a sequence of subsets of Q and let E be
a subset of . Assume, in addition, that there ezists a set ' € Q which
contains E and the sequence (Ep). Then

KO(IEh) — Ko(1g) in Han(ﬂ)
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if and only if there exists a set R C A(), rich in A(Q), such that

lim Cm,g(Eh N A) = Cmyz(E N A4) (5.1)
h—+o0

for every A € R.

Remark 5.2.— We observe that the existence of a set R C .A(), rich in
A(), such that (5.1) holds for every A € R is equivalent to the existence
of a set D C A(2), dense in .A(f), such that (5.1) holds for every 4 € D.
Indeed, one implication is obvious; conversely, define

a'(A) = lim inf Cm,Z(Eh N A)
h—+o0
a''(A) = lim sup Cp, 2(Ej N A)
h—+oc0
a(A) = Cp 2(EN A)

for every A € A(Q). The functions a, o’ and o’ are increasing on .A(R)
and coincide on a dense set, therefore they coincide on a rich set in A(Q)
(see, for example, proposition 4.8 in [16]).

The idea to derive the convergence of (Ko(1g,)) to Ko(1g) from the
validity of (5.1) for a rich family of open sets A, may be sketched as
follows. In a standard way we change the problem of Mosco convergence
into a problem of I'-convergence (see definitions below) for an associated
sequence of functionals. By means of a compactness theorem we get a I'-
limit, which can be identified as the functional corresponding to E thanks
to the possibility of recognizing E from the knowledge of Cp, 2(E N A4) for
sufficiently many open sets A.

Let us briefly recall the notion of I'-convergence. Let (X,7) be a
topological space satisfying the first axiom of countability.

DEFINITION 5.3. — Let (Fy) be a sequence of functions from X into R,
F a function from X into R and u € X. We say that (Fr) T(r)-converges
to F in u, and we write

F(u) = T(r); lim Fa(v),

v—U
if the following conditions are satisfied:

(i) for every sequence (up) converging to u in T

F(u) < liminf Fy(up);
(v) < lim inf Fj (up)
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(i) there exists a sequence (up) converging to u in T such that

F(u) > lim sup Fp(up) .
h—+o

(Fp) is said to ['(7)-converge to F if (Fy) I'(r)-converges to F in every
point u of X.

For a complete treatment of this kind of convergence see, for instance,
(15] and [3]. Here we limit ourselves to state one of the most significant
variational properties of I'-convergence (see, corollary 2.4 in [15]).

THEOREM 5.4.— Let (F},) be a sequence of functions from X into R
which T'(7)-converges to a function F. Suppose that there ezists a T-compact
subset K of X such that

inf F = inf F
Inf Fh(u) = inf Fi(v)
for every h € IN. Then F attains its minimum in X and

li inf F = min F(u).
s S S

Furthermore, if up, is a minimum point of Fy, in X for every h € N, and
(up) converges to a point u in T, then u is @ minimum point of F in X.

For any subset C of H™ let us denote by I the indicator function
of C in H™, i.e. the mapping which takes the value 0 on C and +o0 on
H™\ C. Moreover, by HJ() we shall mean the space L2(Q2). The following
proposition has a simple proof which we omit.

PROPOSITION 5.5.— Let K and (Kj) be a subset and a sequence of
subsets, respectively, of H™. Then

K, —K inH™

if and only if

D(E) s im0l + Ix, (0] = [lull o + Ix ()

v—Uu

where F(H{gc_l) means that the ['-convergence is considered with respect to
the topology of H{:c'l(IR") on the space H™(RR™).
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For every B € B and u € H™ define

F(u,B) = Z /B|D°‘u£2dm.

laf<m
Moreover, given a subset E of R™, we define

{ 0 if u > 1gnp (m,2)-q.e.

Gu(w B) = Ig(1505)(4) = +00 otherwise in H™,

0 ifu>1g (m,2)-q.e. on B

Hg(u,B) =1 =
E(%, B) = Ig (15, B)(%) {+oo otherwise in H™

for every B C R™ and u € H™. A simple check shows that Hg satisfies
the following properties, which we state for a functional H : H™ x B —
[0, +o0];
(i) for every A € A, the function H(-, A) is lower semicontinuous in
H™;
(i) for every w € H™, the function H(u, -) is a Borel measure on R™;
(iii) if v, v€ H™, A€ Aand v =v a.e. on 4, then H(u, A) = H(v, A);
(iv) ifu,v € H™, A€ Aand v < v a.e. on A, then H(u, A) > H(v, 4).
Let us denote by (H™)* the cone of non-negative functions of H™. From

theorem 1 in [24] and theorem 3.3 in [14] we derive the next theorem.

THEOREM 5.6.— Let (ER) be a sequence of subsets of R™. Then there
exist a subsequence (Eo-(h)) of (Ep), a functional G: H™ x A — [0, 4+o0]
and a set R' C A, rich in A, such that

[F(-, 4)+ GE) (- 4)]  T(HES)-converges to [F(-, 4) +G(-, 4)]

loc
(5.2)
[F(-,R™) + GEa-(h.)( -, A)] I‘(H{;‘C_l)-converges to [F(-, R™) +G(-, A)]
(5.3)

for every A € R'. Moreover, there exists a functional H : H™ x B —
[0, +oo] satisfying (i) to (iv) above and such that (5.2) and (5.8) hold with
(GEa(h)) and G replaced by (HEc(h)) and H, respectively. Finally,

Glu, 4) = {H(u,A) ifue (H™)* (5.4)
+o0 otherwise in H™

for every u € H™ and every A € A.
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Proof

Step ! Here we prove the existence of a subsequence (Ea(h)) of (Ey), a
functional G : H™ x A — [0, 40|, and a set Ry C A, rich in A, such
that (5.2) holds for every A € R;. This step is rather standard (see, for
example, theorem 15.8 in [10] or theorem 4.15 in [13]) and it relies only
on the property that (GE,,) is a sequence of functionals increasing in the
second variable.

Let M’ and M' be the functionals defined, for every « € H™ and for
every pair w, A of open subsets of R™ with A C w, through the equations

M'(u,w, A) = inf{liminf [F(up,w) + GE, (un, A)] |up — uin H{::c_l}

h—+o

(5.5)

M"(u,w, A) = inf{lim sup|[F(up,w) + GE, (v, A)] | up — v in legc_l} .
h—+o0

(5.6)

It is easy to see, by a diagonal argument, that the infima in (5.5) and
(5.6) are actually minima. Moreover, M'(-,w,A) and M"(-,w, A) are
lower semicontinuous on H™ with the topology of H m-1

loa  (see, for example,
proposition 1.8 in [15]).

Fix a countable dense subset D of .A. Applying a general compactness
theorem with respect to I'-convergence (see, for instance, proposition 3.1
in [15]) and a diagonal process, we can find a subsequence (Ea(h)) of (Ep)
such that the sequence [F(-,A4)+ GEa(h)( -,A)] has a F(H{:C—I)-limit for
every A € D.

If M’ and M" are the functionals defined by (5.5) and (5.6), with (E})
replaced by (Ea(h))1 then M'(u, A, A) = M"(u, A, A) for every u € H™
and A € D. Thus

sup M'(u,4', A") = sup M'"(u, A, 4) (5.7
A'e A A'eA
A'€A A'GA

for every A € A. Besides, since the functions 4 — M'(u, 4, A) and
A M"(u, A, A) are increasing on A for every u € H™, while M'(-, A, A)
and M'(-, A, A) are lower semicontinuous in H™ for every A € A, we can
apply proposition 14.14 in [10] (or argue as in proposition 1.14 of [13]). It
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follows that there exists a set Ry C A4, rich in A, such that
M'(u,A,A) = sup M'(u, A’ 4"),

(5.8)

for every v € H™ and A € Rq. Defining M(u, A), for every u € H™
and every A € A, as the common value of both sides in (5.7), and setting
G(u, A) = M(u, A) — F(u, A), from (5.7) and (5.8) we conclude that (5.2)
holds for every 4 € R;.

Step 2 It is rapidly seen that we can apply to the sequence (HEc(h)) an
argument quite similar to the proofs of theorem 1 in [24] and theorem 3.3
n [14]. Thus, passing, if necessary, to a further subsequence, there exist a
functional H : H™ x B — [0, +o0], satisfying (i), (ii) and (iii) above, and
a set Ry C A, rich in A, such that

[F( -, A) + HEa(h) (- A)] I‘(H{:c—l)-converges to [F(-,A)+ H(-, A)]
(5.9)
for every A € Rjy. Property (iv) can be obtained as in theorem 2 of [24].

Step 3 Let us prove that the functionals G and H just obtained satisfy
(5.4) for every u € H™ and every A € A. To this aim, for every u € H™
and w, A € 4 with A C w, we set

G'(u,w, A) = M'(u,w, A) — F(u,w)
G'(u,w, A) = M"(u,w, A) — F(u,w)

where M’ and M" are defined in (5.5) and (5.6) (for the sequence (GEc-(h)))'

In the same way we introduce H'(u,w, A) and H"(u,w, A) from the sequence
(HEo-(h))' The functionals G, G”, H' and H" turn out to be lower
semicontinuous in H™ with respect to the first variable.

We need the following properties:

(P1) if w;, A; € A, with A4; C w; (= 1,2) and wy C way, A1 C Ay, then
for every u € H™

G,(uv @1, Al) S Gl(u! w2, AZ) 3 G”(u) @i, Al) S G”(uv @2, AZ) 3
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(P2) if A, A’ € Aand A’ € 4, then for every v € (H™)*

G'(w,R*, A') < H'(u, A, 4), G"(u,R", A") < H'(u, A, 4) .

Let us prove (P1). We consider only the first inequality, the second one
being analogous.

Fix u € H™; by definition of G'(u,ws, A3) there exists a sequence (up)
in H™ converging to u in H{:C-l and such that

F(u,wg) + G/(u,WZ7 4y) = }11541_1;2 [F(uh,wz) + GEo-(h)(uh’ Ag)] . (5.10)

Assume that G'(u, w2, A3) < 400, otherwise there is nothing to prove.
Then, up to a subsequence, we may suppose that (uy) converges to u weakly
in H™(wz) and that the lower limit in (5.10) is actually a limit. Then for
1=1,2

F(up,w;) — F(u,w;) = F(up — v, w;) + 2 Z / D (up — u)D%udz
| <m 7

=F(up —u, w;) +€p

where limy,_, , €, = 0. Since GE,(h)(uhv -) is increasing for every h € N,
we have

G’(u,wz, Ag) = A lim [F(uh —-u, wz) + GEc(h)(uh’ Ag)]

— 400

> kf-il-rc‘i [F(uh —u,w1) + Gg, g, (vh, Al)]

> G'(u, w1, 41).

Let us prove (P3). We consider only the first inequality, the second one
being analogous.
Let v € (H™)". As in the proof of (P;), we may suppose that

H'(u, A, A) < +oo and that there exists a sequence (up) in H™ converging
to u in H{:c'l and weakly in H™(A), such that

Flu,A)+ H'(u,A,4) = Jim [F(un, 4) + Hp g (un, 4)] . (5.11)

Let us consider a set A" € A, with A’ @ A” € A and let ¢ be a function
in C§°(A) with ¢ = 1 on A” and 0 < ¢ < 1. Define v, = pup + (1 — ¢)u for
every h € N. Then (v) is a sequence in H™ which converges to uin H™ 1.
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The finiteness of H'(u, A, A) implies the existence of an index k € IN such
that HE,(h)(uh: A) < 400 whenever h > k, hence %, > 0 (m,2)-q.e. on A.
It follows that vy, € (H™)7, thus

GEa(h)(vh’ AI) = HEo-(h)(vh’ Al) = HEo-(h)(uh’ Al) < HEcr(h)(uh’ A) (5.12)

for every h > k. By the convergence properties of the sequence (uy), we
easily obtain, for h > k,

F(vy,R™) = Z /I;R" leD*(up, — u) + D*u|? dz + € <

la[<m

<> /|Rn [<P{Dauh|2+(1—so)\pau|2] dz +e, (513)

laj<m

< Fup, 4) + F(u, R™ \ A7) + ¢,
where limp,_, . o €5 = 0. Then, by (5.12)
F(u,R") + G'(u,R*, 4') < liminf [F (05, R") + G,y (vhs 4
h—+00 o(h)

< liminf [F(uh, A) + Hg, ., (uh, A)] + F(u,R™\ 4"),

~ h—+4o

and therefore, by (5.11) and (5.13),

F(u,A") + G'(u,R™, A") < F(u, A) + H'(u, 4, A).

We conclude taking into account that A” is an arbitrary open set such
that 4’ € A” € A.

We are now in a position to determine the form of G. It is clear that
G(u, A) = +oo for every A € A and u ¢ (H™)*. On the other hand, if
u € (H™)™, then by properties (P;) and (P,) we have

G'(u, A, A") < G'(u,R™, 4") < H'(u, A, 4) < G'(u, 4, A) (5.14)
whenever 4, A’ € A and A’ € A (note that Hg,(-,A4) < Gg,(+,A) for
every h € IN). Besides, A — G'(u, A, A) is increasing by (P;), thus the set
R4 of those A € A such that

G'(u, A, A) = sup{G'(u, 4", 4') | A € A, A' € A}
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is rich in A (see property (5.8) for M'). From (5.14), G'(u, 4, 4) =
H'(u, A, A) for every A € R4. This, together with (5.9) and the result of
step 1, yields that G(u, A) = H(u, A) for every 4 in the rich family of open
sets R3 = R1 NRa N Ry; we pass to an arbitrary A € A observing that
G(u, -) is increasing on A (as can be easily checked by using (P;)) and
G(u, A) = sup{G(u,4") | A’ € A, A’ € A} for every A € A. Hence step 3
is proved.

Step 4 To accomplish the proof of theorem 5.6 we have only to show that
for a suitable rich family of open sets A the convergence in (5.3) takes place,

as well as the corresponding one for the sequence (HEa-(h))'

If wu¢ (H™)" then G'(x,R*, 4) = G"(u,R™, 4) = 400 = G(u, A) for
every A € A. In the case u € (H™)T, by (P;) and (P2) we have, as in
(5.14),

G'(u, A", A") < G'(u,R™, A) < G'(u, 4, 4).

We can now use an argument quite similar to the one applied in the previous
step to (5.14). Since the same holds for G”, we obtain that (5.3) is valid for
a rich family of open sets A. Finally, as to (HEa(h))’ we argue in the same
way, taking into account that for every u € H™ and 4, A’ € Awith A’'€ 4
we have

H'(u,R*, A" < H'(u,4,4), H"(u,R", A") < H"(u,4,4).

This replaces (P2) and can be proved in a similar (and even simpler)
way. 0

Now we represent the I'-limit of the foregoing theorem by means of an
integral functional.

By a Borel measure on R™ we mean a non-negative countably additive
set function p : B — [0, +00] such that (@) = 0. We indicate by M, 2
the class of all Borel measures on IR™ such that u(B) = 0 for every B € B
with null (m, 2)-capacity. If 4 is a measure in M,y 2, we still denote by p
its completion, which is defined, in particular, on all (m, 2)-quasi Borel sets.

LEMMA 5.7.— Let (E}) be a sequence of subsets of R™. Then there ezist

a subsequence (Ea(h)) of (ER), a measure p € M2 and a set R' C A,
rich in A, such that for every A € R’

[F( “RY) +Gg, (- A)] F(H{;’;l)-converges to [F(-,R")+G(-,4)],

(5.15)
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where

G(u,4) = /A[(l ~@)t?dp ifue (™)

+00 otherwise in H™

(5.16)

or everyu € H™ and A € A.
f y

Proof. — Let us apply theorem 5.6 and let (Ea(h)): G,R' and H as in
that statement. The only step which remains is to determine the form of
H. Properties (i) to (iv) satisfied by H allows us to represent it by means of
theorem 5.7 in [8]. Then there exist a Borel function f : R" xR — [0, +o00]
and two non-negative Borel measures A and v on R™ such that

H(u,A) = Af(a:, u(z)) dA(z) + v(A4)

for every u € H™ and every A € A. Furthermore, the same theorem
guarantees that A is a Radon measure which belongs to H~™, hence to
M 2, and that for every z € IR™ the function f(z, -) is decreasing and
lower semicontinuous on R.

If Ais an arbitrary bounded open set of R/, and ¢ a function in C§°(R™)
with ¢ = 1 on A, then H(p, A) = 0 by theorem 5.6. We infer that v = 0
and f(-,1) = 0 A-a.e. on R™. Moreover, since I'-convergence is stable
under continuous perturbations (see, for example, theorem 2.15 in [3]), from
theorem 5.6 we obtain, for every u € H™,

- . 2
DHRT)hm | > [ D% de+ HEy, (v 4)| =
v—ou 0<|a|<m (5.17)
= Z /‘Daulzdm-kH(u,A),
0<lal<m /4

where A is as above. Observe now that for every h € IN
Hg, (tu+ (1-t)p, A) = tzHEh(u, A)

whenever ¢ € R and v € H™ are such that v > 0 a.e. on A4 and
tu+ (1 —t)p > 0 ae. on A. This turns out to be a positive-homogeneity
property for the functional FIEh( yA) = Hg, (¢ — -, A) for every t € R
and v € H™ with v < 1and tv < 1 a.e. on A. As this property is preserved
by I'-convergence (see, for instance, theorem 10.9 in [10]), on account of
(5.17) it also holds for the functional H and for the fixed A. By the
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richness of R’ this is true for every A € .A. We are now in a position to
apply the next lemma, which proves that

/f(z,i)d/\:/f(w,O)[(l—ﬂ)*]zd,\
A A

for every A € A and v € H™ with u > 0 a.e. on A. We conclude setting
dp = f(-,0)dA. O

LEMMA 5.8.— Let A€ My, 3 and let g :IR™" xR — [0, +00] be a Borel
function such that

(i) for every x € R", the function g(z,-) is increasing and lower
semicontinuous on R;

(i) g(z,0) =0 for A-a.e. ¢ €R";
(iii) for every A€ A and u € H™ withu <1 a.e., we have

/Ag(:c,tﬁ)d/\:tZ/Ag(z,E)d/\

whenever t € RT is such that tu < 1 a.e.
Then

/ g(z, T)dA = / g(z, 1)(@")%dA (5.18)
A A
for every A€ A and u € H™(A) withu <1 a.e. on A.

Proof. — The result is standard if fgn g(z,%)dA < +oo for every
u € H™. In the general case we shall essentially follow the proof of lemma
2.3 in [12].

Let us consider the set
S = {u e H™| / g(z,u)dA < +oo}.
IR™

Since H™ is a separable metric space, there exists a sequence (up) in S
which is dense in S with respect to the strong topology of H™. For every
h € IN we consider an (m, 2)-q.e. representative of %, and we shall keep it
fixed in the following arguments. Define E = Uh,kelN{ah > 1/k}. We now
prove that

g9(z,t) = g(z, 1)(tT)? (5.19)
for A-a.e. = € E and for every ¢t € IR with ¢t < 1.
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Let h, k € IN; since the characteristic function of {Tth > 1/k} is quasi
lower semicontinuous, by lemma 2.1 we can find a sequence (vh,k;i),- in H™
such that (Eh,k;i)i is increasing (m, 2)-q.e. and

Up ki — Lz, >1/k) (m,2)-q.e. as i — +o0. (5.20)

For every i € N, we fix an (m, 2)-q.e. representative of v, f.;, as we have
done for the sequence (up). Denote by N; the (m,2)-negligible set of the
points where (ﬁ,k;i)i fails to be increasing or to satisfy (5.20) for some
h, k €IN.

For every # € IR™ the function g(z, -) is increasing on IR and, by (ii),
g(z,n) = 0 for every 7 < 0 and =z € R™ \ N3, where A(N2) = 0; then we

have .
/ng<z, 5h,k;i> dAS/ng(w, El{;h>1/k}> dA

S/ g(z, 2p)dA < +o0;
IR™

El I

hence, by (iii),
/ g(a: ) ;"h,k;i) dA < +00.
IR™

We apply now the classical result. For every r € [0, 1], h, k, i €N and
A € A, from (iil) we get

/Ag(:c y TRk () dA = r2/ 9(z, Th k. i(z)) dA < +o0;
A
therefore there exists a Borel set N3 such that A(N3) = 0 and

9(z, TOhk;i(2)) = T2 g(2, Thk;i(2)) (5.21)

for every £ € R™\ N3, h, k, i € IN and r € QN [0, 1]. This equality actually
holds whenever 7 € [0, 1], since by (i) the function g(z, -) is continuous
from the left for every 2 € R™. Let z € E \ (N; U N3) and ¢ € R with
0 < to < 1. By definition of E there exist h, k € IN such that u,(z) > 1/k;
then (5.20) yields that vt ;(z) > to for a suitable index i € IN. For every
t€[0,tg] we can apply (5.21) with r = t/ﬁh,k;i(m)’ so that

) _ t?’g(w’ 'l-)'h,k;i(z)) )

(Fh ks i(2))’
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Let ¢1, 2 € R with 0 < ¢; < t2 < 1 and take t5 as ty in the above
argument. Since in (5.22) the choice of the indexes h, k and ¢ does not
depend on ¢, we have

g(z’tl) . g(wth) .
2 - 2 !
tl t2

by continuity from the left this inequality extends to t3 = 1. We conclude
that g(z,t) = g(z, 1)t? for every z € E \ (N; U N3) and every t € R with
0 <t < 1. Hence (5.19) follows for every z € E\ (N; UNaUN3) and ¢t < 1.

Now we claim that
/ g(z, @) dA = / g(z, 1)(@*T)2dA (5.23)
IR™ IR™
for every u € H™ with u < 1 a.e.

Assume that the left hand side of (5.23) is finite. By the density of (up)
in S we obtain that {u > 0} is quasi contained in E. Then, from (5.19)

9(z, u(z)) = g(a, 1)(17(:c))2 for A-a.e. z € {u > 0};
this immediately implies that u satisfies (5.23).

At this point, to accomplish the proof of (5.23) for every u € H™ with
u < 1 a.e., it only remains to consider the case in which the right hand side
of (5.23) is finite. Let € > 0; as before we can find a sequence (vy) in H™
such that (vj) increases and converges (m, 2)-q.e. to Liose Therefore, for
every h €N

7, d/\</ , 1~ dA
Looemas [ o1z,

1 -
<= [ g(z,1)(@T)*dA < +o0.
€ JIR™

Hence vy, € S for every h € IN. This implies that {7}, > 0} is quasi contained
in E, so that, by the arbitrary choice of ¢ > 0, the set {# > 0} is quasi
contained in E. Finally, we get that u satisfies (5.23) by applying once
more equality (5.19).

We are now in a position to prove (5.18). Let 4 € A and u € H™(A4)
with # < 1 a.e. on A. For every open set A' € A let ¢ € C§°(A) with ¢ =1
on A’ and 0 < ¢ < 1. Then, by (5.23)

[ oeDars [ o= smar
S/IRng(zv 1)[(<P17)+]2d/\§/Ag(m,l)(iﬁ')zd/\.
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As A’ is an arbitrary open set satisfying A’ € A, we get
[ oz mar< [ oz n@)?ar.
A A

The opposite inequality, which can be obtained in a similar way, con-
cludes the proof of the lemma. O

It is now convenient to introduce an auxiliary notion of capacity (see
[11]).

Let v € My, 2. For every (m, 2)-quasi Borel subset B of R", define

cap, (B) = ue(ifl}g"ﬁ {Hu“fﬂz + /B [(1- ﬂ)+}2 dl/]

= ue(i;}gn)+ [F(u,R™) + G, (u, B)],

(5.24)

where we have put
Go(u, B) = / [(1- )t dv
B

for every u € H™. Note that the functional [F(-,R™) + G, (-, B)] is lower
semicontinuous in the strong topology of H™ (use proposition 1.3) and
(strictly) convex, hence it is weakly lower semicontinuous in H™. Then the
infimum in (5.24) is attained.

We shall need the following properties of cap, (see theorem 2.9 in [11]).

PROPOSITION 5.9.— Let v € My, 3. Then:

(i) if (Bg) is an increasing sequence of (m,2)-quasi Borel sets and
B = Uh By, then Ca'pu(B) = Supp, Capu(Bh);

(ii) cap,(B) < Cpm 2(B) for every (m,2)-quasi Borel set B;
(iit) for every (m,2)-quasi open set A

cap,(4) = inf{cap,(U) | U open, U D A}.

Proof

(i) Since cap, is obviously increasing, it suffices to prove that cap, (B) <
supy, cap, (Bp) assuming that the right hand side is finite. For every h € N,
let wy, € (H™)T be the unique solution of the minimum problem defining
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cap,(By); the sequence (wj) is bounded in H™, hence there exists a
subsequence, still denoted by (wp), which converges weakly in H™ to a

function w € (H™)". By weak lower semicontinuity we have, for every
keN,

F(w,R™) + Gy(w, By) < lim inf [F(wh, R™) + Gy (wp, By)]
— 400
< liminf [F(wp, R™) + Gy (wh, By)| =
h—+o0
= supcap,(By).
h

We conclude taking the limit as k — +oo.

(i) It suffices to assume Cp, 2(B) < +oo and use, as a test function in
(5.24), the element w of (H™)" such that Hw”fn s = Cm2(B) and w > 1
(m, 2)-q.e. on B.

(i) Let A be an (m,2)-quasi open set with cap,(4) < +oco (otherwise
there is nothing to prove). For every ¢ > 0 there exists an open set w such
that Cpp 2(w) < € and AU w is open; let w; and ws be the solutions of the
minimum problems defining cap,(A) and cap, (w), respectively. On account
of the fact that wy and ws are non-negative functions, for every 0 < o < 1,
we have

cap,(AUw)

IA

le + wz“rzn,2 + AUw [(1 —(wy + @'2))-&-]2 dv

IN

1 1
Fpp= cap,(4) + p cap, (w)

and since, by (ii), cap,(w) < Cp 2(w), it follows

(o

Ca’pV(A Uw) - Ca'pu(A) S Capu(A) +

alm

1—0o

Choosing ¢ = €l/2, the right hand side tends to zero with e. This concludes
the proof. O

For every subset E of R™, define

0 imeg(EmB):O
[ =) — 3
v (B) = {+oo if Cpm2(ENB) >0

for every B C R™. It is clear that u§ € My, 2.
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In the following lemma we shall use the condition of convergence of
capacities stated in theorem 5.1.

LEMMA 5.10.— Let (E}) be a sequence of subsets of Q and E be a subset
of Q. Assume the ezistence of a set R C A(R), rich in A(Q), such that

lim Cmyg(Eh NA4)= Cmyg(E N A) (5.25)
h—+o0
for every A € R. Assume, in addition, that E is (m,2)-quasi closed. If
(Ea(h))’ p and R' are as in lemma 5.7, then u(A) = pF(A) for every
(m, 2)-quast open set A C Q.

Proof. — We prove first that for every (m, 2)-quasi open set 4 C

min | F(u,R") + Gu(u, A)] = Cp2(EN A). 5.26

Wi PR+ Gulu, )] = Ca(EA). (520

Let us consider a bounded open set A in R” = R NR’, which is a rich
set in A(Q). By the boundedness of the sequence (Cm,Z(Ea(h) N A)) and
recalling the definition of G E ) W€ can apply theorem 5.4 to the sequence

of functionals [F( -,R™) + GE,(h)( . ,A)}, which T'(H™"!)-converges to

loc
[F(-,R") + G(-, A)] since (5.15) holds. Therefore, in view of (5.25), we
have

uxg}{nm [F(u,R™) + G(u, A)] = Cm2(EN A).

By (5.16) this implies the validity of (5.26) for every bounded 4 € R".
Observe now that (5.26) can be written as

cap,(4) = cap,e(4). (5.26')

Proposition 5.9 (i) and the richness of R” in A(f) yields that (5.26")
holds for every A € A(Q); finally, we pass to any (m,2)-quasi open set
A C Q by means of proposition 5.9 (iii).

Now let us take, in (5.26), A = Q \ E, which is quasi open because E is
quasi closed. If w is the minimum point of [F(-,R™)+G,(-, 4)] in (H™) *,
then w = 0 and G (0, A) = G,(w, A) = 0. Consequently, u(Q2\ E) = 0.

To accomplish the proof of the lemma it is enough to show that for every
(m, 2)-quasi open and bounded set A C Q2 we have

p(A) = 400 if Cpma(ENA)>0. (5.27)
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Assume p(A) < +oo and let w € (H™)T be such that Hw”fnz =
Cm2(ENA)and w > 1 (m,2)-q.e. on ENA. Since u(A\ E) = 0, we obtain
Gu(w, A) = 0 and, by (5.26), w turns out to minimize [F(-,R™)+G,(-, 4)]
in (H"‘)+. It follows that for every 0 < e < 1

F((1-€w,R") +Gu((1 - €)w, 4) — F(w,R™) >0,

hence, taking into account that pu(A\ F) = 0 and @ > 1 (m,2)-q.e. on
E N A, we obtain

2
m,

2 2
2+ € {lwl,, +ua)] 2 0.
As this inequality holds for every 0 < € < 1, we must have ||me , =0 ie
Cm2(ENA)=0. Thus (5.27) is proved. O

LEMMA 5.11. — Let E be a subset of R™, E its (m, 2)-quasi closure and A
an (m,2)-quasi open set. Then the (m, 2)-quasi closure of EN A coincides
with the (m,2)-quasi closure of EN A up to sets of zero (m,2)-capacity.
Consequently, ENA and EN A have the same (m, 2)-capacity.

Proof.— Let F and F’' be the quasi closures of E N A and En A,
respectively. Since E N A is quasi contained in En A, F is quasi contained
in F'. Let us prove the opposite inclusion. Let G be a quasi open
set such that cap(G N (E N A)) > 0; then G N A is quasi open and
cap((Gn4)n E) =cap(GnN (E’ N A4)) > 0. By proposition 1.5 for Z = E,
we have cap((GN A) N E) > 0. Hence, cap(G N (E N A)) > 0 for every
quasi open set G such that cap(G n (E N A)) > 0. Apply now proposition
15for Z = EnN A; then ENnAis quasi contained in the quasi closure of
E N A. 1t follows that F' is quasi contained in F. We conclude that F is
(m, 2)-equivalent to F'.

Finally, the quasi stability of the capacity (see remark 2.11) yields

cap(E N A) = cap(F') = cap(F) = cap(EN 4).0O

Proof of theorem 5.1.— Assume that
KO(lEh) — KO(IE) in H(',“(Q) .
By theorem 3.1 this implies the convergence of (Ko(x}gh—i—l)) to Ko(xg+1).
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Therefore, by means of proposition 4.2, we get the existence of a set R C
A(R), rich in A(R), such that (KO(XEhﬁA +1)) converges to Ko(xgna+1)
for every A € R. Again from theorem 3.1 it follows that

Ko(1g,na) — Ko(1gna) in Hg'(Q)
for every A € R. In view of lemma 3.2
K(lEhnA) “—’K(IEQA) in Hm

Therefore, proposition 1.9 yields (5.1) for every 4 € R.

Conversely, assume that there exists a set R C A(Q2), rich in .A4(f2), such
that (5.1) holds for every A € R. Observe now that Ko(1g) = Ko(15) (see
remark 2.11) and that, by lemma 5.11, Cr, 2(E N 4) = myz(E' N A) for
every open set A. Consequently, since Eis (m, 2)-quasi contained in 2, we
may suppose that E is (m, 2)-quasi closed.

By lemmas 5.7 and 5.10, every subsequence (Ea(h)) of (Ey) contains a
further subsequence, still denote by (Eo(h))’ for which there exist a measure

Ko € My, 2 and a set R, C A(R), rich in A(Q), such that for every 4 € R,
[F( R*) +GEg,, (-, A)] T (H{?')-converges to [F(-,R™)+G(-, 4)],

loc

where
[(1-%)*]%dp, ifue(H™)*

G(u, A) = [4

+0o0 otherwise in H™

for every u € H™ and A € A. Moreover, if A C Q is quasi open, then
ko (A) = pF (A). Itis now easy to verify that G(u, A) = Gg(u, 4) for every
u € H™ and A € A. Indeed, for every 0 < e < 1 theset {Z<1—€e}NAis
quasi open and

/A[(l — D dpy > Eup({T< 1- e} NEN A).

So far we have proved that the I'-limit does not depend on the chosen
subsequence. In order to obtain that the whole sequence converges, it
is enough to apply proposition 15.5 and 15.7 (Urysohn property of I'-
convergence) in [10] (see also propositions 4.11 and 4.14 in [13]). Therefore,
we obtain the existence of a set Rg C A(f), rich in A(2), such that

[F(-,R™) + Gpg,(-,4)] T(HT ')-converges to [F(-,R™) + Gg(-,A)]
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for every A € Rg. From proposition 5.5 it follows that
K(1g,na) —» K(1gna) in H™
hence by lemma 3.2,
Ko(1p,na) — Ko(1gna) in HF'(Q)

for every A € Rg. Choose A € Rg with the property Q' € 4 € Q; since the
sets Ej, and E are contained in @/, we conclude that

KO(IEh) — KO(IE) in H3*(Q).
This completes the proof of the theorem. O

THEOREM 5.12. — Let (¢y) be a sequence of functions from Q into R
and let ¥ be a function from Q into R. Then

Ko(¥n) — Ko(¢) in H3 () and Ko(¥) £ 0

if and only if the following conditions (a) and (b) are satisfied:
(a) there exist a dense set D in R and a set R C A(Q), rich in A(Q),
such that
im {9 > 110 4) = Ora(f > 104)  (529)

for everyt € D and A€ R;

b) there exist a sequence (wp) in HJ(?) and an indez k € N such that
0
(wp) converges strongly in HJ*(Q) and wy, € Ko(¥y) for every h > k.

For the proofit is convenient to recall a fact about the rich sets introduced
in section 1. Let a : A(R) — R be an increasing function, i.e. a(4) < a(B)
whenever A, B € A(Q) and A C B. Let a_ and a4+ be the functions on
A(Q) defined by

a_(A4) =sup{a(B) | B€ A(Q), Be A}
ay4(A) =inf{a(B) | B € A(Q), A€ B}

for every A € A(Q), with the usual convention inf® = +oco. It is easy to
prove (see, for instance, proposition 4.7 in [16]) that the set

R(a) = {4 € A(Q) | a—(4) = a4 (4)} (5.29)
is rich in A(Q). Moreover the following result holds:
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LEMMA 5.13.— Let a : A(Q2) — R be an increasing function and let
F(a) be the set of all B € A(Q) for which

{A€ AQ) | AN B e R()}
is rich in A(Q). Then F(a) is rich in A(Q).

Proof. — Fix a chain (B")s€|R in A(Q) and consider a countable set
D = {Uy | k € N} C A(R) which is dense in A(Q). For every k € IN it is
possible to find a chain (Af)selR such that A% = U}, and the set {4% | s < 0}
is cofinal in Uy. For every k € IN and for every rational q, (B, N Alac-l-q)selR is
a chain in A(Q); since R(e) is rich in A(f2), there exists a set T}, ; C R, at
most countable, such that B, N A’:+q € R(a) for every s € R\ T}, 4. Define
T =U{Tkq | k€N, g€ Q}; T is at most countable and

B,OAI:_,_q € R(«) forevery sc R\T, k€N, and q€ Q. (5.30)

Let us fix s €IR\ T and put D, = {A’:+q |k eN, q € Q}; we now show
that D, is dense in .A(Q). Consider G; and G; in A(Q) with G; € G and
let Uy € D be such that Gy € U, € Gp. Since {A¥ |t < 0} is cofinal in
Uy, there exists ¢ < 0 with G, & Af: € Up. Let now ¢ € Q be such that

0 < 8$+q<0. Then
Ak €D, and Giedkest cUieo,.
We conclude that D, is dense in A(Q).

Keep s fixed in R\ T'; by (5.30) we have B,N A € R(a) for every A € D,,
ie.
a_(Bs;NA)=ay(B,N A) (5.31)

for every A € D,. Since the increasing functions A — a_(B, N A) and
A — a4 (Bs N A) coincide on a dense set, equality (5.31) actually holds for
a rich family of sets A (see proposition 4.8 in [16]). Therefore B, € F(a)
for every s € R\ T. We conclude that F(«) is rich in A(Q). O

Proof of theorem 5.12. — Assume that
Ko(¥r) — Ko(¥) in Hg'(Q)

and that Ko(¥) # 0. Then (b) follows immediately from definition 1.7 of
Mosco convergence. Let us prove (a). By theorem 4.1 there exist a dense
set D in R and a set F C A(Q), cofinal in €, such that

K0(1{¢h>t}ﬁB) - K0(1{¢:>t}ﬁB) in Hg" ()
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for every t € D and every B € F. As observed in theorem 4.1, we may
suppose that F consists of elements B @Q. Then, by applying theorem 5.1,
we get that for every ¢ € D and B € F there exists a set R(t, B) C A(Q),
rich in A(Q), such that

Wm Coa ({90 > 30 B) N 4) = Cra(({¥ > 11N B) N 4)  (5.32)

for every A € R(t, B). Since we may suppose D countable, for every B € F
the set R(B) = N{R(t,B) |t € D} is rich in A(2) and (5.32) holds for
everyt € D, B € F and A € R(B). It is now easy to see that the set

R = | (R(B)nAB))
BeF
is rich in \A(Q2) and satisfies condition (a).

Assume now conditions (a) and (b). Let D and R be as in (a). For
every t € D define a;(A) = Crm 2({¥ >t} N A) whenever 4 € A(Q). From
condition (a) it easily follows that if A is in the set R(a:) introduced in
(5.29), then A satisfies (5.28) (indeed, if a}(A) = liminf Cpp, o ({¥p, > t}NA)
and af(A) = lim sup Cpm 2 ({5 > t} N A4), then (a) implies (o) = (a})— =
(af)- and (ag)+ = (ap)+ = (af)+). By lemma 5.13, F(a;) is rich in
A(€) and, since it is not restrictive to assume D countable, also the set
F =tep F(at) is rich in A(Q).

Therefore, for every t € D and B € F there exists a set R(¢, B) C A(Q),
rich in .A(Q), such that AN B € R(ay) for every A € R(t, B), hence

lim Cm,2(({¥n >t} N B) N A) = Cma(({¥ > t} N B) N A)

for every A € R(t, B). We may assume that if B € F then B € Q; hence
theorem 5.1 yields

Ko(lgy,>t3nB) — Ko(liy>eynp) in Hg ()

for every t € D and every B € F. We are now in a position to apply
theorem 4.1 and conclude that

Ko(¥n) — Ko(¥) in Hg'()
and that Ko(¢) #0. 0
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Finally, we state a simple consequence of theorem 5.12 which can be
proved as theorem 4.4 and in which the conditions for the Mosco convergence
are expressed only trhough the capacities of the level sets of the obstacles.

THEOREM 5.14.— Let (¢) be a sequence of functions from Q into R
and let v be a function from Q into R. Assume, in addition, the ezistence

of a set Q' € Q such that ¢, Y < 0 (m,p)-g.e. on R\ Q' for every h € N.
Then

Ko(¥n) — Ko(y¥) in HJ(Q) and Ko(v) # 0

if and only if the following conditions (a') and (V') are satisfied:

(d') there exist a dense set D in R and a set R C A(RQ), rich in A(Q),
such that

pim G ({Yn > 30 4) = Cma({$ >t} N 4)

for everyt € D and A€ R;

() lim limsup /+°° Crm2({tn > s})(s —t)P"1ds =0.
t

t—+o0 h—+oo
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