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A unified approach to various orthogonalities(*)

CrAuDE Brezinski(})

RESUME. — Les polynémes orthogonaux vectoriels de dimension d sont
un cas particulier des polynémes biorthogonaux. On définit d'abord les
polyndmes orthogonaux de dimension d = —1. On donne des relations
de récurrence et une formule de type Christoffel-Darboux. Un théoréme
de Shohat-Favard est démontré. Ces polyndmes sont, en fait, ceux qui
apparaissent dans les approximants de Laurent-Padé et dans ceux de
Padé en deux points. La liaison avec 'orthogonalité usuelle est explicitée.
Ensuite, on montre que les polynémes orthogonaux sur le cercle unité sont
un cas particulier des polynémes orthogonaux vectoriels de dimension —1.
Ainsi, puisque les polynémes orthogonaux vectoriels de dimension d = 1
sont les polynémes habituels, plusieurs résultats connus sur diverses
orthogonalités sont retrouvés dans un cadre unifi€ et parfois généralisés.

ABSTRACT. — Vector orthogonal polynomials of dimension d are a par-
ticular case of biorthogonal polynomials. Vector orthogonal polynomi-
als of dimension d = —1 are first defined. Recurrence relations and a
Christoffel-Darboux-type formula are given. A Shohat-Favard theorem is
proved. These polynomials are, in fact, those appearing in Laurent-Padé
and two-point Padé approximants. The link with usual orthogonality is
explicited. Then it is showed that orthogonal polynomials on the unit
circle are a particular case of vector orthogonal polynomials of dimen-
sion —1. Thus, since vector orthogonal polynomials of dimension d = 1
are the usual ones, many known results about various orthogonalities are
recovered in a unified framework and sometimes generalized.
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1. Biorthogonal polynomials

Let Lg, L1,... be linearly independent linear functionals on the space of
complex polynomials and let us set

Li(a:j) =c;j.

The number c¢;; are complex numbers.

Adjacent families of (formal) biorthogonal polynomials with respect to
the family {L;} were defined in [4]. They are given by

Cij Cij+k
W)y — plid) :
P, (z) = Dy,
Citk—1, -+ Cith—1j+k
1 z*

where D,(ci’j ) is an arbitrary nonzero constant. These polynomials satisfy
the biorthogonality conditions

Lp(:chlgi’j)(w))ZO, forp=1d,...,1+k—-1. (1)

Assuming that P,Ei’j) has the exact degree k, which is equivalent to the
condition
Caij cee Ci,j+k—1
szvj) — E -.‘ s # O

Citk—1,j +++ Citk-1j+k-1

we shall consider in the sequel the monic polynomials P,Em) that is D,(:’J) =

1/H£i’j). It can be proved that these polynomials are related by the
following recurrence relations

- N Livk_ j+1 p(ii+1) .
P]El,])(x) :zplgz_,ylﬂ)(m)_ +h-1(2 k-1 )P("J)(w) (2)

e P
Litk— (f”’P;Ez_’Jl))

L R )

(4.3) (i+1,5+1)
P (z) = 2P, z) — —
k k-1 ( Li(szlgzj-llg))

PitL(g)  (3)
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Li(a/PCT)) )

(4.3) .y — p(i+1.9)
P (z) = P (@) = ———F75 P
e = Li(wJP,EZjll’])) e

(z) (4)

i p(i.3)
Li a:JP 1 N
+k(~ o j)) Pt (z) ()
Livk(27P,77)

P () = P9 (g) -

with P{*(2) = 1 and P9 (2) = 0.
As proved in [5], these polynomials can also be represented as a contour
integral. They have applications in many questions of numerical analysis.

Vector orthogonal polynomials of dimension d € IN were introduced by
Van Iseghem [11]. They correspond to the case where the linear functionals
L; are related by . ‘

Li(2?™) = Lij4(a?) (6)

that is ' _
Li(I‘H-n) = L~+nd(z1) .

Vector orthogonal polynomials have applications in the simultaneous ap-
proximation of several series by rational functions which generalizes Padé
approximants. When d = 1, the usual formal orthogonal polynomials are
recovered [1]. In that case, if we set Lo(z?) = coj = ¢j, then

Cij = Citj
and the determinants H,Ef’j) are the usual Hankel determinants H,(ci+j).

The usual formal orthogonal polynomials are very much related to Padé
approximants as extensively explained in [1].

We shall now study the case d = —1.

We shall prove that the corresponding vector orthogonal polynomials of
dimension —1 satisfy a three-term recurrence relation and a Christoffel-
Darboux-type identity. A Shohat-Favard theorem will be proved. The
link with the usual orthogonality (d = 1) will be explicited and it will be
showed that orthogonal polynomials of dimension —1 generalize the usual
orthogonal polynomials on the unit circle.

Thus various concepts about orthogonality will be recovered in a unified
framework and, sometimes, generalized. Since orthogonal polynomials
of dimension —1 are those which appear in Laurent-Padé and two-point
Padé approximants, they lead to a unified presentation of all these Padé
approximants. The case of vector orthogonal polynomials of dimension —d,
with d > 0, is under consideration.
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2. Orthogonality of dimension —1
Let us assume that d = —1 in (6). Replacing ¢ by ¢ + 1, we thus have
Li(e?) = Lisa (27*1). ™)
That is ¢;; = ¢;41,j+1 and it follows that

P)(z) = pIHHIT(q). (8)

Thus, the polynomials P,Ei’j) only depend on the difference i — 5. This
remark must be kept in mind in the sequel.

From (3), we have
(=Rl

(i+1.)
UL kol plitla)g, (9)
L;(23 P{H))

PIEI’J)(w) = sz(f_’Jl)(z) — 1
Replacing ¢ by i + 1 in (2) and using (8) gives

Li+k(zj+lplgtj1)) (i+1.9)
— AL (@), (1)
Li+k(”’JPk_1’ )

P)Ei+l,j)(:c) — zP}EZ_’J]_)(w) _

Replacing j by 7 + 1 in (4) and using (8) gives

.. .. L; j+1p(ivj) .
P (a) = P () - BT R * j)) Pi@).
Li(27 1 PY)

Replacing j by 7 + 1 in (5) and using (8) gives

L: j+1phitl)y
i+k (2 _k )p,ggq>(z). (12)
Lipk (2771 PY)

P (z) = P (g —

Using alternately (5) and (9) (or (9) and (10)) allows to compute
simultaneously the families {P,Ei’j)} and {PIEi"H—l)}. Similarly, using
alternately (2) and (11) (or (11) and (12)) allows to compute simultaneously
the families {Plgi’j)} and {P,Eiﬂ’j)}. Such a possibility is much more
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difficult to exploit for general biorthogonal polynomials [7]. For polynomials
of dimension —1 the relations (2), (4) and (5) still hold thus providing other
possible recursive schemes.

From the preceding relations, we shall now deduce a three-term recur-

rence relation for the family {P,Ei’j ) } when 7 and j are fixed.
Thus, to simplify our notations, we shall set in (9)

e 1]
L; (wjp£i+;1’1))

and in (5) -
o = Lk @R)

Lipk (a3 PLE)
Thus (5) and (9) now write as
P (@) = P (2) - my B (2) (13)
Py(@) = 2P (@) - M P{) (2) (14)
and we obtain

Y i 11
P,E:_Jl)(w) = zP,Ez J)(z) — Ak+1 [PIEz J)(m) - ukPIEljl J)(w)] .
Replacing PIEi_J';I ) by its expression from (14), we have

Pé:_]l)(:c) = (z + Bk+1)P,£i’j)(m) - Ck_l_la:PIEi_"i)(:c) (15)

with

Hk A1l
Bk+1 = ——/\k+1 (1 + E) and Ck+1 = —l}-—]]:—k .

We have thus obtained a three-term recurrence relation for the polynomials

P,Ei’j) when ¢ and j are fixed. Let us now express By, and Cryq in terms
of the polynomials involved in (15) alone.

We have
Lo(e/PY) = Lp(@* B0Y)) 4 Bray Lo (27 B(Y)) — Gy Lo (2941 P
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Using (7), this relation writes
Lp(2 P3)) = Lot (W9 B) 4 B L (e B) = Cra Lpa (+FBY)
Thus, thanks to the biorthogonality conditions (1), we have

Lp(ij,Ei;‘?):O forp=i1+1,...,1+k—-1.

For p = i, using (7) again, we obtain
0 = L; (291 PID) 4 Byyy Li(af PU)) — Gy Li (2911 P12
and for p = i + k, we have

0=1L;1r1 (wjpxgz’j)) + Brt1Litk (ij;Ei'j)) —Cry1Litp— (ij;Ei_’jl)) .

Due to the biorthogonality conditions (1), this system reduces to

I (‘”j“P;Ei’j))
Cet1 = 0
Li(2t1P,Y)
i p(4.4) (16)
Crp1Liyr—1(2? Pe7)
Biy1 = )
iy (27 P")
Let us remark that
_ Cri1de ~ AL L; (mj-{»lPIEt,J))
Bl =773 T T i1 pd) ) '
k+1 L; (;L- Pk—l) k+1
We shall set .
L (wj+1PI£t,J))
ap = ——————
Akt1
and thus ak
Bk = — a: .

Obviously A, p and Bgyi, Cry; and o depend on ¢ and j but this
dependence was not indicated for simplicity.

Thus we finally proved the theorem 1.
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THEOREM 1.— Vector orthogonal polynomials of dimension —1 satisfy
the three-term recurrence relation

Pi)(2) = (2 + Brp1)PI (@) = Copr2P(2), k=0,1,...

with P_1(z) =0, Py(z) =1 and

L; (a7 +1P(*9)
Cutt = ————
Li(xJHPk—'l )
Cri1 Li+k—1 (ij;Ei_’jl))
Biy1 =

Liyx(e7P)

Let us now give a Christoffel-Darboux-type formula for these polynomi-
als. Let Ry be any polynomial of degree k. We shall define R} by

Ri(z) = «*Ry(=7")

where the bar means that all the coefficients are replaced by their conju-
gates.

Let us compute first the quantity
i3)r \olit1.i)%, i+1,5) \p(0d)*,
A =PI (@) P () — PETN) (0) P (y)

Using (13), we have

A = P (z) [P;Ei’j)*(y) - uk‘ﬁP,E"_ﬁl’j’*(y)]
~ [PE(@) - e PRI (2)] BET ()
TG TG
Now by (14), we obtain

Ag = —pegP (@) P (y) + e P (2) P ()
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Let us now compute the sum u,;lAk + Ag_1. Using the preceding identity,
we immediately have

pit Ap + Ay = (1 - 2g) P (2) LM D* (|

Using pp = —aj_1/aj we thus obtain a Christoffel-Darboux-type formula.

THEOREM 2
- [P,Eiﬁl”’(w)P,Ei?*(y) - P,Ei’;)(w)P,Ei?'”*(y)] -

= (1 - z7) Z anP,Sz’J)(w)P,(f+l’J)*(y)

n=0

= ay, [P,Ei+1’j)(w)P,Ei’j)'(y) - wyp,ﬁ"”')(w)P,S"“'“*(y)] .

This is the relation given by Bultheel [6, p. 95]. The reason is that, in
fact, these polynomials are, apart a multiplying factor, those used in Padé
and two-point Padé approximants. It is also possible to define polynomials
of the second kind (or associated) and the results of [6] are valid.

We shall now prove a Shohat-Favard type theorem for vector orthog-
onal polynomials of dimension —1, that is the reciprocal of theorem 1
namely that if a family of polynomials satisfies a three-term recurrence
relation of the form given in the theorem 1, then it is a family of vector
orthogonal polynomials of dimension —1 whose moments L;(z7), satisfying
Liy1(z?t1) = L;(27), can be computed.

Let us first remark that the family of linear functionals {Li} is defined
apart a multiplying factor. Indeed if Li(mj ) = ¢i; and if Py is such
that L;(Py) = 0 for i = 0,..., k — 1 then we also have L/(P;) = 0 for
i =0,...,k —1 where L} = aL; that is L;(wj) = ac;; where a is any
number different from zero. Thus Lg(1) can be set to an arbitrary nonzero
value.

Thus let {Pk} be a family of polynomials satisfying
Prta1(2) = (2 + Biet1) Pi(e) — Crp12Pe—1(z), k=0,1,...

with P_1(z) = 0 and Py(z) = 1.

We shall see that, under some assumptions, there exists a family of func-
tionals, uniquely defined apart a multiplying factor, such that L, (:cj =
Li(z7) and V k, L;(Py) = 0for i =0, ...,k — 1. Thus {P;} will be the
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family of vector orthogonal polynomials of dimension —1 with respect to
the family {L;}.
We have
Pi(z)=z+ B,

and
LO(P]_) =0= Lo(w) + BlLo(l) .

Since the L;’s are defined apart a multiplying factor, then Lg(1) is
arbitrary and we shall take Lo(1) = 1 (if we take Lo(1) = 0 then V i,
js Li(z?) = 0). Thus this first orthogonality condition gives the value of
Lo(z). Now, for i = 0 and 1

Li(Py) =0 = L;(zP1) + BoL;(P)) — CaL;(zPy).

For : = 0, Lo(P1) = 0 and the preceding relation gives the value of
Lo(z?) since Lo(1) and Lo(z) are known.

When ¢ = 1, we first set, following (7), Li(z) = Lo(1) and Ly(z?) =
Lo(z). Thus Ly(zP;) = Lo(P1) and Lq(zPy) = Lo(Po) are known and the
preceding relation allows to compute the value of L;(P;) if B # 0. Thus,
since Li(z) = Lo(1) = 1, we obtain the value of L;(1).

By induction, let us assume that the quantities L;(z’) are known for
t=0,....,k—~1landj=0,..., k. Wehave fori =0, ..., k

Li(Pry1) = 0 = Li(Pz) + Bry1Li(Pr) — Cr1Li(z Pr_q).

When i = 0, Lo(P) = 0 and Lo(z*t!) can be computed since Lo(z7) is
known for j =0, ..., k.

Now we set Ly(z7) = Lip_y(z? ') forj=1,...,k+1and Li(z*t1) =
Li_l(wk) for: =1, ..., k. Thus the right hand side of the preceding relation
is zero for i =1, ..., k — 1 since L;(¢Py) = L;_1(P) =0, L;(P,) = 0 and
Li(zPg_1) = Li—1(Pg_1) = 0.

For ¢ = k, Li(2Pr) = Lp—1(Pe) = 0 and Lg(zPr_1) = Lp_1(Pr_1) is
known. Thus Ly (Pg) can be computed if Bx1; # 0. Since Lj(z?) is known
for j=1,..., k+ 1 then Lg(1) can be obtained from the above formula.

Let us also remark that if By = 0 then V ¢, j, Li(a:j) = 0. Thus we
proved the theorem 3.
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THEOREM 3.— Let {Pk} be a family of polynomials satisfying
Pey1(z) = (2 + By1) Pe(z) — Crp12Pe—1(2), k=0,1,...

with P_1(z) = 0 and Py(z) = 1.

If Bpyry # 0 for k = 0,1,..., then {Pk} 18 the family of monic
vector orthogonal polynomials of dimension —1 with respect to a uniquely
determined (apart a multiplying factor) family of linear functionals {Li}
satisfying Li+1(zj+1) = Li(z?) whose moments Li(z9) can be computed
and are not all zero.

Remark.— Obviously it is possible to obtain similarly the linear func-
tionals such that

Lp(ijk) =0, forp=4¢,...,i+k—-1
where ¢ and j are fixed non negative integers.

Remark.— From the expressions of By and Cf4q it is easy to see that
B4 1 is different from zero if and only if Cp 11 # 0 and Lg_1(Pr—_1) # 0. The
condition Ly_;(Pr_1) # 0 insures the existence of the vector orthogonal
polynomial Pj. Cjyq is different from zero if and only if Lo(zP) # 0.
Defining the functional L_; by L_q(27) = Lo(27%?), we have Lo(zPy) =
L_1(P:). Again it is easy to see that the condition L_;(Pg) # 0 insures
the existence of the vector orthogonal polynomial P, ;. The family {Li}
is said to be definite if and only if V k, Ly(Ps) # 0. This condition
insures the existence of all the polynomials {Pk}. In particular, we have
Lo(Py) = Lo(1) # 0 and we recover a condition discussed above. The
condition Bj,; # 0 must be compared with the condition for the usual
Shohat-Favard theorem about the ordinary orthogonal polynomials (that is
the vector orthogonal polynomials of dimension d = 1) which is Cp 1 # 0
(see [1, p. 1535]).

Let us now consider the polynomials
Bi(z) = 2*Py(e™1).

If the polynomials P}, satisfy the recurrence relation of theorem 3, then
we have

"1 Pyi(z7Y) = 2" (27N + Bryt) Pl ) = Crg1d® e g (27
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that is
Piyi(z) = (14 Brs12) Pp(z) — Cry12Pi_r(z), k=0, 1,...

with P_;(z) = 0 and Py(z) = 1.

Thus, by theorem 3, the polynomials 1310 (which are no more monic) form
a family of vector orthogonal polynomials of dimension —1. More precisely,
if we set

Py (z)

Uk(z) = Bi B

then the polynomials U, are monic and they satisfy

Ut1(2) = (2 + B },) Uk(z) — Cop1 By ' B 2Up_y(2), k=0,1,...

with U_;(z) = 0 and Up(z) = 1.
Let us denote by {;} the family of linear functionals such that V k
M;(Ug)=0, fori=0,...,k—1.
Thus, from the relations of theorem 1, we have
Mo(2Uk) = Cr1By ' Byl Mo(aUk_y)
Mp(Ug) = Cry1 B, ' My_1(Ur—1), k=1,2,...

with Mo(zUp) = —1/B; and Mo(Up) = 1.

Replacing By, By and Cpy; by their expressions we obtain relations
between the two families of linear functionals

Mo(2Uk) _ _ Li(Pe)Lo(zPp-)
Mo(2Uk_1)  Li—2(Pr—2)Lo(zPk_1)
Mp(Up)  Lo(zPg)Lp_1(Pr_1)Lo(zPy_z)

Mg_1(Up—1)  Lo(xPr—1)Lik—2(Pe_2)Lo(zPe_q)

An open problem is to express the quantities M;(z?) in terms of the
Li(:cj)’s. Another open problem is to study if the Christoffel-Darboux
type formula of theorem 2 implies the recurrence relations of the vector
orthogonal polynomials of dimension —1 as is the case with the usual
orthogonal polynomials of dimension d = 1 2], [3].
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3. Orthogonality on the real line

Let us now explain the link with the usual formal orthogonality. We
previously saw that for d = —1:

Cij = Ci—1,5-1-
Thus we have

s = €0,j—4 fg—:>0
K Ci-3j0 ifi—j3>0.

In both cases, we can define quantities c;; with negative indexes by

o — C_1j-i-1=...=Ci_j0 ifj—-i>0
) Cimjul,~1 = ...=cCoj—; fi—732>0
and set
Cij = Ci—j

since c;; depends only on the difference i — j.

Let ¢ be the linear functional on the space of complex Laurent polyno-
mials defined by

c(zi):ci, 1eZ
and c(™ by

@) =cpyi, n,ic€Z.

Orthogonality with respect to ¢ will be called orthogonality on the real
line since it generalizes this case.

Thus, if R, is any polynomial of degree k, we have
Lp(Ri(z)) = c(2PR(z 1)) = c(zP2* R, (z)) = {79 (2P R, " (2))

where Rj, is defined as above.

It follows that the polynomial P,Ei’j) satisfies, forp=1¢, ..., i+ k-1
Iy (szIEi,j)> — (=R (xpz—j?g:j)*) — (—k=3) (mpﬁgciyj)‘) —0.
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Thus ﬁio,j)* is the polynomial of degree k of the family of formal orthogonal
polynomials with respect to c(=k=3),

This connection was already pointed out by Bultheel [6, p. 98 ff]. Ho-
wever, our approach, using only linear functionals, seems simpler than his
based on bilinear forms defined on the set of Laurent polynomials.

On the recurrence relations satisfied by these polynomials when some of
the determinants H,gO’J) are zero, see Draux [8].

We also see that we have
c(:cpw_jPIEi’j)(x_l)) =0, forp=4i,...,i1+k~-1.

Thus, if we set N
ﬁk(:l’])(x) - mkplgl,J)(z—l)

we have

C(wp—k—jﬁlgi’j)(w)) =0, forp=i,...,i+k—1.

Thus, for any ¢ and j such that i — j = n + k, }3151’3) is identical to PIEn),
the usual orthogonal polynomial of degree k of the family of orthogonal
polynomials with respect to (™) (normalized by the condition P,En)(O) =1)
that is V 7 > 0, it holds

c(n)(mPPIEn)(w)) = c(wp§£"+k+j’j)(z)) =0, forp=0,...,k—1.

This connection can be seen more directly from the determinantal formulae
of the orthogonal polynomials.

4. Orthogonality on the unit circle

We shall now show that orthogonality on the unit circle is a particular
case of vector orthogonality of dimension —1.

Let us assume that c(i’) =7C; and that T = 1/z (or, in other words, that
z is on the unit circle) then we have
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Conversely, if this relation holds, then it is equivalent to assume that
Z = 1/z and the usual orthogonality on the unit circle is recovered [9], [10].
Since our notion generalizes this case, it will be called orthogonality on the
unit circle.

We shall now examine this case in more details.

Let us set

P/El,])(:l:) = ag + e 4 akwk

where obviously the coefficients depend on i, j and k.

Thanks to the orthogonality conditions (1), we have ap = 1 and

agCi—j + -+ apCi_j_p = 0

agCiyk—j—1 T+ apci—j—1 =0.
Thus (17) can be written as

apC;—j; + -+ akEi—j—k =0

oCipp—j—1+ -+ axCi—j-1 = 0.
Since ¢_pn = Cp, this system is equivalent to
@ocj—i + -+ i1 =0
(18)
oC;_p—j+1 + -+ Apcj_i41 = 0.
Let us now consider the polynomial
PUTY(2) = by + -+ + bya®
with b, = 1. The orthogonality conditions (1) give
boCj—i41+  FbpCiify1 =0
(19)
bocj ik + - +brcj_i = 0.
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Comparing (18) and (19), we see that both systems are the same and

Thus if we set
P ey = P (27 = gpat & - 4 3,
we have P,gi’j)*(ﬂ) =T, = 1 and thus
P (2) = PV (0) PUH (g, (20)
Replacing in (14) gives, for i = j

i i A i)
P,£+1)(:c) = a:P,E )(m) - %Pk(: ) (z).

Ta.king T = 0, we ha.ve
1,0 /\k-{-

k+1 o

and we finally obtain

P{(2) = 2P (2) + P4 (0) PID* (a)
which is one of the usual recurrence relations for orthogonal polynomials
on the unit circle when ¢ = 5 = 0. The other usual recurrence relations for

orthogonal polynomials on the unit circle when ¢ = j = 0 could be recovered
in a similar way from (14) and (15) (see [9], [10]).

Thus, relations (9), (10) and (15) generalize the usual recurrence relations
to adjacent families of orthogonal polynomials on the unit circle.

Using (20) in the Christoffel-Darboux-type formula given in the previous
section leads immediately to the usual corresponding formula for orthogonal
polynomials on the unit circle.
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5. Conclusion

Vector orthogonality of dimension d = —1 seems to be a central notion
since it generalizes orthogonality on the unit circle and the usual notion
of orthogonality which are both recovered as particular cases. Thus, in
particular, it opens the way to a unified presentation of Padé, Laurent-Padé
and two-point Padé approximants.

Because of the numerous applications of orthogonal polynomials, vector
orthogonal polynomials of dimension —1 might also have interesting appli-
cations, but they now remain to be discovered.
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