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Asymptotic stability for a homogeneous
s1ngularly perturbed system of differential equations
with unbounded delay(*)

HrisTo DiMITROV VouLov(l) and Drumi DiMiTrov Bainov(?)

RESUME. — On a obtenu des conditions suffisantes pour la stabilité
équiasymptotique de la solution nulle d'un systéme d'équations différ-
entielles avec une perturbation singuliére et un retard non borné.

ABSTRACT. — Sufficient conditions for equiasymptotic stability of the
null solution of a homogeneous singularly perturbed system of differential
equations with unbounded delay are obtained.

1. Introduction

Singularly perturbed systems of differential equations are often used in
the applications. In the recent decades the theory of singularly perturbed
ordinary differential equations develops intensively. A principal problem in
this theory is to find sufficient conditions under which certains properties
of the solutions of the degenerate system (for p = 0) are preserved for
sufficiently small values of the perturbing parameter pu.

In some mathematical models the history of the process described is taken
into account. Thus naturally the necessity of investigation of singularly
perturbed equations with retarded argument arises. The linear case was
considered in the papers [2]-[3], [9], [12]-[14], [18], and the nonlinear case
— in the papers [5], [9], but with constant delay of the argument. In [5],
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the existence of periodic solutions is discussed and in [9] — the asymptotic
stability of the null solution. In the present paper sufficient conditions are
found for equiasymptotic stability of the null solution of a homogeneous
singularly perturbed system with unbounded delay. The results obtained
are a generalization of some results of [9] and [18]. We shall note that the
results in [9] are based on a linear approximation of the respective nonlinear
system while in the present paper such an approach is not possible.

2. Preliminary notes

We shall denote the Euclidean norm by | - |. If v is scalar function of a
scalar argument ¢, denote by v its right derivative and by D*v, Dyv, D™ v,
D_v its Dini derivatives, i.e.

Dt v(t) = limsup[v(t + k) — (t)] At
h—0t

D™ o(t) = limsup [v(t + k) — v(t)| R,
h—0~

Dv(t) = liminf[o(t + h) - v(t)] A7,

D_»(t) = l}iln_l'%llf[v(t +h)—v()]r7.

If z is a vector-valued function of a scalar argument, set Dtz =
col(D*zy, ..., DTz,) and analogously for Dyz, D™z, D_z. Introduce

the notation
Dtz = max{|D¥z|, |Dyz|},

D~z = max{|D”z|, |D_z|},
Dz = max{Dtz, D"z},

z¢(s) = z(t +s), I=(tg,+o0) forfixed g €R
and

6={secw:aw<t, Jim o) =+

Let & be the linear space of functions ¢ : (—o0, 0] — IRP and let E
be a linear subspace of ® provided with a seminorm || - ||. For 7 > 0,
set B, = {go €E®:pelCl-1,0], p_r € E} The space E is said to be
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Asymptotic stability for a homogeneous singularly perturbed system

admissible if for any * > 0 and ¥ € E; the following conditions (H) are
met:

Hl ¢ € E,fort e [-7,0];
H2 ¢, is continuous in ¢t with respect to || - || for ¢t € [—7, 0];
HS Mg [y(0)] <[]l < K () max _[v(e)] + M ()9
where Mg > 0 is a constant and K and M are continuous functions. An

admissible space F has a fading memory if the functions K and M in H3
satisfy the condition H4

H4 K(s) = Ko = const, M(s) — 0 as s — +oo.
Consider the initial value problem
z(t) = F(t,xt), 2o =9 €E, (1)

whete t > o € I, F(t,¢) is a functional defined and continuous for
(t,¢) €I x E and F(t,0) = 0. The local existence of a solution of problem
(1) is guaranteed by Theorem 2.1 [6].

DEFINITION 1.— The null solution of (1) is said to be:

(0) stable inIRP if fore > 0, o € I there ezists § = §(c,€) > 0 such that
each solution z of the initial value problem (1), z, = ¢ is defined
fort > o, ||¢|| < 8 and satisfies the inequality

lz(t)| < e.
(a2) uniformly stable in RP if in (a1) the number & does not depend on

o.

(ae3) equiasymptotically stable in IRP if it is stable and there exist func-
tions 69 = bg(o) and T = T(0,¢€) such that each solution = of (1),
T, = ¢ satisfies for t > T(o,¢€), ||¢|| < bo(c), the inequality

I:c(t)[ <e€.

(cq) uniformly asymptotically stable in RP if (ag)-(ag) are valid and
b0(c), T(o,€) — o do not depend on o.

(a5) exponentially stable in RP if there exist positive constants a, M
such that each solution z of (1), xs = ¢ satisfies fort > o € I the
inequality

le(t)| < Millellexp(~a(t — o)) .
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If in the above definition we replace Ia:(t)l and IRP respectively by ||z¢||
and E, we obtain corresponding definitions of stability in E. If E is an
admissible space with a fading memory, the notions of uniform asymptotic
stability in E and RP are equivalent (cf. Theorem 6.1 of [6]). If the null
solution of (1) is stable, then it is necessary for the initial value problem
(1), 2o = ¢ = 0 to have a unique solution but for ¢ # 0 it may have more
than one solution.

3. Main results
Let o € I. Consider for ¢t > o the system

X(t) = Hy(t, X1, p) + Bi(t, p)Y (t)

pY (t) = Ha(t, Xe, ) + Ba(t, n)Y (1), )

with initial conditions X, = ¢ € E, Y(0) = wp € R", where E is an
admissible space, p € (0, uo], X(t) € IRP, Y(¢) € R™, By and B, are
real matrices whose entries are continuous functions of (¢, 1) € I x [0, po],
H; and H, are real vectors whose components are continuous functionals
defined for (¢,,u) € I x E x [0, ug] and homogeneous in ¢, i.e.

H;(t, Ao, p) = AH;(t,o,p) fordA>0,i=1,2. (4)

THEOREM 1.— For each (s,u) € I x [0, o] there ezists a function
Q(-,s, p) continuous and monotone increasing in the interval [s, +00) and
such that any solution (X,Y) of the initial value problem (3), X, = ¢,
Y (o) = yo satisfies for t > o the inequality

Xl + Y (2)] < Q(t, o, m) (llell + l3ol) - (5)

If, moreover, it is given that for any p € (0, po | the components of B;(t, u)
and H;(t,¢,p) are bounded fort € I, |l¢|| = 1, i = 1, 2, then Q(t,0,p)
depends only on t — o and u.

Proof.— Let p € (0, po] be fixed. From the continuity of H;, B;,
i = 1,2 and from relation (4) it follows that there exists a continuous
function g(s, ) such that

|Hi(s, 08) + Bi(s, )Y | < alss ) (el + YD), i=1,2.  (6)
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Taking into account that E is an admissible space, inequalities (3) imply
the inequality

1%+ Y (0] <
t
< aft = o)l + luol) + 5t = ov) [ ato, ) (1] + [Y(5)]) ds,

o

where
a(s) = eé?g.x ](MOK(G) + M(G) + 1)

q(s,p) = max K(8)+pu~?

9€lo0,s]

are continuous monotone increasing functions of s. Since q(s, 1), lY(s)] and
|| Xs|| are continuous functions of s, from Gronwall’s inequality there follows
inequality (5) with

Q(t,o,) = a(t — o) exp (b(t — o) / “ao.m) ds) .0

From Theorem 1 it follows that the null solution of (3) is unique. From
inequalities (5), (6) and from Theorem 2.2 of [17] it follows that the solutions
of the initial value problem (3), X, = ¢ € E, Y (o) = yo are defined for all
t>o.

In case that det By(t,0) # 0 for t € I, the degenerate system correspond-
ing to (3) (for p = 0) is

&(t) = [Hy — ByB; ' Hy(t, z¢,0)

y(t) = [-B5 ' Ha|(t, ¢, 0) il

with initial condition z, = ¢.
We shall say that conditions (A) are met if the following conditions holds.

(A1) The components of H;, B; (i = 1, 2) are continuous for (¢, ¢, u) €
Ix Ex[0,p], Ba(t,0) € C'(I) and there exists a constant M»
such that

|Bi(t,n)| < Ma, |DFBy(t,u)| < My,
lHl(t"P10)_Hz(t)¢10)l SMZII‘P_¢|,1 121, 2.
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(A2) There exist functions g € G, p € C[0, po] such that p(u) — 0
as p — 0 and for (t,p) € I x [0, pol, ¢ € Ey_g(y), i = 1, 2 the
following inequalities are valid

| Bi(t, 1) — Bi(t,0)| < p(n),

iHi(taﬁo,”) - Hi(tv 12 0)‘ < ,D(IJ) sup H‘PSH .
s€[g(t)-t,0]

(A3) There exists a function g € G and a constant M3 > 0 such that for
(t,w) €I x[0,pu],p€ E;_g(¢) the following inequality is valid

|DYHy(t,o,n)| < Mz sup  (llesll +De(s)) -
s€[g(t)-t,0]

(A4) There exists a constant 3 > 0 such that all eigenvalues Ag(t),
k=1, 2,..., n of the matrix B,(¢,0) satisfy the inequality

ReA,(t) < -8 fortel.

(A5) The null solution of the degenerate system (7) is uniformly asymp-
totically stable in R?.

We shall note that in condition (A4) the matrix By(t,0) is nondegenerate
since |det Ba(t,0)| > 8™ > 0.

The main result in the paper is the following Theorem.

THEOREM 2.— Let E be an admissible space with fading memory and
conditions (A) hold. Then the null solution of (3) is equiasymptotically
stable in E. If, moreover, it is given that the functions t—g(t) and H;(t, ¢, 1)
are bounded for (t,u) € I x [0, po), ||| =1, i =1, 2 the null solution of
(8) is uniformly asymptotically stable.

The proof of Theorem 2 is given in section 4. It is based on a modification
of Lyapunov’s direct method summarized in the following lemmas.

LEMMA 1 ([18]).— Let 29, z1 and § be constants, zg < 21 < 7 < +00,
v € C([20, 7)) and DV ov(t) < 0 for all values of t € [21, T) which satisfy
the conditions v(t) > & and v(t) > v(s) fors € [z0, t]. Then fort € [z, T)
the following inequality is valid

v(t) < ma.x{ﬁ, sup ]v(s)} .

3€[z0,21
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Proof.— For t € [z1, T) set

%(t) = max v(s) and w(t) =max{6,v(t)}.
3€[zo,t]
If at least one of the relations 7(¢) # v(t) or 7(t) < § is valid, then from the
continuity of the function v it follows that w(¢) = 0. Let us suppose that
Dtw(t) > 0 for some ¢t € [21, 7). Then (t) = v(t) > & and there exists a
monotone decreasing sequence of numbers h, > 0 tending to zero and

1
T(t + hpn) > (t) + 3 Dtw(t)h, fornelN.
Consequently, for each n € IN there exists A, € (0,h,) such that
1
o(t+An) =T(t+hn) > 0(t) + 5 DT w(t)A,,

from which we obtain that D v(t) > (1/2) Dt w(t) > 0. On the other hand,
from the relations 7(t) = v(t) > § it follows, by condition, that D v(¢) < 0
which contradicts the inequality Dt v(¢) > 0. Hence Dtw(t) < 0 for all
t € [o, 7). From Theorem 2.1 of [18, Appendix I] it follows that

v(t) <w(t) <w(z) forte[z,7).0

LEMMA 2 ([18]).— Letve C([z, 7)), 2< 17 < +00, ¢ >0, 6 €R and
z+ T < T, where
T = ¢~ ' max{0, »(z) —é6}.

For each t € [z, T) for which v(t) > § let the relation DT v(t) < —q be
valid. Then
v(t) <6 forte[z+T, 7).

Proof .— If v(s) < § for some s € [z, 2+ T], then from Lemma 1 (for
29 = z1 = 8) it follows that v(t) < 8 fort € s, ) D[22+ T, ). Suppose
that this is not true, i.e. v(t) > 6 for each ¢t € [2, z+ T']. Then for the
function w(t) = v(t)+q(t — z), we obtain that w(z) = v(z) and DV w(t) < 0
fort € [z, z+ T]. From Lemma 1 it follows that w(z + T') < w(z) = v(z)
which implies

v(2) >w(z+T)=v(z+T)+qT >6+qT
in a contradiction with the definition of T. O
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LEMMA 3 ([18]).— Let f € C([0, +0)), f(t) > t fort > 0, r €
C([zo, +oo)), r(t) < t fort > 2z and r(t) — +oo as t — +oco. Let
co > 0 be a constant and let 7 and q be functions defined for § > 0 so that
7(8) = (6, co, 20) > z0 and q(8) = q(é, co, 20) > 0.

Then there ezists a function I' such that T'(8) = T'(6, co, z0) > 2o foré > 0
and for any function v € C([z0, +00)) for which the following relations
are valid: v(t) < co fort > zg and DT v(t) < —q(8) for each value of t
satisfying the conditions t > 7(6), v(t) > 6, r(t) > zg and f(v(t)) > v(s)
for s € [r(t), t], the relation v(t) < & is valid for t > T'(8).

If, moreover, for t > 29 we have r(t) > t —h, h = const > 0, and
the numbers (8, co, z0) — zo and q(8, co,z0) do not depend on 29, then the
number T'(6, co, z0) — 20 also does not depend on zg.

Proof.— Let § € (0,cq). By means of the numbers ¢ = ¢(é, co, z0) and
7 = 7(6,co,20) we shall define I'(§). By the properties of the function f
there exists a positive number a = a(é, ¢g) such that

f(s)—s>a forse(b,co].

There exists a positive interger m = m(§, co) such that §+am > co. From
the properties of the function r it follows that there exists a finite monotone
increasing sequence of numbers t, = t,(6,¢0,20) (n = 0, 1, ..., m) such
that tg = 7 and 7(t) > tp—q fort > t, — (a/q),n =1, 2, ..., m. Set

I‘(6) =tm = tm(é, Co, Zo) .

Let v € C([zo, +oo)), v(t) < ¢o for t > zp and Dtu(t) < —q for
each value of ¢ satisfying the conditions ¢t > 7, v(¢) > 6, 7(t) > zo and
F(v(t)) > v(s) for s € [r(t), t]. We shall prove that v(t) < & fort > tm.
For this purpose it suffices to prove that for n =0, 1, ..., m the following
relation is valid

v(t) <6+ (m—n)a fort>t,. (Pn)

We shall prove the above assertion by induction with respect to n. From
the relations v(t) < cop < 8 + ma for t > zg and from o = 7 > 29 it follows
that relation (P,) is valid for n = 0. Suppose that relation (Pyp) is valid for
some n < m. Then, for ¢t > t,4+1 — (a/q) and v(t) > 6§ + (m — n — 1)a, the
inequality DV v(t) < —q is valid since t > r(t) > t, > 7, v(t) > 6 and

f(@) >v(t)+a>6+(m—-n—1)a>v(s) forse [r(t)ﬂ, t].
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From Lemma 2 it follows that v(t) < §+a(m—n—1)fort > t,11—(a/q)+T1,
where

1
T = p max{0, v(tp41 —ag~ ') —6 — (m —n—1)a}.

The inequalities

a a
tn+1—529 tn+1_;1' > tn

and

v(tnﬂ—g) <6+ (m—n)a

show that T1 < a/q. Hence v(t) < §+(m—n—1)afort > t,41, i.e. relation
(Prn+1) holds. The first part of Lemma 3 is proved.

Let, in addition 7(t¢) > ¢t — h, h = const > 0 and the numbers
7(8,c0,20) — z0 and ¢ = q(8, co, z0) do not depend on zy. Setting ¢, =
th-1+h+(a/q) forn=1,2,..., m, we obtain

L'(8,co,20) — 20 =tm—zo=m<h+g) + 7(6,co,20) — 20,

which completes the proof. O
Let U = U(t, ¢) be a functional continuous for (t,¢) € I x E,

a(llell) <UE ) <b(lell),

where a, b are strictly increasing functions and a(0) = b(0) = 0. Set
v(t) = U(t, z¢), where z is a solution of the initial value problem (1), z, = ¢,
(6,9) € I x E. If Dt u(t) satisfies appropriate inequalities, then by means
of Lemmas 1 and 3 one can prove stability and equiasymptotic stability of
the null solution of (1). It is essential that in the estimation of Dt v(t) the
properties of the solution z in the interval [0, t] or [r(t) , t] can be used,
where the length of the interval [r(t), t] can be unbounded for ¢t € I.

Lemma 1 and Lemma 3 represent a natural development of some ideas
of B. S. Razumikhin [15], N. N. Krasovskii [10], R. D. Driver [4] and B. I.
Barnea [1]. The results in [15], [10] and [4] require the existence of an
a priori estimate for DV v(t) for any t > o, ¢ € E, in the paper of
V. Lakshmikantham and S. Leela [11] an estimate of D v(¢) for any ¢ > o,
Y€ Fa_r(a) is required, and in [1] — respectively fort > r(t) =t — h > o,
h = const > 0. Results similar to Lemma 1 and Lemma 3 were obtained by
J. Kato [8] but under some additional constraints on r(%).
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We shall use the following properties of the Dini derivatives.

LEMMA 4.— Let f, g1 and g be scalar functions. Then the following
relations are valid (provided that the respective algebraic operations have
sense):

(r1) im sup(gl(s) + gg(s)) < lim sup g1 (s) + lim sup ga(s),
lim sup(gl(s) + gz(s)) > lim sup g1 (s) + lim inf g5(s),
lim sup|g1(s) - g2(s)| < lim sup|gy(s)| - im sup|ga(s)|,
lim sup(—f(s) = — liminf f(s);

(r2) if DT f(s) €R then f(t) — f(s) ast — 3,1t > s;
(r3) hmsup]f s+h)— f(s)|h™t =DV f(s);
(ra) zf’D+gi(s) €R,i=1,2, then

D1 (g192)(s) < |91(5)| D g2(s) + |92(s)| P T 91(s)5

(rs) imsup sup f(s) =limsup f(h);
h—0t s€(0,R] h—0t

(r6) D* [91(92(2))] < Dyg1(92(s)) D ¥ g2(s) ;
(r7) of the functions f, g1 and gy are continuous, gi(s) < ga(s) for
s € (a,b) and t € (a,b), then

* m aX + . .
P <s€[91(tﬁ2(t)]f(3)> < max D [.f(g,(t))] H

1=1,2

(r8) if the functions f, g1 and gy are continuous and
01(t) < DT f(t) < g2(t) fort € (a,b),

then D1 f(t), D™ F(t), D-F(t) € [91(2), 92(¢)] -

Proof .— Relations (11)-(r2) are obvious, relation (r3) follows from the
equality

limsup | f(t)| = max{|lim sup f(¢)|, [iminf f(t)|} ,

and relation (r4) follows from (r1)-(r3). Let d(h) = sup,c(q 1] f(8); hn > 0
forn € IN and h, — 0 as n — +oc. For any n € IN there exists s, € (0, hn]
such that f(sp) > d(hn) — n~1. Consequently,

limsup d(hy,) < limsup f(s,) < limsup f(s)

n—-+oo n—+oco 3s—0T
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which implies relation (r5). Let Dtgy(s) < 400, DFg1(g2(s)) < +oo and
€ > 0. There exists § > 0 such that for ¢ € (s, s + § the inequality

,(91 (92()) — 91(92(9))) (¢ - 8)‘1} < (Da1(92(s) +¢) (DT ga(s) +¢)

is valid. Passing to the limit as ¢t — s, ¢ > s, and then € — 0, relation (rg)
is obtained. Let the functions f, g; and g be continuous, g;(s) < g2(s) for
3 € (a,b) and t € (a,b). Set

y(s)

et o’
For y(t + h) > y(t) the following inequality holds
y(t+h) < max{  sup  f(gi(s)) ¢ -
=12 | se(t,t+h]

For y(t) > max {f(g1(¢)) , f(g2(t)) } there exists hg > 0 such that y(t+h) =
y(t) for h € (0, hg]. Consequently, for given ¢t and sufficiently small values
of h the inequality

ly(t + h) — y(t)| <

+=1,2 se(t,t+h]

< max max{ sup  f(gi(s)) — Fgi(2)) » f(gi(t)) — (gt + h))}

is valid, whence by means of relations (r3) and (r5) there follows relation
(1.'7). Let
91(t) < DT f(t) < g2(t) for € (a,b),

where the functions f, g; and g, are continuous. There exists a differentiable
function G defined for ¢ € (a,b) so that dG1(t)/dt = g1(t). The function
Fy = f — Gy satisfies for t € (a,b) the inequality

D¥F(t) > DT f(t) - qi(t) > 0

in view of relation (r;). From Corollary 2.4 of [16, Appendix I], it
follows that the Dini derivatives D, Fy(t), D™ Fi(t) and D_Fj(t) are also
nonnegative for ¢t € (a,b). Hence D f(t) > g1(t) since

0 < D4 Fi(t) < D4 f(t) + DT (=G1)(t) = D4 f(t) — g1(2) -
The remaining inequalities in relation (rg) are proved in the same way. O
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In order to construct the Lyapunov functional needed in the proof of
Theorem 2 (see section 4), we shall use Lemma 5 of [18] and a particular case
of Theorem 3.1 in [17] given below as Lemma 5 and Lemma 6 accordingly.

LEMMA 5.— Let D(r) be a real n x n matric whose coefficients are
smooth functions of 1 € I. Suppose that there exist positive constants B
and q such that for any v € I the characteristic roots Ai(r), i=1,2,..., n
of D(r) satisfy the condition ReM;(r) < —fB and, moreover, ’D(r)| < q,
|D(r)| < q.

Then there exists a continuvous function W(r,n) : I xR" — R! possessing
partial derivatives with respect to all arguments and satisfying the conditions

azln|? < W(r,n) < ban|?,
|We(r,m)| < baln?|,  |Wy(rm)| < balnl,
(Wy(r,m), D(r)n) = —|n|?,

where

w oW ow w
Wr:—a—— and Wn=c01< a ) )
r

amy ' omy T

and ag, by are positive constants depending only on B and q. Moreover, its
partial derivatives W/0m; (r,m), i =1, 2, ..., n, are linear with respect to
n €R™.

LEMMA 6.— Let E be an admissible space with fading memory,

|F(t,¢) - F(t,¥)| < Lllp —¥|| fortel, o, ¥ €F,

and let the null solution of (1) be ezponentially stable in E.

Then there ezists a continuous real-valued functional V (t,y) defined on
I x E, which satisfies the following conditions:

i) lell < V(te) < Lallell,
i) |Vt ) = V(L ¥)| < Lalle — #ll,
i) Vi) (t ¢) < —qV (8, 9),
fortel, ¢, ¢ € E, where Ly, Ly and q are positive constants, and

V' \(t,¢) = limsup [V(t +h, zyn(t, @) — V(4 (p)] RL.
) h—0t
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We shall note that the conditions of Theorem 2 are natural. The
importance of conditions (A2) and (A4) is seen in the case g(t) = ¢ from
the examples E1 , E2 and E4 in [7]. Moreover, in conditions (A2) and (A3)
the requirement g(t) — +o0o as ¢ — +oco cannot be omitted as seen from
the following example.

Ezample 1.— Let the function g be Lipschitz continuous and g(¢) < ¢
for t > 1. Consider the system

X(t)=-X(@t)+p s t]X(s) - Y(2)

pY(t) =p max X(s)-Y(t)
selo(t). t]

(8)

for p = [0,1],¢ € I = (1,+c0) with initial conditions ¢ € I, Xy = ¢ €
E=0C,,Y(c) =y €R, where ¥ > 0 and

Cy={p€C(~o0,0]|3 lim|p(s)|e”* as s - —oo}

The space Cy provided with the norm ||¢|| = sup_,<0l<p(s)|e'7" is admissible
and with fading memory. The initial value problem for system (8) satisfies
all assumptions of Theorem 1 except for the condition g(t) — +oo. Suppose
that g(t) < @ = const for t € I. Then the null solution of (8) is not
asymptotically stable since for § > 0, ¢ > Q, ¢(3) = 8, yo = pé the initial
value problem (8), X, = ¢, Y(s) = yo has a solution (X,Y) given by
X(t)=bexp(oc —1t), Y(t) = pb fort > o.

We shall illustrate Theorem 2 by two further examples.

Ezample 2.— Let g(t) = t/2 and consider system (8). It satisfies
all conditions of Theorem 2, hence its null solution is equiasymptotically
stable for sufficiently small 4. We shall prove that it is not uniformly
asymptotically stable for u # 0. Suppose that this is not true. Then there
exist positive numbers §, 4 and a function T'(¢) defined for € > 0 so that for
llell + lyo] < 8, t > o + T(e), o € I the following inequalities are valid

|X(t)| <e, |Y(t)]<e, 9)

where (X,Y) is a solution of the respective initial value problem for system
(8). Set € = ub/2, 0 =1+ T(e), p(s) = 6/2 for s <0, yo = pné/2.
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A straightforward verification shows that the functions X, Y defined by
the equalities

]
X(t):E fort < o,
)
X)) = > exp(c —t) forte o, 20],
)
Y(t) = % for t < 2o,

are a solution of the initial value problem (8), X, = ¢, Y (o) = o, for
t < 20. But the equalities 20 — 1 = 6 + T(¢) and Y(20 — 1) = pb/2 = €
contradict inequalities (9). Hence the null solution of system (8) for
g(t) = t/2 is equiasymptotically stable for sufficiently small p > 0 but
it is not ‘uniformly asymptotically stable.

Ezample 3.— Consider for t > 1 the system

1/3
v — -~ 2
X(t)=aX(t)+ ase[r?fic,t]X(s) + p(uX (®) ae?l}:[,t] X(s)) +bY (t)

1/3
pY(t) = cX(t)+¢ max X(s)+q(pX2(t) max X(s)) +dY(t)
s€{t—h,t] s€
(10)

where the two equations are scalar with constant coefficients, u > 0, A > 0,
d <0, (a+a)d — (c+ )b > 0. We assume that E = Cy, v > 0.

The corresponding degenerate system has the form

#(t) = (a — bed™Y)a(t) + (@ — bed ™) se[r?_aic . z(s). (11)

]

By the well known method of Razumikhin it is proved that for (a —a)d -
b(c — €) > 0 the null solution of (11) is uniformly asymptotically stable in
R, i.e. condition (A5) of Theorem 2 is satisfied. By means of Lemma 4,
it is immediately verified that the remaining conditions of Theorem 2 are
also satisfied. Hence, for (a —@)d > b(c — ¢) and for sufficiently small values
of > 0 the null solution of (10) is equiasymptotically stable, while in the
case when p = ¢ = 0 it is uniformly asymptotically stable. We note that
by Theorem 3.1 in [19] the same result is valid if we replace the condition
(a — @)d > b(c — ¢) by the weaker requirement that at least one of the
inequalities

h(ad —bc) >d or pelh(a— bed~1)] + exp[h(a — bed™H)] <0
hold.

-110 -



Asymptotic stability for a homogeneous singularly perturbed system

4. Proof of theorem 2

From conditions (A1) and (A4) it follows that the functional [Hy —
B, Bz_le](t, ¢, 0) is continuous for (¢, ) € I x E and Lipschitz continuous
in . Since F is an admissible space with fading memory, from condition
(A5) and Theorem 6.1 in [6] it follows that the null solution of the degenerate
system (7) is uniformly asymptotically stable in E. Then it is exponentially
stable in F since the functional [H; — By B;ng](t, ¢, 0) is homogeneous in
@. (It suffices in the proof of Theorem 3.2 in [17] to replace the expression
“ linear operator ” by “ homogeneous operator ”.) In view of Lemma
6, there exists a continuous functional V(t,¢) such that the functional
Vit e) = [V(t, ¢)]? satisfies the inequalities

arllel® < V(t,¢) < billel?,
[V(t, @) = V(%) <bi(llell +1%l)le — ¥l (12)

Vin(t @) < —aillel?, (13)

where a; and by are positive constants.

From conditions (Al), (A4) and from Lemma 5, it follows that there
exists W € C}(I x IR™) such that

azln* < W(t,n) < balnf?,
|We(t,m)| <balnl*,  |Wy(t,m)| < balnl, (14)
(Wa(t,m), Ba(t,0)m) = —n*,
where ag, by are positive constants depending only on M and 8, W; =

OW/NnW, = col(0W/0m, ..., 8W/3n,) and (-, -) is the scalar product in
IR™. Moreover, the partial derivatives 8W/d7; are linear in 7 € IR™.

From conditions (A1), (A2) and (A4), it follows that there exists con-
stants pu; € (0, ) and b3 such that for (t,p) € I x [0, u1], ¢ € Ey_g(t)
1 € IR™ the following inequalities are valid

|By Mt u)| < b3, DYByl(t,u) <bs, plp) <1, (15)
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|ByBy  Hy)(t, 0, 1) — [ BuB3 ' Hal(t, 0,0)| <bsp(w)  sup el
s€lg(t)-t,0]

(16)
|B; ' (t,w)Ha(t, 0, p)| <b3 sup |l (17)
s€[g(t)-t,0]
1
(Wa(t,n), Ba(t, p)m) < —3 n|?. (18)

Set
L= ma.x{l, Mg, M3, Ko, b]_, bz, 63}, m = min{l, ai, az}.

Then the functional U = U(t,¢,n) = V(i,¢) + W(t,n) satisfies for
(t,o,m) €I x E x R™ the inequality

m2([lell + )2 < Ut o,m) < L3 (llell + nl) . (19)

There exists a function d defined for s € I so that g(t) > s for t > d(s).
Let pu € (0, 1), (0,9,%) € I x E x R™. Let (X,Y) be a solution of the
initial value problem (3), X, = ¢, Y (o) = yo. Set zo = d(0),

z1 =d(d(d(s))) and r(t) = se[igr(ltf) t]g(s) fort > d(o).

From Theorem 1, it follows that for ¢ € [o, 21] the following inequality
holds

Xl + Y (1)] < Ca(llell + lwol) (20)

where C; = Q(z1,0,u). For t > z; we shall estimate from above the
quantities || X¢||+ lY(t)i by means of the functional U and Lemmas 1 and 3.
Introduce the functions 7 and v defined for ¢ > zg by the equalities

n(t) = Y (t,4) + By ' (t, m) Ha(t, Xe, 1), (21)
v(t) = v1(t) + v2(t) = U (¢, Xe,n(t)) (22)
where
v1(t) = vi(o, @, 90, ) (1) = V (2, X¢)
and

vZ(t) = 1)2(0’, @, yOa”')(t) = W(trn(t)) .
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We shall estimate v/(t) taking into account that the functions X and Y
satisfy system (3) in the interval (o, t].

Let ¢ > z; and let w be a solution of the initial value problem (7),
z; = X;. Since the space F is admissible and X; € E, from (12), (13) and
Lemma 4 there follow the inequalities

v'(t) <limsup[V(t+h, Xeypn) - V(E+h, wypp)| 7Y
+

h—0

+ lim sup [V(t +h, weyp) - VI(¢, wt)] At
h—0*t

X(t — w(t
< 2 LKo||X,||imsup sup | X (¢ + 8) — w(t +s)|

— m|| X2
h—0t sE(O,h] s

< 2 L2 X|| | X (2) - ao(8)] ~ ml| X
since the functions X and w satisfy equations (3) and (7). In view of
conditions (A1), (A2) and relations (21), (16), we obtain that

040 < —m| X + 22 (Jato)] + 200 _max IX0) (29
s€lg(t) . t]
Set
S(t) = By '(t,u)Ha(t, Xe, 1) and  €(X) = 1(A) — ABa(t, w)m(t)n?
for A > t. From conditions (A1), (A2), (A3), from relations (3), (15), (21)
and from Lemma 4, there follows the inequality

DYS) <My sup  (|IXall+[n(M)]) < o0, (24)
A€[r(t),t]

where the number My depends only on L, n and p. By equalities (3), (21)
and Lemma 4, we have that

Dtn(t) = u~1By(t, u)n(t) + DTS(t),

Dyn(t) = p~' Ba(t, u)n(t) + D+.S(2) -
Hence D*tn(t) < co and DT¢(t) = DT S(¢). Then by means of inequalities
(14), (18) and Lemma 4, it is obtained that

v3(t) < timsup ([n(e + B) = n(@)] A, W (t,1(8))) + W 6, (0)

< p~limsup (Ba(t, u)n(t), Wy (t,n(t))) +
h—0+ (25)

+ Lin(t)|? + msup ([£(t +h) — &)]A7Y, Wy(2,n(t)) )
h—0t
< (L= (2u)7Y|n@)|? + L|n@)|D*S5(2).
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From relations (23)-(25) it follows that for ¢ > z1, p € (0, 1) the following
inequality is valid

o'(t) < —ml|Xell* = (20) 7 n(®)]* + 26
+ M (Xl + (0)]) | s (150 + ()
where the number My depends only on L, n and p. From relations (19),
(26) it follows that there exists ps € (0,u1) such that for p € (0, p2) for
any t > z; satisfying the inequalities v(¢) > @ > 0 and v(s) < 2(t) for all
s € [r(t), t], the following inequality is valid

v'(t) < —ma(2L)% < 0. (27)

Let the number p € (0, p2) be fixed. We shall prove that the null solution
of system (3) is equiasymptotically stable. With each o € I, 6 > 0, we
associate the set P(c,6) consisting of all functions v defined by equality (22)
for ||| + |vo| < 6. Let ¢ € I and € > 0. Set &(c,¢) = em(L+1)"2(LCy)™*
where C; = Q(z1,0,u). From relations (19)-(22) and (17), it follows tha.t
for v € P(o, 6(d,€)) and t € [20, 21 ] the inequality »(t) < m 2¢2(L +1)72
is valid. Since 7(t) > 2¢ for t > z1, from inequality (27) and from Lemma 1,
it follows that v(t) < m2e?(L +1)~2 for ¢ > 2.

For t > z; from relations (21), (17), (19), (22) and g(t) > 2o, it follows
that
1 Xel| + Y ()] < (L + )m~! sup v(s), (28)
s€[g(t) . t]

hence || X¢|| + |Y'(¢)| < e. The last inequality is valid for ¢t € [0, 21 ] as well,
by virtue of inequalities (20) and L > m. Hence the null solution of system
(3) is stable for p € (0, p2). It remains to prove that it is equiattractive.
Let 0 € I. For 69 = 6(c, (L + 1)m'1), v € P(o,60), t > 2o, we have
v(t) < 1. From lemma 3 (for f(A) = 2X, co = 1, 7(a,1,20) = d(d(zo)),
g(a) = ma(2L)~2) and from inequality (27), it follows that there exists a
function I' = T'(a,1,20) > zo defined for @ > 0 so that for v € P(o,bp),
t > I'(a, 1, 29), the inequality v(t) < a is valid. Set

T(o,€) = (I‘(ezmz(L +1)" ) 1, d(a)) .
From inequality (28), it follows that || X¢||+ \Y(t)] < efort > T(o,¢€), |||+
|yo| < 8o0(c). Hence the null solution of system (3) is equiasymptotically

stable for p € (0, p2).
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Moreover, let it be given that t—g(t) < h, IH,'(t, @, u)| < h,h =const >0
fort €I, |||l =1,i=1,2. Then d(t) =t +h, r(t) >t — 2h, and from
Theorem 1 and lemma 3, it follows that the numbers §(c,€), §o(c) and
T(o,€) — o do not depend on o € I. O
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