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On the different notions of convexity for
rotationally invariant functions(*)

BERNARD DacoroaNA(1) and HipEYUKI KosHIGOE(2)

RESUME. — Soit R?%2 'ensemble des matrices 2 x 2 et f: R2X? R,
Sous l'hypothése d'invariance par rotation de f, on montre que les
conditions de convexité et de polyconvexité prennent une forme plus

. simple qu’usuellement ; alors que ce n'est pas le cas pour les notions de
quasiconvexité et convexité de rang 1. On montre aussi que le calcul
des différentes enveloppes convexes est aussi facilité sous cette hypothése
d'invariance.

ABSTRACT. — Let R2%2 be the set of 2 X 2 matricesand f : R2X2 R,
We assume that f is rotationally invariant and we show that the notions
of convexity and polyconvexity are simpler than for general f; while this
is not the case for quasiconvexity and rank one convexity. We finally
show how this also simplifies the computations of the different convex
envelopes.

0. Introduction

Let R2*2 be the set of 2 by 2 real matrices and RZ“ be the subset of
all diagonal matrices. We denote By O the set of orthogonal matrices, i.e.

0={UeR¥?|UU' =TI}

where Ut denotes the transpose of U and I is the identity. By O, we mean
that
ot ={Uco|detU =1}.

(*) Regu le 27 janvier 1993
(1) Département de Mathématiques, E.P.F.L., CH-1015 Lausanne (Suisse)
(2) Institute of Applied Mathematics, Chiba University (Japan)
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We will be interested in functions f : R2*2 — IR which are rotationally
invariant, i.e.

f(UEV) = f(€) forevery 6 € R?*? U, Veot. (H)

For such functions, we will study the different notions of convexity used in
the calculus of variations (namely: convexity, polyconvexity, quasiconvexity
and rank one convexity, see below for a precise definition). Most examples of
vectorial calculus of variations are functions f satisfying (H). In particular
a very important case is the one where (H) is satisfied for every U, V € O
(instead of OT). It has been intensively studied (see Ball [2], Buttazzo-
Dacorogna-Gangbo [3], Ciazlet [4] or Dacorogna [5] for more references).

To illustrate more concretely the hypothesis (H), let A : R? - IR and
denote for £ € R**2 by €2 = ?,j:l 51'23' the Euclidean norm and by
det £ the determinant. If f is of the form f(¢) = h(|¢[?, det ¢) then f
satisfies (H).

Our main results will be that to test the convexity or the polyconvexity
of f, it is enough to test them on diagonal matrices. This might be in
some concrete examples an important computational simplification. It also
reduces significantly the computations of the convex or the polyconvex
envelopes of a given function.

Surprisingly we will show that these results do not extend to rank one
convex functions. We will give two examples showing that it is not enough
to infer the rank one convexity of a function f from its rank one convexity
tested only on diagonal matrices. More precisely if either

fap = [67% = 2%77b| det ¢|*

or

Fap = 1€12%(I€1> — 2bdet€),

we will show that for a certain choice of the parameters « and b, f, 3 is
rank one convex when restricted to diagonal matrices, while it is not rank
one convex (on the whole of R2*2).

Our article is inspired by those of Buttazzo-Dacorogna-Gangbo [3],
Dacorogna-Douchet-Gangbo-Rappaz [6] and Iwaniec-Lutoborski [7, Prop.
10.2]. It is divided into five sections; the three first deal with the notions of
convexity, polyconvexity and rank one convexity respectively. The fourth
one is devoted to some results on the different convex envelopes of a given
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function f satisfying (H). The last one gives an application of the fourth
section to a concrete example.

Most of our results can be extended to R™*™ (n > 2), but we have
prefered for the sake of clarity to restrict ourselves to the case n = 2.

1. Convexity on diagonal matrices

We first start with ordinary convexity. The main result of this section is
Theorem 1.1.

THEOREM 1.1.— Let f : R?*?2 — IR satisfy (H). Then the following
properties are equivalent:
(i) f is convez,

(i) ffRsz is convet.

Remarks
i) By fl.2x2 is convex, we mean that for every £, n diagonal matrices
R? g
and for every A € [0, 1],

FE+ (1= X)) S AF(E) + (1= N)f(m).
(ii) This result might not be new, but we are unaware of any precise

reference.

Before proceeding with the proof, we introduce some notations (following
Alibert-Dacorogna [1]).

Notations. — Let

_ (&1 &2 2x2
5_(521 €22)€R '

Define

s &2 -2 +_ 1 3 -_1. z
5‘(—512 cm), et =perd) =50,

Observe that if (-; -) denotes the scalar product in R2*2,
(i) det(é +n) = deté + (€5 n) +detn, 2deté = (£; &)

() €=¢"+¢7, €=¢-¢7
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(i) 2detet = [¢]%, 2deté™ = —[¢~|%

(iv) 617 = [e*]®+]67|% 2deté = |et] - |¢7|% = 2det £t +2det e,
(v) (& =ETsnt)+ (7 5n7) and (Er;n7)=(¢";nt) =0
(vi) [€12 —2dete =26 |%, |2 +2det & = 2[¢+|%;

(vil) if ¢ € [0, 1], then

[t + (1= 1)) | < tle*] + (1 - )]

Remark.— Note that if
0
e=(5 3) (@sem,

Ifﬂ la+3| b|
V2 \/5

Before proceeding with the proof of Theorem 1.1, we prove two intermediate
results.

then
)=

LEMMA 1.2. — Let g : R?2 — IR be convez and satisfy

g(a,b) = g(b,a) = g(—a, =b) for everya, b€ R (1.1)
then
g(sz+ty, st —ty) <g(z+y,z—y) (1.2)

for everyz, y €R and s, t €0, 1].

Proof .— We first prove that for every a € R, z €IR,b€IR and y € R
then

b}

g(a,a) < g(a+z,a~-z), (1.3)
9(b,-b) < g(b+y, ~b+y). (1.4)

In fact, using the convexity of g and (1.1), we get

(5 +z,a— )-{-%(a—z,a-{-w))

g(a,a) =

Q

<-gla+z,a—z)+ = g(a zt,a+z)=gla+z,a—=z),

NH—-

ie. (1.3).
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Similarly to get (1.4) we use the convexity of g and (1.1), namely

1 1
g(b,—b) =g (5 (b+y, —b+y) +35(-v, —b—y))
1 1
<590+y, b+y)+ogb-y, ~b-y)=g(b+y, ~b+y).
We now prove (1.2) using the convexity of g, (1.3) and (1.4):

g(sz +ty, sz~ ty) = g(s(z + ty, ¢ — ty) + (1 — s)(ty, —ty))
<sg(z +ty, z —ty) + (1 - s)g(ty, —ty)
<sg(z +ty, 2 —ty) + (1 - s)g(z + ty, = — ty)
=g(z+ty, z—ty)
=g(t(z+y,z—y) + (1 -t)(z,z))
<tg(z+y, z—y)+ (1 -t)g(z, z)
Stgz+y,z—y)+(1-thg(z+y,z-y)
=g(z+y,z-y).

L]

Hence the result. O

LEMMA 1.3.— Let g be as in lemma 1.2, then there ezists a function

f: R?*2 R such that

f is convexz, (1.5)
f satifies (H), (1.6)
flpgxa =g, ie, f= (: g) = g(a,b). (1.7)

Proof.— Let us define f : R2X2 - R by

B - Ot el (Sl
f(i)—g( 7 7 ) (1.8)

of every £ € R?*2. Observe that (1.6) holds trivially. To prove (1.7) we let

e:<‘; ‘;)
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We then get immediately that
1 1
fl€&)=g (E (|a+b|+ |a—b|), 3 (Ia-}-b{— |a~b{)> =g(a,b).

We finally prove (1.5). For any &, n € R2X2 and A € [0, 1], we set

= AT+ (1-Nt], y=AgT|+@=-NP], (19
s:c:‘/\£++(1—/\)17+|, ty:‘/\£‘+(1~/\)n_‘. (1.10)

Note that
s,t€[0,1]. (1.11)

Hence using Lemma 1.2 and (1.8)-(1.11), we get

f(/\€+(1"/\)77) g(sm\j%ty,sz\/—;y)
r+y z—y
g<7§~7)
. Ag(‘“’;}lf" | |£+!¢—§Ie-1) .
+(1_A)g(lvﬂ;§|ﬂ‘l, \v+|\;§|n‘|)
=Af(§)+(1-A)g(n).O

We now turn to the proof of Theorem 1.1.

IN

Proof of Theorem 1.1
(i)=>(ii) is trivial.
(ii)=(i) For

_fa 0 2%2

let g(a,b) = f(€), Then g satisfies the conditions of Lemma 1.2. Using then
Lemma 1.3, we deduce that there exists f : R2X2 — R such that

£ is convex, (1.12)
f satisfies (H), (1.13)
Flpzxa =g. (1.14)

Since f and fsatisfy (H), we deduce that f = fon the whole of R2%X2 and
thus the result. O
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2. Polyconvexity on diagonal matrices

We now turn our attention to the notion of polyconvexity. Let us recall
the definition (see Ball [2] or Dacorogna [5] for more details).

DEFINITIONS

(i) A function f : R2X2 _, R is said to be polyconvex if there ezists
g: R?*2 xR — R convez such that

f(€) = g(&, det&) for every € € R2%2,

(1i) We say that f[p2x2 is polyconvex if there exists g : R® = R convez
d

such that for every
a 0 2x2
§={, p) €8 f(&)=g(abab).

We then have the main result of this section.

THEOREM 2.1.— Let f : R?*? — R satisfy (H). The following condi-
tions are then equivalent:

(i) f is polyconvez,
(i) :ffszz 1s polyconvez,
(ii) the following holds

4 4
DoNf(4) > f (Z AiAi)
=1

=1

for every A; € RZXZ, every A; > 0 with E?zl A; = 1, such that

4 4
Z A;det(A;) = det (Z /\iAi> H
=1 =1

in particular if g : R® — R is defined by

4 4
. a; O
g(a,b,6)§1nf{§ 1:/\1~f( . bi) § §' 1: Ai(as, by, asb;) = (a,b,&)}
1= 1=
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then g is conver and
a 0
f(o b)"g(aibia’b)a

f(£)=g(|€+|+|£—l, e7]- |€~‘,det§)

V2 V2

for every € € R?X2;
(iv) for every n € R‘21x2, there ezist a(n), B(n), ¥(n) € R such that

f€) > f(n) + <<a(077) ﬁ(on)> €~ n> + 7(n)(det § — det )

for every € € szz and (-3 -) denotes the scalar product in R2X2. ip
partucular if

h(z,y,6) = sup {a(a, b)(z — a) + B(a,b)(y — b) +

0
+ v(a,b)(6 —ab) + F & ,
0 b
then h is convez and

f<§ z) = h(z,y,zy),

f6) = h(lﬁ*i;ﬁle-t | 16*!;516-! det 5)

for every € € R?X2,

Remarks

(i) One should compare this result with that of Ball [2] (see also
Dacorogna [5]) for general polyconvex functions. For example from
(iii) we see that to test polyconvexity it is enough to take 4 diagonal
matrices instead of 6 general matrices. In R™, n > 2, the gain will be
obviously even bigger (for example if n = 3, with a theorem similar to
the above one, we need only 8 diagonal matrices instead of 20 general
one).

(i) A similar observation can be made with (iv).
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Proof of Theorem 2.1
(i)=(ii) is trivial.
(ii)=(i) Since ffszz is polyconvex, there exists g : R® = IR convex such
d

that
f(g g) =g(a,b,ab) for every a, b€ R. (2.2)

Moreover under the assumption (H) on f, we deduce that
g(a,b,ab) = g(—a,—b,ab) = g(b,a,ab) for every a, b €R. (2.3)
Now set
G(a,b, 6) = i {9(a,b,8) + g(b,a,6) + g(—a,~b,8) + g(~b, —a,8)}, (2.4)

from which we have

G :R®> - R is convex, (2.5)

G(a,b,8) = G(b,a,8) = G(—a,—b,6), (2.6)
a 0

G(a,b,ad) = f(O b) . (2.7)

Applying Lemma 1.3 to G(-, -,6), we find that there exists G : R?2%2 x
IR — IR such that

G is convex, (2.8)

G(RaERg, 6) = G(€,6) for every Ra, Rg € OT and £ € R?*?, (2.9)

é((g 2) ,5) = G(a,b,6). (2.10)

(The convexity of G in (2.8) is obtained exactly as in the proof of
Lemma 1.3.)

In particular, it follows from (2.10), (2.7) and (2.2) that

é((‘; g),ab> :g(a,b,ab)=f<‘; g) (2.11)

5 B Ot e O e
G(¢,deté) =g ( 7 , 7 , det & (2.12)

-171 -
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for every a, b € R and ¢ € R2*2, Here we used the fact

€7+ le] fer] e
V2 V2

= deté.

Hence for £ € R?*2 with

a 0
RofRg = (0 b) :

G(Ra€Rg, det(RaéRp))

(G 5))=s( )

f(RaﬁR,G) = f(ﬁ) .

G(¢, det £)

Il

Therefore f is polyconvex.

(i)« (iii)<> (iv) The proof of this is classical and in particular identical to
that of Dacorogna [5, th. 1.3, p. 106]. O

3. Rank one convexity on diagonal matrices

As we mentioned in the introduction, a theorem as those of the preceding
sections cannot be proved for rank one convex functions. Let us recall first
the following definitions.

DEFINITIONS

(i) A function f: R?*%? — IR is rank one convex if

FRE+ (1 —t)n) <tf(E)+ (1 —t)f(n)

for everyt € [0, 1], &, n € R?*? with det(¢ —n) = 0.

1) Similarly f|z2x2 is said to be rank one convez if the above inequality
Ry

holds for every diagonal matriz § and n with det(§ — n) = 0.
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Remark.— As well known (see the references), we always have

f convex — f polyconvex — f rank one convex.

Before producing counterexamples to the implication

[ ,2x2 rank one convex —> f rank one convex
Rd

(the converse implication being trivial) we give a very elementary charac-
terisation of rank one convexity on ijz for some C? functions.

ProrosiTION 3.1.— Let

£(&) = g(lE1?, dete)

with g € C?(R?%). The following is then equivalent

(i) f[Rsz is rank one convez;
(ii) g satisfies

‘lgm(a2 + 5%, ab)a? + 4gmy(a2 + b2, ab)ab +
+ gyy(a® + b7, ab)b? + 2g,(a® +b%, ab) > 0

for every a, b €IR and where

d2%g _ 9%y
Gz 922’ Gy = 820y )
d%g g

Proof
(i)=(ii) Let

_[uw O 2x2 I 0 2x2
‘(0 v)ERd ! "‘(0 y) €

with dety = zy = 0 and ¢ € IR. Let

v(t)=f(€+tn):f(U+tw 0 )

0 v+ ty
= g(u? + 0?2 + 2t(uz + vy) + t3(2? + 4?), wv + t(vz + uy)) .
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Since flp2x2 is rank one convex, then necessarily ¢”(0) > 0. A direct
4

computation, bearing in mind that zy = 0, leads to

@"(0) = 49z (u? + 0%, uv)(ulz? + v2y?) + 49y (u? + v2, uv)uv(e? + y?)
+ gyy(u2 + 2, uv)(uzy2 + vzwz) + 2gm(u2 + v, uv)(m2 + yz) >0.

Dividing by z? + y? and setting

az(w2+y2):u2w2+v2y2, bz(x2+y2):u2y2+vza:2
and bearing in mind that zy = 0, we obtain the claimed result.
(ii)=(i) follows elementarily from the above proof. O

Remark.— A similar computation is done in Dacorogna-Douchet-Gang-
bo-Rappaz [6, prop. 1.1]. It shows that rank one convexity on the whole of
R?X2 is equivalent to

4922 (2, y)a’ + 492y (2, y)ab + gyy (2, ¥)b? + 292(z,y) > 0
for every (z,y,a,b) € R* with

{a2+b2§w,
(a+b)2-z<2y<z—(a-b)?.

One sees clearly that Proposition 3.1. follows from the above condition if
we set z = a® + b? (= y = ab).

We may now give the two following counterexamples which are implicitly
contained in Dacorogna-Douchet-Gangbo-Rappaz [6, Prop. 1.6 and 1.8].
For the explicit computations of the following constants b; and bs, we refer
to the above paper.

Counterezample 3.1.— Letb >0, a > 2+ V2 and
fap(€) = [€* — 2%7b|det £|*.
Then

fa,b is rank one convex <= b < by (3.1)

faplg2x2 is rank one convex <= b < b (3.2)
y)

(for the precise value of by, by, see the above paper) and by < b;.
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Counterezample 3.2.— Let b >0, a > (94 5v/5)/4 and

Fap(€) = €17 (1€)* — 2bdet€) .

Then

fap is rank one convex <= b < b, (3.3)

fabl g2x2 is rank one convex <= b <b; (3.4)
d

(for the precise value of by, b2, see the above paper) and by < by.

4. The different envelopes

We now turn our attention to some properties of the envelopes of a given
function f satisfying (H).

Before being explicit, we need one more notion of convexity (introduced
by Morrey [8]).

DEFINITION .— Let f : R?X?2 — IR be continuous. Then f is said
to be quasiconvex if for every @ C IR? bounded domain and for every
u € C§° (R R2) (i.e. uw = (u1,u2) € (C°°(Q))2 and has compact support)
and for every £ € R?*2,

) meas(@) < [ fle+ Va(a) da.

Remarks

(1) In minimisation problems of the calculus of variations, this is the
right notion. As seen by its definition, it is very hard, in practice, to
check such a condition. In fact one always have

f convex —> f polyconvex — f quasiconvex

=—> f rank one convex.

The reverse of the last implication is still open (although Sverak
[10] has produced a counterexample in higher dimension). The fact
that f quasiconvex # f polyconvex can be found in Sverak [9] and
Alibert-Dacorogna [1].
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(ii) Note immediately that if f satisfies (H) the quasiconvexity of f
cannot be infered from the quasiconvexity on diagonal matrices (since
every continuous function is quasiconvex when restricted to diagonal
matrices).

For a given function f : R?2X2 — R, we define the convex, polyconvex,
quasiconvex and rank one convex envelope to be respectively

Cf =sup{g < f | g convex},

Pf =sup{g < f | g polyconvex},

Qf =sup{g < f | g quasiconvex},

Rf =sup{g < f | g rank one convex}.

Then the following is well known (cf. Dacorogna [5]);

5
Z AA; = A}
1=1

5
Cf(4) = inf{z Aif(4s)
i=1

1=1

6 6
Pf(A) = inf{z A f(45) Z/\i(Ai:det A;) = (A, det A)}
1=1

for every A € R2%2,

The following result is elementary and we will not prove it (it is com-
pletely identical to that of Theorem 3.1 of Buttazzo-Dacorogna-Gangbo [3]).

THEOREM 4.1.— If f = R**2 IR satisfy (H), then so do Cf, Pf, Qf
and Rf.

Less trivially we have a better characterisation of Cf and Pf when f
satisfies (H).

THEOREM 4.2.— Lef f : R**2 — R satisfy (H) and
() 2 ({a; &)+

for some o € R?*2, B € R and for every £ € R?X2,
(A) Let g : R? — R be defined by

3 3
. a; O
g(a,b)=mf{;/\if<(; ) ‘Aizo,zlxpl,
= 1=
, . (4.1)
Z,\,a, —a, Z,\ibi = b} ,
=1 =1
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then

L e i el
vz Ve

Cf(¢) = g( ) for every € € R?X2, (4.2)

(B) Let h* :R? = R be defined by

h*(z*,y*) = sup {ww*+yy* —f(m 0)} (4.3)

z,y€lR 0y

and h** :R? = R be defined by

h**(z,y) = sup {az* +yy* - h*(=",y")}, (44)
Ty
then
T e O el
Cf(§)=h ( N Y, : (4.5)
Remarks

(i) As in Theorem 2.1, we see that (A) gives a much easier way to
compute the convex envelope than the usual one. Indeed we need
only 3 diagonal matrices, instead of 5 general matrices (as usually
implied by Carathéodory’s Theorem).

(ii) Theorem 4.2 might, as Theorem 2.1, be known by those working in
convex analysis, but we are unaware of any place where it is explicity
quoted.

(i) (B) in Theorem 4.2 should be compared with Theorem 3.2 in
Buttazzo-Dacorogna-Gangbo [3].
Proof of Theorem 4.2

(A) Let g be as stated. Observe that by Carathéodory’s Theorem, g is
convex (cf. Dacorogna [5, th. 1.1, p. 201]) and because of the invariance of
f, one has g(a, b) = g(b,a) = g(—a, —b). So setting for { € R?*?

;(C.):g(\s’“lﬂs"t, tm—m) |

7z vz
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we get from Lemma 1.3 that f is convex and

f(RaERg) = f(£) for every ¢ € R?*? and every R, Rz € OF,
- a 0
f:(0 b):g(a,b).

We now show that in fact ]7 = Cf as claimed. To do this, we first prove
that f < Cf and then that Cf < f.

Step 1. f < Cf

Oberve that )?S f. This is easy, since for every ¢ € R2*X2, we can find
Ra, Rg € O™ such that

a 0
RafRg = ( 3 b) ,
then
Y =(a 0 0
ey = Firacra) = 7(5 }) =seni< (5 }) =0
Since f is convex and less than f, we conclude that )? <Cf.

Step 2. j?z Cf
Let as above £ € R2%2, Then there exist Ra, Rg € O such that

a5 )

and thus using the definition of g and Theorem 4.1 we get

f(&) = f(Ra€Rg) = g(a,b)
3

a; O

= inf ’\if *

{EZI (0 bi)
3

a; 0

> inf 1\in< * .

{Sner(s 1)

:Cf(‘; 2) = Cf(6).

3 3
Z/\,‘ai =a, Z/\ibi = b}
=1 i=1

3 3
Z/\iai =a, Zz\ib,‘ :b}
=1 i=1

Hence the result.

- 178 -



On the different notions of convexity for rotationally invariant functions

(B) This is proved similarly. Let h** be as stated. Then it is clear that
h** is convex h**(a,b) = h**(b,a) = h**(—a, —b). Thus from Lemma 1.3,

we get that if

R o e I A el

then f is convex, rotationally invariant and

f(g g) = h**(a,b).

To silow that Cf = f, it is therefore sufficient to prove that f < Cf and
Cf < f and this is done as in (A). O

We end up this section with the corresponding theorem for polyconvex
functions.

THEOREM 4.3. — Let f : R**2 — R satisfy (H) and

f(€) 2 (o58) +BdetE +v

for some a € R?*X2, B, v € R and for every £ € R?X2,
(A) Let g :IR® — IR be defined by
4

4
g(a,b,zs):inf{z,\if<‘;z :) N0, S a=1,
1
=1

=1 -
4 (4.18)
Z/\i(aiybi:aibi) = (a,b,&)}
=1

then
B el O el
(B) Let h? =R® — IR be defined by
h?(a,b,$) :sup{am+by+6wy— f(m 0)} . (4.20)
z,y 0 y
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Let hPP : R® — R be defined by

hPP(a,b,8) = sup {a:c + by + e — hP(x, y,s)} , (4.21)
mly1€
then
Ty O e O e
Pf(¢) = h”( 7 , 7 ,det €] . (4.22)

for every € € R2X2,

Remarks

(i) As in Theorem 3.1, we see that (A) gives a much easier way to
compute Pf than the usual one (see Dacorogna [5]). Indeed we need
only 4 diagonal matrices instead of 6 general ones.

(i) (B) of the theorem should be compared to Proposition 3.3 of
Buttazzo-Dacorogna-Gangbo [3].
Proof of Theorem 4.3

(A) Let g be as stated. It is clear by Carathéodory’s Theorem that
g : R® — IR is convex. Furthermore since f satisfies (H), we immediately
get that

g(a,b,8) = g(—a,—b,8) = g(b,a,é).

We therefore use Theorem 2.1 to get G : R?*2 x IR — IR such that
e+ e Jet] - e 5) ;

V2o V2
(i) G(RaERg, ) = G(£,6) for every € € R?*2, Rq, Rg € Ot

(i) é((: g) ,5) = 9(a,5,6).

We now show that in fact

(i) Gis convex, G(£,6) = g<|

Pf(€) = G(€, det§).
To do this, we first prove G < Pf, then G > Pf.
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Step 1. G < Pf
Let ¢ € R?*%, Ry, Rg € O1 be such that

a O
RoéRg = <0 b) .
Then we have

G(¢, det€) = G(RaéRg , det(RaéRp)) = g(a, b, ab)
<1(§ 3)=re.

Since G is convex and in view of the above inequality we deduce that
G < Pf.

Step 2. G > Pf

Let £, Ry, Rg be as above. Using the definition of g, Pf and Theorem 4.1,
we get

G(¢, det £) = g(a, b, ab)

4 .
inf{; A,f(‘:; )
> inf{i /\in< >

=2i(§ 5)=Pro.
Thus (A) is established.

4
> Ailai, biyaib) = (a, b, ab)}
=1

4
> Ai(ai, bi, aibs) = (a,b, ab)}
=1

(B) This is proved similarly. Let hPP be as stated. Observe that hPP is
trivially convex and has the required invariance to apply Theorem 2.1. We
get H : R?*2 x IR — IR such that

(1) H is convex;
(@) H(RatRg, 8) = H(&, 6);

(i) Er((‘; g> ,5) = hPP(a,b, 6).

Using the same argument as above, we deduce that

Pf(§) = H(¢,det§). O
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5. An example

In this section, we shall give an example of how to apply the above results.
Let g : R — IR be such that g(t) = g(—t) and f : R**? — IR be defined

by
F(&) = g(y/ 161> — 2det€) . (5.1)

We then have the following Proposition.

ProprosiTION 5.1

Cf(€) = Pf(€) = QF(€) = RF(§) = g™ (/€12 — 2det§) .

Remark.— A similar result holds for g(+/[¢|% + 2det¢).
Proof of Proposition 5.1

We devide the proof into two steps.

Sept 1.— It follows trivially from Theorem 1.1 that

g** (1/ 112 — 2det &) < CF(€).

Sept 2.— In order to conclude the proof, we only need to show that

Rf(€) < g**(\/|€]> —2det¢). Using Corollary 2.2.9 in Dacorogna [5],
we have that for any ¢ > 0, there exist A° € [0,1], a® and B° with

Afa® 4+ (1 — A°)3° =z — y such that

e+ 9" (z —y) 2 A%g(a) + (1 - A%)g(6°) . (5.2)

Now set
a®=a+y, b*=p+y

a® 0 b* 0
51:(() y)’ ‘52:(0 y)'

Then det(§1 — €2) = 0 and

and

X6+ (1-2)ep = (z "y) .
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Hence using (5.2) and Theorem 5.1.1 in Dacorogna [5], we have

(i Y)-

2
< inf{ Aif(4s)
1=1

2

YA (: Oy) with det(A; — Ag) = 0}
=1
f(&2

iAi =
SATf(€1) + (1 = X)f(€2) = A%g(af) + (1 — A%)g(8°)

<g(z-y)te.
Letting ¢ tend to 0, we get

Rf(f, 2) < g —y). (5.3)

Let £ € R?*2, then there exist Py, P3 € O such that

PytPy = <z 2) .

Using Theorem 4.1 and (5.3), we find that

Rf(¢) = Rf(g 2) < g™ (z —y) = " (\/I€12 — 2det§)

and thus the conclusion. O
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