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Some new existence results
for the
variable density Navier-Stokes equations(*)

ENRIQUE FERNANDEZ-CARA and FrRaNcIsco GuiLLin(l)

RESUME. — Dans cet article, on établit de nouveaux résultats d’exis-
tence pour un systéme d'équations aux dérivées partielles qui décrit le
comportement d'un fluide visqueux, incompressible et non homogéne.
D’abord, on considére le cas avec des conditions aux limites de type
Dirichlet non homogénes. Dans un deuxiéme résultat, on impose des
conditions aux limites s’annulant mais, en méme temps, on suppose que
la viscosité n’est pas constante. Plus précisément, on suppose qu’elle
est une fonction continue de la densité. Dans les démonstrations, les
arguments sont similaires mais, dans le deuxiéme cas, on a besoin d’une
analyse détaillée du comportement de la densité.

ABSTRACT. — In this paper, we prove new existence results for a
nonlinear partial differential system modelling the behavior of a viscous,
nonhomogeneous and incompressible flow. First, we consider the case of
general (nonzero) Dirichlet boundary conditions. In a second result, we
assume that the boundary data vanish but viscosity is nonconstant —
more precisely, a continuous function of the density. In the proofs, the
arguments are similar, although a more detailed analysis of the behavior
of the density is needed in the second case.
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Notation
uv is the tensor product of u and v; uvis a N x N matrix whose (2, 7)-th
component is u;v;
Vu is the gradient of u; Vuis a N x N matzix whose (i, j)-th component
is Ou;/0z;
v Z Ou; is the divergence of

‘u= —— 1is the divergen u

; dz; g

Ous duy Ouy Ouz Ouy Ouyp )\ .
v — - = = th 1 of
xua <Bmz Oz3 Odzz Oz Ozy Oz, s e it ot

(u- V)v is the vector whose i-th component is > ; ui(0v;/dz;)
V.-(uv)=(V-u)v+(u-V)v

C(R4) is the space of continuous real functions defined on Ry

C(0,T; X) is the Banach space of continuous functions f : [0, T] — X
(here X is a Banach space).

1. Introduction

Let © C IR® be a bounded open set whose boundary 8Q € C2 and let T'
be a positive real number. It is well known that the motion of a viscous,
nonhomogeneous and incompressible fluid in Q during the time interval
[0, T] is described by the solution of the variable density Navier-Stokes
equations:

)
—g; + V- (puu) = V- (u(Vu +Vu)) + Vp = pf, (1.1)
dp _
55 TV (p)=0, (1.2)
V.ou=0. (1.3)

It will be assumed that these are satisfied in the open set Q = 0 x (0,7).
We complete the problem by adding to (1.1)-(1.3) the nonhomogeneous
boundary condition

u=g onX=90x(0,T) (1.4)
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and the initial conditions

Pli—o = Po, (1.5)
(pu)lt=0 = poug . (1.6)

Here, the unknowns are p, u = (u1, u2, u3) and p. They respectively give
the mass density, the velocity field and the pressure distribution of the fluid
as functions of position x and time f. The functions f, g, po, up and p are
the data of the problem (u is the dynamic viscosity of the fluid; of course,
> 0and pg > 0in Q).

It is not difficult to rewrite the conservation laws of linear momentum
and mass, (1.1) and (1.2) respectively, in a “nonconservative form”:

p(%—? + (u- V)u> -V ((Vu+'Vu)) + Vp = pof, (1.1)
ap _ ,
'5?+U'Vp—0. (1.2"

Obviously, when p = Const., (1.1)-(1.6) reduces to the well known
incompressible Navier-Stokes problem.

When g = 0 and p is constant, several results have already been obtained
for (1.1)-(1.6). For a bounded 2, the existence of a weak solution has been
established by S. A. Antonzev and A. V. Kazhikhov ([1], [7]) and J.-L. Lions
[12], under the assumption

po>a>0 inQ.

This has been generalized by J. Simon [17] to the more general case in which
one merely assumes pg > 0. O. A. Ladyzhenskaya and V. A. Solonnikov
[10] and H. Okamoto [14] proved the existence and uniqueness — in certain
“regular” spaces — of a local solution, i.e. a solution in @ x [0, T) for
some T, < T. In [18], Simon found a global “nonsmooth” solution for which
the initial condition (1.6) is satisfied in a weak sense — he also proved
that, under some regularity for the data, this solution is more regular in
a short interval of time — and, recently, it was shown in [3] that global
existence remains essentially true in an unbounded three-dimensional Q2 (for
unbounded domains, M. Padula had previously obtained in [15]-[16] results
that are similar to those in [10]; see also [6]).
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In this paper, our main aim is to prove the existence of a global solution
of (1.1)-(1.6) (as in [18] and [3]) first for nonvanishing g and then for
nonconstant u. Results of this kind have already been obtained:

e when the fluid is homogeneous, i.e. it is governed by the Navier-Stokes
equations (see e.g. O. A. Ladyzhenskaya [9] and J.-L. Lions [11]; see
also R. Témam [19]);

e also, when p is a constant and the fluid is compressible and satis-
fies some additional properties (for barotropic flows, see Fiszon and
Zajacszkowski [4] and Lukaszewicz [13]; for other flows, see Valli and
Zajacszkowski [20]).

This paper is organized as follows. In section 2, we first present an
argument by means of which it is possible to reduce (1.1)-(1.6) to an
equivalent similar problem for which boundary values are zero (here, for
simplicity, we assume that g does not depend on t). Then, we state our
first main result, theorem 1, which gives the existence of a global weak
solution for constant u. In section 3, we present the proof of theorem 1. It
relies on the definition of a family of approximations to (1.1)-(1.6) that can
be obtained by solving certain “semi-discretized” problems (more precisely,
some nonlinear problems in which (1.1) but not (1.2) has been discretized).
The fact that g # 0 makes more difficult to obtain uniform e prior:
estimates and to solve (1.2), (1.5) by the method of characteristics. In
section 4, we consider the case in which g depends on ¢. Finally in section 5,
we state and prove theorem 3, an existence result for (1.1)-(1.6) with g = 0
and nonconstant pu. It will be seen that the proof is similar to the one in
section 3 but, now, some recent results on the transport problem satisfied
by p — mainly due to R. Di Perna and P. L. Lions, see [2] — are needed.

2. The first main result (theorem 1)

As announced, we will first consider the case in which g # 0 but p is a
positive constant. Let us introduce our assumptions on Q:

Q is a bounded open connected set, 3Q € C2;
either Q is simply connected (and then I' = 8Q), or it is not

and, in this case, 0Q =TgUT1 U.--UT,, with I'g being the
“outer” boundary and I'y, ..., T'p being the “inner”

boundaries.
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In this section, we assume that g does not depend on t (a more general
situation will be considered in section 4). It will be imposed that

g € H3/%(a0)® (2.1)

and, also, that the compatibility conditions

/ g-ndec=0, Vi:0<:<p
F.

1

or (2.2)

/ g-ndo =0 (if Qis simply connected)
r

are satisfied. For a given g in these conditions, let us introduce the couple
(a, ), the unique solution to the Stokes problem

—-Aa+Vg=0, V-a=0 inQ,
{a:g on 3Q. (2:3)

Due to (2.1)-(2.2) and the regularity of 902, we know that

a€ HY(Q)®, VqeI*()° and lafl g2 + Va2 < C”g”w/z(an)3
(2.4)
for some constant C (cf. [9, p. 78]). Also, from known results (for instance,
see Corollary 3.3, p. 47 in [5]), we have

Ibe H(Q)® suchthat a=Vxband V-b=0. (2.5)

Our aim is to solve the nonlinear system (1.1)-(1.6). Notice that, after
the introduction of the new variable u* = u — a (which in the sequel will
be denoted again by u), (1.1)-(1.6) also reads

aa%uw-(p(u+a)u)+(p-V)a—uAu+Vp=pF+“Aai“Q’ (26)
8p .

5+ V- (pluta)=0 ingQ, (27)

V.-u=0 inQ, (2.8)

u=0 on¥X, (2.9)
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p!t:O =pp inQ, (2.10)
(pu)ltzo = polp in 2, (2.11)

where we have set F = f — (a- V)a and Ty = ug — a (recall that u is a
positive constant). As usual, let us set

V={v;vecCP)?®, V-v=0in 0}

and let H and V be the closures of V in L?(2)3 and H}(2)? respectively.
It is well known that

H={v;velL}n)?, V.v=0inQ, v-n=0on N}
and

V:{v;vEHé(Q)s, V-v:OinQ}.

On the other hand, recall that, when X is a Banach space, 0 < s < 1
and 1 < g < +oo, the Nikolskii space N*9(0,T'; X) is given as follows [8]:

Na’q(O,T;X) = {f;fE Lq(O,T; X)y

0<s:1<)Th_s”Thf - fHLQ(O,T—h;X) < +oo} ’

Here, 7, f(t) = f(t + h) for t a.e. in [0, T — h]. This is a Banach space for

the norm ” . ”N’vq(O,T;X)’ where

“fllN‘vq(O,T;X) = Hf”Lq(O,T;X) + OSEET"—’HThf - fHLq(O,T—h;X) :

In particular, N**°(0,T'; X) is a space of X-valued functions f = [0, T'] —
X which are bounded and Hélder-continuous. Our first main result is the
following theorem.

THEOREM 1.— Assume Wo € H, pgp € L®(Q), po > 0 a.e. and
f € L1(0,T; L¥(Q)®). Then, problem (2.6)-(2.11) possesses at least one
weak solution. More precisely, there ezist functions

ue L*0,T; V), peW™1(0,T; L}(Q)) and p € L®(0,T; L®(R))
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such that
pue L®(0,T; L2(@)%) n NY42(0,T; w=13(0)?),

iIrl)fpo < p(x,t) <suppy a.e. in Q
Q

and satisfy
(2.6) as an equality in W1 (0,T; H~1(Q)?),
(2.7) as an equality in L®(0,T; H~1(R)) and L*(0,T; w-1()),
(2.10) as an equality in H=1(Q) (for instance) and
(2.11) in the following weak sense:

/pu-vdxeC([O,T])
Q

(/ pu~vdx>(0):/p0ﬁo~vdx, YVveVv.
Q Q

Moreover, le/zuHLz € C’([O , T])) and le/zu“L2 (0) = le/ZEOHL;,.

and

Notice that g € H ifandonly if V-ug=0in Qandu-n=g-non
Q. In addition, if pg > a > 0, it is not difficult to prove that

ue L®(0,T; Hyn NY42(0,T; L3(2)%) .

3. Proof of theorem 1

For the proof, we will introduce a semi-Galerkin approach, we will try
to find appropriate a prior: estimates and, then, we will take limits on a
sequence. There are some differences with the standard argument which is
used in the case of homogeneous boundary conditions ([17], [3]):

a) to be able to handle adequate semi-Galerkin approximations, we have
to use basis functions of a particular kind; among other things, these
have to be smooth and compactly supported in ;
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b) to be able to solve the transport equations satisfied by p, a has to
be regularized appropriately by introducing certain approximations
which vanish on 9Q;

c) there are some new terms in the equations that have to be bounded
and for which convergence properties have to be derived.

3.1 Regularization of F

Since F =f—(a-V)a € L}(0,T; L%(22)3), we can introduce a regularizing
sequence {F™} for F, with

F"eC([0,T];L%0)%) and F™ —Fin L'(0,T; L}(2)3). (3.1)
Obviously, it can be assumed that, for some function K € LI(O, T), on has:

|[F™||,2 <K ae.in (0,T). (3.2)

3.2 Regularization of a

Let us also introduce a sequence {a™} of regular and divergence-free
functions which vanish on 9Q and converge towards a. Such a sequence
exists; indeed, it suffices to set

a™ =V xb™ with b™ = (; 5, x (Xq,,,,b) (3.3)

where {(x} is a usual regularizing sequence and b is given by (2.5). Here,
f * g denotes the convolution of f and g and an/m is the cut-off function
which is equal to 1 on

Q/m = {x; x €Q, dist(x,89) > 1/m}
and vanishes elsewhere. Obviously,

a” € C®(@), V-a”=0inQ and a™ =0on dN. (3.4)

Also, a8 — a in HIIOC(Q)?’. More precisely, if n € IN is given and
large enough, from the continuity properties of the convolution product,
one deduces the following:

b™ > bin H*(2,/,)* and [b™

S”b vm>n.

||H2(ﬂz/n)3 HH’(n)-" '

-192 -



Some new existence results for the variable density Navier-Stokes equations
This gives:

a™ — ain Hl(ﬂg/n)3, Vn

H*"m”ﬁrl(nz/n)3 S C'Hbm“}p(nz,n)3 (3.5)
<Cbl gy, Vn,Ym2n.

In particular, we see that Ham HHl(nz/ ) is bounded independently from m.

8.3 The choice of a special basis of V

Let us consider a sequence {v""} in V with the following properties:

v™ € V N CY(Q) has compact support, (3.6a)
{v"™} is an orthonormal sequence of L%(2)*, '
YveV, 3 {wk} with w”* <v1, cee, vm"> and w* —»vinV. (3.6b)

Such a sequence can be obtained as follows. Since V is a separable Hilbert
space, there exists a dense set {u™; m > 1}. For each m, one can find a
m1 s
sequence {wj }j in V such that
wit—u™ inV.

After a renumerotation of the set {w;"; jm > 1}, making use of the
usual orthonormalization technique with respect to the scalar product in
L?, one easily obtains a sequence {v™} satisfying (3.6a) and (3.6b).

Since each v™ is compactly supported in 2, there exists a sequence
{m'(m)} in N, strictly increasing with respect to m and such that m'(m) >

m and suppv™ C Qg/p(rm). Hence, introducing the finite dimensional

spaces V™ = <v1

y o0y V™), it is clear that
supp V™ C Ry /i (m) (3.7

and “V™ - V', i.e.

VveV,3z, 2% ...eVsuchthat z" € V™ and 2™ —»vin V. (3.8)

For simplicity, in the sequel, when no confusion is possible, we use the
symbol m’ to denote m’(m).
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3.4 The definition and existence of approximate solutions

For given m, it will be said that the couple (p™,u™) is a m-th approxi-
mate solution if p™ € C}(Q), u™ € C’l([O, T]; V™) and

m du™ m m! m m m
p W%—((u +a™) - Vu" + (u™-V)a-F"| v+
Q

(3.9)
+p/(Vum+Va):Vv:0, YveV™,
Q
op™ m m' m :
_Bt_+(u +a™)-Vp" =0 inQ, (3.10)
"o =pg and u™|_,=ug inQ. (3.11)
Here, we assume that
oy € CHR), ot — po  weakly-+ in L®(R),
po’ — po strongly in L(Q), Vg< oo,
(3.12)

1 1
— +infpy < pg' < — +suppy in O,
m Q m 0

ug € V™, ug' >4 in H.

From the definition of am', one sees that (3.10) is a transport equation
for p™, where the velocity field, given by u™ + a™', vanishes on I.
Consequently, (3.10) can be solved by the method of characteristics. Also,
observe that in all terms in (3.9), we are in fact integrating in Qy /().
Finally, notice that an equivalent conservative form of (3.9)-(3.11) is given
by the system

1

+ V- (pm (™ +a™ )u™) + (p"u™ - V)a— p"F"| v+
Q

at
+u/(Vum+Va):Vv:0,VvEVm, (3.13)
Q
9p™ m(.m m! :
7+v-(p (u™+a™)) =0 inQ, (3.14)

together with (3.11).
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Recall that, in the case of zero boundary conditions considered in [17],
the existence of a m-th approximate solution can be demonstrated arguing
as follows:

a) rewrite (3.9)-(3.11) as a fixed point equation and introduce the lin-
earized approximate solutions,

b) derive approximate estimates for these linearized solutions and

¢) apply Schauder’s Theorem to deduce that (3.9)-(3.11) possesses at
least one solution.

Here, we can repeat this argument to prove that a solution exists. Only
the obtention of uniform estimates (the second step above) is different, due
to the new terms in (3.9)-(3.10). However, since this difficulty also arises
when one is trying to find a priori estimates for the m-th approximate
solutions, it will be postponed to the next paragraph.

3.5 “A priori” estimates for the approximate solutions

Let us first estimate p™. Obviously, p™ is a constant on each character-
istic line. Thus, we see from (3.12) and (3.14) that

1. 1
— +infpo < P < — +suppo < 1 +suppo = M ;
m 9] m Q o)

therefore,
p™ is uniformly bounded in L=(Q). (3.15)

On the other hand, from (3.13) and (3.14) one sees that, for t a.e. in [0, T'],

L2 55) + 9 (o + o) 2E) + wwan?] =

= / [P"E™-u™ — pVa: Vu™ — (p™u™ - V)a- u™l.
Q

Observe that

1/2
/ PE™ . u™ < M1/2K(t) (/ pm‘umlz) ,
Q Q

_ . m 2 E_ m 2
u/(;Va.Vu §||VaHL2+4/X;|Vu |

C
«—/(p’num-V)a-um < —HVa“is/ pmlumlz—}-ﬁ/ |Vu™|2.
n Iz Q 4 Ja
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Thus, one also has the following energy inequality:

1d

mi, m|2 m 2
- + A\v/ <
2 dt ﬂp |u | l-’*/ﬂl u | >

1/2
< MY2K(t) (/ pmlum|2> + 01/ pPmMum??+C,  (3.16)
Q Q
1 M
< (—K(t) + Cl> / P U™+ K (t) + Co
2 a 2
with C; only depending on p and g for i = 1, 2. From Gronwall’s Lemma
and the fact that the function polug’ 2 is uniformly bounded in L(02), we
deduce that (p™)!/2u™ is uniformly bounded in L™ (0,T; L?()3). From
(3.6), we also derive that
u™ is uniformly bounded in L%(0,T; V). (3.17)

Hence, it is found that

(pm)l/zum and p™u™ are uniformly bounded in (3.18)
L=(0,T; L3(9)%) n L*(0,T; L8(2)°) '
and, from interpolation theory, we easily obtain:
p™u™u™ is uniformly bounded in L4/3(0, T; L} (9)%). (3.19)

Our goal is to take limits in the conservative form of the problem (3.9)-
(3.11). Consequently, we also need uniform bounds for p™(u™ + aml) and
p™(u™ + a™ Ju™. Recall that

a™ (™) is uniformly bounded in H{ (R); (3.20)
accordingly, it is not difficult to deduce that

{ P (u™ + am') is uniformly bounded in (3.21)

L=(0,T5 Lf,(2)°) N L2(0, T'5 If, ()°)
and
p™(u™ + a™ Ju™ is uniformly bounded in L%4(0,T; L% (R)°). (3.22)
Of course, global estimates of the same kind hold true in each €2, /,.
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3.6 “A priori” estimates for the time derivatives

From (3.14) and (3.21), one has

% is uniformly bounded in
9t (3.23)
L0, T HLH®Q) nL2(0,T; W %(0)) .
Let us see that
i/p’"u”"-v <(G+1/)m)HVvH 2, YVvevm, (3.24)
at Jq - L

where G € L'(0,T) is a fixed function and {¥)m} is bounded in the space
L*/3(0,T). Indeed, from (3.13), one finds:

8 m_.m
gz/npu v

_<. (Hpm(um + am')um“Lz(ﬂg/m’) -+
+ ]| V(™ + a)|| g + CM[F™ ) |9 +

+ /(pmum-V)a~v )
Q

whence we obtain (3.24) (it suffices to use (3.2), (3.17) and (3.22) to bound
the first term in the right and, on the other hand, to apply Hdlder’s
inequality and Sobolev’s embedding Theorem to estimate the second one).

It is now possible to obtain new estimates for p™u™ which involve
Nikolskii spaces. The argument is similar to those in [17] and [3] and consists
of four steps.

First step.— Taking into account (3.24), we see as in [17] and [3] that a
constant C > 0 exists with the following property:

T-h
n= [ ([l s - man ] e - wm)]) e
< Chl/?

(3.25)
forall A with0<h < T.
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Second step.— There exists a new constant C > 0 such that

L= [ o ([ lome+m - @) [ame+ 1) - w0 e

< Ch'/?

B (3.26)
for all A in (0,T). Indeed, if w € Wy'*/*(Q) and supp(w) C Ry, it is
then clear that

Jimeen-ran=[(]

Hence, using (3.21) and taking w = u™(t) - (u™(t + h) — u™(t)), we easily
arrive at (3.26).

P (U™ + a™)(s) - Vw) ds.

2/m!

Third step. — From the value of I; — Iy, we deduce the existence of C > 0
such that

“Thpm("'hum - um)HLz(O,T_h;Lz(n)s) < Chl/*. (3.27)

Fourth step.— As in (3], from (3.14) and the estimates (3.21), one has

| The™ - PmHLm(o,T—h;W-I’G(ﬂz/m')) =

t+h ,
< Co?tang {/t [P (0™ +a™ )(3)||L6(92/m,)3 ds}
< Chl/2,

Since u™(t) € V™ and this space is continuously embedded in Hé(ﬂz/m:)s,
(3.17) and the fact that the mapping

(v,A) e HE x W18 L pxe w13
is continuous yields:
1/2
[(rhp™ ~ pm)umHLz(O,T—h;W—113(02/m:)3) < Ch'/2.
This, together with (3.27) leads to the desired property:

p™u™ is uniformly bounded in N'/42(0, T; W,-13(Q)%). (3.28)

loc

We can now continue exactly as in the proof of Theorem 1 in [3]. Since
the argument is rather standard, we omit the details (see also [6]).
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4. The case in which the boundary data depend on ¢

In this section, we will generalize the previous result (theorem 1) to the
case in which g = g(x,t). We will consider again the formulation (2.6)-
(2.11), but now with different functions F and Up.

THEOREM 2. — Assume that Q, pg, ug and f are as in theorem 1. Also,
assume there exist functions a and b such that

3
ac (0,75 BX(@)%), 5 e L'(0,T;1%@)°), alg=g, (41)
be L%(0,T; H3(Q)®), a=VxbinQ (4.2)
and set
da _
F:f—a—(a-V)a and Ty =up — a(0).

Then, problem (2.6)-(2.11) possesses at least one weak solution.

Sketch of the proof .— It is very similar to the proof of theorem 1. The
unique differences are due to the fact that now a, b, a™ and b™ depend on
t, which lead to some changes.

Notice that F € L'(0,7; L2(2)%) and a(0) makes sense in L2(Q)3. If
we extend b by zero outside @ and a™ is given by (3.3), we have

a”€C®@), V-a"=0inQ and a”=0onZX. (4.3)
Furthermore, from (4.2) one sees that

a™ — ain L2(0,T; HL (?)%)
(4.4)

“am”Lz(O,T;Hl(nz/m)s) is uniformly bounded.
Thus, with the same choice for the basis functions v'™ and the integers
m'(m), arguing as in section 3, one deduces the existence of a weak solution
to (2.6)-(2.11) (now, one has to replace in the definition of the m-th

approximate solution a by an adequate regular apprimation; see [6] for
more details). O

To end this section, we present a construction of the functions a and b.
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PROPOSITION .— Assume Q s as in theorem 1 and 2. Also, assume
that

g e L*(0,T; H3/%(89)%), ‘Z—f € L(o0,T; L%(89)®) (4.5)

and (2.2) holds for t a.e. in (0,T). Then, there exist functions a and b
satisfying (4.1) and (4.2).

Proof.— Let us introduce the linear operator 4 : H1/2(8Q)% — H(2)3,
given as follows:

ue HI(Q)®, V.-u=0inQ, u =h,
Ah=u1 & @) 20 (4.6)
(Vu,Vw)L2 =0,VweV.
Let us also introduce B : L?(R)% — L2(990)3, with
Bv = (_6_z + qn) VveL3(q)? (4.7)
an 3n ! ! ’

where (z, ¢) is the unique strong solution to the Stokes problem

z€ HX(Q)3nV, gqe HY(Q), / q(x)dx =0,
Q (4.8)

—-Az+Vg=v, V.-z=0in Q, z|an:0.

From the existence and regularity results for this Stokes problem, it is
clear that

Acc(H?200)%; HY(0)%), 4ec(HY?(00)%; HY(Q)®),
B coincides with the restriction to L2(Q)2 of the adjoint operator A* and
B e £(L?(n)®; L?(990)%).
Furthermore, from the definitions of A and B, one has

(4h, ¥) paays = (By BY) paoqys» ¥V € L%(R)°, ¥ he HY2(50)°.
(4.9)
Let us set a(t) = Ag(t) for t a.e. in (0,7). Obviously,

a€L*(0,T; H2(9)3) and a[z =g;
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moreover, it is not difficult to derive that

g—’: € L'(0,T; L*(2)®)

from (4.9). In other words, a satisfies (4.1). From (4.5), one also deduces
that, for ¢ a.e. in (0,7")

3 b(t) € H?(N)? such that a(t) = V x b(t) and V-b(t)=0in Q

(see e.g. [5, p. 47]). If each b(t) is found as in [5], then it is easy to check
that

1B g2 < C[a®)]| g

and, consequently, b € L2 (O,T; HZ(Q)3), i.e. b satisfied (4.2). O

Notice that, in fact, the first assumption in (4.5) can be weakened. It
suffices to impose
g e L3(0,T; w?/33(q)?)

(see [6] for more details).

5. The second main result (theorem 3) and its proof

This section is devoted to establish a new existence result for (1.1)-(1.6).
Here, it will be assumed that @ C IR% is a general bounded open set with
AN € WL, We also assume that g = 0 but u is not a constant but
continuous function of the density.

THEOREM 3.— Assume that pg, ug and £ are as in theorem 1. Also,
assume that Q is bounded, g = 0 and

pECR:), u(s)>p8>0,¥s>0. (5.1)

Then, problem (1.1)-(1.6) possesses at least one weak solution (p,u,p). The
functions p, u and p satisfy the same properties as in theorem 1 (with
obvious changes).

Proof .— It is similar to the proof of theorem 1, even easier in some
aspects. There are only two serious differences (here, we conserve the
notation of section 3).
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a) The demonstration of the inequalities

14d

2
T me!“m|2+ﬁ“VumHLz S/;Ipmfm'um, (5.2)

which replace (3.16) in this case. Of course, (p™,u™) is here and in the
sequel a m-th approximate solution to (1.1)-(1.6).

b) The proof that
/ u(e™)(Vu™ + 'Vu™) : Vv — / w(p)(Vu +tVu): Vv (5.3)
Q Q

in D'(0,T) for every v € J,>, V™

The energy inequalities (5.2) can be derived as follows. First, it is clear
from the context that

1d

- — pmlumlz-f-/ p(p™)(Vu™+:Vu™) : Vu™ < / P u™ . (5.4)
2 dt Jq Q

Q

We notice that, for some C,

0<B<up™)<C Q. (5.5)

In particular, this gives

m m | te.,.my ., m 2 aurn“ aumj
/Q,i(p )(Vu™ +tvu™) : Vu™ > g ”vu”L”/d;j 52, om; )
(5.6)
(5.4)

But, since V-u =0 and u]z = 0, the last integral vanishes. From
and (5.6), we obtain (5.2).

In order to prove (5.3), we begin by selecting a subsequence (again
indexed with m) which is weakly convergent in L%

(™) (Vu™ +tVu™) - x  weakly in L%(Q)° (5.7)

(this is possible, since u(p™)(Vu™ + ¢Vu™) is uniformly bounded in this
space). Obviously, if
x = p(p)(Vu +*Vu),

then (5.3) holds. Hence, it suffices to check that p(p™) converges strongly
in L? towards u(p).
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In principle, from (3.15) we can only assert weak convergence for p™:
o™ — p weakly in LP(Q), Vp € [1, 00). (5.8)

On the other hand, we know that p is a weak solution of the transport

problem

0 . .
—é-g-i—u'Vp:Om Q, p‘t=0:p0 in Q.

Thus, from the results in [2], we also deduce the following for every p < oco:
peC(0,T; LP(Q)) and |p(t)] 1 = rollLs- (5.9)

Consequently, taking into account the choice of p7* and the fact that
om0 = 65 o> one has:

o™ Loy = NPl Logq) -

This, together with (5.8), yields strong convergence in LP; for p = 2, we
obtain:

p™ — p strongly in L%(Q). (5.10)

Using (5.5), (5.10) and the fact that u is continuous, it is now immediate
that p(p™) converges strongly towards u(p). O

A natural generalization of both theorems 1 and 3 concerns (1.1)-(1.6)
with, at the same time, nonvanishing g and nonconstant p. In this case,
p is the solution of a transport problem where the velocity field is not
zero on 9Q. This leads to the fact that the identity (5.9) does not hold
necessarily. However, (5.9) was needed in the proof of theorem 3 to obtain
strong convergence for the sequence {p™} which, in turn, has been crucial
to establish the convergence of {u(pm)} towards pu(p). Hence, it is not a
priori clear whether similar arguments work in this case.
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