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On approximate controllability
of the Stokes system(*)

ANDREI V. Furstkov(l) and OLEG Yu ImanuviLov(?)

RESUME. — On étudie un probléme d'une contrélabilité approximative
dans des espaces fonctionnels divers pour un systéme non stationnaire de
Stokes qui décrit un courant de fluide visqueux incompressible dans un
domaine borné 2. On prend, en guise de fonction de contréle, la densité
de forces extérieures concentrée dans un sous-domaine w C 2 la condition
aux limites concentrées dans un sous-domaine de la frontiére, ou d’autres
fonctions. On démontre que l'équation de Burgers ne posséde pas de
contrélabilité approchée par rapport & la fonction de contréle indiquée
ci-dessus.

ABSTRACT. — The problem of the approximate controllability in differ-
ent functional spaces of the nonstationary Stokes system which describes
a viscous incompressible fluid flow in a bounded domain Q is investigated.
We use as a control function the density of external forces concentrated
in an arbitrary subdomain w C 2, or the boundary datum concentrated
in a subdomain of the boundary, or some other functions. It is proved
that the Burgers equation is not approximately controllable with respect
to the control functions mentioned above.

1. Introduction

This paper is devoted to the problem of controllability of the Stokes
system, defined in a boundary domain 2 C IR? with a C*-boundary 912:

dy(t,z) — Ay + Vp(t, z) = u(t,z), divy= Z 5 =0 (1.1)
7
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Here t € [0, T] is the time, z = (z1, ..., 4) is the spatial variables,
y(t,z) = (y1, ..., yq) is the vector field of a fluid velocity, A is the Laplace
operator, Vp(t,z) is the pressure gradient, u(¢,z) = (uq, ..., uq) is the
density of external forces. We impose the boundary and initial conditions
for system (1.1):

Yljorixan =0 (1.2)

Y|, = vo(z) - (1.3)

Suppose that u(t,z) in (1.1) is a control and it runs through a fonctional
space U. Besides for an arbitrary u € U, we suppose that the unique solution
(y, p) of problem (1.1) to (1.3) exists in some corresponding functional space
and that the restriction y(7,-) of y at time moment T belongs to the
functional space H.

Problem (1.1) to (1.3) is called H-approximately controllable with respect
to the control set U, if y(T, -) runs through a H-dense set when u runs
through U.

The case when U is a space of vector fields concentrated in a certain
subdomain w of domain (? is the main one in this paper. The problem
of approximate controllability of the Stokes system for this kind of control
was formulated by J.-L. Lions in [7], [9]. This problem has been studied in
section 3 below. To formulate our results we introduce the functional space

x%= {y(d:) = (y1, ceey yd) € (Lg(ﬂ))d :divy=0, (y’n)|3ﬂ = 0} ,

- llxo =11 - llizy(y)e
(1.4)
where n = n(z'), 2’ € 8Q is a field of external normals to 89, and (y,n) is
the normal to 9 component of field y. For a natural number k, we set

d .
Xk = {y(z) € (W) :divy =0, Y)oq = 0} ,
(1.5)
- llxe =1 ||(W2’°(ﬂ))d’
where Wzk(ﬂ) is the Sobolev space of functions which are quadratic inte-

grable together with its derivatives up to the order k. The Wé‘(ﬂ)—norm is
defined below.

In section 3, we prove that problem (1.1) to (1.3) is X*-approximately
controllable with respect to U if k = 0, 1, 2. Here U is the subspace of all
functions belonging to L2(0,T'; X°) and vanishing on z € 0\ w.
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Note that some arguments connected with the smoothness of the solu-
tions force us to suppose, in the case k = 2, that the controls from U are
equal to zero for ¢ belonging to some neighbourhood of T'. The case k > 3
is considered under the same assumption. But if £ > 3 then approximate
uncontrollability of this problem is proved. Besides in section 3, we show a
method of construction of a sequence u,, € U such that the corresponding
4 (T, -) approximate the prescribed vector field (z) in Xk k<2,

An analogous result on the approximate controllability is proved also for
impulse control, i.e. for controls having the form §(t—to)v(z), where §(t—%o)
is the Dirac measure and suppv C w C Q, and for initial control with
support belonging to a subdomain of 2 (section 4). A similar result is proved
for the case when the control is a density of external forces concentrated on
a hypersurface S C Q (section 6). Here, we consider the case of a closed
surfaces S (for the Stokes system of an arbitrary dimension d) and the case
when S has a boundary (when d = 2). In section 5, problem (1.1) with
u(t,z) = 0, (1.3) and with the boundary condition

“‘[o,T]xan =v (1.6)

is considered, where v is a control. In this case some results on the
approximate controllability, similar to the results of section 3, are obtained.
We also study the problem of the exact controllability. For an arbitrary
initial condition yo(z), we prove the existence of a control v having support
on the whole boundary [0, T'] x 89, such that the solution (y, p) of problem
(1.1), (1.3), (1.6) satisfies the equation y(T',z) = 0 (i.e. control v transforms
initial value yo to zero). This result is deduced from an analogous assertion
for the heat equation (see G. Schmidt [11]).

We remark that the problem of the approximate controllability for the
Navier-Stokes system with distributed control concentrated in a subdomain
w C Qis open at the present. E. Fernandez-Cara and J. Real [3] have
proved that the linear cover of the set {y(T,-)} is dense in X0 where
(y,p) is the solution corresponding to a control u and u runs through U.
Nevertheless, it is possible that because of nonlinear term the Navier-Stokes
system rests approximately uncontrollable in the sense of the definition
which was given above. Indeed, J. I. Diaz [2] illustrated with a semilinear
parabolic equation having a boundary control, that the presence of suitable
nonlinearity can imply the approximate uncontrollability of equation. In
section 7, we consider the Burgers equation which is connected with the
Navier-Stokes system more closely than any semilinear parabolic equation.
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It is proved that the Burgers equation is not approximately controllable
with respect to a distributed control concentrated in subinterval as well as
with respect to a boundary control. This result is obtained by means of a
new estimate on a solution of the Burgers equation. This estimate shows
that the velocity of change of the positive part of the solution at a finite
distance to the left at the source of influence is bounded by a constant which
does not depend of the magnitude of the influence.

Note that one of results of section 3 was announced in [5].

2. Preliminaries

We recall the definition of functional spaces, used for the investigation of
problem (1.1) to (1.3). Set

V= {v(x) € (ce(@)?; dive = o} , (2.1)
HO() is the closure of V in (Lg(ﬂ))d, (2.2)
“ 'HH°(Q) = H ‘ H(Lz(ﬂ))d‘

H(Q) is the closure of V in (W}(Q))% HX(R) = HY(Q) n (WZ(0))*
where Wzk (£2) is the Sobolev space of functions with finite norm

1/2
o 2

[olwpey = | & [ 10w ae|

Q
o <k
where
o dlaly
a=(aad) lal=art o tog, D= gy
Let J
I : (L2(0)* — HO(Q) (2.3)

be the orthogonal projection operator of space (Lg(ﬂ))d onto the space
H°(Q). We consider the operator A = —IIA in the space HO(2). It is
known (see V. A. Solonnikov [12]) that A : H°() — H%(Q) with domain
D(Q) = H?(Q) is a self-adjoint positive operator and its eigenfunctions {e;}
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form an orthonormal basis in H%(2). We denote the eigenvalues of operator
Aby 0< A <---<Aj <---. For arbitrary a € R, we introduce the space

(o o] x0
H* = u:Zujej,uJ‘EIR:||uHZ:ZA?|uj|2<oo . (2.4)

Denote by R(f, g) the operator assigning to the functions f, g the solution
z of the Neumann problem

Az(z) = f(z), z € Q, =g« z(z) = R(f,9), (2.5)

%{an

where n is the external normal to 99, f, g satisfy the condition

/ﬂ f(e)da = /a g(ef)da’

and z(z) is the solution of problem (2.5) which satisfies the condition

/nz(w)da::O.

We relate the operator II from (2.3) with the operator R from (2.5).

For arbitrary z € (Lz(ﬂ))d the Weyl decomposition holds (see O. A.
Ladyzhenskaya [6], R. Temam [15]):

z=Iz+Vp, (2.6)

where Iz € H%(Q), p € W}(R2). Applying the operator div to both sides of
(2.6), we obtain that the function p is a solution of the Neumann problem
(2.5) with f(z) = div 2, g(z') = (z,n)| - Hence,

Mz=2-VR (divz, (z,n)}an) , (2.7)

where divz and (z,n)‘é,n can be understood in the sense of distribution
theory. We shall use (2.7) only for smooth z, when div z and (z,n)|,, may
be understood in the classical sense.

We set
ye — {y(t,a:) € Ly(0,T; H*TH(Q)) : %‘7-:- € L(0,T; Ha—l(ﬂ))} )
P = {P(t,a:) eD((0,T) x Q) : Vp € Ly (O,T; (Wz‘""l(ﬂ))d)} ’
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where D([0, T'] x Q) is the space of distributions defined on [0, T'] x Q.
The following known assertions hold:

THEOREM 2.1.— Let o € IR. Then for eny yo € H¥N), u €
Ly(0,T; H2"1(N)) there ezists a unique solution (y,p) € Y™ x P¥ of
problem (1.1) to (1.3).

We apply to both sides of the first equation (1.1) the operator II to prove
the theorem in the case a > 0. Since IVp = 0, we obtain the equation

Oy(t,z) — MAy = u(t, z).

Theorem 2.1 is proved for this equation as in the book by M. J. Vishik,
A. V. Fursikov [16, pp. 27-28]. If & < 0 then theorem 2.1 is proved by the
methods of the book of J.-L. Lions, E. Magenes [10].

THEOREM 2.2.— Let a € IR, yo € H*(Q), u € L2(0,T; H*1(Q)),
(y,p) EY® x P® and a domain G belongs to [0, T] x Q. Then:
1) if u(t,z) is infinitely differentiable for (t,z) € G, then y(t,z) €
(c=(e)*;
2) if we assume that u € La(to, T'; Hﬁ) where a < 3, then y(t,z) €
C(to, T; HP).

The first assertion follows from the results of V. A. Solonnikov [13], and
the second statement is proved as in M. J. Vishik and A. V. Fursikov’s book
[16, pp. 27-28].

3. Distributed control concentrated on a subdomain

We consider problem (1.1) to (1.3). Let w be a fixed subdomain of the
domain @ and I be a fixed subinterval of [0, T']. We suppose that the
right-hand-side u(t,z) is a control and that

u(t,z) € U(w,I) =
= {w(t,a:) € Ly(0,T; Hw)) : w(t,z) = 0 (3.1)
for (t,z) € ([0, T] x (2\w)) U (([0, TI\I) x n)} .

Obviously U(w,I) C L2(0,T; H°(?)). We assume that a subinterval
satisfies the condition

I=(m,m), 0<n<m<T. (3.2)
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DEFINITION 3.1.— Let @ > 0. Problem (1.1) to (1.3) is called H*-
approzimately controllable with respect to U(w,I) if for any fized yo €
HO(Q) the restriction y(T, ) at t = T of a solution y of problem (1.1)
to (1.3) runs through a dense set in H*(Q) when the right-hand-side u(t, )
runs through the space U(w,I).

Note that by (3.1), (3.2) and by the second assertion of theorem 2.2
the inclusion y(T, -) € Ng>o H*(2) holds and therefore definition 3.1 is
correct. If @ € [0, 1] then condition (3.2) is unnecessary, because the
inclusion y(T, -) € H* follows from the assumption u € Ly (O,T; HO(Q)).

THEOREM 3.1.— Let [ = [0, T] when a € [0, 1] and for a > 1 assume
(3.2). Then problem (1.1) to (1.3) is H*-approzimately controllable with
respect to U(w, I).

Proof .— Firstly we consider the case when initial condition is yo = 0.
Let W be the closure in H*(Q2) of the set of restrictions y(7T, -) at t = T of
solutions (y,p) € Y° x P? of problem (1.1) to (1.3), when the right-hand-
side term u(t, z) runs through U(w,I). We have to prove that W = H*(Q2).
Suppose the contrary. It follows from (2.4) that the space H™* is the
conjugate space of H® with respect to the duality (-, -) generated by the
scalar product in H%(Q). Therefore the assumption W # H*(Q) implies
the existence of ¢o(z) satisfying the conditions

¢o€H—°‘(Q), QSQ#O,(QSO,U):O,V‘UEW‘ (33)

Applying the operator II from (2.3) to the both sides of the first equation
in (1.1) and taking into account that IIVp = 0, we obtain the equality

Sy(t,z) — MAy = u.
Using this equality and (2.7), we can write down (1.1) in the following way
dy(t,z) — Ay + VR (0, (Ay, n)ian) =u(t,z), divy=0. (3.4)
Let t € [0, T], z € Q and ¢(¢,z) be the solution of the problem
8tp(t,z) + Ap = VR (0, (Ad,n)|5q) » dive =0, (3.5)
=g = %0 ¢‘[0,T]xan =0, (36)
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where ¢o is the vector field (3.3). Comparing (1.1) with (3.4) it is easy
to understand that (3.5)-(3.6) is the Stokes problem with the inverse time.
Hence, from theorem 2.1 there exists a solution ¢(t, ) of problem (3.5)-(3.6)
and, by theorem 2.2, ¢(¢,z) € C°°([0, T—¢€]x Q)d for arbitrary € > 0.

Scaling the first equation in (3.5) by the solution y of (3.4), ( 1.2), (1.3) in
the space L, (0, T; (Lz(ﬂ))d) , integrating by parts and doing other simple
transformations, we obtain by (3.3) that

0= /OT (000 + 26— vr (0,(A¢,n)]an) 9)

dt
(L2(2))2
T
= (60, YT\ ) Ly + / (¢ =Bey + AY) 1, (qy)e &t
0 (3.7)

_ /OT (¢, —uw+VR (0,(Ay,n)1an))

T
- _/0 (@1 ) (z,uye -

(L2(2))4 a

It follows from (3.7) that the restriction ¢(t,z) at w satisfies conditions
o(t, z) € (Lg(w))d, o(t,z) € (Ho(w))J", for almost all ¢t € I. Therefore we
obtain as in (2.6), (2.7) that

¢(z,t) = VR (0, (¢,n)|6w) , TEw,aa.tel, (3.8)

where R is operator (2.5).
Denote w(t,z) = A¢(t,z). We apply the Laplace operator A to the

both sides of the first equation in (3.5). Then taking into account that
AR(0,g) = 0 in virtue of (2.5), we obtain the equation

Sww(t,z) +Aw=0, tc[0,T], z€Q. (3.9)
Applying A to (3.8), we obtain the equality

w(t,z) =0, zcw,tel. (3.10)

The solution w(t,z) of parabolic equation (3.9) is analytic with respect
to variables z, when ¢ € (0, T'). Hence it follows from (3.10) that

w(t,z) = Ad(t,z) =0, te€[0,T], z€q.
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This equation and the second equality in (3.6) imply that ¢(t,z) = 0,
t€ [0, T], z € Q. Therefore ¢g(z) = 0 which contradicts (3.3).

Let now the initial condition yg € H 0(Q) be an arbitrary vector field.
We write the solution of problem (1.1) to (1.3) as follows:

(% p) = (y1,71) + (2,9)

where (y1,p1) is the solution of (1.1) to (1.3) with « = 0, and (z,g) is the
solution of (1.1) to (1.3) with yo = 0. We have proved earlier that z(T, -)
runs through a dense set in H*(2). Hence the equality

y(t ) =w(T, )+ =(T, -)

shows that the theorem is also proved for yg # 0. O

We consider now the case, when control u(¢, z) runs through the space

Up(w,I) = {Xw(z)u(t,z)

where u(t,z) € L2(0,T; H%(Q)), u(t,z) =0 for t ¢ I}

(3.11)
Here X, (z) is characteristic function of subdomain w C Q:
1, whenzcw
Xolz) = {0, when z € @\ w, (3.12)

I is an interval satisfying (3.2) when a >1and I = [0, T'] for « € [0, 1].

COROLLARY 3.1.— Let @« > 0. Then problem (1.1) to (1.3) is H*-
approzimately controllable with respect to set (3.11).

Indeed, since the embedding U(w,I) C Uj(w,I) holds for spaces (3.11),
(3.1) then corollary 3.1 follows from theorem 3.1.
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LEMMA 3.1.— Let X* be space (1.4) or (1.5) and H* be space (2.4).
Then the following assertions hold:

a) the identity X* = H* holds when k =0, 1, 2;

b) if k > 3 is natural then H* is a closed subspace of X* and H* does
not coincide with X*.

The norms of spaces H* and X* are equivalent on HF.

Proof .— The correctness of assertion a) is well known (see for instance
R. Temam [15]). Assertion b) is proved by induction by means of the
following chain of identities

ye H* & TAye HF?,

Woa =0, divy=0 <« TIaye (Wi2(@)?,

. k .
(MAYylpq=0,0<5< 5, divy=0 ye (WE@)?,
; k
(HA)]y!an:0,0§j<§,divy: &
k j .k
& yeX", (MAYyla=0,0<j<3.

Indeed, the first identity follows just from definition (2.4) of H®, the
second one is true by the inductive assumption and definition (1.5) of X*.
The theorem on smoothness of solutions of steady Stokes system (V. A.
Solonnikov [14], R. Temam [15]) implies the third identity and the forth
one follows from (1.5). The equivalence of the H* and X*-norms is proved
in M. L Vishik, A. V. Fursikov [16, p. 124]. O

The main result of this section follows from lemma 3.1.
THEOREM 3.2.— Let I = [0, T]| when k =0, 1, and I satisfies (3.2) for
k > 2. Then problem (1.1) to (1.3) is XF*_approzimately controllable with

respect to U(w, I) whenk =0, 1, 2 and is not X*-approzimately controllable

when k > 3. The analogous assertion holds if we change the control set
Uw,I) by Uy (w, I).

Proof .— The assertion follows from theorem 3.1 and lemma 3.1. 0

We show how it is possible to construct solutions of an approximate
controllability problem. Consider the following extremal problem.

- 214 -



On approximate controllability of the Stokes system

To minimize the functional

T
Je(yu) = |- y(T-)qua(m + 6/0 ||u(r)||fqo(w) dr —inf  (3.13)

when the pair
(y,u) EY® x U(w,I) (3.14)

satisfies conditions (3.4), (1.2), (1.3). Here § € H® is the datum which must
be approached, ¢ > 0, @ > 0 and I = [0, T'] when a € [0, 1] and satisfies
(3.2) for a > 1.

PROPOSITION 3.3.— There exists a unique solution (ye, ue) € YO0 x
U(w,I) of problem (3.13), (8.14), (3.4), (1.2), (1.3).

The proof is carried out by well know methods (see, for example J.-L.
Lions [8], A. V. Fursikov [4]).

THEOREM 3.3.— Let (ye,ue) € YO x U(w,I) be a solution of (3.13),
(8.14), (8.4), (1.2), (1.3). Then

l]y" ye(T')”Ha(Q) —0ase—0.

Proof .— In virtue of theorem 3.1 for any § > 0 there exists a pair
(¥%,4%) € YO x U(w,I) which satisfies equalities (3.4), (1.2), (1.3) and
condition

15~ (T )| gagay < 6- (3.15)

We choose € > 0 such that

T 2
e/ “u‘s(T, D|fdr < 6. (3.16)
0

Since (Y, ue) is the solution of the extremal problem, then it follows from
(3.13), (3.15), (3.16) that

H??* ye(T- )Hifa(ﬂ) < Js(yaue) < Je(yéiué) <25.0
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4. Impulse and initial controls

We consider now the case of impulse control. Let us recall that a control
u(t, z) is called impulse if it is written as follows:

u(t,x) = 6(t — to)v(z), (4.1)

where 6(t — 2) is the Dirac measure concentrated at ty. We suppose that

r€Ew

v(z) e U, = {u(z) € HO(Q):u| € Ho(w), uw(z)=0, z Eﬂ\w}

(4.2)
where w is a subdomain of Q.

PROPOSITION 4.1. — Let @ > 0, tg € (0,T). Then problem (1.1) to (1.3)
is H-approzimately controllable with respect to the class of functions (4.1),

(4.2).

Proof . — The proof follows as in theorem 3.1. Instead of (3.7), we obtain
equality
(6(20, +), v)(L2(w))d =0, VYveU,. (4.3)

Equality (3.10) where ¢t = # follows from (4.3). By means of (3.10),
(3.9), we obtain the equation ¢o(z) = 0 as in theorem 3.1. O

Proposition 4.1 and lemma 3.1 imply the following theorem.

THEOREM 4.1.— Let tg € (0,T). Then problem (1.1) to (1.8) is X*-
approzimately controllable with respect to the control set (4.1)-(4.2) when
k=0,1,2 and it is not Xk-a,ppro:cimately controllable with respect to the
same control set when k > 3.

Let us study the case of initial control when the control is included into
the initial condition. This problem is similar to the case of impulse control.
We consider the Stokes problem (1.1) with the following boundary and
initial conditions

y‘(OYT)Xaﬂ =0, yl,_o = w(z)+(a), (4.4)

where yo(z) € H(Q) is a fixed vector field and v(z) € U, is a control (here
U, is space (4.2)). We suppose about the right-hand-side u(t,z) in (1.1)
that u € L,(0,T; H%(Q)) is fixed and

u(t,z) =0 forte [T —e,T]. (4.5)
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We need the condition (4.5) to prove H-approximate controllability
when a > 0 is arbitrary. If « € [0, 1] the condition (4.5) is unnecessary.

PROPOSITION 4.2.— Let a > 0, yo € H(R), u € L2(0,T; H*(Q)) and
u satisfies ({.5). The problem (1.1), (4.4) is H*-approzimately controllable
with respect to the class U, in (4.2).

Proof.— We reduce the proof to the case yo(z) = 0. By analogy with
theorem 3.1, we obtain instead of (3.7) the equality

(¢(07')av)(L2(w))d:0, Vver,

which is similar to (4.3). As in theorem 3.1, 4.1 it follows from this equality
that ¢g(z) = 0.0

Proposition 4.2 and lemma 3.1 imply the following theorem.

THEOREM 4.2.— Let the conditions of proposition 4.2 hold. Then
problem (1.1), (4.4) is XF*_approzimately controllable with respect to U,
when k =0, 1, 2 and s not XFk_approzimately controllable when k > 3.

5. Boundary control

In this section we investigate approximate and exact boudary controlla-
bility of the Stokes system. Let T' be an open set on the boundary Q2 of
domain Q. Firstly, we study the problem of the approximate controllability
of the Stokes system when the Dirichlet boundary condition concentrated
on I' is taken as a control. Consider problem

aty(tvz) - Ay+Vp(t,:v) = 01 diVy: 07 y1t=0 = yO(m)y (51)
Ylo.r1x00 = > (5:2)

where yo(z) € H°(Q) is a fixed initial condition, w is a control and
suppw € [0, T] x T'. The following identity is a necessary condition of
solvability of problem (5.1)-(5.2):

j (w(t,z'), n(z'))ds =0, te[0,T]. (5.3)
a0
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Introduce the space of controls

w(r,I)= {w(t,w) € (Cz([O, T] x 60))d ,suppw € I x T,
(5.4)
w satisfies (5.3)} ,

where I C [0, T'] is set (3.2). The proof of the existence and uniqueness of
solutions of problem (5.1)-(5.2) for arbitrary w € W (T, I) is obtained easily
by reducing it to the case of zero boundary conditions, i.e. theorem 2.1. O

THEOREM 5.1.— For arbitrary o > 0 problem (5.1)-(5.2) is H®-
approzimately controllable with respect to controls set (5.4).

Proof .— It is enough to consider the case yp(z) = 0. Besides, we can
suppose that the boundary OI' of T' is C*™°-manifold. Indeed, if it is not
so, we can change in (5.4) the set T' by I'y C T with dT; € C®. Let
w € W(T',I) be a control and (y, p) be the corresponding solution of problem
(5.1)-(5.2). By virtue of (3.2), the pair (y,p) is a solution of (5.1) with the
zero Dirichlet boundary condition when (7, T'), and therefore by theorem
2.2 on smoothness of solutions the inclusion y(7, -) € H*(f) holds. We set

W = {y(T, -) : (y, p) is solution of (5.1)-(5.2) when w € W(T,I)}.

The existence of a nonzero vector field ¢g € W+ C H~* follows from the
assumption that W is not dense in H*. We consider problem (3.5)-(3.6)
with this initial fonction @g. Scaling (5.11) by the solution ¢ of problem
(3.5)-(3.6) in (L2([0, T] x Q))d we obtain similarly to (3.7) that

T
0:/ /(q&,@w—Ay—{—Vp)d:vdt
0 JQ

T
= (¢0a y(T1 ))Ho(ﬂ) —A (at¢+ Ag, y)Ho(ﬂ) dt +

+f (%,w) dsdt
Ixr \on

- [~ ) r0/cn A 9 ) dsadt
—_A(q1yH0(ﬂ) +\/;_XF %1“’ $ )

where we use the notation ¢ = R (0, (Aq&,n)‘an) for brevity. It follows
from (5.5) that

fe 2

(5.5)

38475: ——niq> w;dtds =0, Vw=(w,..., wg) € W(T,I).
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This equality and (5.3) involve the existence of such constant A, that

%(t,wl):ni(t,z')(‘I(t,z')-l-/\)’ i=1,...,d, () eI x Q. (56)

Let w € R? be a domain which satisfies conditions :
QNw=0, QNw=T, (5.7)

where the line above means the closure of domain. We define the open set
Q, by formula

2, =R\ (R\ (Quw)). (5.8)

By (5.7), this set is connected in RYif Q posseses this property. We
suppose about w that the boundary 99, of Q, is a C* manifold. The
existence of such domains w follows from the assumption T € C*. We
define the function z(#,z) in the cylinder [0, T'] X Q. by formula

_[éltz), (tz)el0,T]xQ
z(t,a:)_{0 (te) €0, T] xw. (5.9)

d
Let ¥(t,z) € (Cz([O, T] x Qw)) be an arbitrary function satisfying
conditions

Y(t,z)=0fort € [0, T]\ I, ¢|[01T]xanw =0.

Integrating by parts with respect to z and taking into account (5.9), (5.6),
(3.5), we obtain that

T
/; (Z: 3t¢ + Al/))(Lz(ﬂw))d dt =

T T
:/0 (3t¢+A¢,w)(L2(n))ddt—/o A(n,¢)(q+A)dsdt

T T
/; (V(q + ), ’»[’)(LZ(Q))d dt — /0 /F(n’ ¥)(g + A) dsdt

T
_/0 (a+ X, dive) g, e dt-
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These equations involve the identity
Oz + Az =V (Xq(z)(q(t,z) +1)), z€ (5.10)

which is understood in the sense of distributions. Here Xq(z) is the
characteristic function of the set @ (see (3.12)). It follows from (3.52),
(3.62), (5.9) that div z(¢,z) = 0 when z € Q.. Applying the operator div
to the both parts of (5.10), we obtain that

A (Xq(z)(q(t,z)+ 1)) =0, z€Q,. (5.11)

In accordance with the definition of the function X the equation
Xq(z)(q(t,z)+A) =0, z€W
holds. It is easy to deduce from this identity and (5.11) that
Xn(:c)(q(t,z) + /\) =0, z€Q,.
Hence by (5.10), the equation
Oz +Az=0, (t,z)€[0,T]x Q0 (5.12)

holds. Since by (5.9), the equation z(¢,z) = 0 takes place for z € w then we
have by (5.12) that z(¢, z) = 0 and therefore the equality ¢g(z) = 0 holds. O

By theorem 5.1 and lemma 3.1, we obtain such proposition:

COROLLARY 5.1.— Problem (5.1)-(5.2) is X*-approzimately control-
lable with respect to (5.4) when k =0, 1, 2 and it is not X*_approzimately
controllable for k > 3 with respect to the same set of controls.

Now we will prove a result on the exact boundary controllability of the
Stokes problem (5.1)-(5.2) which is a simple corollary of an analogous result
for the heat equation. The general problem of the exact controllability con-
sists in the construction of a boundary control w such that the component
y of the solution of problem (5.1)-(5.2) is equal to a given function y(z) in
the prescribed time T : y(T, z) = y(z).
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Since the Stokes system can not be inverted with respect to time, then the
solution of the general problem of the exact controllability is very difficult,
because of the necessity of describing precisely the space {y(T, )} through
which the solutions of problem (5.1)-(5.2) run. We solve this problem for
a concrete function g(z), which certainly belongs to {y(T, -)} namely, for

~

J(z) = 0. We introduce the following functional spaces:

~

H*(Q) = {u € (Wza(ﬂ))d tdive = 0}

-~

Y= {y(t, ) € Ly(0,T; H2(Q)) : %

o € Ly(0,T; f?“(n))} , W=4Y,

where v is the operator of restriction of a function y(t,z) € ¥ to [0, T]x89Q.

THEOREM 5.2. — Let yo € HO(Q). Then there ezists a boundary value
w € W such that the component y of the solution (y,p) € Y x P of problem
(5.1)-(5.2) satisfies condition

y(T,z) =0. (5.13)

Proof.— Let 7 € IR? be a domain with Cl-boundary 89, which
contains 2 : @ C Q;. We prolong yg(z) onto 21 \Q by the equality yo(z) = 0
for z € Q1 \ . It is known (see, G. Schmidt [11]) that there exists a vector-

function u(t,z) € L, (O,T; (sz(ﬂ))d) satisfying the equations

dwu(t,z) —Au=0, u(0,z)=yo(z), u(T,z)=0. (5.14)

For every t € [0, T'] the Weyl decomposition for the function u(t,z)
gives

u=y+ Vg, (5.15)

where y = II;u and I : (Lg(ﬂ))d — HO(Ql) is the operator of orthogonal
projection on H%(f). Substituting the decomposition (5.15) into the first
of equations (5.14), we obtain that (5.17) holds with Vp = V(8;qg — Agq).
Besides, (5.13) follows from (5.143), (5.15). Thus if we take w = 4y then
all the assertions of theorem will be fulfilled. O
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6. Control on a hypersurface

We develop the results of section 3 narrowing the support of the control
u(t, ). Les us consider a hypersurface S as a support of » and begin from
the case when S C 2 C IR? is a closed C°-manifold. Suppose that in (1.1)

o0 (1.3) the control u has a form

36(51 /@2)

’LL:(S(S,,@l)+ an 3

(6.1)

where 6(S, -), 98(S, -)/On are Dirac measure concentrated on the surface
S and its derivative with respect to the external normal to S. The value
of distribution (6.1) at test function ¢ € (C*([0, T'] x ﬁ))d is defined by
the formula

T
<u,¢):/0 /5(¢(t,s),51(t,s)) dsdt +

T 86t s) (6.2)
_ /0 /S <—an , 52(t,s)> ds dt
where (31, (2 are given vector-functions and
Bi(ts) € (L2([0, T) x 5))* (©3)

suppB; €I xS, 1=1,2, I=[n,m]C[0,T].
We denote by U(S,I) the set of controls having form (6.1), (6.2), (6.3).

THEOREM 6.1. — The Stokes problem (1.1) to (1.3) is H*-approzimately
controllable with respect to U(S,I) for arbitrary a > 0.

Proof.— As in previous theorems we can limit ourselves to the case
yo = 0. Similarly to theorem 3.1, we denote by W the closure in H*(f) of
the set {y(T, )} if (y,p) € Y° x P? is a solution of problem (1.1) to (1.3)
with right-hand-side running through U(S,I). Assuming that the relation
W # H*(Q) holds, we denote by ¢g a vector function satisfying (3.3) and
by #(t,z) the solution of (3.5)-(3.6). We obtain by (3.7), (6.1), (6.2) that

/(;T/;(¢(t,s)7ﬂ1(t,8)) dsdt_/OT/; (atbgl’s),ﬁz(t,S)) dodi = 0
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for any (; satisfying (6.3). Therefore
9¢

Hs=0, 3,.,= 50
Denote by w a domain, bounded by a closed surface S. We set
= {f0) 2EM\
0 T ECw,
Vq(t,z) ze€Q\ (6.5)
_ q(t,z) = w _
h(t,z) = {0 ccw, Vq=VR(0, (Ad,n)|5)

and R is operator from (2.5). By (3.5), (6.4), (6.5) the following equalities
hold in the sense of distributions:

biz(t,z)+ Az=h, divz=0, (t,z)elxQ. (6.6)
Applying the operator div to both sides of (6.61), we obtain by (6.65) that
divh=0, (t,z)elIxQ

and therefore the restriction of the normal component of vector function h
on to the surface S is defined and by (6.52) the equality

(h,n)|g=10 (6.7)

holds, where n is the vector field of normals to S. It follows from (6.53) that
Ag(t,z) = 0, z € Q and in virtue of (6.52), (6.7) the identity (3q/3n)|s: 0
holds. Thus g(t,z) = const for (f,2) € I x w and hence by Ag = 0 we
obtain that Vg(t,z) = 0 for (t,z) € I x Q.

Therefore identity h(t,z) = 0 follows from (6.52), and this means that
(6.61) is a heat equation when (¢,z) € I x Q. This fact and (6.51) imply
the identity

z(t,z) =0, (t,z)elxN.

Since Vg = 0 for such (¢,z) then ¢(¢,z) = 0 also. The equality ¢g = 0
follows from the last identity. O

We consider now the case when the hupersurfaces S is not a closed
manifold and we suppose for simplicity that the dimension of the Stokes
system equals two. Thus let 2 € IR? be a bounded domain with C*®-curve
S which is placed inside the domain 2.
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As it turns out, it is more convenient in this situation to take as unknown
function the current function F(¢,z) which is connected with velocity
(y1, y2) by the relations

Oz, F(t,z) = yi1(t,2), 0z, F(t,z) = —y2(t, z). (6.8)

Assume for simplicity that 2 is a simply connected domain. In this case
the current function F' is defined by solenoidal vector field up to an arbitrary
constant. Let v(¢,z1,z2) be a current function corresponding to the density
of external forces u:

Og,v(t, ) = ur(t,z), O v(t,z) = —ua(t,z). (6.9)

The first of the equalities (1.1) is in reality a system of two equations.
Applying 8/8z5 to the first equation of this system and —3/9zy to the
second one, adding the resulting equations and taking (6.8), (6.9) into
account we obtain the equation for the current function:

8:AF(t,z) — A’F(t,z) = Av(t, z). (6.10)

Let us deduce the boundary conditions for (6.10). It follows from (6.8),

(1.2) that
oF 0 oF

nlaa ~ ' arlea

Y

where n is the field of external normals to 99, 7 is the tangent toward
90 field. The second equality implies that FI an = const and since F is
determined up to a constant then we can take F|an = 0. Thus we have the
following boundary and initial conditions for {6.10):

oF

Flsq =0, B lan

=0, F|,_,=Fo(z) (6.11)

where Fj is an initial condition for the current function.

Let [0,1] 5 A — S(X) = S be a smooth curve disposed in 2. We assume
that the current function of external forces density u has the form (6.1) and
belongs to the controls set U(S,I) which is defined by (6.1), (6.2), (6.3)
(when d = 1 in (6.3)).

Let us recall that

02

Wo(Q) = {u(a:) € WH(Q) 1 u,, = g—:]an - 0} .
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THEOREM 6.2.— Let Fy € VQVZ(Q) and let v be function (6.1). Then
problem (6.10)-(6.11) has a unique solution F(t,z) € L2(0,T'; W2—6+2(Q)),
(0F/3t) € L2(0,T; WZ—G(Q)), B > 3/2, and F(t,z) is infinitely differen-
tiable when x € Q\ S, t € I and when ¢ € Q, t ¢ I. Besides, the vector
field y defined in (6.8) belongs to H*(Q) with arbitrary a > 0.

Proof .— We write the solution F' of problem (6.3), (6.11) in the form
F=F+F,,
where Fj is the solution of problem
8¢ Fi(t,z) — AFi(t,z) = Ag(t,z), Fi|,_o=0 (6.12)
which is defined for (¢,z) € [0, T'] x IR%,

(t,2) = v(t,z) when z € Q,
ST =0 when z € IR?\ 0

and F is the solution of problem

O AF, — A’Fy =0, Pyl =—Filsq,
oF,| _ OF Fol_, =R (6.13)
on lan ~  0m lan’ TZle=0 T 70"

We apply the Fourier transformation to both sides of (6.12) with respect
to x:

—Bu€12F1(t,€) — [€[*Fu(t, &) = —l¢g(t,€), Fi|,_,=0,  (6.14)

where

7(t,¢8) = /e_i<”'£>g(t,w) dz

is the Fourier transformation of g and fl is the Fourier transformation of
Fy. Since g(t,z) has a compact support with respect to z, then g(¢,£) is an
analytic function with respect to £. Hence, after dividing (6.14) by —|¢|?,
we obtain the Fourier transformation of heat equation
=0.

8. F — |§?F =7, Aﬂt:O
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Solving this problem, applying the inverse Fourier transformation and
restricting the obtained function to [0, T'] x Q, we shall have that

Py € Ly(0,T; Wy +2(q)) (-33%) € Lo(0,T; Wy ()

and F is infinitely differentiable outside the support of u and, particularly,
in a neighborhood of [0, T'] x 892.

Problem (6.13) has a unique smooth solution. It is possible to prove this
assertion using the methods of [1] for example. O

We denote by G the set of fields u = (u1,u3) defined in (6.9) where v is
a function of form (6.1) to (6.3) and prove H*-approximate controllability
of Stokes problem (6.10)-(6.11) with respect to G.

THEOREM 6.3. — The Stokes problem (6.10)-(6.11) is H*-approzimately
controllable with respect to G in the case of dimension d = 2 and arbitrary
a>0.

Proof .— It is sufficient to consider the case yg = 0. Let W be closure
in H® of the set {y(T, -)}, where (y, p) is the solution of problem (1.1) to
(1.3) with density of external forces u € G. Assuming that W # H® as
in previous theorems, we choose a non zero function ¢° € H~% such that
(¢0, y(T, ))Ho =0,V y(T, -) € W. In a vector notation ¢° = ( (IJ, 45(2)). We
construct the differential form ng dz, + 45(1] dz, which is closed because ¢°
is solenoidal vector field. Since  is a simply connected domain then this
form is exact, and there exists such distribution ¥°(z) that

de° = —¢9dz; + ¢ de,. (6.15)

The function ¥° is defined up an arbitrary constant and is a current function
for the vector field $°. We consider the problem

ov
¥sq = n

8 AT (t,z) + A%T(t,z) =0,

b

lan (6.16)

v|,_p =90

which is adjoint to (6.10)-(6.11) and prove that it has a solution.
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Note that problem (3.5)-(3.6) has a unique solution ¢(¢,z) for ¢° € H~*,
and @(y, z) is an infinitely differentiable function for ¢t < T'.

By means of ¢ we construct another function ¥(¢,z) € C°°(Q) when
t < T, such that

o¥

d¥(t,z) = —¢a2(t, z)dz1 + ¢1(t, z) dza ‘I’]an =5 0. (6.17)

’an -

Obviously, the function

v = /w(¢1 dzy — ¢adz)

satisfies (6.17), where a € 9Q and the integral is taken along an arbitrary
curve ¥ C 2 jointing the points a and z. Defining %% we can choose a
constant such that lim,_,7 ¥ (¢, z) = ¥°(z) in the sense of distributions. The
constructed function ¥(¢,z) is, obviously, the solution of problem (6.16).

Scaling (6.16) in Ly ([0, T'] x Q) by function F which is a solution of
(6.10)-(6.11), we obtain similarly to (3.7) that

T
0:/ /F(BtA'P+A2‘P)dwdt
0 JS

0 T 2

= (¢ (T, - ))(Lz(ﬂ))2 +/(; /Q‘I’(—atAF-F A°F)dzdt (6.18)
T

:/(; /;I(—A\P)vd:cdt:O.

It follows from (6.18), (6.2) that

OA¥

A‘I’|Ixs - n IxS -

(6.19)

Besides, by (6.16) A¥ is a solution of the inverse heat equation. Using the
analyticity of A¥(¢, z) with respect to z when ¢t € I, we can deduce from
(6.19) that A¥(t,z) = 0. Hence, taking into account (6.162) we obtain that
¥(t,z) = 0 and by (6.163), (6.15) we have ¢o = 0. O
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7. On the approximate uncontrollability of the
Burgers equation

In this section, we show that the Burgers equation is not approximately
controllable on arbitrary bounded time intervals. Let us consider the
Burgers equation

aty(t, 1) - azz y(t, z) + y(ty z)amy(tv x) = u(t, w) )

ze[0,a],te0,T], (7-1)

where a > 0, and T > 0 are arbitrary fixed numbers. We suppose that a
solution y(t, z) satisfies zero boundary and initial conditions

y(t,0) = y(t,a) =0, y(0,2)=0. (7.2)
Assume that u(t,z) € L2([0, T] x [0, a]) and that for any ¢t € [0, T']
suppu(t,z) €[b,c], 0<b<c<a. (7.3)

It is well-known that for an arbitrary u € Ly([0, T] x [0, a]) there
exists a unique solution y(¢,z) € Lo (O,T; W22(0,a)) of problem (7.1)-(7.2).
It is possible to see, that dy(t,z)/0t € L((0,T) x (0,a)). We deduce one
estimate for the solution y(t, x) of problem (7.1)-(7.2) which simply implies
the uncontrollability of this problem.

LEMMA 7.1.— Let u € Lg([O, T] x [O,a]) satisfy condition (7.3),
and let y(t,z) be the solution of problem (7.1)-(7.2). Denote yi(t,z) =
max(y(¢,z),0). Then for arbitrary N > 5 the estimate

b
—%/{; b- :c)Nyi(t, z)dz < a(N)bN 5 (7.4)

holds where b is the constant from (7.3) and a(N) > 0 is a constant,
depending on N only.

Proof.— We multiply both sides of (7.1) by (b — :L')Nyi(t,z) and
integrate them with respect to z from 0 to b. Integrating by part in the
second term of the left side of the obtained identity we shall have

b b
/ (b— ) (3ty)y+ dz +/ b- w)N3y?’|_ Ozy+ Ozy dz +
(7.5)

b
/N(b—wN ! 3 J,.yd:I:—i-/(b—av)Ny:il_Bmyda;:0.
0
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It follows from the theorem on the smoothness of a solution of the Burgers
equation that y(t,z) € C*®((0,T) x (0,a)). Denote y_ = min(y,0). Then

LY AR R

y+8cc o "ot ) TV T 1o

The following identities are proved in an analogous way

k
29yr 8y _ 5 (0ye\'  pdyr _ 1 Oy
+75z oz o9z ) ' Ytz T k+1 oz

Using these equalities and integrating by parts in the last two terms of
equation (7.5), we obtain

b b

1

/(b~w)NZ BtyidGH/ (b—2)"3y% (82y+)* da +
0 0

b N b
—/ N v-ye- )N24dz+/ No—a)V"1yi de =0.
0 4 0 5
(7.6)
By the Holder inequality

b
/(b—w)N 2 yidz <

15 / . 4/5
(/ - N Gdz) (/(; (b—a:)N_lyi_dz) = (7.7)
4/5
:b(NS)ijs(/(b LW ) .

Using the Young inequality, we shall have

b b 4/5
g/o(b—wN 1 5d:c—————4ivj\§ 5)3 (/O(b z)V= 1yidw) 2

—a(N)N -3,

v

(7.8)
where a(N) is a positive constant, depending on N > 5 only. Substituting
(7.7)-(7.8) into (7.6) we obtain (7.4). O
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THEOREM 7.1.— Let T > 0 be an arbitrary finite number. Then problem
(7.1)-(7.2) is not Ly(0,a)-approzimately controllable with respect to set of
controls u € Ly((0,T) x (0,a)) satisfying (7.3).

Proof.— Let §(z) € L2(0,a), y(z) > 0, y be a solution of problem
(7.1)-(7.2) and T > 0. Then

a 2 1/2 b/2A 9 1/2
(/0 |9(z) — y(T,z)| dz) >(/(; |9(2) - y+ (T, 2)| diﬂ) > (7.9)

2 1|9l 2, (08/2) — ly+ (T, ')“Lz(o,b/z)‘
By the Cauchy-Bunyakovskii inequality, we have:

|y+(T, ')HLz(O,b/Z) <

b/2 N 12 7 /2 N . 1/2
< (/; (b-1) dz) (/; (b-x) [y+(T,:c)‘ d:c) (7.10)

1-N(oN=1 _ 1\ \/2 [ b2 1/2
s(b 55_1 1)> (/0 (b—w)N]y+(T,z)|4dw) .

In virtue of (7.4) for any T > 0 the inequality

/b(b — &)V |y+(T,2)|* de < Ta(N)nN 3 (7.11)
0

holds. Let T > 0 be fixed and §(z) € Ly(0, a) satisfies condition

/2
_ B-N(N-1_4 AN
”yl|L2(0,b/2) > ( gv_ - )Ta(N)bN 5) +1. (7.12)

Then it follows from (7.9) to (7.12) that for any control u € Ly((0,7T) x
(0, a)) satisfying (7.3), the solution y of problem (7.1)-(7.2) satisfies inequal-
ity

17 = 9T Hy00) > 1

The inequality implies the approximate uncontrollability of problem (7.1)-
(7.2). O
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Now we consider the Burgers equation with boundary control u:
Bty(t,z)—6§2y+y8,,.y:0, zE[O,b],tE[O,T] (7'13)

y(t,0) =0, y(t,b)=u(t), y|,_o=0, ue€Lz0T). (7.14)

THEOREM 7.2.— Problem (7.13)-(7.14) is not L(0,b)-approzimately
controllable with respect to the control space Ly(0,T) for arbitrary T > 0.

Proof .— Estimate (7.4) holds for solution y of problem (7.13)-(7.14)
and its proof does not differ from the proof of lemma 7.1. We obtain the
assertion of the theorem by means of this estimate after repeating the proof
of theorem 7.1 word by word. O
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