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Perturbative computation of analytic invariants
of resonant diffeomorphisms of (C,0)*)

Ezio Topesco() and Jurio CEsar CANILLE MaRrTINs(?)

RESUME. — On considére le probléeme de 1'évaluation des invariants
analytiques d’un difféomorphisme unidimensionnel, analytique, complexe
et tangent & l'identité. Une approche perturbative relative & une sous-
classe de difféomorphismes qui sont des petites perturbationsdu “standard
shift” est présentée. On donne une procédure qui permet de calculer le
développement perturbatif de l'invariant analytique & tous les ordres. On
présente aussi la généralisation au cas d'un difféomorphisme résonnant
générique, ainsi que quelques exemples.

ABSTRACT.— The problem of the evaluation of the analytic invariants
of a one-dimensional complex analytic diffeomorphism tangent to the
identity is considered; a perturbative approach relative to a subclass
of diffeomorphisms which are small perturbations to the standard shift
is outlined. A procedure which allows to calculate all the orders of
the perturbative expansion of the analytic invariants is given. The
generalization to generic resonant diffeomorphisms is presented; some
examples are sketched.

1. Introduction

In this paper we consider mappings tangent to the identity, analytic in
the neighbourhood of the origin; let A be the set of these mappings.

DEFINITION .— Let f, ¢ € A; then f and g are conjugated (or
equivalent) if there exist a change of coordinates T such that T(f) = g(T).
According to the type of T we distinguish formal and analytic conjugation.
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By formal classification we mean the partition of A in classes of elements
which are formally conjugated. The formal invariant is the quantity which
characterizes such class, i.e. f and g belong to the same class if and only if
their formal invariant is the same. An analogous definition 1s given for the
analytic classification and for the analytic invariants.

The formal classification of A can be worked out using elementary algebra
and the explicit invariants can be constructed; on the contrary, the analytic
classification requires more involved techniques: as it was first proved by
Ecalle [1] and, independently, by Voronin [2], the analytic classification of
A has a functional modulus, i.e. the analytic invariants are given by two
functions &4, ®_,

+o0
Or(w)=w+ Z ezmkwcf (1.1)
k=0

which are analytic on the strips Imw > L and Imw < —L respectively.
The exact computation of both the coefficients cf and the functions ¢+ in
their dependence on the mapping f is a hard task, and has been explicitly
carried out only for the case of the standard shift

(1.2)

which is the map which exhibits the simplest dynamics indise this class
of diffcomorphisms; in fact F(z) has trivial analytic invariants cf = 0,
Py = w.

Indeed, a perturbative approach is possible: if one considers small
perturbations of the standard shift

f(z) = F(2) 4+ €h(2), (1.3)

a theorem ([1]-[2]) states that the analytic invariants are convergent power
series in ¢; Elizarov [3] computed the first order of such series for perturba-
tions h(z) = O(z*) which preserve the formal invariant, finding out that the
first order shift in cf is proportional to the Borel transform of h evaluated
at points +27ik.

Since the use of the coordinates w = 1/z considerably simplifies the com-
putation, we express the classe of mappings which are small perturbation
to the standard shift preserving the formal invariant as follows:

A5o={f€A|f(w)=w+1+eh(w), h(w) = 0w ?)}, (1.4)
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Perturbative computation of analytic invariants

where the first subscript denotes the lowest order of the nonlinearity and
the second one the formal invariant. The main results of this paper is stated
in the following Theorem.

THEOREM 1.1.— The analytic invariants of f € -’45,0 are given by

Q4(w) =

400 7—1 71—1
=wtedy hlw+j+ed hlwtiz+e) hlwtiz+--)|];
Jj=—00 11=—00 19 ==—00

(1.5)
this ezpression allows to compute all the orders of the perturbative ezpan-
sion. Moreover, the coefficients of the cf expansions in powers of € are
functionals of the Borel transform of the perturbation. Ezplicit formulas for
the first three orders are given and some ezamples are sketched.

The generalization to generic perturbations which do not preserve the
formal invariant

s,={reA | f(w) =w+1 +el +eg(w), g(w) =02} (16)

is given in Corollary 4.1, where it is proved that the same formal expression
given in Theorem 1.1 holds, with

h(w) = g(w) + % — vlog @ . (L.7)

We also considered the class A2 +1,y» containing mappings of the form

Z/ = 2z + O(2"t!), which exhibit many features of the resonant case.

Here we have to apply a ramified transformation z — z1/7 in order to
recover the standard shift at order 0 in e: this leads to series with rational
powers 2/ ", defined on the Riemann surface C,. Nevertheless, it can be
proved (Corollary 5.1) that the same formal expression (1.5) holds, the only
difference being that now the analytic invariants are defined on C,, and

therefore one has r sets of coefficients cf(l) Y eeny cf(r).
Finally, we prove that in the resonant case
. s .
2= f(z) = 2™P/1, 4 z:f,-zZ (1.8)

=2
the computation of the analytic invariants can be done on the g-th iterate

(Lemma 6.1), which is tangent to the identity and therefore can be analyzed
using the previous results.
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The plan of this paper is the following: in section 2 we recall some results
on the analytic classification of diffeomorphisms tangent to the identity
which are formally conjugated to the standard shift. In section 3 we prove
the main result which allows to compute all the coefficients of the series.
The generalization to diffeomorphisms which are not formally conjugated
to the standard shift and whose nonlinearity do not start with a quadratic
term are given respectively in section 4 and 5. The analysis of the resonant
case (¢ > 1) is carried out in section 6.

2. Definition of analytic invariants

In this section we briefly recall some classical results on the analytic
classification of diffeomorphisms tangent to the identity ([1], [2], [4], [5]).

We consider the set 4 of diffeomorphisms of C which have the origin
as a fixed point, and which are tangent to the identity and analytic in the
neighbourhood of the origin. Inside this class we analyze diffeomorphisms
which have a quadratic nonlinearity; rescaling the second order coefficient
to —1, such a diffeomorphism reads:

+o0
d=fz)=2-224+) fizd, feA. (2.1)

j=3

All the diffeomorphisms belonging to this class have the same topology
[6], but inside it one can find elements with different both formal and
analytic invariants ([1], [2]). We first consider the formal classification.

LEMMA 2.1.— Let g(z) and h(z) belong to the class (2.1); then one can
find a formal power series T which conjugates g to h, namely

9(T(2)) = T(h(2)) (2.2)

if and only if hs = gs.

A proof of this lemma can be found in [2]. Setting the third order
coefficient to one we obtain a class of diffecomorphisms which are formally
conjugated to the so called standard shift (1.2), which exhibits a particularly
simple dynamics: it has a trivial iteration F°"(z) = z/(1 + nz) and is
interpolated by the vector field X(z) = ~22(d/dz) (cf. [4]). Since most of
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the computation will be done using coordinates in the neighbourhood of the
infinity, we express both F and f in terms of w = 1/z. The standard shift
in the w coordinates becomes the translation F(w) = w + 1.

We consider the class of diffcomorphisms which are small perturbations
of the standard shift, and which can be formally conjugated to it:

o= {f €A f f(w) = w+1+eh(w), h(w) = 0(1—017)} L (23)

here the first subscript denotes the lowest order of the nonlinear term (in z
coordinates), the second one is the formal invariant (i.e. the coefficient of
the term of order 1/w), and ¢ is a small complex parameter.

Taking f € A5 4, we conjugate it to the standard shift F(n) = 5+ 1
through a formal transformation T tangent to the identity

n=Tw)=w+iw), Hw)= th 7 (2.4)

following reference [5] we fixed the note terms of T (which is a priori
undetermined) to zero: this is not restrictive and simplifies the formulation
of the analytic classification as _given in ([1], [2]). The functional equation
which defines T is F (T(w)) ( (w)) and substituting (2.4) one has

{(f(w)) - H(w) = —eh(w). | (2.5)

It is well known that the formal series ? is divergent in the generic case;
nevertheless, using the Borel resummation technique or other methods one
can prove the existence of solutions analytic on sectors.

THEOREM 2.1 (Kimura [7], Ecalle [1]).— Let f € A5 o; we define the
sectors

D1={w I |arg(w—1/p)|<6} 26
2.6
Dy = {w ‘ |arg(w + 1/p) — T| < 6}
with § € |0, [ and p = p(8) sufficiently large; then:

(i) ezist T;, analytic on D; which conjugate f to F fori=1, 2;
(i) both Ty and Ty have the same asymptotic expansion f;

- 159 -



Ezio Todesco and Julio Cesar Canille Martins

(iii) D1 is the attractor sector: if w € Di, then f(w) € Dy and
limp—oo fO™(w) = 00; Dy is the repulsor sector: if w € Dy, then
oY (w) € Dy and limp—co f© ~(w) = 0.

Proof. — Proofs of this theorem can be found in ([1], {5}, [7]). T1 and T3
are defined on a common domain Dy NDy = DT UD™, being PtND™ =0
the analytic classification is given in the following theorem.

TueorReM 2.2 (Ecalle [1], Voronin [2]).— We define ®+(w) = Ty o
T2-1|p:t; then on has:

(i) ®+(w) are analytic functions on DE; ®4(w) — w are periodic of
period one and tend to zero when w — 00;

(ii)) ®+ can be analytically prolonged to <’Iv>i(w), defined on

Dy = {w|Imw > L},

D_ = {w|Imw<-L}, @)

where L > 0 depends on the parameters p, 6 of DE;

(iii) @+ (w) are analytic invariants of f(w), f € Ajg, ie. being
V. (w) the analytic invariant of g € A3 4, f and g are analytically
conjugated if and only of EI;i = \fli.

Proof. — A simple proof of this theorem is given in [6]. For sake of
simplicity, throughout the text the tilde will be suppressed and ®+ will be
defined on D+. A consequence of theorem 2.2 is that the analytic invariants
are given by convergent Fourier series:

i(w)=w+ Z e2”kwcf , we€Dg, (2.8)
k>0

whose coefficients c}f are bounded by an exponential growth in k.

The dependence of the analytic invariants on a parameter is analyzed via
the following theorem.
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THEOREM 2.3 (Ecalle [1], Voronin [2]).— If f belongs to a family of
diffeomorphisms which analytically depend on a parameter €, then cf and
&4 (w) also analytically depend on ¢, i.e. we can write

400
Br(w)=w+ Y el 4(w) (2.9)
£=0
+o0 '
cf = Z secf’e, (2.10)
=0

where both series are convergent for |¢| < g¢.

3. Computation of the analytic invariants

The exact computation of the coefficients cf is trivial only for the case of
the standard shift: here we have h(w) =0, T} = T4 = w and cf = 0; in this
section we will show how to compute the perturbative expansion (2.9) and
(2.10) of the analytic invariants, generalizing the first order results given by
Elizarov [3].

LEMMA 3.1.— If f € A3, then

+00
Tl(w) = w+€Zh(f°j(w)) , weD,
7=0

_ (3.1)
T(w)=w-¢ Y h(fPI(w), weD,.

Jj=—00

Proof . — Taking the functional equation (2.5) which defines ¢(w), iter-
ating n times and summing all the equations we have

n—1
Lo (W) — Hw) = — 3 h(fi(w) (3.2)
7=0

If w € Dy, theorem 2.1 implies that lim,_, f°"(w) = oo and t(c0) = 0:
therefore taking the limit n — oo one proves (3.1). Since h(w) = O(1/w?)
and f°J(w) = w+j +O(1/w), the series absolutely converge and defines T}
on Dj; the analogous expression for 75 can be found by iterating backward
the functional equation and applying the same procedure.
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Now we are able to give an expression of the analytic invariants which
allows to compute c% , for all orders L.

THEOREM 3.1.— If f € A}, then, for small le| < €0 one has:

+o0 .
(i) d+(w)=w+e Z h(f”(Tz—l(w))) , w€Dg;

j==-o0

1 f°j T Y(w)) satisfies the functional equation
2

7-1
P @) setite 3 h(FHT@)) (33

1==-=00

this ezpression allows to ezpand ®+ in a power series in €.

Proof of part (i).— We define 7(w) according to
Tz"l(w) =w+er(w); (3.4)

since Ty o TZ_l (w) = w, using Lemma 3.1 we can prove that v(w) satisfies
the functional equation:

r(w) = i h(f°i(w+sr(w))). (3.5)

j=—00

The analytic invariants are given by ®+(w) = Ty 0Ty 1(w), and substituting
(3.5) and the definition of T3 (3.1), one has

+o00
Oi(w)=wte . h(f°f(T,;1(w))), weDs.  (36)

j=—00

Proof of part (ii).— Let us consider the case j > 0: since

7-1
FPiw)y=w+j+ed h(f'(w), >0, (3.7)

=0

we have
. J—l .
£IT W) = wter(w) +i+e 3 b (£21(T5 ) (3.8)
=0

and substituting (3.5) we obtain the thesis. Similarly, one proves the case

j<0.
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COROLLARY 3.1.— Iff € Aj0s then

+co 1-1
di(w)=w+e Z h(w+j+s Z h(w+i1+

j=—00 11=—00

(3.9)

i1—1
+e Z h(w+i2+---))), w € Dy

ig=—00
this formula is obtained by replacing (3.3) infinitely many times in (3.6).

Expanding this expression in power series of ¢ we compute the terms
@+ ¢(w): the first three orders read:

px1(w) = Z h(w + j)

]———OO

+o00 j-1
praW)= Y h(w+j) > h(w+ii)

j=—00 11=—00

2
+oo
%,3(‘0):% > h”w+])( Z h(w+z1> +

Jj==—00 11=—00

(3.10)

11—1
+ Z R'(w + 7) Z B (w + 1) }: h(w+13).

]—-—OO 11=-00 12-——00

The coefficients cf , are functional of the Borel transform of the perturbation
h(w):

= F2mthg(F27ik)

+ ; "
ck’2 = :]:27” (tlhB(tl) * hB(t2) 1 _ et2 >

F2mik
to els
S x hp(ts) m—-f-

€
1—ef 3

(1
ctS = F2mi (51 hp(t1) * hp(t2)

oo o0
+ tlhB(tl) * Z t2hB(t2)€“t2 * Z hB(t3)e"2t3)
11=1 tp=11+1 F2rik
(3.11)
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We prove this last statement for the first order coeflicients; the generaliza-
tion to the higher orders is straightforward. c;:l are the Fourier coefficients

of ot 1(w):
iB+1 .
1= / 5 py1(w)e ™ dw, B>1L (3.12)
1,

(where L is the lowest imaginary part of w € D, see (2.7)). Substituting
(3.10) we have

18400 .
+ —/ h(w) e~ 2™k duy (3.13)

Cp1 =
-0

We recall [9] that the Borel transform of a function analytic in a neighbour-
hood of infinity is given by

1
27 r

hp(t) = eh(w) dw, (3.14)

where T' is a circle of radius R sufficiently large so that it lies in the
analyticity domain of h(w). We divide I' in two arcs: I'1, above the line
Imw = 8, and T, below it. Since h(w) is analytic on a neighbourhood of
infinity, Cauchy theorem implies

. iB+o00
Rlim e~k p () dw = —/ e~ 2RV b (w) dw = —Ck 1. (3.15)

0 JT i3—oc0

On the other hand, the integration on I'y vanishes in the limit R — oo,
since the exponential is bounded by e2™ 0 and h satisfies the estimate
|h(R ew)l < AR™2. In a similar way one proves the analogous expression
for clzl.

Ezample.— We consider f(w) = w+ 1+ 522_2 w™*; then we have
hp(t) = et — 1 and therefore

i =0, cfy=—4r’k+4ar®ik?. (3.17)
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4. Generalization to generic diffeomorphisms
tangent to the identity

We examine the case of an analytic diffeomorphism which is not formally
conjugated to the standard shift, i.e. the class

S0 = {7 €A ) =wt1+ed +egw), 9w) =0w)}; (1)

a generic f expressed in z coordinates and starting with a quadratic
nonlinearity is transformed to this form by the coordinate change w = 1/z,
where €7 is the formal invariant; theorems 2.1-2.3 can be generalized to this
case ([1], [8], [10]). The computation of the analytic invariants is given by
the following

COROLLARY 4.1.— If f € A3 s then the analytic invariants of f are
given by formula (3.9), where h(w) = O(w™2) is an analytic function of w
mn a neighbourhood of infinity and is defined according to:

h(w) = g(w) + T — ylog %"l . (4.2)

Proof. — We recall ([4], [8], [10]) that in order to conjugate f € Aj ., to
the standard shift we have to insert in 7" a logarithmic singularity:

n=T(w)=w+t(w) —eylogw. (4.3)

Using this Ansatz, one can find a formal power series for ¢ and resum it to
two functions ¢y, t, analytic on Dy, D. In fact, the functional equation
reads:

f(w)

t(sw) = tw) = ¢ (sw)+ L= 10 L) = 0w); (4

therefore one can carry out the computation such as in the case v = 0,
defining —eh(w) as the r.h.s of (4.4).

Erample. — Let f € A%,»ﬁ then the first order analytic invariants read
oty = F2mi(gp(F2mi) +7) . (4.5)
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5. Generalization to higher order nonlinearities

We consider the family of diffeomorphisms
Ariiy = {d€A|d(z) = 2+ O("H)) (5.1)

here r > 2, r € N and v is the formal invariant.

The analysis of this class exhausts all the possible diffeomorphisms
tangent to the identity, and exhibits some features of the resonant case. We
first rewrite the class A,41 in the coordinates w which explicitly exhibits
the formal invariant.

LEMMA 5.1.— Let d € Ary1,4, then d is analytically equivalent to a
diffeomorphism which is analytic on C, and reads

400
f(w)=w+1+g)—+ Zfiw—i/rsw+1+%+g(w). (5.2)

=27

Proof . — We conjugate d(z) to e(y)

1
e(y) =y-— ;yr+1 + 62T+1y2r+1 + O(y3r+1) (5.3)

using a transformation which is a polynomial of finite order, and therefore
analytic (see [2]). Then, we apply the ramified transformation w = y="
which transforms e(y) to f(w):

+00
fw) =w+1+ 243 ™l wed, (5.4)
1=2r
where v =1 —regrq1 + (1 —r)/2r.
When v = 0, f(w) is formally conjugated to the standard shift of order
r which in the coordinates y reads E(y) = y/(1+ y")ll " and which has

trivial iteration E°J(y) = y/(1 + jyr)l/ " and interpolating vector field
Y(y) = =y d/dy (see [4]).

The transformation 7'(w) which conjugates f(w) to the standard shift is
formally equal to the case r = 1 (see (4.3)), but here #(w) is a formal power
series in w™1/7. A generalization of theorem 2.1 can be proved ([1], [8).
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THEOREM 5.1 (Ecalle [1], Martinet-Ramis [4]). — Let f € A,41, and
let

s=1,...,7r (5.5)

(throughout this section the indez s will always assume the r integer values
s=1,2,...,r) be 2r sectors of aperture 2(x — &) of C,; then:

(i) there are tgs), tgs), analytic on Dgs), Dgs) respectively, which conju-
gate f to the standard shift F;

(i) all the tgs), tgs) have the same asymptotic expansion T around the
nfinity;
(iii) 'Dgs) are attractor sectors of f, and Dgs) are repulsor sectors of f.

Tl(s) and T2(s) have common domains: we define
D) = p{*) 0 D) (5.6)
and simalarly T2(s) and Tl(s+1) are defined on a common domain

p—(s) = ’Dgs’H) n Dgs) where ’D{T'H) = D?) . (5.7)

The analytic classification of Ar41~, 7 > 2, is given by the composition
of the transformations on the common domains.

THEOREM 5.2 (Ecalle [1], Martinet-Ramis [4]). — We define

o) =1{V o (7{) ", weD® 55
o® = o(1{)) ™, weD® |

- 167 -



Ezio Todesco and Julio Cesar Canille Martins
then:

(i) <I>§f) are analytic on DEE): @E,:s)(w) — w are periodic of period one
and tend to zero when w — oo;

(i) <I>(i$)(w) can be analytically prolonged to functions <T>(;)(w) defined
on 'D(s), where D) ¢ ’D:(ts):

D,(:) = {wllargw—(Zs——l)ﬂ <7, Imw>L}

(5.9)
DE_S) = {w| largw—(?s— 1)7r| <m, Imw< -L}.
Therefore, 55,:8)(11)) can be expressed by Fourier series
<I>(is)(w) =w+ Z e:t?’”kwcf(s) , WE Dgf) ; (5.10)

k=0

the coefficients cf(s) are bounded by an exponential growth in k;

ii1) ) are the analytic invariants of f € Aryq.~.
4+ + Y

Such as in section 2, we suppress the tilde for sake of simplicity. One can
also generalize Lemma 3.1.

LEMMA 5.2.— Let f € Ary1,; then

400
T (w) =w+ 3 (I (w), wed?,

J=0
) (5.11)
TP =w- 3 h(fiw), wedf,
J=—0
where
+o0o
w .
h(w) = g(w) + % — vlog f% = Z hiw™ T (5.12)
1=2r
Proof. — The proof follows the same scheme of Lemma 3.1 and Corollary

4.1. Therefore, one can generalize Theorem 3.1.
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COROLLARY 5.1.— Let f € A7, ., i.e.

+o0
ey —
f(w):w+1+;+€‘g2 giw z/'r’
=27

analytic on C; in a neighbourhood of the infinity; then:

(i) the analytic invariant of f read

+00 7j—-1
Q(is)(w)zw+e Z hlw+j+e¢ Z hlw+i +
Jj=-00 11 =—00

(5.13)

i1—1
+e Z h(w+i2+-~-))), wE’D(s);

19 ==—00

(1) the coefficients ctgs) are functionals of the Borel transform of h(w);
the same formal expressions (3.11) hold. For instance, one has
&) = Forinl) (F2nik) (5.14)

where the determination of the Borel transform is taken on the same
sheet of C, where Qg)(w) 1s defined.

Proof.— Part (i) can be proved following the same scheme of the case
r = 1; in order to prove part (ii) we first recall the definition of the Borel
transform of a function analytic on C, [9]. ‘

DEFINITION .— Let h(w) = Z;"f hiw="" w € C, be analytic in a
neighbourhood of infinity; then
(3) t) = __1_ tu}h 1
hg'(t) = 571 oo e h(w)dw (5.15)

1s the Borel transform, entire on C,; r®) jsa path on the s-th sheet of C,;
re ={ — 1 1 .

T . Re®, 6e[bo+6,00—6+2r]
I’gs):peigo"'&, p€[R, +oo] (5.16)

I{) : peio=6427 | e [R, +oo];

here R is arbitrarily large so that the path lies in the analyticity domain of
h; 60 € [0, 27r] defines the cut and the sheet of both h and hpg.
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A proof of this property can be found in [9].

We now prove formula (5.14); the Fourier coefficients of the analytic
invariants are given by

i +o00 .
ct(ls) = / h(w) e 2™ dy, we Df:) ,B>L. (5.17)
1,

B—00

On the other hand, we can exploit expression (5.15); we put the cut
close to RT at 6y € ]2ms — (1/2)7, 27s[ so that I’gs) is divided by the line
s) s)

Imw = § into two parts Fgo ans Fgl respectively above and below it; the
5)

integral over Fgl vanishes in the limit » — oo such as in the case r = 1;
moreover

im
R—400

/ e~ 2R b () dw
F(-’)
2

> (646 X o Lo
— lm / e=2mikp O+ S g pmifr (i(Go )i/ (i(Go+9) g

<
R—+oo |JR j=2r
© grksin(fo+6) & i/
< Thsmitorolp hilp™/"dp=10
S L lelp p=0,
7=2r
' (5.18)
since sin fg < 0. Similarly one can prove that the integration over I,:(;) gives
L s B+ :
no contribution, and therefore f:g_ - = fI‘gf,) and formula (5.14) holds;

the formulae for the higher orders can be proved following the same scheme.

6. Generalization to the resonant case

We define A, 41,4 as the set of diffeomorphisms whose linear part is
Az, where A, = exp(27ip/q) and whose g-th iterate belongs to Arq41,41 =
Arg4+1,y- The computation of the analytic invariants of this class can be
done directly on the g¢-th iterate.

LEMMA 6.1.— Let f1, fo € Arg1,4,9 and let ey, e1 be the g-th iterates,
belonging to Agri41,1; then fi and fy are analytically conjugated if and
only if e; and ey are analytically conjugated.
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Perturbative computation of analytic invariants

Proof.— If fi = ho fy 0 k™1, h analytic diffeomorphism in a neigh-
bourhood of the fixed point, then, iterating q times, one has e; = ff 7=
ho f;q oh ™l = hoeyoh~!. In order to prove the other sense of the im-
plication, we first show that given e; € Argy14,1, €1 = f1 %, f1 € Art1,9.0,
then there exist only one f € A; 41, which satisfies

er = f°1 (6.1)

and therefore f = f1. A solution of equation (6.1) can be built using the
functional equation which conjugates e; to its normal form:

¢

m) o T(2) (6.2)

er(z) =T71(¢)o (
where T'(z) is a formal power series which can be resumed to 2kq functions
analytic on sectors of aperture 27/kq — &, as outlined in section 5. The
unique formal g¢-th iterative root can be constructed using the above
equation [1]:

A€

(o) =2 = -1\ o
f(z) = 61 =T (C) ((1+<kq/q)1/kq

) o T(z) ; (6.3)

since we know a priori the existence of a solution f(z) analytic in a
neighbourhood of zero, the formal series f(z) is convergent, coincides with
f(z), and therefore f(z) is unique.

This result allows to prove the second part of the Lemma: in fact if
fi¥=hofy%0h™1 then f{? = (hofr0h™1)°?, and the uniqueness of the
g-th iterative root implies f; = ho foo h~1L.

The above Lemma allows the computation of the analytic invariants of a
resonant analytic diffeomorphism f € A, 11,4 by computing its ¢g-th iterate

ad applying the procedure outlined in the previous sections; this exhausts
the aims of this paper.
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