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Estimations of the best constant involving
the L norm in Wente’s inequality(*)

Sami BarRakeT()

RESUME. — Dans ce travail, on s’intéresse & la meilleure constante dans
une inégalité due & H. Wente. On montre que cette constante est bornée
indépendamment du domaine sur lequel on travaille. En particulier,
lorsque le domaine est simplement connexe, la meilleure constante associée
ala norme L™ est 1/2.

ABSTRACT. — In this work, we study the best constant in the so called
Wente's inequality. Our main result relies on the fact that the constant
in Wente's estimate can be bounded from above independently of the
domain on which the problem is posed. In particular, if the domain is
bounded and simply connected, we show that the best constant involving
the L* norm is 1/27.

Introduction and statement of the results

Let Q be a smooth and bounded domain in R2. Given two functions a
and b on 2 such that

a€ H(Q) and be HY(Q). (1)
We denote by ¢ the unique solution in L?(Q) of the Dirichlet problem

—Ap = az, bz, —azby;, in Q (2)
=0 on 09 3)

where subscripts denote partial differentiation with respect to coordinates.

(*) Recu le 11 avril 1994

(1) C.M.L.A. U.R.A. 1611, 61 av. du Président-Wilson, 94235 Cachan (France) et
Faculté des Sciences de Tunis, Département de Mathématiques, Campus Univer-
sitaire, TN-1060 Tunis (Tunisie)
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In the context of the equation of the mean curvature, H. Wente in [5],
also H. Brezis and J.-M. Coron in [3] have obtained the following striking
result.

THEOREM 0 ([3], [5]). — The solution ¢ of (2) and (3) is a continuous
function on Q and its gradient belongs to L2(Q). Moreover there exists a
constant Co(Q2) which depends on Q such that

“9"||L°°(Q) + ”v90||L2(Q) S CO(Q)”VGHU(mHVbHH(Q) : (4)

F. Bethuel and J.-M. Ghidaglia in [1] showed that under the hypothesis
of Theorem 0, there exists a constant Cy which does not depend of € such
that (4) holds true:

lell ooy + 1Vl 22 () < Coll Vel g2y | Vol £2(q) - (3)

Remarks 1

1 Tt is clear that Co(R2) in (4) is invariant under translation and dilatation
of Q, it could however depend on its shape. The result in [1] means it is
proved that the constant Cy(f2) is bounded independently of €.

2 The constant Co(€?) is invariant under a conformal transformation of Q.

We denote by Cso(€2) the best constant involving the L> norm and by
Co(Q) the L? norm. Then we have:

lell oo () < Coo (D Val| 20y I V0] 12
Vel L2y < C2( D[ Val| g2 VBl 12(q) -

Our purpose in this paper is to study Coo(€2). We first remark that:

C2(Q) < VCoo(9). (6)

Our results are the following theorems.

THEOREM 1. — Assume that Q = R2, then:

CoolB) = 5= ™)
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THEOREM 2. — Let Q be a smooth and bounded domain in R2, then:
Coo(Q) > L (8)
N = ox

Moreover if we assume that Q is a bounded simply connected domain in R?,

then:

Cool@) = = 9)

2w

Proof of Theorem 1.— In [3] H. Brezis and J.-M. Coron showed that
Coo(R?) < 1/2m, the next step is to show that Coo(R2) > 1/27. We let

a(ey,22) = z19(r), b(a1,22) = 229(r) where r= /a2 +22 (10)

and g will be chosen later. We obtain,

1 9(r? g
Uz by, — Agybp, = — _(r—g(_m (11)

2r or

By (2), we have

1 5("3—?) 1 8(r2g%(r))

“r T or or or ’ (12)
Thus we compute
1 [ 5
o=3 [ o)t (13)
T
and
2 2 2 < 312
I9a|2, = || Vo] :/Rz|Va| =7r/0 Pgo)do.  (14)
Hence
oo
1 / og?(o)do
Coo(R?) > g (15)
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Now we choose g. = 051 ¢~/ 2, we first observe that
a(z1,2) =21 g(r) = r*"Le™"/2 cosf € HL(R?) (16)
and hence
||Va”zz = /Joor Ksrs_l e"/2 %rs e"ﬂ) + (re7? e_’"/2)2] dr. (17)

Then, by (15)

o0
/ e e~ 4o
1
Coo(R?) > — — 0 : (18)
T 2m 3 e—2 1 e-1)2% o
/0 0((6—1)0’ =50 )e do
> o L (2) 1 . (19)
T (e=1)(2) — (e = DI(2e + 1) + 102 +2)
where T' denotes the gamma function. We conclude that
1 1
Coo(R?) > — — = (20)
* 2 (e~ 1) —2%(e~1)+ 2 (2 +1) 27

when ¢ tends to zero, so

1
2 —
Coo(R®) > 7r

Proof of Theorem 2.— We first assume that  is a smooth and bounded
domain in R2, not necessarily simply connected. Here we let also

a(zy,z2) =21 9(r), b(zy,29) = 29 g(r), where r = \/.z‘f + :c% ,

and g will be chosen later.

Next we introduce the following notations

/000 o 9%(0)do

= and gn(o) = ol/n=1,=c/2 , (21)
/ o2 ¢"*(0)do
0

L(g) =
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we obtain by (15)
1
2

It was established in the proof of Theorem 1 that:
L(gn) — 1 (22)

when n tends to infinity. Let g be fixed, ¢ € C’go(}Rz) such that:

" {1 infol<l 0<yp<1 23
" l0 injo]>2 an - 23)

First step
We put g, (o) = ¥(0/)) g(c) and we show the following Lemma.

LEMMA 1. — With the above notations, we have

L(gx) — L(g) (24)

when X tends to infinity.
Proof of Lemma 1.— We have as A tends to infinity,
<9 R _ [T 2(9\\ 2
/0 og (0’)da’—/0 ogi(o)de _/0 o (l—w (/\)) g“(o)de
< / cg®(s)doe — 0.
A
Thus
/oo o2 ¢R(c)do — /00 c3¢?%(0)do =
0 0
* a1 ) gy
:/ 0'3(-/\— ( ) (0')+1/;( )g (cr)) dcr-—/o o3¢'% (o) do
o3
] 3z ¢'2 g *(0)do + 2/ ——1/»’(%) zb(;) 9(0)g' (o) do

) e

= (I) + (II) 4 (11I)
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where
(1) s[\wa3(1—¢2(§))g’2(o)das/:oa*"g’z(o)da——~0,
(I)s/;A (D) 2(0)do§C/A2Aog2(o)da—+o,
I(II>132/AA§ v (D))l @l lato)] a0
<cC A o?lg'(@)| |9(e)] do.

By the inequality of Cauchy-Schwarz, we obtain

1/2

2) 1/2 1 1ox
(m<c (/}\ o g%(0) dcr) (./A o> g% (o) da) ,

L(gy) — L(g) as X tends to infinity .

then

Returning to gn, we prove that for n fixed L(g,)) — L(gn) as A tends to
infinity. By (24),

I\, such that ‘L(tp(/\i) gn(a')> — L(gn) 5% (25)
then by (22)
L<¢(%)gn(a)> —1 asn—o0. (26)

Denote gn(0) = %(0/An)gn(c), we have supp G C [0,2A,]. Let
hn(0) = Gn(4Ano), we have supp hp, C [0, 1/2]. We remark that L is
invariant by dilatation. Let go(c) = g(eo), an easy computation shows
that L(ga) = L(g), then

L(hy) —1 asn—o0. (27)
Denote by

an(z1,22) = 21hn(r), bu(1,22) = z2hn(r), where r =/2% + zi.
(28)
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We introduce the solution ¥, of the following problem

{ —A¢n = anzy bz, — Angzybnz, 1n Q (29)
Yn=0 on 0. (30)

We have

1 1
vl =3 [ oo s |al =3 | ohi@rao.

Since .
[¥anl2o,) ¥l 2ay = = [ o*h2(@) o,

then, by (27)

1 1 1

Second step

Let  be a smooth, nonempty and bounded domain in R2, then there
exists rg > 0, zg € Q such that B(zg,r) C Q.

If we note @n(2) = an((z — 20)/r0), Zn(z) = bn((z — 20)/r0), we have
@n, bn € Hy (B(20,70)) ,

since
Gp = by =0 on Q\ B(z20,79) then @y, b, € H3(Q).

Let ¢, be a solution of the following problem

_AJ;n = ana:li;nrz - anzggm:l in Q (31)
Yn =0 on 8 (32)

we shall prove the following result.

LEMMA 2. — Under the above hypothesis, we have :

Bul) = n (222)). | (33)

To
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Proof of Lemma 2. — Let Q; = B(z9, (3/4)r0), Q2 = R\ B(z0, (1/2)r0),
X1 € Cgo(]R2), supp x1 C €1, x1 =1 on B(zo, r0/2) and y2 =1 - x1, so
supp x2 C Qg.

For n € C§°(Q),

_/Qmpn(z;:")n(z)dzz —/Sltﬁn(Z;Ozo)An(z)dz

since supp ¥ C B(20, 70/2) and x2 = 0 in B(zo, r0/2), we have

_/ Ad)n(z_zo) n(z)dz
Q To

To

_ zZ— 20
/B(zo,ro) wn( o ) A(Xln(Z)) d

- Avn(Z222) ey e
B(z0,70/2) ro

z2 =2 )
= L(anzl bnzy = Anzybnz, )( 0) n(z)dz

- ]ﬂ Vn (z — ZO) A(x1n(2) + x2n(z)) dz

T0
= /Q(anl‘lgnzz - anﬂvz?)\nrl )z)n(z)dz.

Hence

Jn(z):¢n(z“z°>.

To

Returning to the proof of Theorem 2, since

l’anLoo = |’/’n|L°° ) Wanlm = lvc‘n|L2 and lVZ"ILQ = an L2

we obtain by (28)

1 |¥nlpe 1 1
Coo() > ———2———— = — L(hy) — —
=25 |Van|p2|Vbn|pe 27 )= %
and finally )
Coo(Q) Z %

which proves (8).
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We now return to the special case where  is a simply connected domain.
First we prove the following result.

LEMMA 3.— Let ¢ be the solution of the Dirichlet problem

{ —Ap =ag by, —az, bz, in By (34)

=0 on St

then we have

Cxo(B1) < % where By = {z € R?| |z| < 1} and S'=0B;.

Proof of Lemma 3.— By the representation of the Green formula

o= [ (+EEZD g - 9% ) as+ / B -pApds (35)

where y € By, E(z — y) = (1/27)log |z — y| and v is the exterior normal
vector. Choosing y = 0 in (35), we have

(0) = / E(z)Apdz.
B,
It is easy to see from (2) that

1
Ap = ~(arby — aghr),

so we deduce

1 1 2 1
¢(0) = 5/0 dr/0 < r) (arbg — agb,)dé
1 1 2T 1
57?/0 dr/o ( ;) abg)r — (abr)o) dé
1 1 2 1 dr 27
g/o dr/(; < ;) abg) dé = 271_/ / abg db .
Using

27 2m 27
/ abpdf = / (a —@)bgdé where a(r) = / a(r,o)do,
0 0 0
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we have

2T
’ / abg df
0

then

S |a - a|L2(0,27r) |b9|L2(0,27r) < |a9lL2(0,27.—) |b9|L2(0,27r) )

1 1 dr
|l#(0)] < g/o iaalL2(0,27r) lb€|L2(o,27r)T

and using the Cauchy-Schwarz inequality, we deduce that
1 b
(0] < 5= Va2 (g, Velr2s,) - (36)

We consider a function 7' which is defined from D? to D? by: T(z) =
(z0 + z)/(1 — Zoz) where 29 € D?. We remark that T is a conformal
transformation and T'(0) = zp.

Denote by @ = aoT, b=boT and @ = poT, an easy computation gives

~A$ = Gp, byy — zybz; in By
¢=0 on S,
|Va|p2(g,) = |Valr2(p,) and V8 128, = VBl 28y

Applying (5) for & we obtain

1
|e(z0)| < 5=|ValL2(p,) | VElL2(m,) V20 € B,

then )
Il 2o (81) < 521Vl L2(8y) | VElL2(By) - (37)

thus 1
< —.
Cwo(B1) < 97

Returning to the proof of Theorem 2, since {2 is simply connected, there
exists a conformal transformation 7" such that T(Q) = By, let
Gd=aoT, b=boT and p=¢oT, (38)
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by a similar argument as in the proof of (37) and by (38) we find

~ 1 ~ ~
18l 2 (@) < 57 [Vl L2(0) | VBl L2y - (39)

Finally
1
< =
Coo(2) < =

which together with the first step of the proof yields (9).

Remark 2.— We do not know whether Co () < 1/27 for every bounded
domain Q of B2, not necessarily simply connected. But the following
suggests that this may be true.

Let © = B(0, R) \ B(0, Ry) and let

Il Loy
[Vall 2 @) Ve 12 @)

where the above maximum is taken over map ¢ € H}(Q), a, b € H(Q)
such that (a,b)(z1,z2) = (21, 22)9(r).

Coo,rad(g) = Sup

PROPOSITION 1.— With the above hypothesis we have

1
Coo,rad(Q) < 2_7r .

Proof of Proposition 1.— Using (2) and (3) we deduce that

1 (R 1 log(r/Ra) (P2
e(r) = 5/7« o g*(0)do — 51————%(&/52) /1%1 s g*(o)do

then

log(r/Ra) [P

Ro
2 e ——————————————
l 79 (2) 7 (R R) J,

where Ry < r < R3. Hence,

o g*(o)do

)

}

Ry
el <3 [ 7o@)ar. (40)

1
el < oo
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Now we claim that
R R 5 2 2 2 2
/ og (a)dag/ 0°g'*(0)do + R5 g*(R2) — R19°(Ra1) . (41)
Ry R,
Indeed, computation yields
R> R2 R2 R,
/ cg*(o)do = -52 9%(Rg) — 31— g%(Ry) - / o ¢'(0)g(o)do
R1 Rl
and

Ry
< [l @llsto)] .

Ry RZ R2
[ o) do - R H(Re) + a7 (R)
Ry

Using the inequality of Cauchy-Schwarz, we obtain

Rs R2 R2
/1:: 0 g*(0)do — S2g*(Ro) + 5 % (Ra)| <
1

(

IA

R, Yo 3
/ o g%(0)de / o> ¢"%(0) do
Rl Rl
R» R,
< -1-/ agz(a) do + l‘/ 0'3g'2(0) do .
2 Ry 2 R,
Finally we have
1 R, 1 R, R2 R2
3| ei@ar < [T o) do+ TR~ g Ry
2 Jr, 2 /R, 2 2

hence we proved (41).

By a similar computation as in the proof of Theorem 2, we have
R 3 1 2 2 2 2
IVall 2@ VeIl 20y = 7 /R o ¢"*(0)do + R3g*(R2) — Ryg"(R1) | ,
1
using (40) and (41), we obtain

1
el < 521Vl 2@ I Vol 220y
and finally

1
Coo,rad(Q) < 2—7; .
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