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On the representation of functions
by trigonometric series

THOMAS WiLLiaM KORNER (1)

ABSTRACT.— We give an account of many of Men$ov's theorems on
the representation of functions by trigonometric series.

1. Introduction

We work on the circle R /27Z. Fourier analysis begins with the formula

[o.o]
f@)~ > f(r)exp(irt).
T=—00
In his thesis Riemann turned attention to the more general formula

o0

f() ~ Z ar exp(irt).

r=—00
With the invention of Lebesgue measure it became natural to interpret ~
so that the formula became

N

Z ay exp(irt) — f(t)

r=—N

almost everywhere as N — oo, or, more briefly,

[e.@]

Z ar exp(irt) = f(1)

r=-00

almost everywhere.
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There are now two natural questions to ask.

Question A (Uniqueness)

If 302 o arexp(irt) = 0 almost everywhere does it follow that a, = 0 for
all »?

Question B (Existence)

If f is measurable do there exist a, € C such that Y oo a,exp(irt) =
f@)?

Here and elsewhere “measurable” and similar terms refer to Lebesgue
measure unless we specify otherwise.

The surprising discovery by MenSov in 1916 that the answer to Ques-
tion A was no, initiated a long chapter in harmonic analysis which is not
yet closed. In 1940, Mensov showed that the answer to Question B is yes,
and over the next few years he developed this theme in some remarkable
ways. The papers containing his results are long and have a reputation for
difficulty. In [6] and [7] I have developed a different approach which I believe
to be easier. This paper gives me the opportunity of presenting a coherent
treatment along these lines and adding a discussion of what Mensov calls
limits of indetermination.

Let us write Sp(f,z) =>_." f(r) exp(irt) and, if E is measurable, let

r=-—n
us write | E| for the Haar measure of E (that is Lebesgue measure normalised

so that |T| = 1). Our key result on which everything else depends is the
following.

LEMMA 1.— Given any n > 0 there exists a N (n) with the following
property. Given any € > 0 we can find a positive function f € A(T) with:

(1) f0)=1,

(it) |f(u)| < € for all u # 0.
(iit) ISm(f, :L')l < K(n) for all m.
(iv) l{:c f(z) £ 0} < n.

Using Lemma 1 we can obtain one of MenSov’s most notable results.

THEOREM 2.— Given f : T — C a measurable function and € > 0 we
can find a continuous function g : T — C with uniformly convergent Fourier
sertes such that

I{x:f(:c) #g(;c)}| <e€.
— 78 -
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Mensov made great use of his theorem in obtaining his other results but
I shall use a development of Lemma 1 instead.

LEMMA 3.— Given any n there exists a K1(n) with the following prop-
erty. Gwen any € > 0 we can find a positive measure p with support of
Lebesque measure 0 and a closed set E with:

(i) 0)=1,
(i) |ﬂ(u)]§ € for all u # 0,
(iii) lSn(,u,x)| < Ki(n) foralln >0 and allt € E,

(w) IT\ E[ <,
(v) f(u) =0 as [u] = o0,
(vi) Sn(p, ) — 0 almost everywhere.

One consequence of this lemma which may be new in [6] is the following
parallel to MenSov’s Theorem 2.

THEOREM 4. — Given any f € L1 and any € > 0 there exists a singular
measure p with ||p|| < € such that

Sn(p+ f,x) — f(z)
almost everywhere as n — oo.

The form of Theorem 4 is explained by the following observation.

LEMMA 5.— If f € LY and p is a measure such that
almost everywhere as n — oc, then we can write p = f + o where o is a

singular measure.

Proof. — By the Radon-Nikodym Theorem we may write p = ¢ + o
where ¢ € L! and ¢ is a singular measure. Taking P, to be the Poisson
kernel we have

Poxp=P.xg+ Pr*xo.

But P, % g(t) — g(t) and P, * () — 0 almost everywhere (see [2,
§1.7]) whilst, since we have a summation method, P, * p(t) — g(t) almost
everywhere as r /' 1. Thus g = f and we are done. O

Using Lemma 3 we obtain MenSov's answer to Question B.
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THEOREM 6.— If f is measurable we can find ay, € C such that
n

Z ay exp(iue) — f(z)

u=-—"n

almost everywhere as n — oc.

We can also prove the following amusing result.

THEOREM 7 (MenSov’s Universal Series). — There exist a, € C such
that given any measurable function f there exists a sequence N(j) — oo
with

N@)
Z ay exp(iuz) — f(z)
u=-N(j)

almost everywhere.

The proof can be extended to give a more general result also due to
Mensov.

THEOREM 8.— Let & be a set of measurable functions such that whenever
frn € E and fr, — f almost everywhere then f € £. Then there exist a, € C
with ay, — 0 as |u| — oo such that:

(i) If f € £ then there exists a sequence N(j) — oo with

N(j)
Z ay exp(iuz) — f(z)

u=-N(j)

almost everywhere,
(i1) if there exisis a sequence N(j) — oc with
N
Z ay expiur) — f(z)

u==N(j)

then f€€&.
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The interest of this result appears when we consider the cases when £ is
empty, when £ has one member, when £ contains two members and when
& is the set of all measurable functions.

Bari extended Mengov’s Theorem 6 as follows.

THEOREM 9.— If f is measurable we can find a continuous function
F such that F' = f almost everywhere and the result of term-by-term
differentiation of the Fourier series

n

Z wuF (u) exp(iut) — f'(t)

u=—"n

almost everywhere as n — oo.

We shall prove Bari’s theorem and add a result which which may be new
in [6].

LEMMA 10.— If f € L' we may take F of bounded variation.

So far we have followed the standard modern convention that measurable
implies finite almost everywhere. However MenSov was also interested in
functions which are allowed to be infinite on sets of positive measure. It
turns out that functions f : T — C U {oco} are not very interesting in
this context (see [6, Lemma 1.11]) so we restrict consideration to functions
f: T — R* where R* = RU {~00,00}. In order to obtain real partial sums
237:—]\7 ay, exp(iut) we need to consider a, with a_, = a}. We shall prove
the following result of MenSov.

THEOREM 11.— If f : T — R* is measurable we can find a, with
a_y = a, such that

Z ay exp(iut) — f(t)

u=-—n

m measure.

In a brilliant paper [5] Konjagin has shown what MenSov evidently
suspected.
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THEOREM 12. — If a—y = a};, for all u then writing

n—oo

n
EyL = {t : lim sup Z ay exp(iut) = oo}

u=-—n
n
E_= {t : I%nl'{)%f Z ay exp(iut) = —oo} ,
uU=—n
we have
|E+ AE_|=0.

Thus we cannot replace convergence in measure by convergence almost
everywhere in Theorem 11

Instead we prove the following variation (which I believe to be new) on
a result of MensSov.

LEMMA 13.— Ifg : T — R* is measurable and g(t) > 0 everywhere then
there is a singular measure p with ||p|| <1 such that

n n
limsu i1(u) exp(tut) = — himinf 1(u)exp(zut) = g(t
n—‘oopu;nﬂ() p(iut) = —limin u;nu() p(iut) = g(t)
almost everywhere.

Using results stated earlier, this gives our final theorem of MenSov (the
last sentence of the theorem is, I think, new).

THEOREM 14.— If g1, g2 : T — R are measurable, g1(t) > g2(t) for all
t and E is a measurable set then there exist a, € C with a—y, = aj, for all
u such that

n n
limsu ay exp(tut) = ¢g1(¢), liminf aqy exp(iut) = go(t
imsup u;n wexp(iut) = g1(t), limin u;ﬂ wexp(iut) = ga(t)

almost everywhere fort ¢ E and
n n
limsup Z ay exp(iut) = oo, liminf E ay exp(iut) = —oo,

n—oc n—oo
Uu=—n u=-—n

almost everywhere fort € E. If go € L' we may take a, = ji(u) for some
singular measure [.
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Before proceeding to the main part of the paper I would like to make two
points, both of which may already be sufficiently obvious to the reader. The
first is that, although at first sight, results like Theorems 2 and 6 seem to
give useful properties of trigonometric series, their proofs and their general
context show that they are reflections of a deep seated pathology. The
second is that, however much I seek to emphasise slight improvements, the
picture painted here is of a landscape fully explored by Mensov.

2. The Main Lemma

The business of this section is to prove Lemma 1. Our main tool, here and
elsewhere, will be simple estimates of the type given in Lemma 15 below.

Recall that we say that f € A(T) if ||f|| , = Ezoz_oov(n)l < oo. If
f € C(T) we write fin)(t) = f(N?).
LEMMA 15

(i) If P and Q are trigonometric polynomials with Q of degree at most
M then, provided only that N > 2M + 1

[$n (AmQ. 2)] < 212 [Q1L4 +1Q(@)| magsuplsm(P.0)],

forallz € T and all n > 0.

Also . )
1Pm@llo = 1Pl 19 o »
and, if v is fived, then EV\Q(T) = P(O)Q(r) for all sufficiently large
N.
() If f, g € A(T) and € > 0 then, provided only that N is sufficiently

large

Sulfime.2)| < 2|

Fllcllolla + lo(z)]| maxsup|Sm (£, )] +e.

forallz € T and alln > 0.

Also L )
1fv9lloe = 1 £l llollo + €

and. if v is fized, then |P[7VTQ(7’) - P(O)Q(r)l < € for all sufficiently
large N.
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Proof

(i) Observe that
PvjQ(Nu + 1) = P(u)Q(r)

whenever |r| < N/2. Thus if n > 0 and we take m such that [n—mN| < N/2
we have

50 (P @, 2) = Q(&)Sim(P, N2) | = [ Sn (P1@: ) = Smv 40 () Q)
< (1P| + [P(=m)]) @] 4

so that

<@l

S (F1Q.2)| < Q@) sup|sm(P.0)] +2] )

The stated results now follow.
(i1) Use the fact that the trigonometric polynomials are dense in A(T). O

There is a second kind of scaling that we can do. If /' : R — C and
F(z)=0for [z| > # and N > 1 we can define F;y: T — C by the formula
Fny(t) = f(Nt) for [t] < 7. Provided that F is sufficiently well behaved,
we have, not merely that Finy € A(T), but also HF(N)”A < K for some
R independent of N (see for example Chapter II of [3]). We shall work
with a particular F' for which this is obvious, but our construction is not
dependent on making this choice. If we set

A(x):max(l—m,O) .
w

It is easy to check that An(r) > 0 and so HA(N)”A = Apn(0) = 1. Thus
taking

G(z) =2A(z) — A(z), F(z)=GR2x—-7)-GR2x+ )

we have ”G(N)”A <3 and ”F(N)”A < 6. It may be useful to sketch G(N)
and F(]V)'

We can now begin the construction of the function required by Lemma 1.
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LEMMA 16.— Given integers M, N' > 1 and a real number n > 0 we
can find an integer N” > N' and an H € A(T) such that:

(i) |H(t)| <1forallteT,

() H(t) =0 for|t| > n/M,
(i) |{te T: H(t) = -1}| > 1/8,
(iv) H(0)=0,

() ||H] 4 <18,

(vi) > |H(r)|<n,

[rI<N?
i) )] <0
[rI>N"
In particular
18 for alln >0 and allt,
ISn(H,t)| <<{14n foraln withn>N" orn< N and |t| < 7/M,
n for alln withn > N"” orn < N and |t| > n/M.

Proof.— Consider
H(t) = Hn(t) = Figpn) ()G (1) -

Conditions (1), (ii), (iii), (iv) and (v) are immediate from the construction.
(To see (iv) observe that H is odd, to see (v) observe that ”HHA <
”F[BMN]”A“GM IA) Since F is odd, F(0) = 0 and so, for each fixed r,

Hy(r) — 0 as N — oo. Thus (vi) will hold for sufficiently large N. Once
N is fixed, condition (v) shows that (vii) will hold provided only that N”
is chosen large enough.

The statements about Sy, (H,t) are direct consequences of conditions (v),
(vi), (vii), (i) and (ii1). O

LEMMA 17.— Given any € > 0 we can find an h € A(T):
(i) h(0)=0,

(i) [ﬁ(u)| <€ for all u,

(iti) |Sn(h,t)| < 20 for alln,

(w) |{t: h(t) # -1} < 7/8,
(v) 0<h(t)<2 forallt.
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Proof.— Let n > 0 be a real number and let M > 1 be an integer, both

to be chosen later. By the previous lemma we may find 1 = Ny < Ny <
..< N(M) and H; € A(T) such that:

(i); |Hj;t)|<1forallteT,

(i); H;(t;) =0for |t| > 7/M,

(ii); |{t € T: H;(t)=—-1}| > 1/8|T|,

(iV)j H;(0) =0,

i Hll. <18,

(Vl <N G- [ Hi (] < m,

(vid); Epsn )i ()] <,
and so, in particular,

18 for all n > 0 and all ¢,
1417 forall n withn> N(j)orn < N(j—1)
|Sn(Hj,t)| < and |t| < 7/M,
n for all n with n > N(j) or n < N(j)
and |t| > 7/M.

If we now set

M 9
ZH (t + ﬂ)

then conditions (i) and (iv) follow at once from (i);, (ii); and (iv);.
Conditions (i); and (ii); also show that

;0] < |55, = 57
whilst conditions (vi); and (vii); show that
|Hi(r)] <
if [r| < N(j — 1) or [r| > N(j). Thus
3 M 1
|h(r)] < ;wj(r)] <Mn+ 7
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and condition (iii) follows provided only that we choose M > 2¢~1 and
n < €/(2M). Similarly

M

|Sn(h,t)| <>

i=1

2wy

for all ¢ and all n, so that condition (iv) holds provided only that we choose
n<1/M.0O

A trivial modification gives the next result.

LEMMA 18.— Given any € > 0 we can find an f € A(T):

(i) fO)=1,

(ii) |f(u)| <eforallu#0,
(iit) |Sn(f,t)| < 21 for all n,
(i) |{t: £ £ 0}| <7/,
(v) 0< f(t) <2 forallt.

Proof. — Set f=h+ 1 in Lemma 17. O
We now “concentrate” the function f of Lemma 18 by repeated multi-
plication.
LEMMA 19.— Given any 6 > 0 we can find a sequence of functions
In € A(T), with fo = 1, and closed sets
0=EgCE{CEy...
such that. if n > 1,

(ihn | Fn(w) = fr-1(u)| < 627"+ for all u,
(i))n |Sm(fn,t)| < 277125 =277
forallm>0, allt € E, and all1 <r<n-—1,
(6i)n |Sm(fn,t)] < 277125 — 27" for allm > 0, and all t,
(1)n fn(t) =0 fort € En,
(v)n T\ En| < (15/16)",
(vi)n 2™ > fo(t) >0 for allt,
(vi1)y supp fn C supp frn-1-
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Proof.— We start the induction by setting fi = f and E; = f~1(0)
where f is the function of Lemma 18. Provided that ¢ is chosen small
enough, conditions (i); to (vil); are automatically satisfied.

Now suppose that we have constructed f; and E; for 1 < j < n. We set
fr+1(t) = fr(t)f(Nt) where f is the function of Lemma 18 with an ¢ > 0
and an integer N > 1 to be chosen later. If we set

Epp1=E,U {t : f(Nt) = 0}

then conditions (V)p41, (Vi)p41 and (vii)p41 follow automatically from
conditions (v), and (vi), combined with condition (v) of Lemma 18.
Condition (iv)p41 follows from (iv), and condition (iv) of Lemma 18
provided only that N is large enough.

To prove the remaining conditions set ¢ = f — 1 and g,41(t) =
Fr()g(Nt) = fn(t)gn)(t). We observe that

fn+1 —fa= In+1-

Since

l9mt1lle = nomlloc < Naalloc I Flls = 181 ]l = ellgnlls

we see that condition (i)n4+1 will hold provided only that € is chosen small
enough. Further, choosing M sufficiently large that

Z lfn(u)' < 27n®

[ul2M

we know that, provided e is small enough

Z |gnt1(u)] <2770

ul<M
and so
|Sm (fat1.)] < |Sm(fa O] + |Sm(gn41. 1)
< max(|Sp (fu, )], [ Fa ()] + |Smlgn1,1)]) +27773.
But, by Lemma 15, we know that, provided only that N is large enough,
|Sm(gn41.1)| = [Sm 9y frs )|

< 2ol el + 1520 mapsupSyta.0] + 277
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Now, by Lemma 18(iii) |Sp(g,t)| = |Sp(g,t) + ll < 23 so that, provided
only that ¢ is small enough,

|Sm (a1, )] < 23 |fu)] + 277

and so

ISm(fn+1,t)| < max(ISm(fn’t)[, 2 'fn(t)D + 2_n_2’

for all m > 0 and all t. Conditions (ii), and (vi), now give (ii),4+1 and
(vi)n41. The inductive step can thus be completed and the lemma is
proved. D

The key Lemma 1 is now obvious.
Proof.— Without loss of generality we may suppose < 1/100. Choose
n such that (15/16)"|T| < 1 and set K(n) = 2"25. If we now set & = 7/2

and take f, as in Lemma 19 above then conditions (i)y, with 1 < m < n
tell us that :

@) |falu) = 1(w)| <6
ie. |fa(0) — 1| < 6 (so that, in particular, f,(0) > 1/2) whilst
|f(w)| < 6 for all u # 0.

Condition (iii)y gives us :
(ili)’ [Sm (fn )| < 277125 for all m > 0.
Conditions (iv), and (v)y tell us that

)" [{2: fale) #0}| <,

whilst condition (vi)y, tells us that f, is positive.

If we now set f = (fn (0))_1fn we have 2f,(t) > f(t) > 0 so the conclusions
of the lemma may be read off. O

We could have proved Lemma 1 directly by modifying the proof of
Lemma 18 (this would make a good exercise for the reader) but the inductive
concentration argument in Lemma 19 also gives us Lemma 3.

Proof. — Without loss of generality suppose ¢ < 1 and set é = ¢/2.
Consider the functions f, of Lemma 19. Let us set du, = fn(.’L’)(Qﬂ')_ld;E
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(so that p, is the “obvious” measure associated with f,). By condition
(vil)p, pn is a positive measure. We note that (i), becomes

it (u) = fin—1(u)| < 627 (v 1)

for all u. In particular Hun“ = (n(0) is bounded and so, u, converges
weakly to a positive measure p’ with
| (u) = fio(w)] < 6.
If we take 6 = 1/2, then, since fig(0) = 1 we have 3/2 > ||,u'” > 1/2. We
now set y = “,u’”—l,u'. Since jig(u) = 0 for all u # 0, we have
|i(w)| < 2| ()| <28 < e

for all u # 0.

Condition (vii), shows us that

supp p = supp p’ C supp fn

Conditions (iv), and (v), now show that |suppu| = 0. Condition (ii)n
shows that
|Sm (1, 1)| < 2|Sm(p’ )] < 2725

for all m > 0, all t € E.. But condition (v), tells us that

15\

T\ e < (55)
If 7 > 0 is given we can choose an r such that n < (15/16)"|T|. If we now
set A'1(n) = 2725 then conclusions (iii) and (iv) of our lemma follow on
setting £ = E,. Condition (v) follows from the observation that f,(u) — 0
as |u| — oo. Condition (iv) is a consequence of the general result that if p
is a measure with p(u) — 0 as |u| — oo then Sp,(p,t) — 0 for all ¢ ¢ supp p.
but it can also be obtained directly by arguments of the type used above. O

3. Consequences

Many of the results announced in the introduction now follow without
much more work. We start with Theorem 2, MenSov's theorem on the
adjustment of functions.
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At first sight Lemma 1 looks rather far removed from Theorem 2 but the
next lemma shows that they are rather close.

LEMMA 20.— Given any n > 0 there exists a Ko(n) with the following
property. Given any trigonometric polynomial Q and any k > 0 we can find

q € A(T) with:
(1) |Sa(g,x)| < K2(n)||Q|, for alln and allz € T,
(1) |{z:q(z) # Q(z)}| < n,
(111) |g(u)| < k.

Proof . — Take K(n) as in Lemma 1 and set Ko(n) = A (n) + 3. Take f
as in Lemma 1 for some ¢ still to be determined. We set

q(z) = (1 — f(Nx))Q(a:)

By condition (iv) of Lemma 1

|{1:q(w)75Q(x)}| = |{:1:f(Na:);é0}| = |{:L'f(:n);£0}| <n.

Next we observe that conditions (i) and (ii) of Lemma 1 show that
Hl - f|| < €. Thus Lemma 15 shows that, provided N is large enough
(actually N = 2 x degree(Q@) + 1 will do) and ¢ small enough, conclusions
(ii) and (iil) hold. O

Theorem 2 now follows.

Proof. — If f : T — C is a measurable function and ¢ > 0 then. by a
theorem of Lusin, we can find a continuous function F such that

{z: f(z) # F(z) }|<—.

By Fejér’s theorem we can find a sequence of trigonometric polynomials
tending uniformly to F. By extracting a sufficiently rapidly convergent
subsequence we can obtain trigonometric polynomials Q1, Q2, @3, ... such
that »°2; @; converges uniformly to F' and

1Qill., < K2(279¢) ™ 27
for all j > 2.
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We set g1 = ()1 and use Lemma 20 to obtain, for each j > 2, q; € A(T)
with:

();  [Snlgj, )| < K2(2776)|Q;], <27 for all n and «,

(i), |{a: q; x)#Q](w)}|<2 Je.

Since g1, 92, ..., ¢gm € A(T), Sn(zgnzl q;, -) converges uniformly to
>_7=14;- On the other hand conditions (i); show that

e
Sn( Z g5, ) <2™m
Jj=m+1 00

forall n > 0 and all m > 1. Thus g = E‘;’;l q; has uniformly convergent
Fourier series. Condition (ii); and the definition of ¢; show that

{ qu(x;ézcz] } <3

j=1

In other words

’{1‘ g(z) # F(z }I < =
and, recalling how we chose F', we see that the proof is complete. O

In the same way as Lemma 1 gave us Lemma 20 so Lemma 3 has the
following simple extension.

LEMMA 21.— Given any n > 0 there exists a K3(n) with the following
property. Given any trigonometric polynomial Q and any k > 0 we can find
a measure p with support of Lebesque measure zero and a closed set L such
that:

(i) [Sn(Q + p, .7:)] < Kg(n)’Q(x)' foralln and allz € L,
(i) [T\ L] <,

(i) [|o]| < 2||Q”1v

(iv) |(Q + p) u)[ K for all u,

(v) p(u) — 0 as |u] — oo,

(vi) Sp(Q + p. &) — Q(z) almost everywhere.
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Proof . — Take K1(n) as in Lemma 3 and set K3(n) = K1(n) + 3. Take
p# and E as in Lemma 1 for some ¢ still to be determined. If Q has degree
M we take N > 2M + 1 with the value of N to be determined later. We
take pp to be the measure given by an(rN) = 4(r), gy (v) = 0 otherwise,
and set

p=-Qun .

Conditions (v) and (vi) is follow automatically from conditions (v) and (vi)
of Lemma 3. we observe that

el = /TIQ(t)IdluNl(t) = [Qlly [+l = llel;

as N — oo so conclusion (iii) holds provided only that we take N large
enough. We set
L=Ey={Nz:z€E}

so that conclusion (ii) follows from the corresponding result for E.

If weset v=1- p and vy =1 — pn then Lemma 3 shows that:

(i)’ |p(w)| < € for all u,
(i) |Sp(v,2)| < Ki(n)+1foralln >0 and allt € E.

But the arguments used to prove Lemma 15 show that
ISn(Q-l- P, x)‘ = ISn(QVN,x)I
< 20l @1y + @) max sup|Sm (v )]
< 2¢[|Qll s + [Q(@)| (K1(m) +1)

for all z € L and all n > 0. Condition (i) now follows, provided only that
we choose ¢ small enough. Condition (iv) can be ensured in a similar but
simpler manner. O

Theorem 4 now follows.

Proof.— By using the theorems of Lusin and Fejér we can find a
sequence of trigonometric polynomials @; and closed sets H; such that:

(a) 2?0:1 @; converges pointwise to f except on a set E of Lebesgue
measure zero,
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(b) 522 [Qill; < €/2,
(c) |Q](x)| < Ifg(?‘j)_l?‘j forall z € H; and all j > 2,
(d) |Hj| <27 for j > 2.

Lemma 21 now tells us that we can find measures p; with support of
Lebesgue measure zero and measurable sets E£; = T\ L; such that, if j > 2.

(1);  [Sn(Q; +pj,2)| < K3(277)|Qj(2)]| for all n and all z ¢ E;,
(ii); |Ej| <277,
(iid); os < 2] Qs -

We set p; = 0.

Conditions (b) and (iii) tell us that 32, p; converges in measure norm
to a measure g with “u“ < €. Since the p; are singular so is p. Since each
of the p; has support of Lebesgue zero measure and a standard theorem
tells us that

Sn(pj,z) — 0 for x ¢ supp p;
as n — oo it follows that there exists a set Fy, of Lebesgue measure 0 such
that
m m
Sn (Z(Q] +p5), :c) — ZQ]'(.L') for ¢ Fp,
Jj=1 7=1

as n — oo. But condition (i); combined with condition (c) tells us that, if
Jjz2
[Sn(Q] + ij”)l < 27

for all z ¢ H; and so
o0
Sn,( Z (Qj"‘pj),l‘) <9 m
J=m+1
for all z ¢ (J72,, 41 (E; U Hj) and all n > 0. If follows that

i=1
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asn — ooforalle ¢ EUN_ UR,, 11 (E;UH;). Since |E;UH;| < 27711

and |E| = 0 this tells us that S,(f + u,z) — f(z) almost everywhere as
required. O

The proof of Theorem 6 is similar but simpler.

Proof.— By using the theorems of Lusin and Fejér we can find a
sequence of trigonometric polynomials @; and closed sets H; such that:

(a) E;’il (Q; converges pointwise to f except on a set E of Lebesgue
Imeasure zero,

(c) |Q](.’L')| < K3(2"j)_12_j forallz € H; and all j > 2,
(d) |Hj| <277 for j > 2.

Lemma 21 now tells us that we can find measures p; with support of
Lebesgue measure zero and measurable sets E; = T\ L; such that, if j > 1.

(); [Sa(Qj+ pj.z)| < K3(2779)|Qj(z)| for all n and all « ¢ Ej,
(il); |E;| <279,
(iv); |ps(w)| <277,

If we now set ay = > 72, pj(u), the proof that 7/ . auexp(iut) — f(1)
almost everywhere follows the lines of the previous proof. O

4. Convergence of Subsequences

Results like the existence of universal trigonometric series can be reduced
to exercises in measure theory by means of the following lemma.

LEMMA 22.— Given any sequence fn of continuous functions with
||fn—fn_1||oo—>0 as n — oo we can find ay, € C with ay — 0 as |u] — oo
and a sequence of integers N(j) with 0 < N(1) < N(2) < ... such that:

(i) Zi\r:(]_)Nj ay exp(iut) — f;(t) — 0 almost everywhere as j — oc.

(i1) If € > 0 is fized, then

N
t: Z ayexp(iut) — f;(t)| < e for al N(j) < NS N(@G+1)p| — 1

u=—N

as k — 0.
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Proof.— Since we can find trigonometric polynomials P, with
”Pn - f"”oo — 0 there is no loss of generality in supposing that the f,
are trigonometric polynomials. We set Qo = fo = 0 and Q; = f; — f;_1 for
all 7 > 1. Since ||Qj”oo — 0 as j — oo we can find 7; > 0 with

K(0)|Qj o <5

for all j, where A'3(n;) is defined as in Lemma 21, and 5; — 0 as j — oc.

We now construct inductively a sequence of measures 7; together with a
sequence of integers N(j) as follows. Set 7o = 0 and N(—1) = 0. Suppose
now that N(j — 1) has been fixed and we have constructed 7o, 71, ..., 7j_1
in such a way that:

-1
(1); Sn (Z Tp..’E) — fij—1(x)

p=0
almost everywhere as n — oo. Simple measure theory tells us that
we can find N(j) > N(j — 1) and a measurable set E; with

(ii)]' IEJ, < 2_‘7;
J-1 ‘
(i) [Sn [ 3 702 | = fyma(a)| <277
=0
for all z ¢ E; and all n > N(j).

Let k; > 0 be a small number to be determined. By Lemma 21 we can
find a measure 7; = Q; + p; and a measurable set F; = T\ L; such that:

(v);  |Sn(r.2)| < Kg(nj)”Qj”oo for all n and all z ¢ F},
(vi)j |F5] <mj,

(vii)’ |7i(u)| < &; for all u.

(vii); 7;(u) — 0 as |u| — oo.

(ix); Sn(rj.2)— Q;(z) almost everywhere.

By choosing «; small enough. we can ensure that:

(vii); Z|u|§N(j—1)|7;j(u)' <2791 and |7"j(u)| < 277 for all u.

Combining (viii); and (i); we obtain (i);41 so we may move onwards to
the next stage of the induction.
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Condition (vii); allows us to set

ay =Y 7(u)
k=0

and tells us that, if N(k — 1) < N < N(k),

N

k 0
PIR TSP BLCIESD DI DI 0] Ee
u=—N 7=0 J=k+1 |u|<N(j-1)
and so
N
Z ay exp(iut) — Sy (E?:O Tj,t) <27k (*)
u=-—N

Combining this result with (v); and (ii); we obtain

N
Z ay exp(iut) — f(t)] < 27% + K3(m)|| Qx| +27F

u=—N

=9 hk+1 4 K3(m)|| Qx|

for all t ¢ F UFy, and all N(k— 1) < N < N(k). By conditions (ii); and
(iv)k
|Ex U F| < 27F 4y,

so, since we have chosen 7, in such a way that Kg(nk)HQk”OO,nk — 0, we

have
]\T
sup sup Z ayexp(iut) — fr(t)] — 0

t¢EkUFk N(k—-l)SNSN(k) u=—N

and
|Ex UF| —0

as k — oo. Condition (ii) follows.

Condition (ii) 41, (iii);41 and (vii);4, show that

[Sves) (Shoomsot) = £i0] < 27971 427972 < 27
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fort ¢ E;11. Equation (*) at the beginning of the previous paragraph now
tells us that
N(j) '
Z ayexp(iut) — f;(t)| <277 + 271
u=-N(j)
forallt ¢ E;41. Thus
N()
Z ay exp(iut) — f;(t) =0
u=-N(j)
for all t ¢ MNo=; Uy=, Ev as j — oo. By condition (iii); 41, IEJ+1| <2-i-1

v=Uu
so condition (i) follows. O

The proof of Theorem 8 is now a matter of finding an appropriate

sequence f, and applying Lemma 22. Here are two special cases of
Theorem 8. We first prove Theorem 7.

Proof. — By Lusin’s Theorem and the fact that the continuous function
have a countable uniformly dense subset we can find a sequence f, of
continuous functions with an - fn—l”oo — 0 as n — oo such that
given any measurable function f there exists a sequence M(j) — oo
with fM(j)(:c) — f() almost everywhere. By Lemmma 22 we can find
a, € C with ay, — 0 as |u| — oo and a sequence of integers N(j) with
0< N(1) < N(2) < ...such that:

N@)

(1) Z ay exp(iut) — f;(t) — 0 almost everywhere as j — oo.

u=—N(j)

(Note that we do not need condition (ii) from the lemma.)

If f is measurable then by the first sentence of this proof there exists
a sequence M(j) — oo with far(;)(z) — f(z) almost everywhere. By
condition (i)
N(M(5))
Z ay exp(iut) — f;(t) — 0

u=—N(M(j))

and so
N(M(j5))

Z ay exp(iut) — f(t) — 0

u=—N(M(3))

almost everywhere. O
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The second special case is, in some sense, the opposite of a universal
series.

LEMMA 23.— We can find a, € C such that:

(i) |{t: |T)-_n anexp(int)| > 1} — 0 as N — co.
(11) For any choice of N(1) < N(2) < ..., the partial sums
N(7)

Z an, exp(int)

n=—N(j)

diwverge almost everywhere.

Proof. — If we set
Falt) = 5 cos(n/?1)

for |¢t| < 7, then Lusin’s theorem shows that, if A is any measurable set and
f any measurable function

Ht € A:|falt) = F(8)] > 10“2}‘ 2 Iéi]

for all sufficiently large n. Since fr — frn41 — O uniformly as n —,
Lemmma 22 tells us that we can find a, € C with a, — 0 as |u| — o
and a sequence of integers N(j) with 0 < N(1) < N(2) < ... such that

(i1) If € > 0 is fixed, then

]\T
{t : Z ay exp(iut) — f;(t)| < eforall N(j) < N < N(j+ 1)} — |T|
u=—N

as k — 0.
(Note that we do not need condition (i) from the lemma.)

It follows from the first sentence of this proof that if A is any measurable
set and f any measurable function

N
{t €A: Z ay exp(iut) — f(t)| > 10_3} > Ll
u=—-N 4

for all sufficiently large n. The lemma follows. O
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To get the full result we combine the two extreme cases already treated.
Once again, we need to find an appropriate sequence f,. To this end we
have the next lemma.

LEMMA 24.— Suppose Fg, F1, g1, g2. ..., gn are continuous functions
on T such that there exist (1), €(2), ..., e(n) > 0 with

H{z : |Fo(z) = g;(2)|> e(}] > €(G), {z: |F1(2) — g;(2)| > () }]| > €(h)

forall1 < j < n. Then we can find a continuous function F : T x[0,1] —
C such that:

(i) F(z,0)= Fo(z), F(x,1) = Fi().
(ii) |F(z,s)] < [Fo(a:)l, |F1(a:)l for all (z,s) € Tx [0, 1],
(iii) ,{x : [F(m,s) - gj(x)l > e(j)/4}| >e(j)/4 forallse€[0,1].

Proof. — Let ¢ = minj<;j<n €(j). By uniform continuity we can find an
integer N such that

€
|Fo(u) = Fo(v)|. |Fi(u) - Fi(v)|. lrsnjasxn|gj(U) -9 < 57

whenever |u — v| < 27N ~1. Now choose a function # : T x [0,1] — C
such that:

(1)) H(z,0)=0.H(z,1)=1forallz € T.

(i) 0 < H(z,s)<1forall (z,5) e Tx[0,1].

(i)' [{z : H(z,s) ¢ {0.1}}| < e/4forall s € [0, 1].
(This can be done, for example, by setting

H(s.z) = max (0, min (1, K (7 — |z]) + (2s — 1)K))
with A" sufficiently large.) If we now set
F(z,s)=(1—H(s,Nx))Fo(z) + H(s, Na)Fy1(x)

conditions (i) and (ii) follow at once from conditions (i)’ and (ii)’. Condition
(iii) tells us that

€

{1‘ € [271'% , QWZ%:I :F(z.s) ¢ {Fo(z),Fl(az)}}l < N

for all s € [0, 1] and (iii) now follows from our choice of N. O
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We have the obvious discrete corollary.

LEMMA 25.— Suppose Fy, F1, g1, 92, --., gn are continuous functions
on T such that there exist €(1), €(2), ..., e(n) > 0 with

{2 : [Fo(@) - g;(2)] 2 (i)} =€), [{z : |Fi(2) - g(2)] > ()} ] > €(s)

for all1 < j < n. Then given any € > 0 we can find an M and continuous
functions fi, on T such that:

(i) fi(z) = Fo(z), fm(z) = Fi(z),
(i) |fk(.z')| < |F0(x)|, |F1(:c)| forallr €T and 1<k <M,

(iit) [{z : |fr — gj(2)| > €(§)/4}|> €(j)/4 for all 1 <k < M,
(iv) |fk(.7:) - fk+1(x)[ <eforallz€eTand all1 <k < M-1.

We can now prove Theorem 8. Since we have already dealt with the two
special cases when & the set of all measurable functions and when & the
empty set we shall exclude them from further consideration.

Proof. — Since £ is neither empty the set of all measurable functions,
an application of Lusin’s theorem and the fact that there is a countable
dense subset of the continuous functions under the uniform norm shows
we can find continuous functions Fy, Fy, ... and g1, g2, ... together with
€1 >0, €2 >0, ...such that:

(i) if f € € we can find n(j) — oo such that for each € > 0

Hm | Fp)(@) = f(=)] < e}l 0

as j — 0,

(i) if j > k then
Hz: |gr(z) = Fj(z)| > e }| > 4ey,
(iil) if we write G, for the set of measurable f such that
Hz : |gr(z) = (=) > e }| < ek

then (Ji=; Gk is the set of measurable functions not in £.
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Applying Lemma 25 repeatedly we see that we can find a sequence of
continuous functions f, and a sequence of integers 1 = M(1) < M(2) <
M(3) < ... such that:

(IV) ”fn - fn—l”oo —0asn— o0,
(V) fa(q) = Fq forall ¢ > 1,
(vi) l{’“ : ng(l’) - fn(‘”)l > 36k}| > 3¢y for all n > M(g) and all ¢ > 1.

Condition (iv) allows us to use Lemma 22 to obtain a, € C with a, — 0
as |u| — oo and a sequence of integers N(j) with 0 < N(1) < N(2) < ...
such that:

(vii) ZuN_—fJ_)]\,] ay exp(iut) — f;(t) — 0 almost everywhere as j — oco.

(viii) If € > 0 is fixed, then

N
{t: Z ay exp(iut) — f;(t)| < efor all N(j)SNSN(j+1)} — |T|

Conditions (v), (vil) and and (i) show that, given f € &, there exists a
sequence of partial sums Zu:—m(j) ay exp(iut) converging to f in measure.

Conditions (viii) and (vi) show that, if k is fixed, then

N
{:c : Z ay exp(iut) — gp(z)| > Qek} > 2¢;
u=—N
for all sufficiently large N. Thus if a sequence of partial sums
m(J)
Z ay exp(iut) converges to f in measure
u=-m(j)
we know that
ez : |f(2) = gr(2)| > 2¢x}| > 2¢;

and so, in the notation of condition (iii), f ¢ Gj for any k, whence, by
condition (iii), f € £. O

5. Bari’s Theorem

This section deals with matters which are now considered rather off the
beaten track and may be omitted. Bari’s Theorem 9 is a unification of
Mensov’s Theorem 6 with a theorem of Lusin.
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THEOREM 26.— If f : T — R is a measurable function then there exists
a continuous function F : T — C such that F'(z) exists with value f(z)
almost everywhere.

(However when we refer to Lusin’s theorem in other sections we mean
the much simpler result obtained in a first course on measure theory.)

The proof of Theorem 9 is obtained by adapting the proof of Lusin’s
Theorem given in the classic text of Saks [9, Chap. VII, sect. 2] and the
serious reader will probably start by reading that proof. In order to parallel
the proof in Saks we need to modify Lemma 3 and Theorem 4 though not
in any profound way.

LEMMA 27.— In Lemma 3 we may insist also that (vii) l,u(J) - lJH <é
for any interval J.

Proof.— Let p and E be as in Lemma 3. Let pps be the “M-periodic”
measure obtained from p by taking gar(Mr) = f(r) and jpr(u) = 0 if
u is not divisible by M and let Eyy = {Mz : ¢ € E}. Automatically
ppar and Epg satisfy all the conditions of Lemma 3. In addition, whenever
J = [2ra/M, (2r + 1)n/M),

pyv(J) = M~ ()= M~ (0) = M~1 = |J]
and if I is a subset of J
luar (D) = 11| < par(D) + | < ppr(D) + 1| < M7H|pl| + M~P =27,
Thus s satisfies our condition (vii) provided only that M is large enough.O

QOur new version of Theorem 4 runs as follows.

THEOREM 28.— Given any n > 0 we can find ¢ K1(n) > 0 with the
following property. Given any infinitely differentiable function f and any
6 > 0 we can find a measure 7 and a measurable set A such that:

@ el <3l
(ii) |7°(r)| < 6 for allr,

(iti) Sn(7,t) — f(t) almost everywhere as N — oc,

(iv) |SN(T,t)I < Kl(n)lf(t)| +6 forallt € A and all N > 0,
(v) |T\Al<n,
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(vi) |SN(7',t)l < 6 for allt with f(t) =0 and all N > 0,

(vii) supp 7 C supp f,
(viti) |T(J)| < & for any interval J.

Proof. — Let N1(n) be as in Lemma 3. Let ¢ > 0 be a small number
to be fixed later. By Lemma 27 we can find a positive measure p. with
support of Lebesgue measure 0 and a closed set E, with:

(e £0) =1,

(ii)e |ﬂ€(u)| < efor all u#0,

(i), 'Sn(,ue,l‘)[ < Ki(n) for all n > 0 and all ¢t € E,
(iv)e IT\E5| <n

(Ve fre(u) — 0 as |u| — oo,

(vi)e Sn(ge,z) — 0 almost everywhere,

(vii)e |ue(J) = |J]| < 6 for any interval J.

Now let A be Haar measure on T and set p. = A — y and 7 = fpe. Let
A = E¢. Conclusions (v) and (vii) are immediate. Since

PO < (1] allell oo < €l 714

conclusion (ii) holds provided only that € is sufficiently small. We observe
that. if ¢ is continuous,

lgse]l < llgll oo llisell < llgll
and that if P is a trigonometric polynomial

- 1
Ap(t) dpe(t) — P(0) = ﬁ/TP(t) dt

as € — 0. Thus by a density argument,

1
Ag(f)dus(t) - gAg(t) dt

for any continuous ¢. In particular
[lr] due — |51,
as € — 0. Thus, provided only that ¢ is small enough, conclusion (i) holds.
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Continuing these rather routine matters, we observe that f is uniformly
continuous and so we can find an integer M > 1 such that if I is an interval
with |I| < M~ then |f(z)-f(y)| < (4M+8)_15 for all #, y € I. Choosing
any & in I we have, using (vil)e and the fact that A and pe are positive
measures, that

|T(D)] < |f(@)] [MI) = pe(D)] + Slér}lf(x) ~ F)[ (M) + pe(D))
y
< fle+ @M +4)TTs< (M+2)716
provided only that € is taken sufficiently small. Conclusion (viii) now follows

on decomposing J into at most M + 2 intervals I with |I| < M1,

The remaining conclusions that we need to prove are (iii), (iv) and (vi)
of which only (vi) is of a type we have not proved before. Not surprisingly,
we imitate a standard proof of the Riemann localisation principle. Observe
first that there exists a constant C; such that |f(u)i <Ci(1+ |u|)_3 for
all ». Now set

O(N)={(u,v) €22 Ju| S N} A {(u,v) €Z%: lu+v| <N}, (1)

¥ ={wn ez s @)

We now have

|Sn(7,1) = FR)SN (A, 1)| = Z Fu)Ae(v)exp (i(u + v)t)

(u,v)€R(N)

> |f@)] ()]

(u,v)€®(N)

< Z lz\e(v)l(l + |u])_3

(u,v)€R(N)

<G ( > Ae(@)[ (1 + Ju])
(uvv)

EQ(N)\¥(N)

IN

+ > [Ae(v)] (1 + IUI)_S)

(u,v)€ER(N)NTY(N)
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<y (CQJV_I sup |;\E(v)|-|—C3 sup lj\e(t’)|)
lv|<n/2 [v|>n/2

< Cl(CgN—le + C3) sup ’Ag(v)l ,
[u[>n/2

for appropriate constants Cy and Cs.

If we allow N — oo we see that conclusion (iii) follows from (v)e and
(vi)e. Also
|Sn(r,t) = f()] =
= [Sn(7,1) = fF(t)SN(Ae, t) + F(1)SN (e, V)]
<|SN(7t) = F)SN(Ae, )| + | F(B)] | SN (e, V)]
< Ci(CoNTle+Ca) 'vls;ls/2lie(v)\+|f<t)| |Sn (e 1)]

< Cre(CaNTh + C3) + | F(1)] | Sn (e, )] + | F(1)] [Snv (e V)]

provided only that e is chosen small enough. Conclusion (v) is now
immediate and we obtain conclusion (iv) by using (iii)e. O

We need one extra condition to obtain a suitable measure and this is
given by conclusion (ix) in the next theorem.

THEOREM 29.— Given any n > 0 we can find a N(n) > 0 with the
following property. Given any infinitely differentiable function f and any
€ > 0 we can find a measure u and a measurable set E' such that:

@) ul <6]fl,,

(ii) |a(r)| < € for all v,

(itt) Sn(p.t) — f(t) almost everywhere as N — oo,

(iv) ISN(,u, t)| < K(n)|f(1)l +¢ forallt € A and all N >0,
(v) |T\E|<n.

(vi) ‘SN(,u,t)| < € for allt with f(t) =0 and all N > 0,
(vii) supp p C supp f,

(viii) ;p(J)[ < & for any interval J,

(i) §(0) = 0.
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Proof.— Set K(n) = 2K1(n/2). Apply Theorem 28 to obtain 71 and A,
obeying the conclusions of Theorem 28 with 75 replaced by 1/2 and é by €/2.
If 71(0) = 0 we simply set 4 = 71 and E = Aj. If not apply Theorem 28
again to obtain 79 and Ag obeying the conclusions of Theorem 28 with 7
replaced by 1/2 and é by |i'1(0)|/100. If 75(0) = 0 we simply set p = 7
and E = Ay. Otherwise, we set

=1 — 722(0)7'
O

and F = A; U Ay. The conclusions of the theorem can now be read off. O

In the same way that we extended constructions involving trigonometric
polynomials to more general functions in proofs like that of Theorem 2
from Lemma 20 so we can extend Theorem 29 from infinitely differentiable
functions to all L functions. (If f € L! then supp f is the support of the
measure ¢ with do(z) = f(z)dz.)

THEOREM 30. — Given any f € L' and any € > 0 we can find a measure
p such that:

6 lull <20l

(i) |a(r)| < € for all v,

(iii) Sn(p,t) — f(t) almost everywhere as N — oo,
(iv) |SN(u,t)‘ < € for allt ¢ supp f and all N > 0,
(v) suppp C supp f,

(vi) |,u(J)‘ < € for any interval J,

(vii) j1(0) = 0.

Proof.— The proof, which is left to the reader, starts by writing f =
2524 fj with f; infinitely differentiable, supp f; C supp f, Sizallfilly <
2||f”1 and ||f]”1 — 0 very rapidly as j — oo. O

But Theorem 30 is precisely the the kind of thing we need to prove Bari’s
Theorem for L! functions.

THEOREM 31.— Given any f € L, any closed interval I with f(t) =0
fort € I, and any € > 0 we can find a continuous function F of bounded
variation such that:
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(i) varF <12 ”f”l,

(ii) |T'F(r)| <€ for allr,

(iit) Zf,\;_N irF(r)exp(irt) — f(t) almost everywhere as N — oo,
(iv) |SN_y irF(r)exp(irt)| < € for allt € I and all N >0,

(v) F(t)=0 fortel,

i) I, < e

(vii) F'(t) = f(t) almost everywhere.

Proof. — Let u be as in the previous Theorem 30, choose ¢ € J if J is
non-empty, £ = 0 otherwise and set

t
F(t) = / du(t) .

(Observe that condition (vii) of Theorem 30 is required to make this
definition unambiguous.) Condition (i) of Theorem 30 shows us that F
is of bounded variation satisfying conclusion (i). Since Sp(p,t) converges
almost everywhere, ji(n) — 0 as |n] — 0. so p has no discrete component
and F is continuous. Conclusions (v) and (vii) are automatic and conclusion
(vi) follows from condition (vi) of Theorem 30. Finally, integration by parts
shows that

fi(r) = irF(r)

for all » and so conclusion (iii) and (iv) follow at once from the corresponding
conditions in Theorem 30. O

Theorem 30 corresponds to Lemma 2.1 in Saks’ account and from now
on we can follow [9] step by step. The next lemma corresponds to Saks’
Lemma 2.2. Note the change in condition (vi) between this lemma and the
preceding theorem.

LEMMA 32.— Given any f € L', any closed set E with f(t) = 0 for
t € F, and any ¢ > 0 we can find a continvous function F of bounded
variation such that:

(i) V&rFSlQ“f”l,
(ii) |7'F(r)| <€ for allr,
(i) Zy:—N ir F(r) exp(irt) — f(t) almost everywhere as N — oc.
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(iv) IZ?:—N irF(r) exp(irt)| < € for allt € E and all N > 0,
(v) F(t)=0and F'(t)=0 forallt € E,

(vi) |F(t+h)| <elh| for allh € T and allt € E,

(vit) F'(t) = f(t) almost everywhere.

Proof. — By elementary metric topology we can can find closed intervals
Jm which do not intersect except possibly at end points and 1 > é,, > 0
such that

o)
m=1
and if € E and z + h € J(m) then || > by, .

By Theorem 30 we can find a continuous functions F, of bounded
variation such that:

(1)m varFp, < fJ(m)lf(t)I dt,
(i) m ’rFm(r)| < 27™¢ for all r,
(iil) Z?;_N ir Fo (7) exp(irt) — f(t) as N — oo

almost everywhere in J(m),

(ii1)’ L _N irEp(r)exp(irt) — 0 as N — oo

T=

almost everywhere in T\ J(m),
()m [N irFm(r) exp(irt)| < 27me
for all t € T\ J(m) and all N > 0,
(Vm  Fm(t) =0 for t & J(m),
T o
(vil)m, Fy,(t) = f(t) almost everywhere in J(m).
Now set F(t) = Y o°_; Fm(t). Then all the conclusions of the lemma

follow. Observe that by continuity F,, must be zero not merely on the
complement of I(m) but also at the end points of I(m). If we set

F(t) = i F(2)
m=1
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then F(t) = Fu(t) for all t € I(m), F(t) =0 on E. In particular (vi),, and
the definition of é,, give conclusion (vi). All the other conclusions, with
the possible exception of the statement that F’(t) = 0 for all t € E, follow
as simply. But the fact that F’(t) = 0 for all t € E follows at once from
conclusion (v) so we are done. O

Our proof of Bari's Theorem 9 now follows Saks’ proof of his Theorem
2.3 (Lusin’s Theorem).

Proof. — Let f : R — C be a measurable function. By elementary
measure theory, we can find non-empty disjoint closed sets E; with T\
U?il E; of measure zero such that f is bounded on E; (so that writing
Ig, for the characteristic function of E; we have IIEJf € L° and, as
a consequence, Ig f € L'). By Lemma 30 we can find we can find a
continuous functions F; of bounded variation such that

(i); varF; <12|ig, fl|;,
(ii); |7'Fj(7')| < 277 for all r,
(iii); SN _n irFy(r)exp(irt) — Lg ()£ (t)
almost everywhere as N — oo,
N R ] )
(iv); Z irFj(r)exp(irt)] <27/ forall t € Ufc;ll EL and all N >0,
r=—N

(v); Fj(t)=0and Fi(t) =0 for all t € ]} Ej,

(vi); |Fjt+h)| < 2=J|h| for all h € T and all t € va;ll Ey,

(vii); F]{(t) = Ig,(t)f(t) almost everywhere.

Since E7 is non-empty. conditions (v); and (vi); tell us that ”Fj“oo <
277w for all j > 2. Thus z;)ozl F; converges uniformly to a continuous func-

tion F. Conditions (ii); show that rF(r) = r > 521 F7(r) and conditions
(iii); and (iv); together show that

N
> irF(r)exp(irt) — f(t)

r=-—N

s

almost everywhere on (J7Z; E;, and so almost everywhere on T as N — oc.
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Finallyif t € U‘;’;l E; then z € Ejps for some M and conditions (vi); tell
us that, whenever m > M and h # 0

F(t+h) - F(t) Yjer Fit+h) = 3770, Fi(t+h)
h h

o0

< X

J=m+1

F(t+h t))

o0

< > =g

j=m+1

Thus conditions (vii); show that F' is differentiable almost everywhere
on U]°°=1 E;, and so almost everywhere on T, with F'(¢t) = f(t) almost
everywhere. O

6. Oscillations of Partial Sums

The purpose of this last section is to prove Lemma 13 from which
Mensdv’'s Theorem 14 follows. The key result here is the next lemma.

LEMMA 33. — Given any interval [a,b), any € > 0 and any integer N > 0
we can find a real trigonometric polynomial P and a measurable set A such
that:

(i) P(u)=0 for |u| < N,

(i) ||P[l; <<

(iii) |Su(P,t)| < 1+ ¢ for allt € [a,b]\ A and all u > 0,

(iv) maxy>o Su(P,t) > 1 — € and miny>o Su(P,t) < —1+¢
for allt € [a,b]\ A and allu > 0,

(v) |Su(P,t)| < € for allt ¢ AU[a,b] and all u >0,

(i) Al < .

I shall conclude the section by indicating one proof of this, but we shall
first follow the rather easy path from here to Theorem 14.
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We write H[a,b) for the indicator function given by H[a,b)(t> =1ift € [a,b),
I[4,5)(t) = 0 otherwise. We say that a finite sum Z%ﬂ AmI[gp bm)s With Am
real, is a step function. Simple scalar multiplication and addition converts
Lemma 33 to Lemma 34.

LEMMA 34.— Given any positive step function g, any ¢ > 0 and any
integer N > 0 we can find a real trigonometric polynomial P and a
measurable set A such that:

(i) B(u)=0 for Jul < N,

i) 1Pl <

(iti) |Su(P,1)| < g(t) + € for allt € [a,b]\ A and allu >0,

(1v) max,>o Su(P,t) > g(t) — € and miny>g Su(P,t) < —g(t) + ¢
for allt € [a,b]\ A and allu > 0,

(0) 141 <e.

We can now prove a result of Mens6v. (Recall that R* = RU {—o00, c0}.)

LEMMA 35.— Ifg: T — R™ is measurable and g(t) > 0 everywhere then
there is an f € L such that

m m
1- P - t — 1- . f , . t
imeup 3 flw)exp(iut) = ~minf 3 f(w)exp(iut

=g(t) + f(1)
almost everywhere.

Proof.— Write E/ = {2 : g(z) = oo}, and E = T\ E’. By Lusin’s
theorem we can find a sequence of simple step functions g, and measurable
sets By such that:

(a)n gn(t)> 2" for t € E'\ By,
(b)n .gn(t) - g(t)l <27 fort € E\ By.

By Lemma 34 we can find sequences of real trigonometric polynomials P,
measurable sets A, and integer N(n) with 0 = N(0) < N(1) < N(2) < ...
such that, if n > 1,
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()n  Pn(u)=0for |u| < N(n— 1),

({)n || Pnf, <272,

(1il)p, |Su(Pn,t)| < gn(t)+27" for allt € [a,b]\ A, and all u > 0,

(iv)n maxy>0 Su(Pn,t) > gn(t)—27" and mi Su(Pn, 1) < —gn(t) +27"

for all t € [a,b]\ Ay, and all u > 0,
(V)n |An| <277
(vi)n Pn(u) =0 for |u| > N(n),

We observe that condition (ii), tells us that there exists a measurable set
B,, such that:

(vil)p, Pp(t) <2 " forallt ¢ Cy

(viil)p, |Cp] < 277

Condition (ii), tells us that 302 ; P, converges in L! to a function f.
Conditions (i), (vi), and (ii), tell us that f(u) = Py(u) for N(n — 1) <
|u] < N(n). We set D, = A, U B, UCy. Automatically D41 C Dy, and,
by conditions (v),, and (viii)n, |Dp| < 27713, We write D = Nj=1 D; and
observe that |[D| = 0. If t ¢ Dy, and ¢ ¢ E then, by conditions (iv)p, (vii)n,

(iv)y, and by,

Su(f,t) =

max
N(n)2u>N(n-1)

n-1

= Jz_; P;(t) + ISZaS;Su(Pn,t)

0
= f(t) - Z Pi(t) + Tﬁgsu(Pn,f)
ji=n
> f(t) - 27"+ 4 gn(t) — 27"
> f(t) - 27" 4 g(t) - 2"~ 27" = f(t) + g(t) — 272
Similarly, under the same conditions,

u t 2—n-|-2
N> oy SH D S SO +9(0) +

and

_ \ —7?,+2 . _ — —n+2
f(t)—g(t)—2 SN(n)EZnZH]{f(n—l)Su(f’t)Zf(t) g(t) —2 :
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If t ¢ D, and t € E we obtain similarly

>, u ,t > t 27’L _ 2—7L+2,
N ey SO 2 SO +

. W(f1) < f() — 2" 2772,
N(n)zg?\z(n_l)s (f, 1) < f(t) 4

Thus if t ¢ D,

limsup Z f(u)exp(iut):—lrirxtl_l_’i(r)lof Z f(u) exp(iut)

u=—m uU=—m

=9() + f(t).
Since |D| = 0 this is the required result. O

Lemma 13 is an immediate corollary.

Proof. — Let f be as in Lemma 35. By Theorem 4 there exists a singular
measure p with ||g|| < 1 such that

Sm(p+ f.x) — fz)

almost everywhere as m — oo0. By inspection g has the required property. O

Similar simple arguments using Theorem 6 now give Theorem 14.

We still have to prove Lemma 33. This is obtained by tightening up the
calculations used in proving a theorem of Marcinkiewicz.

THEOREM 36.— There exists an f € L' such that S,(f,t) diverges
boundedly almost everywhere.

The calculations used in proving Marcinkiewicz’s theorem are themselves
obtained by tightening up the calculations used in proving the famous
theorem of Kolmogorov.

THEOREM 37.— There exists an f € L' such that S,(f,t) diverges
unboundedly everywhere.

If the reader knows any proof of Theorem 37 she will probably be able,
after skimming through what follows, to adapt it to give Lemma 33. If she
knows no proof then I ask her to read either [4, sect. 3.6] or [8]. The key
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ingredient is Kronecker’s lemma. (Recall that z1, x5, ..., zny € T are said
to be independent if the equation

N
ijxj =0
=1

with m; € Z impliesm; = Oforall 1< j < N.)

LEMMA 38.— If z1, z2, ..., 2y € T are independent then given any
Y1, Y2, ..., ynv €T and any ¢ > 0 we can find an integer M > 1 such that
|Mz;—yj| <e

forall1<j<N.

It is convenient to have the following result (proved in (8), but not hard
to prove for oneself).

LEMMA 39.— If 1, 29, ..., zny € T are independent and t € T then
we can find an £ such that the points x; —t with j # £, 1 < j < N are
mndependent.

We also need a clear understanding of the behaviour of the function
. -1 . .
Ism s/ 2[ as exemplified in the next lemma.

o
dN=2/
1N

Then 10log N > dny > logN for N > 2 and, if m >a >0 and 1 >n >0

are ﬁl‘ed,
1 /
d]\ 6/1V

as N — oo uniformly for3>6 >nand 7 > 3> o. Also

LEMMA 40. — Let

-1

sin s
ds.

2

=1
sin § 1
dt — =
2

2

sin s/2
Ndy

as N — oo uniformly for# > s> n/N.

Putting these results together we have the following result.
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LEMMA 41.— Let [a.b] be a non-trivial interval in T and let (b—a)/2 >
€ > 0. Provided only that we take n > 0 sufficiently small and N sufficiently
large the following s true. Let

An={j€Z:27j/N €[a,b],1<j< N}

For each j € An pick z; € T in such a way that |z; — 27j/N| < n/N and
the x; are independent. Set

Then:

() el <€
(ii) ift ¢ la—c,b+e] then ISn(u,t)[ <€ for alln > 0;

(i17) if t ¢ U [271'];,6,271']];6] andt € [a+¢€,b— €] then
JEAN

grzlzaécSn(y,t) <1l-—¢ and 71111218571(/1,0 < —1+c¢;

(iv) ift ¢ U [271'2-1—;—6, 273;,6] then lSn(,u,t)’ <1l+4e€foralln>0.
]-EA]\{

Proof. — Take n = ¢/10. Condition (i) follows from at once from
Lemma 40 provided that N is large enough so we need only look at the
remaining conditions. Observe that

A 27 .
(u) = ——— > exp(—iz;t)
Ndy .
JEAN

and =0 in(n + 1/2)(t - 2;)
) sin(n + —z;
1) = —— - .
Snlk.1) Ndpy Z sin(t — x;)/2
€AN

It follows that
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If we compare

2
=Y

JEAN

t—a

1
sin(t — x;)/2

} with

i—p |sin 3/2‘

then the estimates of the type given in Lemma 40 yields condition (ii)
provided only that N is larger than some Ng independent of ¢.

Now look at condition (iii). Suppose ¢t & Ujc4, [27(j — €)/N,2x(j —
€)/N]. By Lemma 39 we can find a J € Ay such that, writing B = Ax\{J},
the z; —t with j € B are independent. By Kronecker’s lemma (Lemma 38)
we can find an M > 1 such that

. 1 €
sin <n+§)(t—xj)§—1+§

for all j € B and so

1 n 27
sin(t —z;)/2|  Ndy

=

€\ 2m
Samt) < (14 3) 37g- 2 sn(t — 2,)/2

JEB

€\ 2w 1 4m 1
<(-14+<2) = .
= ( 1+ 3) Ndy Z sin(t —x-)/QI + Ndp |sin(t —:c-)/?’
JEAN J J
Comparing
2w Z 1 ’
]\/deGAN sin(t —x;)/2
with
t—m/N 1 t—a 1
d
/t—b sins/Q‘ S+/t+r/N sins/?‘

and using estimates of the type given in Lemma 40 we see that
Spp,t) < (=1+¢)

provided only that N is larger than some N; independent of t. Thus
min Sy, (u,t) < (—1+¢€) and a similar argument yields max Sy, (p,t) > (1—¢).
Thus condition (iii) holds for N large enough. Similar estimates (without
using Kronecker’s lemma) give condition (iv) for N large enough. O

The transition from measure to trigonometric polynomial is standard.
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LEMMA 42. — Given any interval [a,b], any € > 0 we can find a real
trigonometric polynomial Q) end a measurable set A such that:
@) |ef, <

(1) |Su(Q,t)] <1+ ¢ for allt € [a,b]\ A and all u >0,

(1ii) max, >0 Su(@,1) > 1 — ¢ and miny>g Su(Q,1) < -1+ ¢
for allt € [a,b]\ A and allu >0,

(vi) |Su(Q,t)| < € for allt ¢ AU[a,b] and all u >0,

(v) Al < €.

Proof.— Let € = €//100 and let u satisfy the conclusions of the previous
lemma. A compactness argument (using the continuity of Sp,(u, - )) shows
that there exists an M > 1 such that:

(i) Ift ¢ Uj € An[2n(j —€)/N,27(j—€)/N] and t € [a+¢,b—¢] then
maxpr>n>0 Sn(p, 1) < 1 — 2¢ and minpr>,>0 Sn(p,t) < =1+ 2e.

Now consider the de la Vallée Poussin kernel

Vm(t) = 2Rop41(t) — Kpm(t)
where Ajr is the Poisson kernel (see [14]). If we set Q = p * Ky then
@ is a trigonometric polynomial of degree 2M + 1 with Q(u) = fi(u) for
|lu| < M + 1. Thus:
(iil)” Ift ¢ Uj € An[27(j —€)/N.27(j—€)/N] and t € [a+¢,b—¢] then
maxps>n>0 9n(Q,t) <1 —2¢ and minyg>n>0 Sn(@,t) < =1+ 2¢.

Thus, if we set

A= U [2111\%6, 271"% Ula—e,a+eUb—eb+e].
JEAN
conditions (iii) and (v) hold automatically.
To obtain (i) note that

l@lly < 2llell 1 Borraall + [l [ Earll = 2l + )l = 3]u

and use condition (i) of the previous lemma. Finally observe that Q is a
convex combination of Sy (u, ). More precisely,

Q(t) = Sm1(pt) + Sva(pt) + -+ Sanra(p,t)
- M1 :

Conditions (ii) and (iv) are thus direct consequences of conditions (ii) and
(iv) of the previous lemma. O
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Lemma 33 is now immediate.

Proof of of Lemma 33.— Take ¢/ = ¢/(8N + 4) and let @ and A be as
in Lemma 42. We note that

. €
QW <l < 55773
and so, if we set

P(t) = Q(t) — Z (u) exp(iut)

u|<N

all the conditions of Lemma 33 follow directly from conditions of Lem-
ma 42. 0

This completes our discussion of the oscillation of partial sums and
concludes the paper.
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