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On a weakly hyperbolic equation
with a term of order zero(*)

NICOLA ORRÙ(1)

Annales de la Faculté des Sciences de Toulouse Vol. VI, n° 3, 1997

RÉSUMÉ. 2014 Nous étudions une equation faiblement hyperbolique du
second ordre, en supposant que les coefficients de la partie principale sont
fonctions analytiques qui ne dependent que du temps. Nous démontrons
que, en ajoutant un terme d’ordre zero c(t, x)u avec c E le
probleme de Cauchy reste bien pose dans C °° .

ABSTRACT. - We study a weakly hyperbolic equation of second order,
supposing that the coefficients of the principal part are analytic and
depend only on time. We prove that if we add a term of order zero
c(t, x)u, with c E C(IE~’~+1 ~, the Cauchy problem remains well-posed in
C" . .

0. Introduction

In the literature many authors study the Cauchy problem in Coo for a
weakly hyperbolic equation of second order

with

In [CJS] it is studied the case of analytic coefficients in [0, T],
showing that the Cauchy problem is well-posed. The same method works
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when we add a term of order zero c(t)u to the equation, with the coefficient
c(t) in L1 (0, T). It follows from the proof of the theorem in ~CJS~ that
the same conclusion holds if aij E C1 ~~ 0 , T]) and satisfy the logarithmic
condition.

Oleinik [O1] studies equations of the type:

supposing that c(t,x) are of C"~° class in [0 , T] x satisfying
(2) and

Then there is also well-posedness in Coo. If are analytic, Oleinik
conditions (5), (5’) may fail to hold, for example take a(t, ~) = (~1 - t~2)2.

Kajitani [Ka], in a recent paper, considers the equation

with coefficients in C1 ([ 0 , , T ~ .

Posing ~~~ 2 = 1 + , he assumes (2) and that there is f(t,x,) E
x Rn x such that



Then he proves that the Cauchy problem for (6) is well-posed in COO. The
same result should be true in the presence of a term of order zero.

In this paper we shall study again the hyperbolic equation (4)

with analytic coefficients satisfying (2) and with the coefficient

c(t, x) E C([0 , , T ~ ; C°°) depending also on space variables. We prove that
there is Coo well-posedness. We observe that there exist analytic coefficients

which don’t verify Kajitani conditions (see the appendix). We show
the Coo well-posedness also if aCt, , ~’ ) = aCt) ~ ~~ with aCt) E C1 ([ 0 , T ~ ) ,
satisfying (2) and (3). We don’t know if this is still true for a generic
quadratic form a(t, ~) = ~i~ a2~ .

1. The logarithmic condition

Let a23 (t) be analytic functions on 0 , T~, satisfying (0.2).
We have the following results (stated without proof in [CJS]).

LEMMA 1.2014 The function

vanishes identically or has at most m roots in ~ 0 T] ~ for every ~ 
where m is an integer independent 

Proof. - Lemma 1 is a consequence of the following statement:
" if a1(t), ... , ak(t) are real analytic functions on 0 , T~, there exists an

integer m such that every linear combination of al (t), ... ak(t), which is
different from zero, has at most m roots. "

If al (t), ... , ak(t) are linearly dependent we can eliminate some of them
obtaining an independent set. So we can suppose that , ... ak(t) are
linearly independent.

It is enough to prove that for every t E [0, T] there exists a neigh-
bourhood U ot t and an integer p such that every linear combination of
ai, ..., ak has at most p zeroes in U. The thesis follows from the compact-
ness of[0,T].



Let us suppose that there exists a number to E [0 ? T ~ such that for every
p there exists a linear combination bp(t) = + ... + 03B1k,pak with at

least p isolated zeroes in It - to (  1/p and let us derive a contradiction.

We can suppose that al~p + ~ ~ ~ -f- ak~~ - 1 ’V p and that -

... , 
--+ for p -~ +00 with + ... + a~~o - 1, so that

bp(t) -~ bo(t) = ~~-o uniformly together with all the derivatives.

We have vanishes in a point with - to |  1/p for
h = 0, ..., p - 1. Hence

So 0, contradicting the hypothesis that ... ak(t) are

linearly independent.

LEMMA 2. - There exist positive constants C, N such that (0.3) is

verified.

Proof. - By lemma l, after fixing ~, there are 2k + 2 points

such that a(s, ~) is decreasing for s;  s  t~ and increasing for t~  s 

s3+1.

We can choose k  m/2 + 1. We have

where Co = = 1, 0 ~ ~ T}.



2. Existence theorem

THEOREM . We consider the equation

with real analytic functions on ~ 0 , T ~, fulfilling (0. ~~. Let c(t, x) be
a function in C (~ 0 , T ~ .

Then the Chauchy problem for equation (1~ is well-posed.

Proof. - By the finite speed of propagation we can suppose c(t, ~) E
C (~ 0 , T J ; Co (I~Bn)) . Let us define the energy

where v = 0xu,

and 03C3 is a real number. Integrating we have:

To estimate the integral of the right hand side we need the following result.



LEMMA 3. - The function k(t, ~), continuous in ~ E II8’~, is a temperate
weight function that is

where C, N are positive constants, which don’t depend on t.

Proof of the lemma . - It is enough to show that

is a temperate weight function, since

where { 1 -~ ~ 2 ~ ~ is a temperate weight function, and the inverse and the

product of temperate weight functions have the same property. Now we
observe that taking k = [m/2] + 1 and

we have

and the equality holds for suitable values of S j, . Hence

It remains to show that is a temperate weight function,
with constants C, N which don’t depend on ~s~ ~, {~}. . This follows from the
fact that a(s, ~)-~ 1 is a temperate function with constants C, N independent
of s.



Since k is a temperate weight function, we have

Hence

This inequality remains true if we substitute a(t, ~) with a(t, ~) + E~2, with
f > 0. The corresponding equation, which is strictly hyperbolic, will
have a solution of class Coo. If the initial data uo, ul E Co ro)),
xo E ro > 0, the solution has support in ro + vet) at the time t
(vE = supt,|03BE|=1 [03B1(t, 03BE) + ~|03BE|2]).

The energy estimates allow to bound the norms in Hs of the solution

u(~)(t, x), uniformly with respect to E > 0. There will be a solution of the
limit problem. The uniqueness can be proved by duality.

Remark. - We don’t know if the theorem is true for general ai3 (t) of
class C1 fulfilling (0.2) , (0.3). If a{t, ~) = the following lemma permits
to apply the theorem.



LEMMA 4. - If a(t) is of class ~‘1 and a(t, ~) = a(t)~’2 satisfies (0.,~),
(0.3), th e n

is a temperate weight function.

Proof. - We have to verify that

It suffices to show that

If r > 1, we have

This completes the proof of the lemma.

Appendix

Given a(t,) = ~ with ~ ~~ = 

E C~, we consider the following condition (due to Kajitani [Ka]):



there exists a real function I(t, ç) E C(0, T; ; C°°) n C~ such that

We exhibit a function a(t, ~), analytic in t, which doesn’t satisfy Kajitani
condition.

Let aCt, ~) = (~1 - t~2 ) 2 , 0  t _ 1. Suppose that ~2 > 0, f > 1 (we
add 1 to f if necessary). Define ~t~~ _ ( 1 + t~2 , ~2 ), ~{1 ~ = (~2 ~~ ~ ~2), then
(1) implies that

and (2) gives

Hence

In particular for some ~2 big enough there exists t 6 2 , 1 ] such that
.ftt~ ~~1~)  (1/rn) 3 ~2~ f(t, ~~~~~ ~ 3 ~2~ Hence

with 0  8  1. Since 1 + t6 - ~~2  2( 1 -~ ~2 ), we get the following
inequality in the point (t, ~{1~ + 8(~{a} - ~tl~)~ :

It follows that (3) is not satisfied for a = ei.
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