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On the radial solutions of a degenerate
quasilinear elliptic equation in RN *

BETTEOUI BENYOUNES & ABDELILAH GMIRA (1)

RESUME. — On étudie existence, 'unicité ainsi que les propriétés quali-
) =
tatives des solutions radiales de I'équation Apu+ ?; 1;0 VUt — S+
pgq- q-

[u[?"'u =0 dans RY. Si ¢ > p—1> 1, alors pour tout v € IR*, il existe
une unique radiale solution u(r, ) telle que u(0,v) = 7. On montre aussi

N;
quesi2<p< N, ¢g2 L ~1et'y€R;oubiensiq>—;\-;—+p—1et
p

N —

—_P__
~ assez petit, alors u(r,y) > 0 et lim rs¥fi-ru(r,v) = ¢ > 0. D’autre
r—+400

partsip—1 < ¢ < —:7 +p—1iln’y a pas de solutions strictement positives.

N;
Deplussi2<p< N,etp—-1<g< —N—B-——lalorsilexiste'y' > 0 tel
-p
que pour tout 7y = v*, u(r,vy) change de signe.

ABSTRACT. — Existence, uniqueness and qualitative behaviour of radial

1-—

g+ Pevu + —2 +ulflu=10 forz € RN
plg—1) q-1

are presented. If ¢ > p — 1 > 1, for any v € IR* there exists a unique
radial solution u(r,v) such that u(0,9) = 4. Also it is proved that if

2<p<N,q>Np

solutions of Apu +

—1and7€R*orifq>%+p—1and

_B__
~ small, then u(r,¥) > 0 and lim r3¥I-Py(r,y) = ¢ > 0. On the
r—-+400

other hand if p— 1 < ¢ < 1% + p — 1 there are no positive solutions.

Np

Moreover if 2<p< N andp-1<¢g< N ~ 1 then there exists

4* > 0 such that for any «v > v*, the solution u( 7, ) can not be positive.

(*) Recu le 7 septembre 1998, accepté le 1 avril 1999
(1) Départ. de Mathématiques, Faculté des Sciences, B.P. 2121, Tetouan (Maroc).
E.mail:gmiraabdelilah@hotmail.com
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0. Introduction

This paper is devoted to the study of the quasilinear elliptic equation

1-— 1 -
Apu+ It 1P guy P L ' u=0, zeRN. (01)

p(g—-1)

where, as usual Ayu = div (|Vu|p -2 Vu) is the p-laplacian and Vu is the

gradient of u. We are concerned with existence, uniqueness and qualitative
behavior of radially-symmetric solutions whenever 1 <p—1 < gq.

The above equation arises naturally in the study of self-similar solutions
of the parabolic equation

wy = Apw+ [w|" Tw  in RN x (0,400) (0.2)

i.e. solutions w of (0.2) which are of the form
w(z,t) = Ty (t_ R x) (0.3)

where u satisfies the equation (0.1). If we make p = 2 in (0.2) we get
the semilinear equation which has been thoroughly studied by Haraux,

Weissler, Terman, Peletier ([4], [7], [10]) and others. They noticed the ex-
N 42 N+2, ¢

istence of two critical values for ¢ in (1, 4+00) which are N and N35!
N>3 (2if N=2and3if N =1) and they give the precise asymptotic
behavior for solutions. Now if we drop the gradient term in (0.1) we obtain
a particular case of a large class of equations which have been studied by

J. Serrin and P. Pucci [9]. Our purpose here is to extend some results of (4]
to the case p > 2.

It is worth mentioning that if we change the sign in front of the absorp-
tion term in (0.2) we get the following equation

wy = Apw — w? in RN x (0,4+00) (0.4)

which have been intensively studied. A special attention has been devoted
to the study of singular solutions i.e. non negative functions w satisfying
(0.4) in RN x (0, +00) and such that w(z,0) = 0if z € RN \{0}. In fact it
was proved by the second author, in [2], that (0.4) has a non trivial singular
solution if and only if0 < ¢ < p—1+ % . The uniqueness of the fundamental
solution i.e. u(z,0) = c§(z) for some positive constant c, is proved by Kamin
and Vazquez in [5]. On the other hand, whenever p—1 < g<p—-1+ % ,
Peletier and Wang [8] proved the existence of a singular solution satisfying
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. _ . . ” .
t!gglo fl:cl < u(z,t)dT = +o0o0 for any r > 0; which called "very singular

solution”. Finally Diaz and Saa in [1] studied the uniqueness of a radial
solution of following problem

q_m(p_l) 1 g—-1 N
ANp(u™) + ——— zVu u—|u u =0, z e RY .

hm u(z) = (0.5)

lzl—

whereG(u)=q11u—|ulq 'wand N >1, m >0, ¢ >0, p > 1 such

that m(p —1) > 1and (p—1)m < ¢ < (p — 1)m + % . More precisely they
prove that problem (0.5) has at most one solution and this solution has
compact support. As a consequence they deduce the uniqueness of the very
singular solution of (0.4). From the point of view of the techniques involved
in [8], the concrete expression of function G is fundamental. so, we shall not
use the shooting method in the phase plane but a different technique.

Since our attention is focused on radial solutions u(r), where r = |z|,
then the problem (0.1) can be written in the following initial value problem

(' I "+——N_1 'Ip_Z ' qz-l l)ru +f(u)=0,r>0.
(P) (0.6)
u(O) =7, ul (O) =0, (07)

where 7 is a constant and
fw)=—— + [u|T w . (0.8)

By a solution of (P) we mean a function u € C!([0,+00)) such that
1 p—2 1
Iu , u € C1([0,+00)) which satisfies (0.6) and (0.7) for a fixed real 7.

The following results are obtained.

THEOREM 1.— Let ¢ > p—1 > 1. Then for any v € IR*, problem (P)
has a unique solution u(r,~).

It is important to remark that u(r, —y) = —u(r, v). Therefore, from now
on we shall state the results only for - positive.

THEOREM 2. — (i) Assume ¢ > —]% +p—1. Then for any

N(g+1-p) 1 w1
7€(0’( p(g—1) q—l) )
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the solution u of (P) is strictly positive. Moreover, there is a constant c
such that
lim r#¥#=Fu(r,y) =c¢> 0. (0.9)

T—+00

(i) Assume 2 < p < N and q > NNP T 1. Then the conclusion
(%) holds for any v € R™*.
THEOREM 3. — (i) Assume p—-1<gq< -]%- + p — 1. Then there are no

positive solutions of (P).

Np

(ii) Assume2<p<Nandp—-1<g< N — 1. Then there exists

v* > 0 such that for any v > v*, the solution u of (P) can not be positive.
The organization of this paper is as follows.

Section 1 is devoted to the proof of theoreml which is based on the
Banach fixed point theorem.

Section 2 collects some properties of solutions of problem (P). In par-
ticular, using an energy function, we prove that any solution u of (0.6) and
its derivative v tend to zero as r tends to infinity.

The existence and the asymptotic behavior of strictly positive solutions
are studied in section 3.

Finally, section 4 is devoted to the proof of theorem 3. In part (i) of this
theorem we us an estimate of u and part (ii) is proved by using a scaling
argument. We also present some important information for non positive
solutions. The study of positive rapidly decreasing solutions of (P) remains
an open problem.

1. Existence and uniqueness of solutions

In this section we investigate the existence and uniqueness of a solution
u(.,7y) of the initial value problem (P) for a fixed v € IR*. Recall that
this solution, which we continue denoting by wu, is a C! function such that

lu”p—2 u € C([0,+0)).

We start with a local uniqueness and existence result which is analogous
to a result due to Serrin and Veron (see[3], Theorem 5.2).
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PROPOSITION 1.1.— Assume q¢ > p—1 > 1. Then for any v € IR*, there
ezists a constant T > 0 such that, problem (P) admits a unique solutwn u
in [0,7,).

Proof. — The proof is divided in three steps.
Step 1: Local uniqueness.

If u is a solution of problem (P) in [0,7,) . Then u satisfies the following
equation

,p—2 o 1—
(rN_lyu’ u atl-» n

=1 Ny 4N lf(w)=0 (1.1)

where f is given in (0.8). Then

u(r) = — /O e { 9172 6) + 51N /O ) aN-lF(u(a))da} ds (12)

p(g—1)
where _2
G(s)=|s| %15 (1.3)
and
P = 2 (1- TR oy e, (14)

Note that F' is a locally Lipschitz continuous function.

Let v be another solution of (P) in [0,7,). Hence, for any r € (0,7,)

lu(r) —v(r)| < /OT IG(A(s)) — G(B(s))| ds (1.5)
where g1 ow [ s
A(s) = =1 su(s) +s /0 0" " F(u(o))do (1.6)
and s
B(s) = %sv(s) + sl“N/; oV 1F(v(0))do (1.7

for0<s<r<r7.

Next, let
9(s) = Min (|A(s)], |B(s)]) . (18)
It is not difficult to see that
IG(A(s)) - G(B(s))] < Gf(’(j’) |A(s) - B(s). (1.9)
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Substituting this last inequality into (1.5) we obtain

lu(r) —v(r)] < / Glé(s) |A(s) — B(s)|ds . (1.10)
o &(s)
Let m > 0 and K, be the Lipschitz constant of F on [y —m,y+m]. In
view of the continuity of u and v, there exists ro > 0 such that

Max (fu(r) =11, o(r) =7 <m. (111)
Let .
o (+m) -
~2(K +N@+1—m>’ '
™ plg-1)

Notice that, since

+q(l+m)*t,

(1.13)
it is possible to choose m such that m < a. By using (1.11), we obtain easily
the following inequalities on [0, 7o)

K,< sup ‘F’(s)] < qil

fy—m,y+m]

\I_N(q+1—p)’

|F(u(s)) = F(7)| < K [u(s) =7 < MK, (1.14)
F(y) ]—vams < sV /Os UN—IF(u(a))dO' < ———————F(’Y) _;,meS (1.15)

and
(v — m)s < su(s) < (v +m)s. (1.16)

Combining (1.15)) and (1.16) we deduce that A(s) has a constant sign
on [0,7¢] . On the other hand, since v # 0 we have
g+1-p  F(v)

DTN #0. (1.17)

Moreover, if we set

_1|F() ,qtl-p | Il (_1_ -1
B=5% +p(q_1)7—2N(q_1+lvlq > (1.18)

we deduce, from the choice of m, that
|A(s)| = Bs for 0 < s<r < ro. (1.19)
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Of course the same estimate is also valid for B(s). As a consequence
@(s) = Bs forany 0 < s <r <. (1.20)

This last inequality, together with (1.10) and the fact that the function

G(r)

r — - is decreasing implies that

" G(Bs)
Bs

Ju(r) — v(r)| < /0 |A(s) — B(s)| ds, (1.21)

for every r € (0,79). But

146 = Bl < LLsu(s) - o)
+K stV /s oV lu(o) - v(o)| do. (1.22)
0
So that
[u(r) —v(r)| < Z);;l_ ) / G(Bs) s|u(s) — v(s)|ds (1.23)

+Kn, /Or g—(ﬁésﬂsl"lv (/0 oV 1 (o) - v(o)lda) ds.

K, / G(Bs) si=N (/Os oV (o) - v(a)|da) ds (1.24)

= Km/‘; oV 1 (o) - v(o)| (/GT sl_N%ds> do

On the other hand

" 1-NG(Bs) p—1 _p=2 _p__
1-N = = N
/6.9 bt S Rt e )

Hence (1.23) implies that

We have

[u(r) — v(r)] < /’ [u(s) — v(s)|a(s)ds, for 0 <r < rg, (1.26)
0
where
°()= (p(q 1) T Nep-1) _me> BrmisI. (1.27)

Finally using Gronwall’s lemma we conclude that u = v on [0,70] .
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Step 2: Local eristence

Let m, K,,,, @ and 8 be the previously chosen constants. Set

gtl-p, . IF ()l
_ plg—1) N
0= 2K_ 5 (1.28)
N Npp-1)-p
and
my = inf(m, a, §). (1.29)
Let I = [0,7,], where r is given by
T~ = max r>0'/rG(,Bs)ds< pmy
plg-1) ) N
(1.30)
El
-1
= (J.’__) 5 prim (1.31)
p—1 qg+1-— (|'y|+m )+ [F(7)| + miKm ’ )
p(g—1) N

For the sequel, let C(I, IR) denote the Banach space of continuous func-
tions on I and consider the following complete metric space

Ey={p€CULR): |p—ll <mi}. (1.32)

Define the mapping T on E,, by

_ " g+1-p -~ [° N-1
T(p)r) =7~ | G —7—7s¢(s)+s 0" " F(p(0))do ¢ ds
0 p(g—-1) 0
(1.33)
for p € E, and r € [0,7,) . Here G and F have the same meaning as in the
previous formulas (1.3) and (1.4).

We claim that T' maps E., into itself. To see this fix ¢ € E,. Using (1.29)

g+1-— 1-N [ GN-1 -
L su(s)+s /0 F(p(0))do

has a constant sign on [0,7,) and consequently we have the following esti-
mates

%Hsgo(s) + 517N /Os oV 1F(p(0))do

we can prove, as in step 1, that

> fs, for0<s<ry (1.34)
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and
+1- ~ [° N
e+ [Pl (139
p(g-1) 0
g+1-p IF(7)|+m1Km}
(Il + my) + AT L
(L2 (1 +m) *
Moreover
_ s
G {q_—i—l_ps(p(s) + sl_N/ O'N—IF((p(O'))dO'} (1.36)
p(g—1) 0
_ 8
G {ﬁl—pscp(s) + sl‘N/ UN“IF(ga(a))da}
< plg—1) 0
T ael®) + 5N [Nt F (o) d
————5s0p(s) + s1- o o)) do
p(g—1) ¥ 0 v
g+1-p l—N/s N-1 }
—=s|p(s)| + s o F(p(a))|do 3.
(L) (a1 P(o(o)
From these estimates we also obtain
" G(Bs) {q+1—p [F()| +miKy,
T —v| € +my) + —————— > sds.
7)) = < [ 2 { Ly ) -
(1.37)
Then, from the choice of r.,, we deduce that
IT(p)(r) — 9| < ma; forp € E, and r € (0,r). (1.38)

Now it is clear that T is a contraction. In fact, as in step 1, we can show
that for any @1, p2 € E, and r € (0, Ty)

IT(p1)(r) = T(2)(r)| < /0 ' lv1(s) — p2(s)] a(s)dsv (1.39)

where a is defined by (1.27).

Putting together (1.29) and (1.30), we get

/M a(s)ds < 1. (1.40)
0

The Banach contraction theorem implies that there exists a unique func-
tion solving the problem (P) in [0,7.).
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/|P—2 ’
Step 3: |u 1 u €Cl([0,r,)).

’ p !’
We have just to prove that Iu } u is a C! function near r = 0.
Integrating equation (1.1) from 0 to r, we obtain

|P=2 , q + 1 -
Iu ’ u (7‘) = —;G—:I)ETU(T')'— (141)
_ T - 1 N(q + 1-— p) -1
rlN/leus{ - + |u|?" (s) b ds
0 (=) g-1 p(g—1) ™ (s)
which yields
’ p-2 ’
Iu ’ u (7) 1
. N _l . g—1
lim - =-N (q — 1| ) (1.42)

On the other hand, since u satisfies equation (0.6) then

i (474) 0= (G em) 0
Hence
‘u’ |”—2 u € C([o,r.)). (1.44)

The proof is complete. 0O

REMARK 1.1.— It is possible to see that for N 24 and g=2p-—1>1
we have § > a. Thus, in this case we can choose m; = inf(m,a) in the
proof of the previous proposition.

PROPOSITION 1.2.— For any v € IR* , there exists a unique solution u
of problem (P) in [0,+00), which satisfies

[u(r)l < 1, vr >0, (1.45)

and

1/p 2 g+1\ /P
' P Y 7l
< ,  Vr>o. 1.46
Iu(r)l (p—1> (2(<1—1)Jr q+1> i (546)

Proof.— The proof is divided in two steps.

Step 1. Global existence.
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Thanks to proposition 1.1, for any v € IR} we know the local existence
and uniqueness of a solution u of problem (P). In order to establish global
existence, we define the energy function

1 ul® () , [ul™ (r)

p— |\P
E(r) = —p—lul )+ 5=+ e (1.47)
According to (1.1), E satisfies that
, _ —p ’u,, 2
Fo=- {2 o+ S5 W o <o g

Hence u and v’ are bounded, and then u exists for all 7 > 0

Moreover, since u (O) = 0, E(r) < E(0) and the fact that the function
2 | |q+
is i i 0, , t (1.45) and (1.46).
x—_)2(q—1)+q+1 is increasing on [0, +00) , we get (1.45) and (1.46)

Step 2. Global uniqueness

Since the energy function E is non increasing, we see that if u = 0 and
u' = 0 at some point ro > 0, then u(r) = 0 for all 7 > ro. Hence, we can
suppose that (u(ro),u (ro)) # (0,0) and the uniqueness is treated similarly
as in proposition 1.1 . 0O

REMARK 1.2. — It is not difficult to see that the solution u of (P) is a
C™ function at any point 7 > 0 whenever u (r) # 0.

2. Asymptotic behaviour of solutions

In this section we give some preliminary results for radial solutions of
(0.1). Here and in the rest of the paper, we assume N > 1, ¢ >p—1>1
and v > 0. Using equation (1.1) we immediately have the following lemma

LEMMA 2.1. — Suppose u is a solution of (P). Then any critical point
T of u must be a relative minimum if u(r) < 0 or a relative mazimum if
u(r) > 0.

Now, proceeding as in [6], we shall prove the following result

LEMMA 2.2. — Suppose u is a solution of (P). Then the energy function
E(r) given by (1.49) goes to zero as r — oo.
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Proof.— Since E'(r) < 0 and E(r) > 0 for all > 0, then there is a
constant ! > 0 such that lim E(r) = l. Suppose for contradiction that ! > 0.
r—00

Hence there exists r; > 0 such that
l
E(r) > 5 forallr > 7. (2.1)

Let us define disjoints subsets I and I, of [ry,+00) by

20 ™) 1
I1—{7‘>7‘1.2(q_1)+ +1 <Zl

and

wir) | ) 1
= > : Z - .
I {7‘/7‘1 2(q_1)+ F1 >4l

Let r € [r, +o0o[. We distinguish two cases.

(i) r € I, from (2.1), we obtain

Iu'lp (rzec= 4(pp_ 1)l. (2.2)

.’L'2 I $|q+1
ii} r € Io. Remembering that the function z — + is

(ii) 2 g 20¢-1) " q+1
increasing on [0, +00) , we obtain the existence of a positive constant ¢; such

that |u(r)| > ¢1. Thus, for any r € I> we have

"—2_(%) +l™ (1) > e (23)

Ko

where ¢c; =

= 1 91 Putting together (2.2) and (2.3) the following

inequality holds for any r > r;

pf o+ 2D 0 s o= min . (24)

Now consider the function

D(r) = E(r) + — 1 ‘ullp—zu u(r) + N4 1 g—?LT lu® (r)+ (2.5)
g+1-p [T | /2
+m A s'u ‘ (s)ds.
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Applying equation (0.6), we obtain the following equality

’ N —_ 1 ' |P u ’ p—2 ’
D) =-=5 {'u‘ (r)+ ()+||q+1(r)+ ~ uu(r)}.
(2.6)
Recall that © and u are bounded, so that there exists r2(> r1) such that
’ -2 ’
_]r! lu (p v u(r) > —%, forr > re (2.7)

Combining (2.4) and (2.7) yields
' 2 ’ —2 ’
'u ‘p (r)+ %—_(112 + [T () + i:— 'u lp wu(r)> z, forr>re.  (2.8)

Integrating equation (2.6) between 72 and r we get

-1
D(r) < D(r2) — oN 1) log -T—, for r > ra. (2.9)
4 T2
N -1 ’ -2 , . .
But, E(r) + ‘u ‘ u u(r) < D(r), and using again the boundedness

of u and u’, we get from (2.9) that liI_E E(r) = —oo. This is impossible.
T—1T00
Hence | = 0 and the proof is ended . O

As a consequence of the above lemma, we derive the following result

COROLLARY 2.1.— Suppose u is a solution of (P). Then necessarily
u(r) and u (r) goto 0 as r — +oo.

3. Strictly positive solutions

The goal of this section is to investigate the existence of strictly positive
solutions of (P). But first of all, we establish some results on the behavior
of such solutions.

PROPOSITION 3.1.— If u is a strictly positive solution of (P) then
w(r) <0,  forallrT>0. (3.1)

Proof. — Suppose for contradiction that there exists r¢ > 0 such that
u (ro) 2 0. As

u’lp_z u’)’ (0) = —% (-—1—1 +v9" 1) <0 (3.2)
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then there exists 7, € (0,79] such that u(r;) > 0, u (r1) =0 and

’ p—2 ’
(Iu ! U ) (r1) > 0. This contradicts the fact that

=2 )\ N-—-1| g2, g+1l—-p
(lul u) (r1) + o |u| u(r1)+;(q—__—1—)r1u(r1) (3.3)

Thus, u'(r) <0, forall?>0. 0

PROPOSITION 3.2. — Let u be a strictly positive solution of (P). Then
u'(r)
u(r)

there exists 7o > 0 such that the function

is monotone in [rq, +00).

As a consequence of this result, we have

COROLLARY 3.1.— Let u be a strictly positive solution of (P). Then
u'(r)

im
rooo u(r)

exists in [—00,0] .

One of the main tools for the proof of proposition 3.2. is the following
lemma.

LEMMA 3.1.— Let u be a strictly positive solution of (P). Then there
exists 1 > 0 such that

a (r)u (r) + b (r)u(r) <0 (3.4)

for any r > r1 satisfying

(u’)z(r) + a(r)u('r)ul (r) +b(r)u?(r) =0 (3.5)
where
1 N-1 gqg+1-p r
“= ( T e —1) WP (r)) (3:9)
and . .
r) = wr) ). .
0= G (T ) &0
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Proof. — Proposition 3.1 together with Remark 1.2 and equation (0.6)
imply that u satisfies the following equation

u (r) + a(r)u (r) + b(r)u(r) =0, for r>0. (3.8)

Define the set

Ju = {r >0: (u)2(r) + a(r)u(r)u (r) + b(r)u2(r) = o} . (3.9)

It is clear that for any r € J,, the following equations hold

wu = (u')? (3.10)
and
u q+1—p } 5 -1 uu'
ru + + ud - —_
(p—1) P2 { plg—1) 1 (u)? - (p ) r
(3.11)
This leads to
T ]
-1 = —1Lt_
(P-1)(a'u +bw) M{ . (N -1
(p_l)(p__z),u,'z_Q‘Fl—P 1 _(q_l)iqi
u?  plg-1) |2 u' [P~
(3.12)
for any r € J,,.
On the other hand equation (3.11) is equivalent to
1 q + 1 ’ ,|P
2 q-1 —
u (———q —7 tu ) + Pa=1) Pruw + -1 !u ’ (3.13)
- =2,
+N ! ‘u ’p uu=0.
r
Set 1) ,p-2 +1
- e q 4
A(r u r)+ ——= 3.14
(r) 0+ (3.14)
and 1
B(r) = — : +u?71(r). (3.15)
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Then, u satisfies

Bu? — A‘u'l u+(p—1) Iu' |p =0, on J,. (3.16)
so that
A++/A2 —4(p-1DBl|P?, ,
w= \/ 2(B )Blv] ’ul on Ji. (3.17)
Set
A++4/A2—4(p-1)BWP2 |,
Jf:{r>0:u(r)= \/ 2(B il ’ul(r) . (3.18)

It is clear that J, = JF U J; .

First, observe that from corollary 2.1, we have

2
(r), for large 7. (3.19)

A%(r) >> 4(p—1)B ’u’r’_

Next, we consider two cases.

(i) r € J is large enough. Then we have the following behaviour
1- ’
u(r) ~ -q—+—;)——£r ‘u \ (r). (3.20)

Carrying this last result in (3.12), we obtain

’ 1 ’ 1 N - 1 p
- ~ N - -2 21
-1 +80) ~ | {FTE + V-0 i 62D
—g-1) W Pe-D-2 _g+l-p |
WP2 (a+1-p)%2  plg—1)
Using again corollary 2.1, we deduce that

o ’ q + 1- Y4 1
—1au +bu)~ ——F—t——5 <0. 3.22
(- 1)( R e A (3.22)

(ii) r € J; is large enough, then
l ,‘p—l
_ _1) |u

u(r) ~ pp—1)(g-1) (3.23)

g+1-—p T
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Hence, from (3.12), we get

(p—-2)(g+1-p)2 12
T Pe-Da-1)F pps <t (2

So (3.4) holds and the proof is ended . o

(p—1)(a'v + bu) ~

Proof of Proposition 3.2. — Introducing the functions
a(r) = a(r) + k(r)u(r), forr >0 (3.25)

and _
b(r) = b(r) — k(r)u'(r), forr >0 (3.26)

where a(r) and b(r) are given in lemma 3.1, and function k(r) will be chosen
later. As u satisfies (3.8), we have

u +au +bu=0. (3.27)
Let w = 'u', then w satisfies

w +aw +bw= —(@u + bu)—k [(u’)2 +auu’ + buz] . (3.28)

Applying lemma 3.1, it is possible to choose r; > 0 and k(r) such that

—(a'u + bu)—k [(u/)2 + aun’ + bu2] >0, for r > r;. (3.29)
Therefore . .-
w +aw +bw >0, on (r;,+00). (3.30)
If we put y = % = %’ then we obtain

” ~ ul ,
y + (a+2;) y >0, on (ry,+00).

So, we have either y'(r) <0, for all 7 > r; or there exists ro > r; such that
y (r) >0, for all » > ry, which ends the proof. o

In the next two propositions, we will give more precise asymptotic be-
havior for strictly positive solutions.

PROPOSITION 3.3.— Let u be a strictly positive solution of (P) then

lim = (r) = - 4 .
r—+oo u(r) g+1-p

(3.32)
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Proof.— Set L = lim M Thanks to corollary 3.1, we have L €
r—+oo u(r)

[—00,0]. We claim tlhat L # —o0. Indeed, suppose that L = —o0. As we
have u(r) > 0 and u (r) <0, for all r > 0, equation (0.6) is equivalent to

rP—Zu" N-1y ,p-2 g+1-—-p
Y . e Y P RS R
(p—1)|u T v a1 (3.33)
u 1 -1
+— | ——=+uf =0, forr>0.
ru \qg—1
Therefore, since u and u~ are bounded, by letting r — +00
’ ,1p—3
u
. ” q + 1-— p
lim v —(r) = ————— 3.34
r—-+oo ) plp—-1)(¢—-1) (339

we deduce that, for large r, we have

1 -2\ qg+1-p
—( |u r)y= —————r+0(r 3.35
g () 0=ty ron )
which contradicts the fact that liril u (r) = 0.
T—1+00

We turn now to prove (3.32). By 'Hopital’s rule, we get

_oeowm) L u ()
L= r—l-}gloo u(r) r—l—gr—loo w(r)’ (3.36)

On the other hand, dividing equation (0.6) by u(r), we obtain the following
equality

,|P—2
ul U

’

I'p—z ”

lu g+1—p ru

T i pg—1) u

(r—1) (3.37)

+ (—1—1- +uq'1) =0, forr>0.

Letting r — +00 ; the proposition follows by (3.36) and corollary 2.1. O

COROLLARY 3.2.— Let u be a strictly positive solution of (P). Then,

. R — . . ..
lim r3F =7 u(r) exists and is a positive number.
r—+400
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REMARK 3.1.— By using the previous result, we deduce that if there
exist two constants C' and m such that u(r) < Cr~™, for large r. Then

|u (r){ Cr—m- 1 for large , where C is another constant.

PROPOSITION 3.4.— Let u be a strictly positive solution of (P) such
that lil;{l ra¥i=ru(r) = 0. Then, for all m > 0, we have liI_’I_l ™u(r) =0
=100 r—-400

and lim ™14/ (r) = 0.

r—+400
Proof. — Let A\ = . +f e Multiplying equation (0.6) by 7*~1, then
the following identity holds
,|P—2 1 ' ’ —2 ’
(r’\‘l u I u) + (N = 2)r*2|u ’p u + (3.38)
atl-p (’\) “ly? =0, forr>0.
pla—1) ’

Integrating fromz toy (0 <z < y < +00), we get

’ p—2 ’ -2 Y p—2
-

u (y) — 21 |u/‘p u (z) + (N - /\)/I rA=2 lu" u (r)dr
(3.39)

+qu‘—]1——;u Mu(y) — (;Z;l ) u(:c)-i—/yr’\‘luq(r)dr:O.

Letting y — +00, we obtain

’ -2 +1— 0
2T (@) + P oys / A~ Lyd(r)dr 3.40
@+ e = (rdr  (3.40)
oo ! -2 ’
+(N - /\)/ A2 |u r’ u (r)dr.
x
Thus
g+1—p , A=t Pt /+°° A-1
——zu(z) < u z) + " ud(r)dr 341
D © W@ (r) (341)

+|N =} /+°° rA=2 'u’r)_l (r)dr.
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It follows that if u(z) < Cx~™, (with m; > X ), for large z (consequently
|u’ (:c)l < Cz~™~! by Remark 3.1) and we get

+00
/ r’\_luq(r)dr < C:L)\-mlq (3.42)
x
1 ‘u”p_l (z) < C A~ 1-(p—1)(m1+1) (3.43)
and
+00 ’ p—l
[ o i <o s
T

where we denote by C different constants.

Plugging all these estimates in (3.41), we deduce that

u(z) < C(z™™9 4 g~ P-Dmi+D-1y  for Jarge z. (3.45)

Then
u(z) £ Cx™™2, for large x (3.46)

where
mg = min(myq, (p — 1)(m1 + 1) + 1). (3.47)

Since ¢ > 1 and p > 2, we have ms > m;. The proposition follows by
induction starting with m; = X and setting m;4+1 = min(mjq, (m; + 1)(p —
1)+1). o

We may now turn to the main result of this section: the existence of
strictly positive solutions of (P) for sufficiently small initial values v and
under suitable hypothesis on p,q and N. More precisely, we have

P
N

al
=1
)q . Then the solution u of (P) is

PROPOSITION 3.5. — Assume q >
Nig+1-p) 1
p(g—1) g-1
strictly positive and lim r3#F1=ru(r) > 0.
r—+o00

+p-1 and

0<7<(

Proof.— Suppose u is not strictly positive and let r be the first positive
zero of u. Then, u (rp) < 0 and u(r) > 0, for all r € [0,79). Integrating
equation (1.1) from 0 to ry gives the following formula

RN S PN AL N(g+1-p) 1 -
R A
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Since |u(s)| < 7y and from the choice of 7, we deduce that the right side
of (3.48) is strictly positive but the left side is negative. This contradiction
allows to confirm that u is strictly positive and so lir}_l ra=ru(r) > 0.

r—+4o00

To finish the proof, one suppose, that lir_gl rai-ru(r) = 0. We have,
T—+1+00
for any 7 > 0,

p—2 g+1-p

plg—1)

TN N{g+1-p) 1 _
/OSN 1u(s)[ p PRy —-q_l——uq 1(s)| ds.

By using proposition 3.4, the left side of the last equality converges to
zero as r — +00. But the right side is strictly positive. Then we have a
contradiction and this completes the proof. ©

w (r) + rNu(r) = (3.49)

’
rN-1 lu

N
PROPOSITION 3.6. — Assume 2 <p< N and q > N pp — 1. Then for

any v € R}, the solution u(r,v) of (P) is strictly positive and

lim r¥=?u(r,v) > 0.
r—~+00

Proof. — (i) Assume that there exists some positive real r such that
u(r) = 0. Setting
R=sup{r>0:u>0o0nl0,7[}. (3.50)
Then u is a radial solution of the following problem:
qg+1-p u .
Apu+ —————1zVu+ ——+4+u9=0 inB 3.51
P p(g-1) g1 F (351
u=0 on 0Bg (3.52)

where Bp, is the ball of radius R centered at = = 0.

Multiplying (3.51) by wu, integrating over Bg and using Green’s formula
and (3.52), we get

N —_
/ |VulP dz = _Ng+1-p) u?dx (3.53)
Br 2p(q - 1) Br
1
+— uldr + / utldz.
q-— 1 Br Br
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Next, multiply (3.51) by z.Vu, we obtain
/ (A,u)(@.Vu)de + LELZP / (z.Vu)2dz (3.54)
Br p(g—1) Jpe

+—1— u(z.Vu)dzr + / u?(z.Vu)dz = 0.
q-— 1 Br Br

To estimate the first integral we use Gauss-Ostrogradskii’s formula to con-
clude that

/BR(Apu)(:c.Vu) = _/Ba |Vu|p—11—)/BR z.V (|Vul|P) dz (3.55)

+ / |VulP~2 (2.Vu) Vu.vdo
8Br

— (ﬁ _ 1) / |VulP dz + (1 - l)/ |Vu|? (z.v)do.
D Br D 8Br

By standard computations we have

/ u(z.Vu)dz = _y u?dz, (3.56)
Br 2 Br
and N
/ w(z.Vu)de = ——— [ uItldz. (3.57)
Bpr q +1 Bgr
Now let k be a positive real such that
KV k) s Y (Zp— p) (1 + (pp' 2)) . (3.58)

If we define the operator G by
Gu = ku+z.Vu (3.59)

we obtain

(xVu)idr = / (Gu)?dz + k(N — k) | u’dz. (3.60)
Bp

Bpr Br

Plugging all these estimates in (3.54), we obtain

(% - 1) /BR IVuldz + (1 - %) /a Ve @v)dot - (361)
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__1_ (2+_1;£k(N -k)— E) / wldr — _N_ wdtlds
g-1 P 2 Br q+1 /g,
g+l-p
p(g—1) Jpg
Substituting (3.53) in this last equality we obtain

(-A—f -1- L) / Wty 4 LX17P G%(u)dzx (3.62)
p q +1 Br p(q - 1) Br

+ (1 - l) / |Vul|? (z.v)do+
P/ JoBg

{(%—1_%)(]11#;2;1_‘1;” (k(N—k)—%)}/BRuzdx=O.

G%*(u)dz = 0.

From the choice of k, the coefficient in front of the integral u?dr is
Br
NP N N
strictly positive. On the other hand as ¢ > -1, —=1- >
vP N p g+1

We deduce a contradiction with (3.62). Hence u(r,v) > 0 for any r > 0.
(ii) Assume that ligx r3a¥ % u(r) = 0 we deduce from proposition 3.4.
=100

that lim r™u(r) = lim ™+ (r) = 0 for any m.
r—+00 r—+00

Then we can let R to the infinity in (3.62). As in step (i) we get a
contradiction and the proof is complete. 0

4. Non positive solutions

In this section we investigate the existence and some properties of non
positive solutions of (P). Set 7o = inf {r > 0: u(r) = 0}, the first positive
zero of u; when 0 < 19 < 00, u is called nonpositive solution.

PROPOSITION 4.1.— Assume p—1 < q < + p — 1. Then there are

2=

no positive solutions of (P).

Proof. — Suppose by contrary that u is a positive solution of (P). Then,
for any r > 0, the following equality holds true

P"‘2 ’ 1 —_
u (r) + a+i-p prNu(r)

p(g—1)
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1 N 1- T T
( (g+1-p) 1) / sNly(s)ds — / sN1y9(s)ds.
g-1 P 0 0
This implies

’ -2 ’ 1—
N—l' I” q+1-p n
T U u(r)+——mr u(r) <0, for all r > 0. 4.2
() + L utr) (42)
which means that
1
, q-{—l—-p)?"1 1 1
u(r) € —{ — re=1iyr-1(r), r>0. 4.3
o < - (L5 (") (43)

Integrating from 0 to r, we obtain

1
p=2 p=2 p—2(q+1—p)*’—‘ P
ur-1(r) < ur-1(0) — TPl 44
(0 < W -2 (L] (4.4

By letting r — 400, we get a contradiction. O

Np 1
N—-p
Then there exists v* > 0 such that for any v > ~* the solution u of (P)
18 non positive.

PROPOSITION 4.2. — Assume 2<p< N and p—1<g¢q<

This proposition is a simple consequence of the previous lemma.

Np

LEMMA 4.1.—Assume2<p<Nandp—1<q<N p—l. Then
there is no positive radial solution of equation
Apu+uf =0, in RN. (4.5)

The proof of this lemma is given in [1]

LEMMA 4.2. — If for any v > 0 the solution u of (P) is strictly positive,
then there exists a C! function v which satisfies

|p=2 , ' — | P=2 , -
(lvlp v) +§T_1|,v|” v+ =0, r>0 (4.6)
v(0)=1, v (0)=0 (4.7)
v(r) >0, forall™ >0 (4.8)
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Proof. — Let k > 0 and uy be a solution of (0.6) with ux(0) = k7F1=7
and uy(0) = 0. Define the function v by

vp(r) = k-1 Py (%) , forr>0. (4.9)

’ p-2 ’
we have vy, € C! ([0, +00)) and ‘vk‘ v, € C! ([0, +00)) . Some elementary
computation show that vy satisfies

|2, ’ N-1 ,|P—2 1- {g—1)
(‘vk‘ vk) +— lvkl v +Hk'z+l-rrvk

1
gk B+ lklT oe =0, r>0 (410)

ve(0) =1 and v, (0)=0.

On the other hand, since

lug(r)| < kF1=7, forallT >0 (4.11)
we obtain
lve(r)] € 1, for all 7 > 0. (4.12)

Now observe that (4.10) is equivalent to

’ P—2 ' 1 ) r _
rN-1 vk’ v (r) = q_+___pk_ B N vr(r) — / SN | |9 wi(s)ds
p(g—1) 0
N(g+1-p) 1 _pa-n [T N—
- k5= 1
+< p(g—1) g-1)" " ,,/0 o ule)de
(4.13)
which implies, by using (4.12), that
,|p=1 1 N
-1 ‘vk| (r)< 2 TP NS L D
1 pl(a—1) TN ’

N(g+1-p) 2la=y)
| o

Hence, there exists a positive constant ¢ independent of k such that
’ p—1 (a—1)
‘vk(r)l <er(l+ k_5+ql—lv), for all 7 > 0. (4.15)

Using (4.12) and (4.15), we see that for k£ > 1, v; and 'u;c are uniformly
bounded on any compact subsets K of [0,+00). So, by the Arzela-Ascoli
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theorem and a standard diagonal argument, there is a sequence k, — +00
and a C! continuous function v : [0, +00) — IR such that v, e Y

n——+00
uniformly in C1*(K). It follows from (4.13) that v satisfies

P—2 T
N-11{,’ ! _ _ N~1,19-1
T ‘v l v(r)= /0 s |v|?” " v(s)ds, for any T >0 (4.16)
v(0) =1 and v (0) = 0.
Consequently, we have
’ -2 ’ ’
=N (pN-1 lv lp v (r) + T u(r) =0, forr>0. (4.17)

Now it remains to show that v is strictly positive. Indeed, since vx > 0
then v > 0. On the other hand (4.16) implies that v is strictly decreasing.
Thus, we have v > 0. 0O

PROPOSITION 4.3. — Assume q > —]% +p—1. If for some v > 0 the

solution u of (P) is non positive then, either u has a compact support

or there is a positive constant M such that u has at most one zero in
(M, +00).

Proof. — Since lim+ u(r) = 0, there exists M > 0 such that
r—+00
Ng+1l-p 1
p(g—1) g-1

Suppose that there exist two consecutive zeroes such that M < z <
y. Integrating equation (1.1) from x to y therefore gives

lu(r)]?! < , forr > M. (4.18)

p~2

u(y) -z u - v (z) = (4.19)

yN-1 ‘

e
[lEStn ] o

Suppose that u(r) > 0 for £ < r < y (The same argument can be applied
when u(r) < 0) and distinguish two cases.

(i) v (z)u (y) = 0. Then from the decreasing of the function energy E
given by (1.47), u must have a compact support.

(ii) u (z)u (y) # 0. Then, u' (z) > 0 and v (y) < 0. Now using (4.18), the
right side of (4.19) is strictly positive while the left side is strictly negative,
which yields a contradiction. Thus, two such zeroes can not exist. 0
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As a consequence of the previous propositions, we obtain the following
result.

COROLLARY 4.1.— Assume q > _]% +p—1. Then any non positive

solution of (P) has either a compact support or a finite number of zeroes.

Proof. — Let u be a non positive solution of (P). Then, from
proposition 4.3, there exists a positive constant R such that all zeroes of u
are in [0, R]. suppose that there is an increasing sequence (z,) of zeroes of

u and let = liT Zn. Then, for any n € IN, there exists z, € (T, Tns1)
n—<+0oo

such that u'(z,) = 0. This implies that lilj_l zn = z. And so, u(z) =
n-—+00

u'(x) = 0. Hence u has a compact support. This finishes the proof. o
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