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A Variational Approach for a Semi-Linear
Parabolic Equation with Measure Data ®

MONGI MABROUK ()

RESUME. — On étudie, d’'un point de vue variationnel, un probléeme
parabolique a donnée initiale mesure:

Osu(z, t) — Azu(z,t) + B(z,u(z,t)) D 0dans Q,
u(0) = p dans Q,u = 0 sur IQx|0, T[

olt 2 est un ouvert borné régulier de RN, N > 2,Q = 9x]0,T|, B(z,.)
un graphe maximal monotone de IR? dépendant mesurablement de z,0 €
B(z,0) pp et |B(z,7)] < C(L +|r|®), a < % + —I%- et u est une mesure
de Radon bornée. On montre que la solution faible de ce probléme est en
fait aussi la solution d’un probléme de minimisation convexe dans I’espace
L™(Q),r =2+ 7‘37. Les démonstrations font appel essentiellement & des
arguments d’épi-convergence.

ABSTRACT. — We study, from a variational point of view, a parabolic
problem with measure initial data:

Sru(z,t) — Agu(z,t) + B(z,u(z,t)) 50in Q ,
(0) = p in ,u = 0 on Ix]0, T|
where  is a smooth open bounded set in RV, N > 2,Q = Qx]0, T, B(=z,.)
is a maximal monotone graph of R? depending measurably on z and
verifying: 0 € B(z,0) a.e, |B(z,7)] K C(1 +|7|%), a < % + % and p is a
bounded Radon measure in 2. We prove that the weak solution of this
problem is in fact the solution of a convex minimization problem in the

space L™(Q),r = 2 + %. The proofs rely essentially on epi-convergence
arguments.

(*) Regu le 20 mai 1999, accepté le 18 février 2000
(1) LMARC, UMR 6604, 24, rue de I'Epitaphe, 25000 Besancon.
e-mail: mongi.mabrouk@univ.fcomte.fr
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1. Introduction

The aim of this paper is to present a new approach for solving semi-
linear parabolic problems involving measure data. More precisely, we are
interested in the following problems Ppg:

Py dyu(z,t) + Lu(z,t) + B(z,u(z,t)) 3 f in Qx]0,T[,T >0
A7\ w(0)=p in Q,u=0in]0,T[x00

where Q is a bounded open set of R¥,N > 2 with a smooth boundary.
L is a linear second order elliptic operator in divergence form, 3(z,.) is a
measurable multi-valued mapping with values maximal monotone graphs of
R x R with 3(z,0) > 0 for a.e. z in Q, u € mp(R), f € mp(Q).

In what follows, we shall explain our approach by considering typically
the case f =0,L = —A.

Among the previous works related to this problem, we mention essen-
tially the two following ones:

H. Brezis and A. Friedman [7] have previously studied the case
L = —A,B(z,7) =| v |P7! r. They showed the existence and uniqueness
of a weak solution u if p < 1+ 2/N, and the non existence if p > 1+ 2/N.
Their proofs are direct and rely on a priori estimates for the solutions of
some approximating problems and on related compactness arguments.

P. Baras and M. Pierre [4] extended (7] to more general elliptic operators
L, and possibly unbounded p. In particular, they showed under the same
condition p < 1+2/N, that the problem Pg possesses a unique weak solution
u which belongs to L*(0,T; W&’Q(Q)) with 1 < 5,9 < -1\%

In the present work, the problem Pj is considered from a different point
of view. Our aim is to give a variational formulation of this problem, more
precisely to ask if the solution satisfies some variational principle. To this
end, we use essentially the epi-convergence method, which has been al-
ready successfully applied to semi-linear elliptic equations involving mea-
sure data in (2], [8]. The key idea is to start from a variational formulation
of the regular case u € H%(Q) N H} (), using the Brezis-Ekeland principle
[6]. Then we introduce a smooth sequence u, € D(2) converging weakly
to p, and study the limit behaviour of the associated minimization prob-
lems. If the growth of B(z,7) is less than C(1 + |r|®),a < } + &, then
the limiting process yields a variational solution % which is the solution
of two alternative formulations (Th. 3.4 and Th.3.6) each having its own
interest. This variational solution is also the weak solution. The fact that
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it is only defined under the more restrictive condition o < 1 + % is in
some sense compensated by the fact that it possesses the mentioned min-

imizing propertles and that it enJoys more regulanty Indeed it belongs to
L*(0, T; W3 (Q)) + L2(0, T; H(Q)), 1 < 5,0 < 5.

The literature on parabolic equations, especially concerning existence,
uniqueness and regularity results, has been enriched by many authors in the
last ten years. We mention particularly the contributions of L. Boccardo &
co-workers (see [5] and the bibliography herein). But these works do not
cover ours. In fact they are merely concerned with existence results for
nonlinear problems with right-hand side measure, and this do not contain
the semi-linear case with a measure as initial datum. Besides this, we seek
not only existence results, but more important for us was to ask if the
solutions verify some variational principle. In this sense, the present work
can be more thought of as a generalization of the Brezis-Ekeland principle
to a non-hilbertian, nonreflexive case.

The general idea of working via a variational principle has been used
before in the elliptic case involving measures by L. Orsina in [11].

The main results of this work have been announced in the short note
[9]- The paper is then organized as follows:

2.The smooth case: The problem with data u = gdz,g € H2(Q) N H(Q)
is shown to be equivalent to the evolution equation in the Hilbert space
H = L*(Q):

u' + 8pu(t,u) 3 0,u(0) = pu (1)

where @y (t,.) is the functional:
H>u— og(tu) / | Du|%dx (2)
+ [ L@, Bulant) + u(z)) — a(o, Eula, )]z
E, being the weak solution of the linear problem (8 = 0) and jg(z,.) a

primitive of (z, .) verifying jg(z,.) > 0 and jg(z,0) = 0 for a.e. z in Q.

This problem is then transformed, via the variational principle of Brezis-

Ekeland [6], into a minimization problem over a convex set K|, of the space
Hy = L%(0,T; H).

3. The general case: We take a regular sequence pu, converging in the
weak-star topology to u. For each n, we have thus a minimization problem
Vn over a convex set K,. We show that V,, possesses a unique solution o,,
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for which we derive uniform estimates for the norm || 7, ||x. Therefore, we

can extract a subsequence, still denoted by @y, such that o, X% weakly.
By using epi-convergence techniques, we show that ¥ is the solution of two
minimization problems, the first one over the space L"(Q) and the second
one over the space W = {u € V,u' € V'}. Moreover we prove that ¥ is the
solution of the evolution equation in H~1(Q):

'+ dpv(t,7) 30, 5(0) =0

where @v(t,.) : Hf — R is the restriction of pg(t,.) to H}. We call 4 =
¥+ E,, the variational solution of Pg, and prove that it is the weak solution
too.

4. Concluding remarks.

Notations: (Q is an open bounded set of RY,N > 2, of class C?t",n >
0, Q = Qx]0,T|.

If u: Q — R, then u(t) = u(t,.) and v'(t) = dpu(t,.).

If B is a Banach space, B’ is its (strong) dual, B;, B, = B equipped
with the strong ( resp. weak) topology.

For every vector-valued function v : [0, 7] — B with values in the Banach
space B , we denote by v’ its (strong) derivative.

LP(Q), H (), H™(2), H~™(Q) are the usual Lebesgue or Sobolev spaces,
and L% .(Q), HJ () are the local ones. Especially , we denote L%(Q) by
H.

C%(QY) is the space of continuous functions on Q , vanishing on 89 ,
my(QY) is the space of bounded Radon measures in 2, that is the dual of
C°(Q), < .,. >, being the duality (C°(), ms(R)). un —  if u, converges
weak-star to p.

V. = L7(0,T; HX(Q)) , V. = L7 (0,T; H-1(R)) ; for r = 2 we denote
them V and V".

X={ueV:vweV,uT)eH, W={ueV:uveV}
H, =LP(0,T;H),p > 1. D(Q), D'() are the usual Schwartz spaces.

If F: X — R, then domF = {z € X : F(z) < +oo} is the effective
domain of F.

|||lp is the L? norm. More generally ||.||5 is a norm in the space B.
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If F: H— R, then F*(z) is its Fenchel conjugate in the duality <
H,H >,

IfF:V, - R, r # 2, then F® is the conjugate in the duality < V;, V, >.
For r = 2 we use the notation F'®.

O={uel(Q)vel” @), ==}
By < .,. >, we shall denote different duality brackets.

If f and g are two functions on the same space X, their infimal convolu-
tion (inf-convolution) is the function h = fVg defined by h(z) = fVg(z) =
infyex[f(y) + 9(z - v)].

The characteristic function of the set D, denoted Ip, is used in the sense
of Convex Analysis, i.e Ip(z) = 0if z € D and +oo elsewhere. We shall
often denote by the same letter C different positive constants, and we shall
often omit the symbol  if there is no possible confusion.

2. The smooth case
Let us first give the precise formulation of the problem Pj:

DEFINITION 2.1. — Let p € mp(Q) andu € L
is a weak solution of problem Py if and only if:

(0,T; Wy ' (). Then u

1
loc
(i) there exists a function h € L}, (Q) s.t. h(z,t) € B(z,u(z,t)) a.e. and
u' —Au+h =0 in D'(Q).
(ii) esslimyj, [ u(z,t)0(z)dz =< p,0 >, V8 € Co(Q).

In the linear case (8 = 0), we recall the following result of [4] concerning
L! data:

LEMMA 2.1. ([4] Lemma 3.3). — Let f € L}(Q) and u € L(Q). There
ezists a unique solution of the problem

P { u € C([0,T}; L*(Q)) N L*(0, T; Wy ()
Ol v -Au=feD(Q), w0) =p

Moreover:

(@) 11w llzeeo,rsLr () HlullLeo,rwro () < CUIFL + llpll) with C =
C(s,q) and s,q > 1, §+% >N+1

(ii) the mapping (u, f) — wu is increasing and compact from L'(Q) x
LY(Q) into LP(Q) for 1 <p<1+2/N.
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To obtain a variational formulation in the smooth case, let u € H*NH§,
E,, the corresponding solution of P , and define the following functions for
a.e t in [0,T):

it ):{QxIR——»]l_{
T (@) = it 3,r) = da(®, Bu(t,2) +7) = Jp(@, Eu(t, 7))

H-R
J(t,.) = { u— J(t,u) = [ it z,u(x))ds
wu(t,.) = H—R
H% ) or(t,u) = 3 [, |Duldz + J(t,u) if u € Hg, J(t,u) < +00

H, - R
Sp(v) = [y eult,ult)dt

THEOREM 2.1. — Let 3 and pu satisfy the following conditions
() |18z, )| < CA+r®), a<i(l+$)P2 =qu

(ii) p = gdz with g € H*(Q) N H}(Q)

and the associated functional &g = {

Then:
(i) The differential equation in H
v' + 0pp(t,v) 0,v(0) =0 (3)
possesses a unique strong solution v.
(ii) ¥ solves the convex minimization problem
V. Min{y(v),v € K.} (4)
where:
K,={ve C(0,T; H),v' € Hy,
er(t,v(t)) € L'(0,T), ¢ (t, —v'(t) € L'(0,T),v(0) = 0}

B(0) = B (v) + (=) + S (D)

(iii) The problem Pg for smooth data possesses a unique strong solution
@ given by @ = E, + 9. We call & the variational solution of Pp.

As a consequence of this theorem, solving Py for smooth data is equiv-
alent to solving the differential equation (3) or the minimization problem
V.
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Proof. — (i) We need only to estimate @y (t,v) — pg(s,v) for s,t €
[0,T] and v € domypy(t,.) = H}(). We have by using the subdifferential
inequality:

ler (t,v) —on(s,v)] < [|Eu(t) — Eu(s)||2 max

(1BC,v() + Eu(®)ll2; 1B( v(.) + Eu(s)ll2,
IB(E,(@B)ll2, [|B(Eu(s))ll2)
< Clt = s|l|Agll2(2 + vlI3e + |[Eu(s)l1S)

But a < a. gives us sup, ||E,(t)||$, < +o0, and ||v]|§, < Ci||Dv||§ <
C(1+ ||Dv||g) , hence there exists positive constants such that:

lor (8 v) — (s, v)| < Clt = sl(en(t, s) + Cillvllg + Ca).
Then it suffices to apply the results of [3] (Th.1, p.54).

(ii) This is simply the Brézis-Ekeland principle [6] applied to the equation
(3).

(iii) We know from [3]Th.1 that € W2(0,T; H) () L>®(0,T; H}) . With
the assumptions made on u and § , the subdifferential of pg(t,.) is charac-
terized by:

dom(0pu(t,.)) ={u e H st. —Au+ B(t)ue H}
O (t,u) = —Au + B(t)u

where, for each t, §(t) is the maximal monotone operator in H associated
to the graph (a family of graphs indexed by z)

r— B(x, Ey(t,z) +7)

More precisely, for u € L?(Q2) we have (8(t)u)(z) = 8(z, E,(t, x) +u(z)) for
a.e z € §2. Thus ¥ verifies

7'(t) — Av(t) + B(t)(t) 3 0 for a.e. t € (0,T),5(0) =0
Consequently @'(t) — Ad(t) + B(t)a(t) > 0 a.e. and %(0) = p which means
that % is a strong solution of Pg. O

3. The general case

We suppose from now on that the condition:

1 2
C: a<§+ﬁ

is fulfilled.
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3.1. Approximate problems

Let p € mp(S)). There exists a sequence u, € D(R), sup, ||ua|lLr <
+00, pn — u. For each n, let E, be the corresponding solution obtained
by lemma 2.1. Then u, (actually a subsequence) converges weakly to u as
t10,E, — Ein LP(Q) for p<1+2/N, and E is the weak solution of the
linear problem F.

Set K, = K. For every n € IN, we consider the problem:
P, := Ow(t, ) — Agv(t, z) + B(z,v(z,t) + En(z,t)) 3 0,0(0,2) =0 (5)

Using E, and E in place of E,, , we define as before, the functions jn(t,.),
oY (t,.), ®Y, ¥ and j,0n,®H,vn. We can then reformulate P, as an
equivalent evolution equation in H:

P, : v + 8p%(t,v) 30,0(0) =0 (6)

By theorem 2.1, for each n there is a unique strong solution v, for which
we shall derive several estimates.

LEMMA 3.1.— The functions ®F are equi-coercive on
V = L?(0,T; H}(R)) and we have sup, 9% (0) < +oo.

Proof.— Let v € V. Then:
T
Bo) = [ Doyt
T
+ [ [[ittzote,2)dade > Culllfy ~ ellv-AIBC Bl
But E,(t) € LI(Q) for 1 < g < +oo and we have the classical upper bound:
C
IEn®llzoe) < a=ig lHnlln@

Let g = o725, then B(, En()) € L*(0,T; ¥ (Q)) iff ¢ < %5 that is iff

a< -15 + -J% Consequently

sup ||8(., En(|z2(0,7;H-1)

< Csup Ilﬁ(-,En(~)IIL,(0,T;L,@%(m) < nglp lleallLr @)

and ®%(v) > C1||v||3 — Ca||v||v hence the equi-coercivity. This implies that
n* — no__ 3 n
7)) = 1%f<1> u‘}f Y

is bounded uniformly in n (because dom®% C V). O
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LEMMA 3.2.— (i) The functions ®Y are equi-continuous on V,,r =
2(1+2/N).

.o . . hd . - ’ . .
(ii) The conjugate functions ®% are equi-coercive on V, and equi-continuous
onV’.

Proof. — (i) For v € dom(®7%) we have by using the Young’s inequality
and the subdifferential inequality:

nlt.zv)l = 1ip(@v(t,2) + Ba(t,2) = ja(@ Ealt )] (7
< Cmax((vB(En)l, [vB(o + En)) ®)
< CE+el™ + CIEN™), Ve> 09 = P (9)

But v € D(®}) = v e VNC(O,T;H) C L(Q),r = 2(1 + &). If we take
p=rp =7r,wehavea+1< 1+11§,"—2 < 2%’2 = r from which we deduce
the following estimates

[ . 0)lde < -+ Calloo) + CollEniles

0% (¢, ()] < Cillv(@)|7 + CollEn(®)IIa7 + C3

T T
B0 < G [ Iolld+C /0 IEa()lIdt +C5 (10)
0

T
< G [ I@ld+c (1)
0 0

(ii) Let ¥ =1+ NL+4 be the conjugate exponent of r. We shall derive

a two-sided estimate for the functions ®% which implies the two desired
properties. From lemma 3.1 and (i) we have:

T T
c/ @)% - C' < B < c/ [o(®)lgedt +C1 Vo € dom}.
0 0
By taking the conjugates in Hs, we obtain:
T . . T
0 +C [ w1t <8 <C [ (41t vwe Hy O
0 0
THEOREM 3.1. — We have the uniform estimates:
sup{||Zallv, |17llvz, sup [|Ba(®)ll%} < +o0
n t€[0,7)
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Proof.— By lemmas 3.1 and 3.2, the null function v(t) = 0 a.e. belongs
to K, and to dom(y}) for every n € IN. Then we have for ¥y:

sup (%) < sup ¥ (0) < +oo
which gives us easily the desired estimates. O
Let us now define the following space:
X ={ueV=L%0,T; H(Q)),« €V, = L"(0,T; H*(Q)),u(T) € H}
Equipped with the norm
llullx = (lull} + 1WI13; + l(@IE)Y2,

X is a reflexive and separable Banach space, and the embedding X — H is
compact. Thus the sequence ¥y, is bounded in X. We can therefore extract
a subsequence, still denoted ¥y, of solutions of the variational problems V,,
which converges weakly in X and strongly in H; to a function ¥ € X.
We can also extract a subsequence E, s.t. E, — E in LP(Q) for p <
1 + 2/N. The question is then: In what sense is u = ¥ + E a solution
of the initial problem ? To answer this question, we pass to the limit in
the variational problems V; and in the corresponding Euler equations P.
For the variational convergence, which is our main motivation, we give two
approaches:

1) The first one is to seek the epigraphical limit of the ¢ for the topol-
ogy of X. In doing so, we use only the a priori estimates obtained from the
variational formulations V,,, and never the fact that ¥y is also solution of
the partial differential equation P,. In this respect, this approach can be
called purely variational. The resulting minimization problem is identified
over the space L"(Q).

2) The second approach uses much more the equivalence V,, & P,, to
obtain more estimates for the derivatives 7. The determination of the epi-
limit is then easier and yields us a convex minimization problem over the
space W, which is strictly contained in L"(Q).

3.2. First variational formulation

To begin, we shall improve slightly the estimates of theorem 2.

LEMMA 3.3. — It holds

sup{||Znllz-(@)> sup |1Ba(OlE} < C(u, T) < +00 (12)
n tefo,T)
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Proof. — For every t in (0,T) define H,(t,.) as the function:
u— Hp(t,u) = [§ o% (1, u(r))dr + [§ o (r,—w/(7))dr + L|[u()]| on the
moving convex set K, (t) obtained from K,, by setting ¢ instead of T". Since

sl = [ <o) S dr

for v in Ky (t), Hn(t,u) is , for fixed u , a nonnegative monotone increasing
function of ¢ bounded by ¥%(u), hence 0 < Hy(t,%n) < ¥%(¥n) = 0 on
K, (t), that is @y, is a minimizer of H,(t,.). But then

s:p sgp H,(t,0) < ¥%(0) < +oo,
from which follows in particular:
Slrllplwn”L“(O,T;H) < +o00
and by interpolation
sup [1OnllLr@) < C(u,T). O
Theorem 3.1 and lemma 3.3 show that #, should be seeked in a ball of

the space X N L™(Q). To this end, let B® be this ball of radius a, and Iga
its characteristic function. We then consider the following functions:

Hy > u — ®"(u) = ®%(u) + Ipa(u) (13)
Hy3u— G"(W)=8"(u) + 8" () 4 o |u(Dl  (14)
Then
LEMMA 3.4. — ¥y, is a minimizer of G™ on the conver set

Cn ={v€C(0,T;H), ®"(v) < +00, ®" (~v') < 400, v(0) = 0}

Proof. — First, 0, € B® yields ®"(7,) = ®%(,)
Then, for every w € H,, we have
OV (w) = (B VIp)™(w)
(®% VIga)(w)
inf (% (w —z) + I5.(z))
TE€EH>

N

N

¥ (w)
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Indeed 0 € H; and I5.(0) = 0, I5. being a positively homogeneous func-
tion. Consequently, we have: 7, € dom(G™) and

_ = . 1. _
0 < G™(Un) < @5 (Tn) + F (—77) + §an(T)qu =Yg (Ta) =0
which means exactly G™(%,) = 0 and 7,, minimizes G™. O

LEMMA 3.5.— We have

Slrllp”ﬁ;z“L"(Q) < +o00 (15)
Proof. — Let v € dom®". Then ||v||y < a and

T T T
3"(v) = /0 | Du(t)| 1% dt + /0 Tn(t,u(t))dt < fo | Jn(t, u(t))|dt + C

T
SC‘/O Hlvll7dt + C = C||vl|r@) + C
which gives .
" ('U)) Z C”w“L"'(Q) -C.

By the preceeding lemma, ¥, minimizes G™ on C,,0 € C, and sup,, G*(0) <
400, hence
sup ||Tp| L@ < +00 a
n

Remark. — This estimate could be in fact obtained starting from the
Euler equation

(8 — A)n + B(En +,) € L™ (Q)

by using classical regularity results ([10)) for the linear heat equation, since
B(En +s) € L™ (Q).

The following result will be frequently used in the sequel:
PROPOSITION 3.1. — Let (vn),,c v be a sequence in L™(Q). Then:

{vn converges to v in L"(Q) weakly and in measure } = {J"(v,) — J(v)}
Proof.— Letv € Llloc(Q)v Jn(v) = jﬁ(:cv v(t,z)+En(t, JJ))—jﬁ(.’L‘, E,(t,z))

and let € > 0 be given. Then, for every pair of conjugate exponents 7,7 we
have

Ijn(v)‘1+e < Cl + 02(|,U|(1+e)1" + ‘v|(1+e)(1+a) + |En(x’t)lm=’(1+e)) (16)
< C1 + Co[[o| M7 4 |E,(z, 1)|07 1F9)] (17)
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= r = il — T
Take 7 = 1—+6’ and let ’}’(6) = ar’(l +€) = a,'.,—_l(l +€) = am(l +€)

Then v(¢) is continuous at € = 0 and ¥(0) = ar’ < 1+2/N. For e sufficiently
small, we have y(e) < 1+ 2/N. With this choice of ¢ , we have

T T T
/ / 5 (v)[dzdt < C1[Q| + Cs / / o[ dzdt + / / |En(t, 2)[* dadt
0 JQ 0 JQ 0 JQ
< C’1+C'2/ |v|"dzdt
Q

If v, converges weakly to v in L"(Q), we have consequently
sup/ |5™(vn)| T edzdt < +00, (18)
n JQ

that is the sequence j™(v,) is equi-integrable on Q. Moreover, E, — E in
LP(Q) for p < 1+ 2/N, hence in measure. By dominated convergence, we
obtain:

3™(vn) = j(v) in LY(Q)
Thus J*(v,) — J(v). O

Lemmas 3.4 and 3.5 show that @y, lies in fact in the Banach space II.
Let then:
(i) @7 be the restriction of " to L™ (Q)
. L7(Q) —] — o0, +o0)]
n =
¥ { u = U (u) = 87(w) + 87 (~v) + (D)}

where <I>Z.‘®’ is the Young-Fenchel conjugate of ®7 in the duality,
<L™(Q),L"(Q) >.

(ili) K7 = {v € I, 87(v) < +00,87°(—v') < +00,v(0) = 0} C L"(Q).
Then we can prove the following theorem:

THEOREM 3.2. — (i) U™ is coercive and lower-semi-continuous (Ls.c.)

on L™(Q).

(ii) U is the unique solution of the conver minimization problem

Vo i= Min{¥"(v),v € K}

Proof.— (i) The coercivity is quite obvious, we prove only the lower
semi-continuity.
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Let u in L"(Q) and u, a sequence such that u, converges to u in
L™(Q) and sup,, ¥"*(u,) < +00. But then (after extracting a subsequence
if necessary) u, — u in X N L™(Q) weak , in L%(Q) strong and in mea-~
sure. Moreover u/, — u’ in L” weak, hence u,, converges to u in IT weak.
From the continuity of the trace map, u,(T) — u(T) in H weakly and
liminf, [u.(T)|% > |u(T)|%. The conclusion follows by invoking the lower-
semi-continuity of ®7 and @;‘@ for the L™ and L™ topologies respectively.

(ii) We remark first that ¥, belongs to K” and that G™(%,) = 0. For u

in IT we use the identity:

§||u(T)HH = /OT < u(t),u(¢) > ), (@) 9 =< u, ' >Lr (@)L (Q)

which permits us to write
U™ (Tn) = BF(Tn) + 87 (=T})+ < T, =T >Lr(0).L7 (@)
hence
0 < ¥ (Ba) = (B) + 27" (~7)
#3511 (DI[E < 8"(5a) + & (~24) + 5 |[5a(TY =0.

The uniqueness follows from the strong convexity . O

Thus, we have proved the equivalence of the three problems

P,eV,aV,

We shall now pass to the limit on the last problem by studying the epi-
convergence of the functionals ¥™. First, we recall some basic features con-
cerning epigraphical convergence in Banach spaces (see [1] for details):

DEFINITION 3.1. — Let (X, T) be a Banach space equipped with its strong
topology T and let F™, F : X —] — 00,+40] be a sequence of T -L.s.c proper
functions. Then F is the T-epi-limit of the sequence F™ at x € X iff:

(i) Vzn, 5 z, we have: liminf, F"™(z,) > F(z).

(ii) There exists a sequence T, — z s.t. limsup,, F™(x,) < F(z). If this
takes place at every point x € X, we say that F' is the T-epi-limit of the
sequence F™.

Another, closely related notion of epigrapical convergence is the Mosco-
convergence, which is obtained from the preceding one if we use the weak
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convergence in the first sentence. Hence it implies T — epiconvergence. We
recall also that epi-convergence implies the convergence of the minima and
that the Mosco-convergence is bi-continuous with respect to the Young-
Fenchel transformation.

We are going first to precise a little more the domains of our fonctions,
more precisely we shall show that they are independent of n.

PROPOSITION 3.2. — It holds
i) dom®” = dom®,

ii) dom®"® = dom®®

iii) dom¥™ = domV.

Proof. — We start from the majorizations:
T
127 (v) — & (v)] = | /0 /Q (Gn(t, v(t, ) — (¢, v(t, 2))dzdt]

T T

<G / [lv(t)||rdt + C2 / | En(t)||2T dt + Cs
0 0

<Cilvllerg) +C

Hence L"(Q)Ndom®} = L™(Q)Ndom®@y. But since VNL™(Q) C domd, C
V, we obtain:

L™(Q) Ndom®y = L™ (Q) Ndom®y = V N L™(Q)
and consequently dom®!, = dom®,. C B.
For <I>;‘®, we remark that if w € dom<I>;‘®, we have
®7° (w) = sup{[< u,w >, v —BP(w)],u € dom®™}
< sup{[<u,w >, 1 ~®,(u)],u € dom®,.}

+sup{|®7 (u) — ®-(u)|, u € dom®,}
< 88(w) + C

By interchanging <I>;‘® and ®2, we obtain the desired result, from which
dom¥,, = dom¥ follows obviously. O

LEMMA 3.6.— We have:  ®} Mosco-converges to @, in L™(Q).
Proof. — (i) Let u € L"(Q) and u, converging weakly to u in L"(Q).
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We can assume that ®7(u,) is bounded, otherwise there is nothing
to prove. Then, there exists a subsequence, still denoted u,, such that
llun||x is bounded, u, converges to u in X weakly, in L?(Q) strongly ,
almost everywhere and u belongs to B¢, from what we deduce easily that
lim inf ®7(u,) > @, (u).

(ii) Let u € L"(Q). Then
i) If u € dom®,., we have u € dom®} and J,(u) — J(u) by propositionl,
so that ®7(u) — u.
ii) If not, we have +oo = ®7(u) — ®,(u) = +oo. Hence the constant
sequence u, = u works too. O

COROLLARY 3.1.— <I>?® Mosco-converges to ®® in L™ (Q).
THEOREM 3.3. — ¥™ Mosco-converges to ¥ in L"(Q).

Proof. — (i) Let u € L™(Q) and u, converging weakly to u in L"(Q). We
may suppose that ¥"(u,) is bounded, which gives:
supy, “unHXﬁL'(Q) < +00, sup, “un”L"' < +00, sup, Huﬂ-(T)”H < +00
Then (at least for a subsequence):
i) up, — u in X weak and in L"(Q) weak.
ii) Un, = in L*(Q) strong and a.e.
iii) u}, — v in L™ (Q) weak
This 1mp11es that v € domV¥, Jp(u) — J(u), liminf, ®}(u,) > @r(u),
liminf, ®"° (—u},) > ®®(—v') and finally liminf, ¥"(u,) > ¥(u).

(ii)Let u € L™(Q).
a) Suppose first: u € domV.

Let (un),n € N, be the sequence defined by u, = t,u, where t, denotes
a sequence of real numbers 0 < t, < 1,¢, — 1. Then u, € dom¥ =
dom¥™, u, — u strongly in L"(Q) and

\II"(un)—CI)"(tnu)+<I>" (- tnu')+ t 2||u(TH%-
But

T
8™ up) = £ /0 D)\t + T (ta) (19)

< / ' 1 Du(®)||5dt + tndn(w) + (1 — ta)Jn(0)  (20)
0

O7° (—tnt) < ta®7° (=) + (1 — )27 (0) (21)
< &"%(—') + (1 —t,)C (22)
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which yields:

lim sup @7 (uy,) < /T || Du(t)||%dt + lim sup Jy, (u) (23)
n 0 n
= /TllDu(t)||§,dt+J(u) + I*(u) (24)
0
= ®,.(u) (25)

By Proposition 2.9 in (1], we know that if F' is the epi-limit of the sequence
F;, in some Banach space X then: infx F' > limsup,, (infx F"). If we apply
this to the sequence F"*(.) =< —u/,. >, 1~ —®}(.), with X = L™ (Q), we
obtain:

inf {<—u',v>L.(g) 1) ~Tr(v)}

veL™(Q)
> lim"sup Lirl(lg){< —u',v > @ (@ —2r ()}
hence . .
lim inf &7 (—u) > &F(~') > lim 'sup &7 (=v)
and

. ® . ®
hmnsup " (—up) < hm:up 7 (—u) = 03 (—u).

b) If u € L™(Q)\domV¥, then u € L"(Q)\dom¥™ and the constant se-
quence u, = u works. O
We can then state our first variational formulation:

THEOREM 3.4. — (i) The sequence i, = Ey,+0p, converges in LP(Q),p <
1/2+2/N, to @ = © + E the unique solution of the variational problem:

V= inf{[®,(u — E) + ®®(~u’' + E')
+3lls — BXD)Eu = v+ B, € Lo 0) = 0}

(ii) @ s also the weak solution of the problem Pg and

@ € L*(0,T; W, U()) with 1 < s,¢ < NN T

Preuve.— (i) That ¥ is the solution of the variational problem is a
straightforward consequence of the preceding theorem.
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(ii) Consider the sequence uy. It satisfies the Euler equation
Byl —Afly, € B(T,Tp) 2. in Q , Un(0) = py in Q, @, =0 on 92x]0,T] a.e

Let z, = (8; — A)ay, then 2z, € B(.,8,) and |z,| < C(1 + |Gn|*) =
Sup,, |2n|Lr(Q) < +00, whence the equi-integrability of the 2,,. We can thus
extract subsequences s.t:

Zp — Z in 0(LH(Q), L=(Q))

p—8in L7(Q), r <1+ %, and in D'(Q).

In fact, up, — % quasi-uniformly on Q. For every ¢ > 0, there exists
Q° C Q,meas(Q/Q°) < € and a constant C(e) s.t. supge |Un(z,t)| < C(e).
Hence u, — @ in L?(Q¢) strongly and z, — Z in L%(Q¢) weakly.

As the Nemitskii operator associated with 3 on L?(Q¢) is strongxweak
closed, we obtain that

z(z,t) € B(z,u(z,t)) a.e. in Q°
Since this is true for every € > 0, it follows that
z(z,t) € B(z,d(x, 1)) a.e.
But since z, = (8; — A)u,, we obtain, taking the limit in D'(Q):
z2=(0;— A)u

(815 - A)ﬂ(:ﬂ,t) € ﬂ(-T’ ’a(:l?,t)) a.e. (iL‘, t) € Q
Thus { u(x,t) =0 on 0Qx]0,T a.e.
ess — limgjo %(t) = ess — limyjo B(t) + ess — limgyo E(t) =0+ p = p

The regularity of @ is immediate. O

3.3. Second variational formulation

We explain now very briefly the second approach.

C(p, T) being the constant of Lemma 4, let a = C(u,T)+1; let Ba( resp.Boo)
be the closed ball of radius a of H (resp. of L*(0,T; H)), and Ip, (resp.
Ip.) its characteristic function. We consider the functions ¢™ = oy +
Ig,,¢ = ¢u + Ip, and the associated functionals:

u € Hy — @"(u) = [ [¢(t.u(t) + Is, (u(t)))dt = B (u) + Ip.. ()
u € Hy — ®(u) = [y [pu(t,u(®)) + Ip, (u(t))dt = @r(u) + Ip. (u)

As in the previous paragraph, we have the following result:

PROPOSITION 3.3. — (i) ®"(resp.®™") are equi-coercive on V (resp. V')
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(ii) For each n, the evolution equation P, : {u'(t) + Op™(t,u(t)) >
0, un(0) = 0} possesses a unique strong solution vy, which is also the
unique solution of the minimization problem:

V= Min{G"(v), v € K,}
where:
K, ={veHy: v € Hy, v(0) =0,¢"(t,u(t))
€ L'(0,T), ™ (t,—u'(t)) € L'(0,T)}

1
G": ue€ Hy — G™(u) = ®"(u) + ®™*(u) + §|Iu(T)H%I
(iii) The problems P, and P, have the same solution vn and the esti-
mate: sup,, ||va||lw < +00 holds.
The behaviour of the sequence ®” is then given by the following lemma:
LEMMA 3.7.— ®" — ® in the Mosco sense on X.

Proof. — (i) Let v € X and u, — u weakly in X. Let u, be a subse-
quence s.t. sup,, ®"(u,) < +oo. Then:

T T
lim inf / | Dun| (%t > / | Du(t)| 4 dt
n 0 0

2
Besides this, u,, rQ u hence in measure, and so
liminf J,(un) = J(u)
n
Finally

sup " (un) < +00 = sup Ip_ (un) < +00 => ess sup ||un(t)||g < +oo0
n n [0,7]

)

and for a.e. t we have: u,(t) A, wy € H weakly. By the continuity of

the trace map X — H~Y(Q), u/(t) B u; weakly in H~1(Q) and hence
w(t) = v'(t) a.e. Thus:

lim inf [[un (£)|I; > |lu(t)|F a-.,
that is ||u(t)||y < a ae., u € By and Ig_(u) = 0.

In short we have
liminf ®"(uy,) > ®(u).
n
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(ii) Let u € X.
1) If Ig_ (u) = +oo, then ¢(u) = +00,9™(u) = +o00. The sequence v, = u
converges strongly in X to u and ®"(u,) — ®(u).
2) If Ig,_(u) = 0, then ||u|| Lo (0,7;#) < @ and as u € V, we have u € L™(Q).
Hence u € L™(Q) N dom®y. Then ®"(u) = &% (u) + I, (u) = % (u). But
u € L7(Q) implies that J,,(u) — J(u), hence

7 (v) = ®(u) and @™ (u) — &(u)
The constant sequence is still suitable. O

Remark 3.2. — If v’ = 2 we obtain that ®” — ® in the Mosco-sense on
W={ueVu eV}

Let us now define the following functions:
F":u € Hy — F™(u) = ®"(u) + ®"®(—u’) + 3|lu(D)||%, ifu € W, and =
+00 otherwise
F: ue Hy — F(u) = ®u) + 2®(—v') + 3|[u(D)||} ifu € W, and =
400 otherwise

Here @ is the conjugation in the duality < V, V' >.

Then, using the same kind of arguments as in the proof of theorem 3.3,
we obtain:

THEOREM 3.5. — The sequence F"™ converges in the Mosco-sense to F
inW.

We can then state our second variational formulation:

THEOREM 3.6. — (i) The sequence T, of solutions of the variational
problems (V,,) converges weakly in W (and strongly in Hz) to v, unique
solution of the variational problem:

V. := Min{F(v),v € W,v(0) = 0}
(ii) @ = © + E,, is the weak solution of the problem Pg and

@ e L0, T; W, 9(Q)) with 1 < s, <

N-1

(iii) Let oy : HY — TR be the restriction of ¢ to Hy(2). Then o is the
strong solution of the following evolution equation in H —HQ):

u’ + dpv(t,u(t)) 0, u(0) =0.
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Proof. — (i) and (ii) are immediate consequences of the previous state-
ments.

(iii) From the basic properties of epigraphical convergence, we assert
that:
inf F* = inf F
w w

thus infy F = 0.

We remark that F' may be written, for u € domF, as:

T
F(u) = /0 [ov (t,ut)) + o3 (8, —u'())+ < u'(t), u(t) >H-1(0), 53 (0))dt

where ¢}, is the conjugate of ¢y in the duality < H}, H~! >. But then
infw F = 0= F(9) =0, that is

ev(t,9(t) + oy (¢, 0(t))+ < 7' (t), 5(t) >g-1,41=0 for ace. t

or equivalently
v'(t) + dpv (t,8(t)) 3 0. O

4. Concluding Remarks

Many aspects of this work may be enlarged and deepened. Some ex-
tensions, as to other boundary conditions, are easy. On the other hand
the extension to time dependent measures p(t) is more involved. Numeri-
cal aspects, asymptotic behaviour, periodic datum, abruptly changing data
require a deeper investigation. Applications to mechanics of continua, for
example to evolution problems in plasticity (quasi-static case) are possible.
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