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Large Deviation Principles and Generalized
Sherrington-Kirkpatrick Models

MICHEL TALAGRAND (1)

RESUME. — Nous étudions des versions du modéle de Sherrington-
Kirkpatrick oi1 les spins sont & valeurs dans la sphére de R de rayon vd.
Nous montrons qu’a haute température la solution “réplique-symétrique”
est correcte. Nous en déduisons, toujours & haute température, des prin-
cipes de grandes déviations pour le recouvrement de deux configura-
tions dans la version usuelle du modéle SK. Dans le cas ou les spins
sont uniformes sur la sphére de rayon v/d, nous montrons que la solu-
tion réplique-symétrique est valable au-dessus d’une température bornée
indépendamment de d.

ABSTRACT. — We show how to prove large deviation principles for the
overlaps of the usual Sherrington-Kirkpatrick model (at high enough tem-
perature) by proving that some higher dimensional versions of this model
are “solved by the replica-symmetric solution”. In the version where the
spins are uniform over the sphere of radius v/d of R¢, we prove that the
critical temperature is bounded independently of d.

1. Introduction

The Sherrington Kirkpatrick (SK) model for spin glasses associates to a
sequence o = (0;)icny € En = {—1,1}" the Hamiltonian

Hi(@) = == g0, ~h o, (L)
%,J

<N
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where g;; is an i.i.d. standard normal sequence, and h a parameter (that
represents an external field). The object of study is, for a typical realization
of the sequence (g;;) (that will be called the disorder) to understand the
structure of the Gibbs measure at inverse temperature 3 given by

G({e}) = Z™" exp(~BHN (7))

where Z = Y~ exp(—BHn(0o)) is the normalization factor. While the physi-

o
cists believe they understand the structure of the SK model for all values
of 3, rigorous results are currently known essentially only for “small 3”. In
the case h = 0, precise results are obtained for 8 < 1 in [C-N] (following
[A-L-R]). These results include central limit theorems for the overlaps. The
overlap of two configurations o, o’ is defined as N=! " 0,0/, and it is best
i<N

viewed as a function on X x X . Overlaps are of fundamental importance,
as discovered in physics. The central limits theorems on the overlaps of
[C-N] are extended to the case h > 0,8 < Bo(Bo > 0) in [T2], a case that
is apparently much more difficult. The starting point of the present investi-
gation is the following natural question: what are large deviation principles
for the overlaps? In the study of the SK model (as well as in the study
of disordered systems) there are two rather distinct questions about large
derivations, that one can roughly state as follows.

Question 1.— Understand how rare are the exceptional realizations of
the disorder for which Gibbs’ measure is rather different from its typical
realization.

Question 2.— For the typical realization of the disorder, understand
how rare are, for Gibbs’ measure, the exceptional configurations for which
the overlaps are rather different from their typical (= average) value.

It is question 2 that will be addressed here. (The author is not aware of
any result in the direction of question 1.) Let us denote by { - ) averages
on Ty (or its products) with respect to Gibb’s measure. Then question 2
essentially amounts, given ¢ > 0, to estimate

log(expt Z 0;0})
< (1.2)
= log Z exp(—BHN (o) — BHn(o') +t Z oi0;) —2log Zn.
o0’ i<N

This is a quantity of order N. It is explained in [T1] that the fluctuations due
to the disorder of this quantity are of order v N, so that all the information
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we need about the left-hand side of (1.2) is in fact contained in the number
Elog(expt Z 0i0}) (1.3)
i<N
where E denotes expectation in the variables g;;.

How can one compute this quantity? For example, its derivative with
respect to t is

(> oioiexpt Y oi0f)

E i<N <N =E o 4
Tt oo D T (-4
KN =

where (-); denotes average with respect to Gibbs’ measure, at inverse tem—
perature 8 on X X Xy, relative to the Hamiltonian

—Hn(o) — Hn(o') - = Zaz i,
1.<N
¢ (1.5)
Zgu 0i0j + 0,0%5) — Z(—éa,-a{ + hoi + hoy).
'L<_7 iSN

There seems to be no other way to compute the quantity (1.4) than to gain
understanding of this Gibbs’ measure. Consider now the Hamiltonian

H(o,0') = —\/—=Zgu(a,orJ + 007}) (1.6)

i<j

on Ty x Ty = ({-1,1}2)". A simple, but crucial observation is that the
study of the Hamiltonian (1.5), when X is provided with uniform measure,
is the same as the study of the Hamiltonian (1.6), when ¥ x X is provided
with the probability v, where v is the probability on {—1,1}2 given by

v((e,€')) = aexp(tee’ + Bh(e + €')), (1.7)
where a is the normalization factor. Indeed, for a function f on ¥ x x Xy,

aN Z f(o,0')exp(—BHN(o) — BHN(0') + ¢ Z €i€;)

o0’ i<N

= 92N / f(o,0")exp —BH(0,0")dv® (0, 0")

where (o, 0”) is identified with an element of ({—1,1}?)¥

- 205 -



Michel Talagrand

Besides the overlaps, there are other quantities for which one might want
to establish large deviation principles, such as the “symmetrized overlaps”
considered in [T1]. For these, the analysis performed above carries out, but
one has to study a certain Gibbs measure on T%,. To treat this different
cases in one stroke, we will introduce a general setting, the generalized SK
model. In this model, the individual spins take values in the ball B of R¢
(where d is an integer)

B={zeR% |z|| < Vd}.

The choice of the normalization is to ensure that {—1,1}¢ C B, as seems
natural from the previous motivating examples. A configuration o is then
a point of ¥x = BY. Denoting by (-,-) the dot product in RY, we consider
the Hamiltonian

Hy(@) = ——= " 0i5(01,05) (L8)

N \/]_V— £ 9ij\0i,03)- .
j

Given a probability u on B, we define Gibbs’ measure on BY 3s the prob-
ability that has density proportional to exp —3H (o) with respect to uhN.
The parameters of the system are then 3 and the probability u. A par-
ticularly natural example is when p is uniform on the boundary of B, an
example physically interesting if d = 3.

THEOREM 1.1 (Informal version). — There is a number L such that if
LBd < 1, the replica symmetric (RS) solution holds for the generalized SK
model.

What is meant by the RS solution will be explained in detail in Section
2: but this means in particular that we can compute the limit as N — oo of
the quantity (1.4) (and of many others). Thus, as a consequence of Theorem
1.1, there is a number (y such that if 8 < By, we understand (at least in
principle, since the solutions are given in terms of implicit functions) the
large deviations of the overlaps for the usual SK model.

If no hypothesis is made upon p, the requirement L3d < 1 is reasonable.
For example, if for a certain z in R?, with ||z]| = Vd, we have u({z}) =
u({—x}) = 1/2, then the corresponding generalized SK model is isomorphic
to the SK model for h = 0, at inverse temperature (d, so that the RS
solution will not hold unless Ad < 1. Thus, if we define the critical value
of B as the supremum of the values for which the RS solution holds, we
can reformulate Theorem 1.1 by saying that the critical temperature is of
order at most d. In this example that showed that this order is optimal,
the measure p was actually “one dimensional”. We feel that if u is really
d-dimensional (in a sense yet to be discovered) then the critical 3 should be
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of order 1 independently of the value of d. Here is a result in this direction,
concerning the natural example.

THEOREM 1.2. — There exists a number By > 0 such that if B < By,
and p is uniform over the boundary of B, the RS solution holds for the
corresponding generalized SK model, whatever the value of d.

In contrast with the case d = 1, it should be pointed out that for large d
the free energy density is much smaller that the anealed free energy density
(by a factor d), so that Theorem 1.2 is not as easy as one might have hoped.

We will generalize Theorem 1.2 as follows.

THEOREM 1.3. — There exists numbers Gy > 0, L > 0 with the following
property. If we assume that u has a density 1+m with respect to the uniform
measure on S, where ||m|lc < 1/L, then the RS solution holds for the
corresponding generalized SK model, whenever 3 < By, whatever the value
of d.

We would like now to explain why the interest of the generalized SK
model possibly goes well beyond the application we gave to large devia-
tion principles. We were brought to that model by our attempts to prove
the validity of the RS solution for the usual SK model in the entire “high
temperature region” predicted by the physicists. This problem appears very
much harder than expected. At present it appears very difficult to get even
close to the critical value of 3, unless h is small, where one can take advan-
tage of special features. The generalized SK model makes our shortcomings
more obvious. When d is large we are currently very far from being able
to get the proper order of the critical 3. We can prove only that 3 is at
least of order 1/d, in cases where it is likely to be of order 1, unless we
can take advantage of special features, as in the case of Theorem 1.2. Of
course the reader might think that it is weird to attempt to solve a hard
problem (proving the validity of the RS solution in the entire high temper-
ature region) by working on a much harder one (studying the generalized
SK model). This is not necessarily the case. The attack of [T2], that seems
to follow the most natural approach, requires to estimate E(f™) for each n,
where f is a certain function on X%. It does not appear possible, when n is
of order IV, to make these estimates by understanding Gibbs’ measure only.
Rather, it seems necessary to understand the measure of density exp tf with
respect to Gibbs’ measure. The form of f (that resembles an overlap) is such
that this amounts to understanding a generalized SK model for d = 4. It
is most likely that in the previous sentence the work “understand” must
mean “prove that the RS solution holds”. So, to prove that the RS solution
holds for the ordinary SK model, at a given value of the parameters, one is
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naturally lead to study a generalized SK model for d = 4. The hope is that
for this new model, one is a little bit further from the critical temperature
so that the problem is a bit easier. One could then iterate the procedure
until one reaches a problem easy enough to solve it directly. But the main
obstacle in this program is that the dimension d doubles at each iteration,
and the project has a chance to succeed only if one can develop estimates to
study the generalized SK models that are independent of the value of d (at
least for a sufficiently rich class of measures p). This, by itself, appears to
be a very difficult program, of which Theorems 1.2 and 1.3 are small steps.

We now describe the organization of the paper. In Section 2, we set
our notation, we explain the cavity method, and describe the RS solution.
In Section 3 we prove the key step toward Theorem 1.1, that is, we show
that “the system is in a pure state”. This follows the basic ideas of [T1],
but, since the situation is more complicated, some explicit computations
are no longer possible, and have to be replaced by general principles (which
of course results in great simplification). We have tried to give the simplest
proof we could, even though this means that some arguments will have to be
repeated later in a more elaborate form to prove Theorem 1.3. Proceeding
otherwise could have shortened the paper by a few pages; it would also have
guaranteed that the proofs would forever be impenetrable to others. The
proof of Theorem 1.1 is then completed in Section 4. In Section 5, we prove
Theorem 1.2. In Section 6, using the fact that p is close to uniform, we
prove a priori estimates on Gibbs’ measure. Using these, we then revisit the
methods of Section 3 and 4 to prove Theorem 1.3.

2. Description of the RS solution and preliminaries

The fundamental property of the RS solution will be that “the system
is in a pure state”; we refer the reader to [T4] for a detailed discussion of
this idea. In the present case, the way we will define this notion is by the
fact, that, given any z,y in R%, the function

+ 3 (2,030 (21)

i<N

of the two configurations o, o is essentially a constant function on (2%, G?).
It is convenient to symmetrize, and to say instead that the function

1
5 2 (@0l =)y, ) (2:2)
iKN

1 .2 .3

of the three configurations o!, &%, & is essentially zero.
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1 2.

To simplify notation, we will write & = o~ — o*; we will denote z(&)
the sequence (z,5;)i<n; and we will denote by - the dot product in RV, so
that (2.2) will be written as

]—ir—x(&) -y(o®). (2.3)

To quantify the fact that is function is nearly zero, we will consider the
number

Cn=sup ((52(8) y(@)?). (24)
llzll lyli<1

In this notation, ( - ) means that o!,02,0° are integrated for Gibbs’
measure; E denotes expectation in the r.v. (gi;)i<; (the disorder); and ||z||
is the norm of z in R

In Section 3 we will prove that Cy — 0 under the conditions of Theo-
rem 1.1.

The structure of the RS solution of the standard SK model is determined
by a number ¢. This number ¢ has the property that for essentially all
realizations of the randomness, and essentially all choices of o, o' according
to Gibbs’ measure, we have

q=~ N == Z 00 (2.5)
The value of ¢ is given by
g = Eth*(8g\/q + Bh) (2.6)
where g is standard normal.

The situation is more complicated for the generalized SK model. We have
to consider two quadratic forms R, Q on R%. These will have the property
that for z,y in R, essentially all realizations of randomness, and essentially
all choices of 0,0 in Ty (according to Gibbs’ measure) we have

Q(z,y) = —:c(a) y(a'x——Z(:c oi)(y, %)) (2.7)

<N

R(z,y) = 5a(0) - y(o) (2.8)

Given a positive semi definite form Q on R, there exists a jointly Gaus-
sian family (gq(z))zere such that Egg(z)ggo(y) = Q(z,y) for all z,y in
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R<. Then in the limit the quadratic forms @, R will by determined by the

relations Ao, 0)(w, 0)EBEWD) 29)
Qly)=F (AvE(9))? '
R(z,y) = EAU(x:fzé”(’é)(;)g(e) (2.10)
where 0
£(6) = exp Baa(6) exp 2 (R(6,6) - Q(0,0)). (2.11)

In line with our previous work, we denote above by Av integration of 6, 6’
with respect to u. The reader is reminded that while certain authors use
the notation Av to mean average over the disorder, we denote average over
the disorder by E. Of course in (2.9), (2.10) E stands for integration in the
Gaussian variables go(6).

In Section 4 we will prove these statements under the conditions of
Theorem 1.1. These already contain the information we need to evaluate
quantities such as (1.4) (that is asymptotically ER(ei1,e2) where e;,e; are
the unit vectors of R?). In fact it will be clear at that point that we can
compute many other quantities. It seems almost certain that in the range
of values of B considered in Theorem 1.1, the generalized SK model can
be understood with the accuracy that is achieved in [T2] for the standard
SK model; but we did not see motivations to undertake such a large scale
project.

The fundamental tool for the present paper is the cavity method, and
we explain it now. Consider an independent sequence (g;)i<n of iid. N(0,1)
variables, that is independent of the variables (g;;)i<j<n- If we write g; N41 =
gi, the collection (g;,;)i<j<n+1 is independent i.i.d. We will denote by ( - )
Gibbs’ measure for the (N + 1) spins system, where 3 is replaced by g =
B+/1+ 1/N. Consider a function f on Zy+1. We make the convention to
write a configuration in ¥nx+1 as (0,6), where o € YN,0 € B. We then
have the algebraic identity

(ry = A©.020.0) 2.12)

where Z = Av(£(0,0)) and

E(0,0) = exp —\/‘%g - (o) =: exp % Z g:(0,0;) (2.13)

i<N

In (2.12), Av means that 8 is integrated with respect to (and of course o
is integrated for Gibbs measure). Once one understands the notation, (2.12)
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is obvious. Its purpose is to relate { - ) and ( - )’ so that the information
on ( - ) can be transferred to ( - )/, allowing induction upon N. In the
previous papers where we have used formulas such as (2.12), after stating
the formula, we say “the reader will check extensions of this formulas to the
case where one replaces Xy by a power and Gy by its power (replicas)”.
In the present case, there is no need to appeal to the reader’s good will,
because replicas of a generalized SK model are themselves generalized SK
models with a larger d, replacing the space and u by a power of itself.

3. System in a pure state

The aim of this section is to prove that if LGd < 1, then hm Cn =0.

It is possible that this could be proved by the method af [F-Z], Theorem A
(2), but since not all the details are provided there, it is not immediately
clear whether these authors obtain the correct dependence Gd < 1. In the
different normalization they use this is equvalent to the fact that in their
Theorem A (2) 3 small enough” means small enough independently of d.
In any case, it should be useful to the reader to see an argument in the
spirit of the rest of our approach, argument that we present now.

What makes the problem challenging is that before we start we do not
know anything about Gibbs’ measure. Yet we will be able to make (with
foresight) a estimate of the left hand side of (2.12). We set

b =((0i))icn;6=0—b (3.1)
R B 2 _ 2
&o(6,0) =exp i 0(b) exp = ([l6(a)]I* ~ 10(b) %) (3.2)

There of course [|8(a)||? = 6(o) - 8(o) = Z (8,0;)%. Even though, as

mentioned at the end of the previous sectlon, replicas of a generalized
SK model can themselves be viewed as generalized SK models, it will be
convenient to consider them directly. We will consider a function f =
flo!,02,0%,6%,62, 60%), where o € Ty,0° € B, and of course a quantity

such as
Av(f)

means that we integrate o', 02, 0% for Gibbs’ measure and 6!, 62, 6% for u.

PROPOSITION 3.1.— If Bd < 1 we have

B g Mo £(6%,0%) _EAv(fHeggﬁo(G‘,a‘))‘
VA z3 (3.3)

< Ldf*(EAv(f2) 20y,
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There, as well as in the rest of the paper, L denotes a number, not
necessarily the same at each occurrence. The meaning of this result is that
modulo a reasonable error term, we can replace in the numerator £(6, o)
by £0(, o) that has a much simpler dependence upon g.

Proof — For 0 < u < 1, we consider
E(u) =E&(u,0',6%,6% 0,02, 0°)

—ex B gt oot
= p;[m(g 6°(b) + ug - 6°(")) 5.4)

2
+5ﬁ]-\,-(!l<9"(0‘3)l|2 — [16°(b) + ub*(6)II*)]

and
Av(fE€(u))

A
It is good to observe that E4&(u) does not depend upon u, where E4 denotes
integration in g only. Also, the left-hand side of (3.3) is |¢(1) — ©(0)| so that
to prove (3.3) it suffices to prove that for each 0 < u <1 we have

p(u) =E

¢ (w)| < LdB*(BAv(f?)/*CN*. (3.5)
We write Ao((Ws — Wa) FE(W)
v - u
¢(u) = B———5"
where 8
Wy = —— . 0[ L
1= UN=? @) (3.6)
2
wo = 25 (00 0469 + ull0*(@)1). (37)
£<3
To study
Av(W, fE€(u
pAvNiEw) ;; ) (3.8)
we will integrate by parts. If g is N(0,1) and h is a smooth function, then
E(gh(g)) = EN'(9)- (3.9)

Thus, if (gi)i<n are iid. N(0,1) and F is a smooth function on R¥, then

OF

E(g9:F(g)) = Eg;;(g) (3.10)
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where 8F/8g; denotes the partial derivative of F' with respect to the ith
variable and where g = (g;);<n. We will use the functions

Av((6°, ) FE(u))

Fie(g) = 73
so that 5
g5, (@) =1+11 (3.11)
where
_ B, (6% ) + u(6t, 68)) (6%, 64) FE(w))
I= \/ZVAU 73 (3.12)
_ _ 3B Av((6%,5f)FE(u))Av((8, 0:)E(6, o)
II=— i 7 (3.13)
When computing
Av(W1 fE(u))
E——5 \/—Z;KZNEQF[(Q)
ZZE @
£<3 <N

one sees that the contributions of the terms I cancel out with the contri-
butions of W5. This is because E,Av(fE(u)) is independent of w. Using
replicas to write the contributions of the terms II, we then get that

Ay 2t 6°(6°) - 01 (o) FE(w)E (6%, o))
z4 '

o' (u) = — (3.14)

We recall that, by Jensen’s inequality, we have Z > exp —\/‘%ga(b) where
a is the barycenter of u. Thus

[ (u)] < ——EAvexp \/4]_59 a(b) (3.15)
(Q_1656%) - 6*(a*) | FlE)E(8*, o))
<3

We first take expectation in g, using that ||6(c)||? < dN for 6 € S,0 € SV,
to get

0 W) < 2 exp LEPEAT (6 - o) (316
<3
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We now use Cauchy-Schwarz,
¢/ ()] < 2 exp Lo (B u( ) (3.17)
(BAv((8"(67) - 6*(c*)?))'/
and we observe that
EAv((8'(c") - 8%(a™))?)

<d sup E{(z(d')-y(o*)?) < N’Cy
lzll<1,llyli<1

where the factor d arises from the fact that 6*,6% are of norm V/d. O

To prove that ]\}im Cn = 0, it seems necessary to consider another
—00
quantity
1

Dy = swp {(lls(eV)I? - R le(@)I)?) (318)

ll=ll=1

This quantity is of a different nature than Cy. Saying that Dy is small
implies that ||z(c)||? is essentially independent of o, a very precious infor-
mation in itself, since it allows to go one step beyond Proposition 3.1, as
the following shows.

PROPOSITION 3.2.— If Bd < 1, we have

A e £040) _ o AN lecs £16%),
VA VA
= LE%A(BAV )XY + DY)

(3.19)

where £1(6%) = exp(Zg - 6°(b) + L5 ((164@)11%) — 14B)[12)).-
Proof.— Using Proposition 3.1, it suffices to bound

Av(f [pes £0(6°,0%)) ) s £1(6%))

& Z3 Z3

. (3.20)

We consider the function

where

B 2 B% e a2
Ew) =expy_ [Z=g-6(b) — o 16°(B)l
“ epesg[\/z—vg N
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Yo 14
+ ull6(ef)I? + (1 — u)([16°(o)1*)]

so that (3.20) is |¢(1) — ¢(0)], and to prove (3.19) we bound ¢’(u) for each
u. We have

Av(f (s 19°(a I = 16°(@)IP)E @)

‘Pl(“) 73

This is then bound by simple estimates, such as those previously used to
bound the right-hand side of (3.14). O

Comment. — Of course one can merge the proofs of Propositions 3.1 and
3.2, but we found it more clear not to do so.

PROPOSITION 3.3.— If Bd < 1, we have

4

Owi1 < LEd*(Cx + D) + LS (3.21)
4

D41 < LB?d*(Cn + Dn) + Ldﬁ. (3.22)

In that statement, Cn4+; and Dy, are computed for the (N + 1) spin
system at inverse temperature 8 = §1/1 + 1/N. Iteration of the relations
(3.21) to (3.22) yields that if LAd < 1, then Nlim Cn=0= A}im D (which

—00 —00

was the main objective of this section).

Proof. — Setting Cn(z,y) = E((#z(6) - y(¢®))?), and using symmetry
between coordinates, we see that

Cn(a,9) = El(a, o)y, o) 22U (329
4
<+ Bl@momuo) 3 . 2)ly,01))

Using this for N + 1 rather than N, and appealing to (2.13) we get

4d4 1 ~ 3 :E(O’) y(a Vi
Cn(@,y) < F5 + Bz Av(z, B)(v, 0°) (S5 gf(ﬁ

(3.24)

There, 6§ = 8! — 82, and Av means integration over 61,62, 3. Consider

2(8) - y(o%)

f= (mvé)(yves) N+1

(3.25)
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‘We observe that
(EAv(f2))V/? < 2d(EAv((f@J'\;/(—"3))2>)1/2. (3.26)

Using (3.19) and the essential fact that (f) = 0 we get (using Cauchy-
Schwarz) that

Cn(z,y) < LB?d*CH*(CY? + DN?) < LB?d*(Cn + Dn).
Taking the supremum over z,y yields (3.21).

The proof of (3.22) is similar; the function corresponding to (3.25) is

1
N+1

((2,6")* = (z,6*))(lz(@H)II? ~ ll=(e®)|*). O

4. Replica-Symmetric solution

In this section we complete the proof of Theorem 1.1. To simplify nota-
tion we will denote by o(1) quantities that go to zero as N — oo, and we
will not attempt to prove rates of convergence.

Assuming that EAv(f?) remain bounded as N — oo, we see from (3.3)

that
Av(f T3 £(6%09) Av(f) 1oz €1(6%)
E ‘<§3 =E Z‘f +o(1) (4.1)
and of course the right hand side is more manageable than the left-hand
side. Still, it involves Z in the denominator. We first show that we can

simplify (4.1) into

AU(fH < 5(92702)) _ AU(f) H < 61(0e)
E £ 53 =E T gf <3>>3 +0(1). (4.2)

Using the relation

- —ZU;I < (BU?)V2E(

(Z-2)(Z2+ZZ + 22)?
7626

E| )

for Z = Av€&; (), and the bounds Z, Z > exp %g - a(b) of last section, it
suffices to show that

B (exp (- 25-a) (2 - 2)2) = o)),
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a straight computation based upon the fact that Cy, Dy — 0, and using
replicas to transform products of brackets into single brackets. Of course in
(4.1) we can replace 3 by any other number.

We will now show that for z,y in R¢, the quantities

(x(b) - y(b)) _ (z(0!) - y(c?))
N N

and
(z(o) - y(o))
N

are essentially independent of the disorder. In a second stage we will prove
the relations (2.9), (2.10), and this will complete the proof of Theorem 1.1.

We will consider the two quantities

L ) @)
SR T (43
By = sup Var(M). (4.4)

llell lyll<1 N

Of course Var refers to the variance relative to the variables (g;;). We
will prove that Ay, By — 0 by arguments of the same spirit than those of
Section 3. We will prove the following.

PROPOSITION 4.1.— If 3d < 1, then

Any1 < LB?d*(An + By) +0o(1) (4.5)
<

Bny1 < LB%d*(An + By) +0(1) (4.6)

This will prove that Ay, By — 0 if L3d < 1. We write

2(0) - y(a?)
N )
— pE)u) s (palel) we?),

N
=: Ay(z,y) — (AN (z, v))?

AN(JJ, y) = Var(

We have

(:v(crl) : y(a2))2 _ (z(al) -y(e?) z(o3) - y(tr“)>
N - N N
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so that using this for N + 1 rather than N and using symmetry between
the spins and (2.12), (4.2)

0_3. 4 3 4
Ay (m9) = Bla(@ (@) ETLAT) O,

Av((z(6Y)y(6*)z(a®) - y(o*)) 6121451(9”))

N(AvE, (0))"

(z(0?®) - y(o*)) Av(z(6")y(6°) [1pca £1(69))
N(AvE,(0))

(4.8)

=F

+ o(1)

=F

+o0(1)

because Av means integration of (6¢)s<4 with respect to u®4. In a similar
(but easier) manner we have

Avz(0M)y(0%) [T &1 (6%

N+1(Ty) = (4vE,(0))? +o(1) (4.9)
and
Nar(z,y) = E@(a—a)N—yﬂ +0(1) (4.10)
so that
Anii1(z,y) = EUV — EUEV +0(1) (4.11)
for

,_ (o) -y
N
Avz(6')y(6?) }32 &1(6%)

(Avéi(9))?

V = E,

where Eg4 denotes integration in g only.

Thus, from (4.10) we get
Anyi(z,y) < VarUVarV + o(1) < (An(z, y)Y3(VarV)V2 4 o(1). (4.12)
To prove (4.5) we are reduced to prove that
VarV < LB*d*(An + Bn). (4.13)
To prove this, we will show that
E(V — V)2 < Lp*d* (AN + Bn) (4.14)
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where V is an independent copy of V, that is corresponding to an inde-
pendent choice (§i;)i<j<n+1 of the disorder. Objects related to the disorder
(gi5) will be denoted with a ~. For 0 < u < 1, we consider

& (u,6) = exp VI =ug - 6(b) + ug - 6(b)) (4.15)

2
Vi
exp (1~ w1 - 16 +
({1612 - 16®)I2)
and we consider
By 5 Ava(0)y(6?) T1 £:(u,6)
(Avé&s(u, ;)<)32

p(u) =

so that the left hand side (4.14) is

1
B(o(1) - 9(0))" < [ By/(wdu
0
and it suffices to prove that
Vu,0<u<1 Ey'(u)? < LA*d*(An + Bn). (4.16)
The proof of (4.16) is a bit tedious; the computation of ¢’ requires inte-

gration by parts. Only crude bounds are needed, such as

EAv(jz(6")y(6%)1(16°(B)11* ~ 16°(®)1I%)?)
<dt ”21"151E(((Iav(fw)ll2 = lz(®)II*)%)
<d ”it”lglE((@(a) -z(0”))™ — (z(a) - 2(0”)))?)
< d*N2Ap.
The proof of (4.6) is similar. D

Combining (4.2) and Proposition 4.1, we see that we can improve (4.2)

e Avf [LE@ o) Aif) T] En(e)
F—= = By oW (4.17)
for

2
£x(0) = exp Ban,a(0) exp - (Ru(6,6) - Qn(6,0))

- 219 -



Michel Talagrand

where

Egn.q(8)gn,o(0') = Qn(8,6"),
z(o?) - y(o?)

Qn(z,y) = E( N )
Rn(ay) = B,

We will now prove that

Av(z, 8)(y, 62)En (61)En (62)

Qn(z,y)=FE (AvEN(0) 2 +o(1) (4.18)
Rn(z,y) = EA”(zfgéf;?ng(e) o(1). (4.19)

To prove (4.18), we compare (4.10) and (4.9), in which using (4.17) rather
than (4.2), we can now replace £ by En. The proof of (4.19) is similar.

To prove that (Qn, Rn) converges to the solution (@, R) of (2.9), (2.10)
it suffices to show that for LBd < 1, these equations have a unique solu-
tion. To do this, if we define a distance on the quadratic forms on R? by

IQ-Q'll= sup |Q(z,y)—Q'(z,y)| one shows that if T(Q, R),U(Q, R)
lzll, lyll=1
denote the left hand sides of (2.9), (2.10) respectively, we have

IT@ R) -T(Q,R)I+IUQR) -UQ,R)|  (4.20)
<LAd*(IQ - Q' + IR - R'|)).

The proof of (4.20), that can be done “moving along a path from (Q, R)
to (Q', R')” as in the previous arguments require no new ideas so is better
left to the reader.

5. Uniform measure on S

We set & = u®". We will prove the following.

THEOREM 5.1.— There ezists L < oo such that, if L3 < 1 then for any
value of d,

lim LElogzy = Ld (5.1)
N—oo N EoN = 4 ’
where Z is the partition function given by
B
Zn = /exp Wi Zgij(ai,aj)dﬁ(a'). (5.2)

1<j
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Moreover, if 0 < u < 1, there is a number K(d) independent of N such
that, if N is large enough

{a,2<—2m<s)az<t> > u}) (5.3)

SN
< K(d) exp(—Nu/L)

where (0;(8))s<d are the components of o; in Rd,és,t =1ifs=1t06,,=0if
s#t, and

BG*o; (5 S u(s)ol()? > w) (5.4)

s,t <N

K(d)exp(—Nu/L)

It is a simple matter to deduce (5.1) from (5.3), (5.4) (by integration by
parts of %E log Zn') but it is useful to state (5.1) right away, because this

makes apparent the main difficulty: The quantity (5.1) is very much smaller
than

. 1
1\;1_13100 i log EZN (5.5)
that is of order 32d? (rather than 32d) for 8d >> 1. This difficulty does not
exist in the case of d = 1. It will be a highly non trivial task to find the

correct upper bound for Flog Zx. The first step of the proof will consist in
finding lower bounds for Zp, which is much easier.

LEMME 5.2. — Consider numbers (ri)i<n- If Y, n T4 < N/2, then for
u >0,

P(logQ’NZexp \/_Zg”e,e]r,r] < 4N(Zr (5.6)

i<j <N
< Lexp(—u?/2),

where Y means summation over all choices of € = (e;),€; = 1.
€

Comment. — 1) In this lemma, the condition ) ¢ < N/2 can be re-
<N

placed by >, n r# < yN for any v < 1 (with a different L in (5.6)).
2) The lemma does not say that with high probability we have
N 212
log 2™ Zexp \/__ ;gqeiﬁﬂﬁj N (:L;Vr )
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for every choice of r; with Y r# < N/2. If this property was true (I suspect
i<n
this is not the case) (5.1) would be much easier to prove.

Proof. — The proof follows from a straightforward adaptation of the case
where all 7; are equal, that is done in [T1], (1.8). The key point is that

2“2N2ex 1 E\ffz_z)z

remains bounded (by v/2) as ¥ r# < N/2, an elementary fact shown e.g.
i<N
in [T2].

PROPOSITION 5.3.— If LB <1 andt > 0 we have for all u > 0 that

P(Elog Zn < Nﬂ-—u) < dLexp(— (56.7)

d2)

Comment.— It could in fact be shown that the factor 1/d? can be re-
moved in the exponent, but we will not need this.

Proof. — Throughout the rest of the paper, we denote by (0;(s))s<d the
components of o; € RY. Using the symmetries of y, we have

Zy = / Fy(0)di(o) (5.8)

where

Fn(@) =27 3 exp \/_Zg,JZGi(s)aj(s)efG; (5.9)

€l ,ed i<j s<d
= H 2"NZexp Wi X:g”az Yoi(s)es€;s).
s<d i<j

There, the summations are over €, € ranging over {—1,1}". The reason
why lower bounds on Zy are much easier than upper bounds is that to get
a lower bound, it suffices to show that for enough choices of o, Fy (o) is not
too small. (On the other hand, showing that for many values of o, Fn (o)
is not too large does not provide an upper bound for Zy.) Given o, we
know, with probability close to one, how to estimate the product in (5.9),
so that by Fubini theorem, with probability close to one, we know how to
estimate this product for most (but not all) values of o (see the comment
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after Lemma 5.1). More specifically, using Jensen’s inequality, and since
(also by Jensen’s inequality) we have Fy (o) > 1, we get from (5.8) that

logZn > /Alog Fn(o)di(o) (5.10)

where A = {o;Vs < d,8? ¥ a}(s) < N/2}.

<N
The law of large numbers shows (since [ o4(s)du(o) < L) that for 8 <
Bo, we have Ti(A) > 1/2. By (5.9) we have

log Fn(o Zlog (2~ NZexp \/_Zgue,ejaz )oi(s)). (5.11)

s<d i<j

Consider the event Q(o,t) given by
< d,log(2™ NZexp Zgweze]a,(s)a](s)) (5.12)
\/— 1<j
20112
‘W—(Z 0;(s))" —u.
i<N

Then by Lemma 5.2 we have P(Q2(o,u)) > 1 — Ldexp(—u2/2) whenever
ocA

By Fubini Theorem the event fi({o € A; (o, u) occurs}) >  has prob-
ability > 1 — 2d exp(—u?/2). Now, if Q(o, u) occurs, by (5.12),

log Fn (o) > Z( (Z o2(s))? Nﬁ2d —du

4
s<d i<N

using the inequality z2 > 2Nz — N2 for z = z(s) = ),y 07(s), and since
>~ x(s) = Nd. The result follows. O

s<d

We now turn to the hard part of the proof, the search of upper bounds
for log Zny. The main idea is that the discrepancy between Elog Zy and
log EZN come from the big influence of a few configurations o on EZy.
Once these are removed (and bounded by other means) we can control Zy
by EZy.

Even though this cannot be apparent at this stage, the central fact seems
to be the following.
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PROPOSITION 5.4.— If M is large enough the following occurs. Con-
sider for i < N a number r;,0 < r; < d, the set S; = r;S, and denote by p;
the uniform probability measure on S;. Assume that L3 < 1. Consider the
set

A ={o;Vi< N,o; € 5;,Vs < d, ——Zaz(s (5.13)
<N

Y (5 o)) <1b

1<s<t<d ~ i<N
Then for any subset B of A,

E(/ €xp \/——Zgu 0i,05)di(o)) (5.14)

i<j
<K B 1/2 2 2
(d)(B)!/? exp d(Z 5
<N
where f =p1 ® - Q n.
Comment. — This statement is better understood when r; = d for each

i < N, in which case the last term of (5.14) is exp Nd3?/4. (This situation
is the only one where we will use a subset B # A).

At some point in the proof of Proposition 5.4, we will have to use the
fact that the uniform measure u on S has some special properties. These
will be used crucially in several occasions, so we spell out and prove them
first.

PROPOSITION 5.5.— There exists a number L (independent of d), with
the following properties.

If the numbers (as)s<a satisfy |as| < 1/8, then

/epoas(az(s —1)du(o expLZa (5.15)

s<d s<d

/ exp Z as0(s)o’(s)du(o)du(o’) < expL Z as (5.16)

s<d s<d

If the numbers (as.t)s,t<d Satisfy D ait < 1/4 and a5 4 = a5, then

§,t<
/exp Z as,:0(s)o’(t)du(o)du(c’) < explL Z a?, (5.17)
s,t<d s,t<d
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If moreover Y as s = 0 then
s<d

/exp Z as,t0(s)o(t)du(o) < exp L Z af,t. (5.18)

s,t<d s,t<d

Proof. — We first observe that (5.17) follows from (5.16) by diagonaliza-
tion of the symmetric matrix (a:) in an orthonormal basis; and (5.18) fol-
lows from (5.15), observing that ) a,(0%(s)—1) = 3 a,02(s) if 3 a, = 0.

s<d

8< s<d

To prove (5.15), we will prove as an intermediate step that

/epoas(az(s) — 1)du(o) < LexpLZa? (5.19)

s<d s<d

provided |a;s| < 1/4. We show first that this implies (5.15), that is, that the
first factor L on the right of (5.19) can be removed. If a, < 1/8 for each
s < d, then X = " a,(0%(s) — 1) satisfies

s<d
/exp 2Xdu < LexpL Zaﬁ. (5.20)
s<d
Since 2°X*/4! < exp2X, this implies [ X*du < LexpL Y a2. This holds

s<d
under the condition |a,| < 1/8; so homogeneity shows that ( J X4du)t/? <
L ¥~ a2 by reducing this to the case ¥ a2 = 1/64. Finally, since J Xdu =0,

s<d s<d
and e — 1 — z < 22e* we have

/eprd,u < 1+/X26Xde;L (5.21)
<14 (/X'*du)lﬂ(/eprXdu)l/2

< 1+L2a3 <expLZa§

s<d s<d
provided ) a? < 1/64. Thus (5.21) proves (5.15) in that case, while if
s<d
3 a2 > 1/64, (5.15) follows from (5.19).

s<d

To prove (5.19), we will proceed by comparison with Gaussian r.v. If
(h(8))s<a are i.i.d. N(0,1), we have

Eepoas(h2(s) -1)= H(\/_1—~1-_—2a_s exp —as) < expLZa? (5.22)

s<d s<d s<d
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since (1 — 2x)~Y/2? < expz + Lz? for x < 1/4. To relate this to (5.19), we
recall that (h(1),---,h(d)) is distributed like (d=! 3 h%(s))}/20, where o is

s<d
uniform over S and independent of h(1),-- -, h(d); moreover,

/exp r Z as(0?(s) — 1)du(o)
s<d
increases with r by Holder’s inequality; and thus

PO H(s) > d) [ e 3 au(o*(s) = iu(o)

s<d s<d

< Eexp Y a(h*(s) — 1)dp(o)

s<d

which, together with (5.22) and the fact P(} h%(s) > d) > 1/L finish the
s<d

proof of (5.19) and hence of (5.15). The proof of (5.16) is entirely similar.
O

Proof of Proposition 5.4. — We have to bound

2
/B exp 2% (01, 5)%dio)- (5.23)

i<j
Now,
> (0i05)% =Y (O ails)as(s))®
i<j i<j s<d

> ois)ai(t)as(s)a;(t)

s,t<d 1<J

D CORLOE

s,t<d

N

where to lighten notation we write o(s) - o(t) = 3 0i(s)os(t). Thus it
i<N
suffices to bound the quantity

_ g o(s)-a(t)o .
U-—/Bepr Z(———ﬁ—-)zdu(a). (5.24)

s,t<d
‘Jont 2 _ 2 .
We use the identity 22 = 2az — a% + (z — a)? for a = Vs Z TE,T =
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zs = 7=llo(s)|? = 7 Z 0:(s)? to obtain, since 3 z, = da that

s<d
o(s 1
Z(" ( )” Z 2)2+Z(\/_”a. 8)“2 _a)Z.
s<d s<d
Thus we have to bound
B2 5 )-o(t) .o
V= exp-—{ (—=llo(s)l* - a)® +2 (=L 2, *ldi(o).
2T SR
(5.25)
Using Cauchy-Schwarz, we have
V< ﬂ(B)l/2W1/2
where
W= /exp— —lo@I2-a?+2 3 (XL,
\/—- s<t<d \/—
(5.26)
and to finish the proof we have to show that
W < K(d). (5.27)

Considering i.i.d N(0,1) r.v (g5 t)sct<d, We have

W= [ Ee oS ol -as vt T 0,200,

(5.28)

An essential point is that we will not need to take expectation over all
the values of g, ¢, but only those that realize the following event

C ={¥s<d,|gs,s| <LVN;Y_ g2, < LN}.
s<t
We are going to show that

<LE [ 1cex B sl lo@P-a) (529

s<d

+V28 Y gst(\/— o(t))]di(o).

s<t<d
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The key fact is that the definition (5.13) of A implies that over the
domain of integration in (5.28) we have

> 28 (— \/_a'(s )-o(t))? < 282N

s<t<d

The tool to prove (5.29) is the following elementary fact. If (g¢)e<m are
ii.d. N(0,1), then, for

16(m + »_ of) (5.30)

<Km

we have y
E(I{Zzgm 9;2v} €xp Z 049e) < exp —-:_l.é_

&<m
([T1], Lemma 7.3). We apply this lemma for m = 1 to each g; 5, and then
to the family (gs+)s<t, with y = LBZN.

The contributions to the right-hand side of (5.28) of the event C°¢ are
then bounded by (d + 1)(exp — ), from which (5.29) follows.

Consider

7= [ b8 Y gual =l @I )+ Va8 3 0T E i)

s<d s<t<d
(5.31)
(Note that the integral is now over the whole space.) We will show that

lcJ <expLB® D g2, (5.32)
s<t<d

so that for 8 < Gy ,
W < 2E1¢J < L4

which proves (5.27). Since in (5.31) the integral is over all the values of o,

we have
J=1] 7%
<N
where
Ti= [ en[8Y L2(0%s )——t)+ﬂi Yot (5o (t)] dpsi(0)-
/ g $<2t;d\/1v ]
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Going back to S with the change of variable ¢ — r;o /Vd, we see that we
have to bound

/exp Zas s)—1)+ Z as,t0(s)o(t)]du(o)

s<d s<tgd

where the coefficients ag, a, : satisfy

<d, Iasl < Lp (5.33)
(Z a2 )2 < Lg (5.34)
s<t
so it suffices to use Cauchy-Schwarz and Proposition 5.5 to conclude. O

LEMME 5.6.— Ifr; = d for each i, A is given by (5.13), and
B(u) ={o € SN;Z(—HO'( M2-1)%+ ) (*-0 -0 (t)® > u} (5.35)
s<d s<t<d
then
(AN B(u)) < exp(—Nu/L). (5.36)

Proof. — Inspection of the proof of Proposition 5.4 shows that we have
proved that for a certain §y, we have

Np2
/eXp [Z(—Hff(S)II2 1%+ (——0(s -o(t))?]da(e) < L (5.37)
A s<d sst<d
from which (5.36) follows by Chebishev inequality. O

Comparison of (5.36), (5.14) shows that we have succeeded in controlling
the configurations in A. It remains to control the others.

LEMME 5.7.— If LB < 1, consider
= {o € SV;3s < d, —”a(s)”2 2, > (—a' (s)-o@®)? <1}. (5.38)
s<t<d
Then, with probability > 1 — exp(—N/L) we have

2
exp\/._Zg,](az,a] di(o) < K(d) exp(——— ﬂd—%). (5.39)

<j
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Proof. — 1t suffices to prove (5.39) when one replaces A’ by
A = {o € SV;Vs <k, —||a'(s)u2 >9,Vs,k < s<d, —]1V|lcr(s)||2 <2

Y (wols) o) <1}

1<s<t<d

We observe that

2
E GiiTiT; S W E T;

1<j <N

where u is the largest eigenvalue of the matrix (% 9ij)ij, and where we define
gij = gj: if i > j. Moreover there is a set C with P(C) > 1 —exp —N/L and
w < Lov/N on C. Thus

1c exp \/-— zglj(alyaj)

i<J

< exp(Lﬂ(ZZaf<s>>+ =22 9:59:()05(s))-

s<k i<N s>k i<j

We can now apply (5.14) (with d — k rather than d and r? =d — ) 02(s))
s<k
to obtain

E(lc/ exp\/_ng(Uz,UJ di(o))

1<)

< /A exp [LoB ZHU I

s<k

+ (d wa—p V- 2 le@IP)da(o).

s<k

For o in Ay, we have 3 ||o(s)||2 = kN. Now, if z > kN, we have Nd —z <
s<k
N(d — k) so that

N2

i (Nd—1)? < —(d—k).

4N(d — k)
Thus, all we have to prove is that, for L3 < 1 we have

/A exp LoB(3 llo(s)[2)dfi(e) < K(d) (5.40)

s<k
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To do this, we observe that by (5.15) we have (for |t| < 1/8)

/expt(z llo(s)I1?)di(o) < exp kN (t + Lt?) (5.41)

s<k

so that by Chebishev inequality,

T(Ak) < exp(—kNt + kLNt?) < exp —ELJY-

by optimization over ¢; from which (5.40) follows by Hélder’s inequality
using (5.41) again. O

Proof of Theorem 5.1. — We consider the set

A= (o Y (ol o) < 1)

s<t
and, for 0 < u < 1, the set B(u) given by (5.35).

It follows from Proposition 5.4 that

B N 12 B%dN
exp — 11 (04,05 o) < K(d)ji(B(u Xp ——.
E | o ™® \/N;g](a §)IE(o) < K(d)a(B(u))!/* exp —,
(5.42)
We use Lemma 5.6 to control i(B(u)), and Lemma 5.7 to show that A’ =
A;\A can be added to the domain of integration; we then see that by Chebi-
shev inequality we have

g BiNd uN
P A1NB(u) P \/__ﬁ ;jgij(ai’aj)dﬁ(a') > K(d)exp( il T))
< K@) exP(_%)‘ (5.43)

A crucial ingredient of the proof is that we can improve (5.43) by replac-
ing A; N B(u) by B(u). To see this, given an orthonormal basis W of R¢, let
us consider the sets A; w, Bw (u) obtained as A; and B(u) when the com-
ponents o;(s) of o; in the canonical basis are replaced by their components
in the basis W. Then (5.43) holds when one replaces A; by A; w,B(u)
by Bw (u). The matrices D(o) = (& X 0i(s)0i(t))s,s = (Fo(s) - o(t))s,e

i<N
relate by the same change of basis, so that By (u) = B(u). Moreover, for
any o we can find a basis that diagonalizes the symmetric matrix D(o).

It follows that we can find a finite set of orthonormal bases of RY, (with a
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cardinality independent of N) such that for each o, we can find one basis
W in this collection with o € A; w. Thus we have proved that

B B*Nd uN
P/ exp ——g;;(0i,0;)dpa(o) > K(d)exp(—— — —)) (5.44
(., = Joutonendne) > K en(>= - T) (.40
Nu
< K(d)exp(——),
the improvement of (5.43) that was promised earlier.
Now, by (5.7),
B*Nd Nu N2y?
and comparing with (5.44) we get
Nu Nu 22
P(G(B(u) > K(d)exp _2—L1)) < K(d) exp(—T) +dL exp(—-ﬁ)
from which (5.3) follows.
Using (5.42), (5.43), we see that for u < 1 we have
2
Plog Zn > K(d) + 2 1 uN) < K(d) exp(—%’i) (5.45)

from which (5.1) follows easily.

It remains to prove (5.4). The proof is rather similar to that of (5.3).
Using a suitable coordinate system in R¢, we reduce the proof of (5.4) to
the case where o, 0’ moreover satisfy

(o) o) <1.

s<t

Use of Lemma 5.8 shows that we can moreover assume
1 2 Lo a2
— <2,— < 2.
Slo@)I? <2, Ll @l

Following the pattern of Proposition 3.5, we have to show that if |a(s)| < 1/L
for s < d, then

E / exp Z a(s)o(s)o’(s)du(o)du(c’) < expL Z a(s)?,

s<d s<d

which is proved in Proposition 5.6.
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6. Perturbation of uniform measure on S;

The proof of Theorem 1.3 faces serious obstacles. When using the cavity
method, we face quantities such as 32||§(c)||2/N in exponents, that can
be as large as 5%2d? >> 1, and these are very difficult to control. Also, Z
will now be of order exp 32d?, and this is very large. The lower bounds on
Z obtained using Jensen’s inequality are now ineffective, and much more
work will be required to control Z from below. The proof of Theorem 1.3 is
much easier if, rather than asking only that ||m|« < 1/L, where L does not
depend upon d, we require, say, ||m|lc < 1/Ld?. On the other hand, as the
prime objective of the present paper is to gain a better understanding of the
cavity method, we have made the effort to reach the strongest statement we
could.

We consider a large constant M, that will be determined later, and is
currently better considered as a parameter. We consider a function m on S,
and the measure v on S of density 1+ m with respect to x. We now denote
by G Gibbs’ measure with Hamiltonian (1.8), when S¥ is provided with the
measure U = v®" | while Gy denotes Gibbs’ measure when SV is provided
with T (so it corresponds to m = 0).

PROPOSITION 6.1.— If M is large enough and ||m||e < 1/M, then

EG{o; Z (%a;(_tl —8:4)2 > 1} < K(d) exp——% (6.1)

s,t<d

EG*{(o,0'); Z (g—(s—)].\]—a-ﬁf-)-)2 > 1} < K(d) exp-]—I\j—. (6.2)
s,t<d

Comment. — The point is that a quantity such as 5 (o(s) - o'(t)/N)?
s,t<d
can be as large as d?; The content of (6.2) is that it is in practice not larger
than 1.

Proof. — If f is any function on SV, we have

(1-3p" [sans [rar<a+pY [ sam

and thus for any set A4 in SV,
M+1
M-1

so that (6.1) follows from (5.3) for u = 1 if M is large enough. Similarly,
(6.2) follows from (5.4). o

G(4) < ( )N Go(A)
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We fix M such that (6.1), (6.2) hold, and we now turn towards the
problem of finding lower bounds for

p
Z = Av{exp —=g - 0(o
where now average means integration of § with respect to v.

We will think to Z as a function of g, the disorder relative to (-) (that
is the r.v. g;5,%,j < N) being fixed. As should be obvious later, events of
exponentially small probability are irrelevant, so using Proposition 6.1 we
will assume in our estimates that

Glo; Y0 (220 st)2<1}>1—exp—% (63
s,t<d
(0,0’ 3 (2L o) '(t) }Zl-exp—l—Z-. (6.4)
s,t<d

PROPOSITION 6.2.— Under (6.3), (6.4) we have

Eg% < Lexp —44%d. (6.5)

Proof. — We will prove that, if u > 0, then

24
Py(log Z < ?2— — L(1 +u)) < Lexp —u? (6.6)

of which (6.5) is an immediate consequence. The proof of (6.6) builds upon
the ideas of [T1, Section 2], and the reader might like to read first this
simpler version of the same argument.

We view Z as a function Z(g) of g = (g:)i<n € RY, where RV is endowed
with the canonical gaussian measure V. The key to (6.6) is the following.

LEMME 6.3.— There ezists a subset A of RN with YN (A) > 1/L satis-
fying the following properties

2
geAéZ(g)z%expg (6.7)
1
geA= 5> (6.0))* <L (6.8)

i<N

where in (6.8) (-) is the Gibbs’ measure on SN*! as in (2.12), and where
((8,0%)) is the integral for this measure of the map (01, -+ ,0N,0) — (6,0;),
the dot product of 6 and o; in RY.
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We will prove Lemma 6.3 later, and we prove (6.6) now. For g in A, u
in RV, we write

Z(g+u) = Av(exp %g -6(o) exp —J—ﬁﬁu -6(o)) (6.9)

= Z(g)(exp f—ﬁu -6(0))’

by definition of (-)’. Now, by Jensen’s inequality

(exp \/—ﬂﬁu 0(0)) > exp —= Zu, (0, 0;))

1,<N

> exp—pL(Y_u})"/?

i<N

where we use Cauchy-Schwarz and (6.8) in the last inequality. Thus, using
(6.7), (6.9) we get, for g € A that

log Z(g +u) > = L1+ |lul).

pd
2
It follows that

2
logZ(g') < %—d

- L(l+u)=g ¢ A+uB

where B is the euclidean unit ball of RY. Thus (6.6) follows from the Gaus-
sian isoperimetric inequality (as in [T1]).

Proof of Lemma 6.3. — We compute first
B 2
E,Z = (Avexpz—— 2(0, 0:)%).

First,

]t[ 36,00 = Z Ze(s)az (6.9)
<N

1<N s<d
=3 as)a(p) ZEL ) "(t)
s,t<d
=d+ Z 0(3)0(:‘,)(%&2 —6s,t)
s,t<d

because > 62(s) = d on the support of v.
s<d

- 235 -



Michel Talagrand

Thus
1
Avg Z("’ 0i)? > d— (Av( ) 6(s)8(t)as,0)*)"/? (6.10)
sw s,t<d
where a5 = M —85.:. We note that 3" a, s = 0; whenever ) a2, <

1, it is proved in Proposition 5.6 that Ave(}" 6(s)8(t)as,:)* < L, where Avg
s,t

refers to integration in . This implies Av(3" 6(s)6(t)as+)* < L, because for
s,t

any positive function on S we have Avf < 2Avof if M < 1/4. We thus have

shown that (provided G < 1)

2
! exp ﬂ—d (6.11)

B2 > pexp =y

The next step is to find an upper bound for EgZ2. ‘We have, using
replicas
2
E,7% = (Avexp L[ 3°(6,0.)% + (¢, 0})* +2(6,0)(¢', D))

2N i<N

where Av means integration of 8,6’ for v and ( - ) means integration of
0,0’ for G. As in (6.9), we see that the exponent is

B%d + %i Z (0(s)0(t)as: + 0'(s)0' (t)a, , + 26(s)8' (t)ay

s,t<d
where
_ool) _, . _ o0t o) o)

QAs,t N 5,61 Qg ¢t = N sty Qs ¢
(6.12)

Thus, by Hélder’s inequality applied to Av,
E,Z* < exp B2d((UU'U")'/3)

for

U = Avexp —g—ﬁz Z 0(s)8(t)as.:

s,t<d

3
U' = Avexp Eﬂz Z 9'(«?)9I(t)a’s,t

s,t<d

3
U" = Avexp 5[32 Z 8(s)0' (t)as ;-

s,t<d

- 236 -



Large Deviation Principles and Generalized Sherrington-Kirkpatrick Models

We appeal to (5.15), (5.16) (that remains true when averaging for v rather
than for 1) and we get, using (6.3) and (6.4),

E,Z* < Lexp f2d. ' (6.13)
Now, combining (6.11) and (6.13), we obtain
2
1 1 (ByZ) S

(6.14)

This means that we have found a subset A; of R" such that (6.7) holds
for Ay, and vV (A1) > 1/L. The set A of Lemma 6.3 will be a subset of 4.

We observe that, using replicas, we have

%i;v((& 0:))? = (% Kz}:\f(@, 0:)(0',0%)) (6.15)
=U/Z?

where

U= Av(—;—f- 2(0, 0:)(0',0!) exp 7—%(9 -0(0)+g-6'(c"))).
iKN

To complete the proof of Lemma 6.3 it suffices to prove that

E,U < Lexp f%d. (6.16)

Indeed, the set
Ap = {U < L' exp f%d}
satisfies YV (A2) > 1—L/L’ by Chebychev inequality, so vV (4;NA2) > 1/L
for L' large enough; and, on A = A; N A,, we bound U from above and Z
from below, so that (6.15) implies (6.8). To prove (6.16), we compute E,U

as
exp B2dAv(T, , 4 ()6 (t)ay
2
exp G-(T, 1ca 0(8)0(t)as s + 0'(s)6' () , + 20(s)6'(t)al,))
where a,, a5 ;,a5, are given by (6.12). To obtain (6.16), we simply use

Holder’s inequality on Av as in the proof (6.13). This proves
Lemma 6.3. O

We now start a series of lemmas that will culminate in the proof “that the
system is in a pure state”. These lemmas perform the necessary adaptation
of the methods of Section 3.
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The central quantity will be

on = B (L Oy (6.17)

s<t

where &(s) = o(s) — 02(s). The vanishing of this quantity will express
that the system is in a pure state.

Our next result is an adaptation of Proposition 3.1, of which we keep
the notation (except for Cy).

PROPOSITION 6.4.— If B < 1/L,then we have

A < & oev ¢ A < & 05, ‘
|E ’U(fng\z;i:; ( a )) —E U(f H£\3Z30( o )>| (618)

< LB (E((Av /2 2e?.

Comment.— 1) We have gained a crucial factor d compared to (3.3).

2) It is essential to have ((Avf?)}/2) rather than (Av(f4))¥? in the
bounds.

Proof — We consider the function ¢(u) as in the proof of Proposition
3.1, and we will show that for 0 < u < 1,|¢'(u)| is bounded by the right-
hand side of (6.18); ¢’(u) is given by (3 4). Thus, using Cauchy-Schwarz
in Eg4

0] < 22 B[(Bype) (B, T (619)
where 0ot
S0\ p4( 4
7= 4oy EELEED soye e, o).
£<3
To prove (6.18), using Proposition 6.2, it is enough to prove that if

8(6%) - 0%(c)

= AT fE)E (8, o)
then
E((E,THY?) < L(E{(Avf) /%) /2Cy* exp2df®.  (6.20)

We will use replicas to write T7 as a single average. Since in T, we have
an order 4 replica, we need an order 8 replica. To simplify notation, we use
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the symbol A to mean that replicas of order £ < 4 are replaced by replicas
of order ¢ + 4. Thus

7 = 4o PO DGR M) 1 fepéupe o, e, o)

To prove (6.20) we will prove the following

(Av(E E(w)E(w)E(6, 04)E(68,08))%) Y/ < Lexp4ds? (6.21)
(4200001 Dy < (Y (———&e(s)&"‘l(t) VL (6.22)
s,t<d

Using (6.21), (6.22) and Holder’s inequality for Av, we get that
E,T}? < Lexp4dB(UU(Avf*)Y4(Avf4)1/4) (6.23)

where

_ Z( O'(t) )2)1/2,

s,t<d

Thus, by (6.23) and independence
E,T? < Lexp LdB*(U(Avf*)1/4)?
< Lexp4df*(U%)((Avf*)/?)?

using Cauchy Schwarz. To prove (6.20), it suffices that E(U?)1/2 < C}V/z;
but in fact using Jensen’s inequality we have E(U2) < Cx.

We now prove (6.21). We have

Egs(u)g“(u)g(a‘* oh)E(68, o®) (6.24)
“exp— [D164@OIP+2 D Ar- Al
<8 £2,0/<8

where

A = 0°(b) + ubt(6®) for £+#4,8
Ay =640t for £=4,8.

We use as before that

o'(s) - o(t)

64 )I? = d+ D 64(s)6°(t)(—

s,t<d

— 8s,t)-
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To prove (6.21), we simply use Holder’s inequality for Av, and we use
Proposition 5.5, and (6.3), (6.4) to control quantities such as > (N~!b(s) -
8,t

o'(t))?, etc. It remains only to prove (6.22); but this is weaker than Proposi-
tion 5.5. O

We now consider the quantity

Dy = E< Z (al(s) ) al(t) _ 02(3) ) 0'2(t) )2>

i N (6.25)
3,t<d
PROPOSITION 6.5.— If B <1/L, we have
Av(f 13 €65 0%))  _ Av(f) oz E1(6%)
|E KZ33 -E Zf§3 | (6.26)

< LB2E((Avf)/?)(CY? + D).

Proof. — The method to gain a factor d comparing to (3.19) is similar
(but simpler) to what we did in Proposition 6.4, so we will simply explain
the new feature, the occurrence of Dy. It occurs through the following
inequality (that corresponds to (6.22))

Ao MO _ 0N o117

N N
< L( Z (U(S)Na(t) _ <0’(S)];[0’(t)))2)1/2
s,t<d

and the fact that

E((Z (G(S)Nv(t) _ <U(S)Nd(t)> )2)1/2) < Dll\fz O

s,t<d

PROPOSITION 6.6.— If 8 < 1/L, we have
lim Cy =0 (6.27)
N—oo
lim Dy = 0. (6.28)
N—oo

Proof. — We will prove that

Ld*

Cn41 < LB*(Cn + Dn) + N (6.29)
, Ld*

D1 < LB*Cn + D)+ - (6.30)
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To prove (6.29), the formula that corresponds to (3.24) is now

Ld* 1 ¢ ¢
Cnar < 5 + EggAv(fgg(a ,0%)) (6.31)

where

f _ Z 6(3)93(t) &(S)Na.a(t) - é(&) ']33(03)' (632)

s,t<d

Since (f) = 0, (6.26) shows that

Ld* 2 4\1/2\ (~1/2 1/2
Cny1 < N + LB"E((Avf*)"/*)(Cy" + Dy ")

so that (6.29) follows from the fact that

&(s) - a3(t)

(AvfHV < L(Y (=

s,t<d

)2)1/2

(of the same nature than (6.22)). To prove (6.30), one proceeds similarly,
except that now

1 .ol o2 L2
f= sgdwl(swl(t) — 82(s)82())(Z (S)N" @) _ (S)Ncr (t))' -

As in Section 4, one shows that (4.2) holds.

We consider the parameters

Ay = Z Var("lﬁ]\'_,f_z@)

s,t<d

By = z Var(z(—s)?;/_z@)

s,t<d
and we will prove the following.
PROPOSITION 6.7.— If B < 1/L, then we have
I}Enoo AN =0 (6.33)

lim By = 0. (6.34)
N—o0
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Proof. — We will prove that

LB%(An + Bn) +0(1) (6.35)
LB?*(An + Bn) + o(1).

ANt

VAS/AN

By

To prove (6.35), we write

An = Ay - A}
where
ol(s)- ot
s,t<d

Z(E ol(s)- a(t)>).

s, t<d
The argument is a bit more delicate than the one of Proposition 4.1. We

write
) a3(s) - a4(t)

EZ N)

8,t<d

so that, by symmetry among the sites,

300 . 4
Ay, = Es;d(el(s)ez(t)w)?va—@))' +0(1) (6.36)
Av(8'(03) - 62(0))E1(61)E1(62)
NAvSl(Gl)Slz()?) = +o(1)

=F

using (4.2). Next, we write

s 00! 2 1 2
=3 gl ) o (1)) AV (S)((jazf?f(;()(;)gl(e ) 4+ o(1)
s,t<d

_ EAU(HI(O' ) - 02(a))E,1(8V)E1(6?) +o(1)
N(Avéi(6))?

where

£1(8") = exp \/’%9 91(b)+ ((||01(0)|| )™ = 16*(®)I)

and where the ~ indicates an independent realization of the disorder. Thus

Any1 = E(AvU(6*,6%)V (6,6%)) + o(1) (6.37)
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where

U(6',6%) = (6'(c®) - 6*(c*)) — E(6'(0®) - 6°(c*))
1 gy _ g SUEVEE) o Ei(61)6(67)
V(0,0%) = Eq (AvEy(6))2 Eq (AvE,(6))?

(we use here that EV(6',62%) = 0). Thus from (6.37) we have
An41 < (EAVU(6Y,62)2)/2(E(AvV(8,6%)%)Y2 + o(1).

To prove (6.35), we show that

EAvU(6,6%)?
EAvV(6',6%)2

An (6.38)

<L
< L(Ay + By). (6.39)

To prove (6.38) we write

U(Gl, 02 Z 91(8)02(15)( ( ( ) (t)) - E (63(3)];’0'4('5)) )

and we use the fact that Av(z 61(s)8%(t)ass)? < L }: a?,.

To prove (6.39), we consider & (u, ) as in (4.15), and

Eo(u,8")&o(u, 6%)
(Av€o(u,0))2

‘P(uv 01, 92) = Egy.‘]'

To prove (6.39), one has to show that for 0 < u < 1,
EAvy'(u,8',6%)% < L(ANn + By)

that requires a few lines of computation, but no imagination. The proof of
(6.36) is entirely similar.

To prove that the equations (2.9), (2.10) have a unique solution, we prove
a result similar to (4.20) without the factor d2, using now the distance

AR Q) = (Qles ee) — Q'(es, er))?) 2

where (e,)q<q is an orthonormal basis of R9.
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