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A remark on the Bott class ®)

TARO ASUKE

R#suMme. — Nous définissons un cocycle dans le complexe de Cech-de
Rham qui représente la classe &4, la partie imaginaire de la classe de Bott.
En utilisant le cocycle nous donnons une explication de ’annulation de la
classe £ pour des feuilletages transversalement affines complexes. Nous
montrons aussi que la classe £; a une relation avec un cocycle du groupe
de automorphismes de variétés complexes.

ABSTRACT. — We define a cocycle in the Cech-de Rham complex which
represents the class &;, the imaginary part of the Bott class. By using the
cocycle we give a simple explanation of the vanishing of the class £, for
transversely complex affine foliations. We show also that the class {; has
a certain relationship with a group cocycle.

1. Introduction

In the theory of the characteristic classes of foliations, the Godbillon-
Vey class plays a central role. When we consider transversely holomorphic
foliations, the imaginary part {; of the Bott class seems more fundamental.
For example, the Godbillon-Vey class is decomposed into the product of the
classes £, and the first Chern class of the complex normal bundle of the
foliation [1]. However, the geometric properties of the class £, is not yet
clear. In this paper, we represent the class £; in terms of the Cech-de Rham
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cocycles by using a similar technique used by Mizutani [10]. It turns out
that the class £, can be represented only by the local holonomy maps of the
foliation, in fact, it is a combination of cocycles which represent how the
holonomy maps expand and rotate local transversal discs.

As a simple application, we show the vanishing of the class £; in some
particular cases, for instance the case where the foliation is transversely
complex affine or where the foliation admits a transverse invariant volume
form. This can be considered as an analogue of the well-known fact that
some of real secondary classes such as the Godbillon-Vey class vanish in the
above cases.

Finally we introduce a group cocycle which is a complexification of the
Thurston cocycle, and show its relationship with the class &, in the case of
foliated bundle with fiber C.

This article is prepared during the author’s stay at Ecole Normale Supé-
rieure de Lyon. He would like to express his gratitude for their warm hos-
pitality.

2. The Cech-de Rham complex

First of all we recall and fix notations and conventions concerning the
Cech-de Rham complex. A detail can be found in [6] and we follow the
definitions in it. Note that the convention of [10] is slightly different from
ours.

We choose and fix a simple open covering {U;} of M, namely, each non-
empty intersection of U;’s is contractible. We consider the linear space of
g-forms on U;,N- - -NU;, and denote by AP? the direct sum of all such spaces
obtained by varying the indices 49, - - -, ,. There are two operators d and 4,
namely, the operator d is naturally induced from the exterior derivative of
differential forms. On the other hand, for an element ¢ = {c;y,...;, } of AP?

we set
p+1

(6c)ioi1 sedppl T Z(—l)jcio...A
j=0

beeel ’
T tip+l

where the symbol ‘~’ means omission of the index. We define the product
c1 - ¢ of the elements ¢; € AP? and ¢; € A™*® by the following formula,
namely,

(Cl . c2)ioi1'"ip+r = (—l)qr(Cl)iou-iP A (62)ip-.~ip+r'

We set D' = § and D” = (—1)Pd. They satisfy the following equations,
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namely,

D’(Cl . 62) = D'(Cl) +Cy + (—1)”+qc1 . (D’Cg) and
D"(c1-¢a) =D"(c1)-ca2+ (—1)P9¢; - (D"cg).

Finally we set D = D'+ D" and C" = @ AP9. It is well-known that the
pHg=r

cohomology of the pair (C, D) is identified with the both of the Cech and

the de Rham cohomology.

NOTATION 2.1.—If ¢ € AP, then we denote by c,,...;, the g-form
defined on U;, N---NU;, which is determined by c. Conversely, we denote a
family of g-forms {c;, ..; } with (p+ 1)-indices by omitting the subindices,
namely, we say ¢’ € AP9.

3. A Cocycle in the Cech-de Rham complex

Let M be a manifold and let F be a transversely holomorphic foliation of
complex codimension g. Then we can find a foliation chart {U;} of (M, F),
namely,

1) Each U; is homeomorphic to V; x T;, where V; is an open ball of R?
and T; is an open ball of CY.

2) Let p; denote the mapping from U; to T; induced by the projection
from V; x T; to T;, then the foliation F restricted to U; is given by
the plaques p{l({z}), zeT;.

3) The local holonomy mappings 7;; induced from the transition map-
ping ¢;; from U; to U; are biholomorphic diffeomorphisms.

We denote by z; = (z},--+,2]) the natural coordinate of T; and denote

a;j . It might be impossible to obtain a simple covering
J

which is simultaneously a foliation chart. In this case we choose a simple

covering which is a refinement of some foliation chart. Even after taking the

refinement, the mappings v;; still have a sense and it suffices for our purpose.

But for simplicity we pretend as if the refinement were also a foliation chart.

by 7;; the matrix

We choose smooth functions 6;; on U; N U; such that detv;; = |det ¥
€2™V=10%; and that 8;; = —6;;. It is well-known that if we set Cijk = 0ij +
Ojx + Oki on U; N U; N Uk, then c;jx are integers and the collection {c;jx}
defines the first Chern class of the normal bundle Q(F) as an element of the
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Cech-de Rham complex, where Q(F) is the complex vector bundle locally

4 mod TF® C.

spanned by 3_zf

As we are concerned only with the first Chern forms and its transgres-
sion forms, namely, the differential forms which are obtained by taking the
traces of connection and curvature matrices, it is convenient to work on the
determinant bundle A’Q(F) and A’Q(F)*. Indeed, if V is a connection on
Q(F) and w; is the connection form on U; with some local trivialization,
say, e1,:,€eq, then V naturally induces a connection of A?Q(F) and its
connection form with respect to the local trivialization e; A - - A g4 is equal
to tr w;.

From this point of view, we choose a family of local trivialization {a;dz;},
where dz; = dz} Ad2? A--- Adz], as follows. We fix a Hermitian metric
H on Q(F) and let H; denotes the local matrix on U; with respect to

Rt Then det H; is a positive real function and the induced metric
i i

on AQ(F) is locally given by (det H;)dz; ® dz;. We set a; = v/det H;, then
a; is an R™-valued smooth function and

(a,- [o} Qoij) ldet ’7':]| = Qj. (31)

We consider the collection loga = {loga;} as a cochain of the Cech-de
Rham complex, then the equation (3.1) implies (6loga);; = log |det 7§j|.
Note that the right hand side is already defined on an open subset of T},
and we consider it as a differential form on U; by pulling it back by p;.

We now introduce some cochains.

DEFINITION 3.2. — We define cochains A and d© by the following for-
mulae, namely,

(A)ij = 5= log |det 7§j| = 3 (8loga)ij,
(d©)i; = db;;.

Note that A is D'(= 6§)-closed while d© is D”-closed. As we will see
soon, dO is also D’-closed.

Remark 3.8.— The cochain 2§(loga) = 47 A is essentially equal to the
cochain L which appeared in [10] to study the Godbillon-Vey class. In our
case, the Godbillon-Vey class is represented by the cocycle —229+1A - (dA)%
when the foliation is of complex codimension gq.
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We consider the Hermitian metric H that we used to define a;, and adopt
= %5;1- AN % as a local trivialization of A?Q(F) on U, then e; is of
norm 1. We fix a corﬁplex Bott connection V; and a Hermitian connection
Vi, with respect to H on Q(F). The connections V, and V) naturally
induce connections on A?Q(F). By abuse of notation, we call them again a
Bott connection and a Hermitian connection, and denote them by the same
symbols V;, and V} because we do not use the connections on Q(F) any
more. We denote respectively by a; and §; the connection forms of V;, and
Vi (which are now on A?Q(F)) on U; with respect to e;. Since {;} and
{B;} are connections, they satisfy the equation

d(detv;;) d |det 'y,fj|
detv;; |det Yij | (3.4)
- wj - 27!'\/3(10;,_1,
where {w;} is either {a;} or {5;}.

€i

* — .
Phwi = w;

On the other hand, a; = —d(log a;)+(; for some 1-form ¢; which involves
only dz},1=1,...,q, and B;+B; = 0. We put p; = v/—1(; and consider the
collection p = {p;} as an element of A%!. By rewriting the equation (3.4)
applied to {a;}, we see that

dp = 2mv—-1(dA + v-1d6).
Thus all the cochains dp, 65, dA and dO are both D’'-closed and D”-closed.

DEFINITION 3.5.— We define a cochain u; of A%! by setting

Uy = —1 ( 1 dlo; a)
LRy Y SO A

Note that u1 = 3-~1<a.

Since B+ B = 0, the equation u;(Vy, Vi) = u; — U7 holds on each U,
where 4;(Vs, Vy) is the transgression form of the imaginary part of the
first Chern class computed by using V;, and Vj, [1]. Let v1(V,) denote the
first Chern form of the complex normal bundle of the foliation calculated
by using the complex Bott connection V. We set 71 (V) = v1(Vs).

Here we recall the definition of the class &, [5,1].

DEFINITION 3.6.— We denote by £,(F) the cohomology class repre-
sented by the differential form £(Vs, V}) which is defined by the formula

Eq(Vb, Vh) = \/—_1171 (Vb, Vh)(vl (Vb)q +1)1(Vb)q_17)'1 (Vb) +--- +51(Vb)q).
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It is known that £;(F) does not depend on the choice of connections. It
is also known that when the Bott class is well-defined, its imaginary part
multiplied by —2 and the class §{;(F) agree as cohomology classes [1].

From now on, we consider only differential forms and omit the symbols
like V3 or Vy, for example, we write v1(V}) simply by v;.

The following formulae are for later use. We consider p-forms as cocycles
in A0P,

LEMMA 3.7.— We have the following formulae, namely,

1
D'u1 = —de, D”u1 == %dp,

D'(u; -57) = (dO) - (u1 — U1),and
D"(uy -w1) = —(uy - 97 — U1 - v1).

Proof.— Recall that «; denotes the local connection form of the Bott
connection V. The equation (v1); = 2—15—1__1da,~ = §1;dp,~ is equivalent to
the second formula. On the other hand, we have the following equations as
cochains, namely,

-1 1
= ——— | —=6&p —dlog|dety’
27“/_—1(\/_—10 oglevl)
—— (2mv/=1d6 + dlog|dety'| — dlog |det '|)

= 2mv/—1
= —de,

D’u1

where log |det 7’| is a cochain in A™? given by (log |det’|);; = log |det ;.
Finally, we have the following relation:
D'(uy - ) = (du1) - ¥1 — ug - (6U7) = (—dO) - U7 — uy - (—dO).

From the equation ((u1); — (u1)i) Adf;; = (6u1)ij AdB;; = —db;; Adfi; = 0,

it follows that
(u1-(=d8))i; = —(u1)i A (=dbij) = (ua); Adb;;

—db;; A (u1); = —((d©) - u1)s;.

The last formula can be obtained in a similar way. O

The main result in this section is the following.
THEOREM 3.8. — The cochain

Eg=-— zq:2Re {(—\/—_l)q (dA + \/—_1d9)i A (\/__1de)q—i}

=0
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of A%t 4s D-closed and in fact represents the class &,(F). In particular,
the cohomology class determined by =, is independent of the choices we
made.

For example, in the case of complex codimension one, Z; is given by the
formula

=, = —2A - (d8) — 2(d6) - A.
Proof. — We have the following equation as cocycles:
& =vV=Tu(]+v{ 7w+ +979
= v=1(uy — @) - (v +vf '+ -+ +779)
=v=I(u1 v %719 + vV=1(ur - 77 - %7 -v1) - V(g - 1),
where V(m) is the element of A%?™ defined by the formula

o +'vi"_1ﬁ+~--+v_1m fm>0
Vim)=41 fm=0
0 ifm<0.
We set
m-l /1 i .
—V=1(d®)™ - (u1 -%7) - V(g—m —1)
1 . \" /1
—1)m —_ = piTm
+(—1)™2Re {(27r6p) (27r loga> v] },
where m =0,1,---,q.

We claim that D'cp 29-m + D" cm+1,2g-m—1 =0 for 0 < m < ¢—1 and
that D"co 24 = &¢. Admitting this claim, we see that £; is cohomologous to
—D'cq,q, which is calculated as follows:

! _ : —1)¢ i i. . q—i
—D'cyy, = §2R;e {( 1) (27r5p) A - (d©) }
q .

= =Y 2Re {(~v=1)* (dA + v=1d6)" - A- (d0)7 }.

=0

Thus it suffices to establish the equations in our claim. By Lemma, 3.7,
we have the following equations, namely,

- i 1 : m—i —-m
D,Cm,2q—m = Z2Re {(—1) (géﬂ) -A- (d8) . ’U(II }

=0
—v=1(d8)™** - (u1 —T1) - V(g — m ~ 1),
—11 -
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and
m—1 ] 1 i )
D”Cm,2q—m — Z 2Re {(_1)1 (%ép) . (_dA) . (d@)m—z—l “up - vtll—m}
=0
m—1 i
— Y 2Re {(-1)i (%Jp) A - (dO)"i! -vg—"‘“}
i=0
+v/=1(d®)™ - (uz - 71 — v1)-V(@—-m-—1)
—1\y™ i . _1_ L d—m
+(—=1)™2Re {(27,-5'0 27leoga V]
In particular,

D'cyoq =+v—=1(u1 -7 —T1-v1)-V(g—1)+2Re {(—%;dloga) -v‘f}
= V=T B~ W ) - Vig 1) + o (dloga) - (v} + 777),
which is equal to §; because
:%(dlogla) v
=3 (\/—t_—l—p—dloga> ol + 5 <——ﬁﬁ—dloga) 777
=v=1(u; - v{ — 97 - 779).

The last equation holds because p involves only dz;’s and hence p - v{ =
p- (2mdp)? = 0.

On the other hand,

D,Cm,Zq—m + D"C‘rn+1,2q—m—]
= —v=1(d®)™* - ((wr —m) - V(g—m—1) = (us - 7 — T - 1)

Vig-m-2))
Uil ) 1 : i —m—1
+Z2Re {(—1)’+1 (.2_;5,)) ~dA - (dO)™ 0T }

=0 1 m+1 1 1
_1\m+1 il N = L d—m—
+(—1)"*"2Re { (27r6p) <2ﬂdloga) v] } .

Noticing that

(w1 —T7) - V(g—m—1)
= (o ™ —wm Tt + (T — T v) - V(g —m—2),

—-12 —
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we see that

_\/—_l(de)m+l . ((ul —u1)-V@—-m-—1)—(u1 - 07 — U1 - 'Ul)
V(g-—m- 2))
= —/=1(d8)™*! . (uy - oI ™! — @y o™ 1)
— —2Re {VEI(@O)™ uy o).

Finally, we have the following equations:
(_1)i+12R,e {\/ -1 (%5p> . (de)m—i-}—l Uy - ’Ug_m_l}
+(-1)"*'2Re {(%ap) -dA - (d8)™ "ty .vg—m—l}
. 1 i+1 .
= (-1)**’2Re {\/—1 (gép) < (dO)™ "y - vg‘m—l}

and

m+1
(~1)™2Re {\/-—1 (300)  -w .vg—m_l}

= (-1)"2Re {m (%6;))”“ (5rpeiona) o m—l}.

Combining these formulae, one can show that D'cp, 2g—m+D" ¢m41,2g-m-1 =
0 for 0 < m < g — 1 as claimed. O

Remark 3.9.— The equation d=, = 0 corresponds to the Bott vanishing
theorem applied to v¥+!(V;) — ‘q+1 (Vs). We also remark that the decom-
position of the Godblllon-Vey class into the class £;(F) and the first Chern
class given in [1] can be obtained again from Theorem 3.8 and Remark 3.3.

Remark 3.10.— The Bott class uyv{(F) is defined if the first Chern class
of the complex normal bundle Q(F) is trivial. We can show as in [10] that

wvl(F) = (—vV=1)7 (A +v=18) - (dA + V-1d6)’

as cohomology classes. In fact, the above equation holds as cocycles under
a suitable choice of connections. By taking the imaginary part of the right
hand side, we obtain a cocycle cohomologous to —2E,.

— 13 -
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Theorem 3.8 says that the class £, reflects how the local holonomy maps
expand and rotate transverse discs. There are two particular cases where
the cocycle Z, vanishes. One is the case where A = 0 as a cochain in A'°.
In this case the foliation in fact preserves a transverse volume form locally
defined by dz; A dz; on T;. Notice that if moreover the foliation is of com-
plex codimension one, then the foliation is Riemannian. Conversely if the
foliation preserves a transverse volume form, then we can find a Hermitian
metric so that (det H;)dz; ® dZ; coincides with the given transverse volume
form. With this choice, A = 0. Here we used the notation as in the beginning
of this section.

The other case is that dA = 0 or d® = 0 as cocycles in AY!. In this
case the functions det~;; take values in the circle or the real line, hence
they are some constants. Hence the both of the cocycles dA and d© are
equal to zero, and thus Z; = 0. Note that if in addition the codimension g
is equal to one, then the mappings +;; are complex affine transformations,
namely, mappings of the form z — az + b where a € C* and b € C. A
typical example is given by the flow on a T2-bundle over S? obtained as the
suspension of an automorphism of 72 defined by an element of SL(2, Z).
Conversely, if the foliation is transversely complex affine, then det 'y{j are
constants and therefore Z; = 0 even if the codimension of the foliation is
greater than one.

Thus we showed the following well-known fact (cf. [4,11,14]).

COROLLARY 3.11.— The class &, and the Godbillon-Vey class GVgq
vanish in the following cases:

1) The foliation F admits a transverse volume form.
2) The foliation is transversely complez affine.

Not only the Godbillon-Vey class but some other real secondary classes
are factored by &, [1]. These classes also vanish in the above cases.

Corollary 3.11 is already well-known for specialists. To say about trans-
versely affine case, it is a corollary of the following general result, which
is also well-known for specialists. The proof we give here is indicated by
Tsuboi [18].

THEOREM 3.12. — The secondary classes of transversely real affine foli-
ations determined by H*(WO,) are trivial. The secondary classes of trans-
versely complez affine foliations determined by H*(WU,) are also trivial.

14—
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Proof. — We show only the real case since the proof of the complex case
is almost parallel. Suppose that we are given a transversely affine foliation
F of a manifold M. Then we can classify the foliation F by a map f :
M — BIag,, where Aff; denotes the group of affine transformations of R?.
Since the elements of Aff, are analytic and globally well-defined on R?, the
space BI'ag, is equivalent to BAff,. We now consider the natural projection
m : Aff; — GL(g, R), then 7 induces a mapping p from BAff, to BGL(g, R).
On the other hand, a theorem of Suslin [13,17] shows that the projection
m induces an isomorphism H,(Aff;; R) — H,.(GL(g, R); R). This implies
that the mapping po f : M — BGL(q, R), slightly perturbed if necessary,
classifies a foliation which is cobordant to F. Noticing that the R%-bundle
associated with EGL(g, R) — BGL(g, R) has a natural zero section, say s,
we see that every secondary class reduces to a leaf corresponding to s and
hence vanishes. a

Remark 8.13.— It is shown that in [16] that the space BAff, is in fact
contractible.

We now consider a foliated vector bundle FE over M whose fiber is iso-
morphic to C? and assume that E is trivial when restricted to each U;. Thus
we can choose each T; as C? and U; & V; x C? for some open set V; of M.

Once the formula presented in Theorem 3.8 is established, we can apply
the argument used to prove Theorem B of [10]. Namely, since the cocycle
Eq is already defined on an open subset of I1T;, we can define an element
Iy of A2¢+10 by the formula

(Fq}io,"',i2q+1 =/ (E‘q)io,~--,iq+1,
Aq

0
where A is a singular cubic g-simplex given as
Ag(tq+1’ te ’t2q) = t<1+17iq+1,iq+2 (t<1+2711q+2,iq+3 ( ot (t2q7'i2q,‘i2q+1 (O)) 0T )
The following theorem is shown completely parallel to the real case as in

[10].

THEOREM 3.14.— Ty is a cocycle in A29+1:0 which is cohomologous to
the cocycle Z,.

Like the Godbillon-Vey class, the cocycle =, defines an element of a
group cohomology. We will explain it in the next section.

-15—
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4. A Group Cocycle

Let F be a complex manifold, which is possibly non-compact, of com-
plex dimension q. We assume that there is a holomorphic volume form of
F, namely, we assume that there is a holomorphic ¢g-form w on F which is
everywhere non-zero. We denote by G the group of biholomorphic automor-
phisms of F'. The group G acts on the space Q*(F) of smooth differential
forms on F by the formula

we (F)*w.
We denote the operator (f~)* simply by f., then (f o g)x = fu © ga.

We set
AP = Map(G®, V(F))
and call it the space of (p,q)-cochains. We define mappings D’ : APY —
APH1e and D" : AP? — AP9H] by setting D’ = 8 and D” = (—1)Pd, where
d denotes the usual exterior differential and & denotes the differential of
group cochains, namely, the operator given by

Oa(f1,-+, fr)
= fl 'a(fZ,"',fr) —a(fl °f2af3""1f'l‘)
—+ ()l fry ey fregy fro1 0 fr) + (1)Talf1, -, froa)-

The total complex C" = € .AP? equipped with the differential D =
ptg=n
D' + D" defines the group cohomology H*(G;Q*(F)) of G with coefficients
in Q*(F). Note that at the cochain level, the product o - 8 of two elements
a € AP? and § € A™*® is given by the formula

o B(f1, s fpar) = (F1)Ta(fr, -+, fp) A (f1,0)5B(fpt 1,0 p4r)s

where f1,...; = fio fao---o f;. The product - 3 is an element of AP+73+5,
‘We have the equations

D'(a-B) =(Da)-B+(-1)P - (DY)
D' (a- B) (D"a) - B+ (_1)p+qa (D).

We refer to [8] for more details of the group cohomology.

DEFINITION 4.1. — For each element f of G, we define real valued func-
tions A(f) and df(f) as follows, namely, first we define a holomorphic func-
tion Ay by the formula Ajw = f,w. Then we set

1

A(f) = Zr—loglAfI,
1

do(f) = EIdeAfi.

-16 -
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We consider A as a (1,0)-cochain and df as a (1,1)-cochain, respectively,
and define a (¢ + 1, ¢)-cochain BZ+! by the formula

BIH = ~2Re 3" {(VEI)(VId8)* - A- (dA -+ v=1d0)'}

=0

For example, B (f1, f2) = 2X(f1)((f1)+d8(f2)) — 2d6(f1)((f1)+A(f2))-
We have the following lemma.

LEMMA 4.2. — dA(f) + vV-1d8(f) = %%Afi. Hence B3*! is D" -closed,
namely BSt1(f1,---, f,) is a closed form.

Proof. — The first claim is easy. The second claim is a direct consequence
of the fact that dBI*1(f1,---, f,) is a constant multiple of the real part

A dAy ddgia,... L.
—_1)9%211 1,2 A ... 1,2,-,9+1
of (v/-1) a2 Napa N A Brpg which is equal to zero by the
dimension reason. O

LEMMA 4.3.— X and df are D’'-closed, namely, the formulae

Afog) = feA(g) +A(S)
di(fog) = fudO(g) + db(f)

hold. Thus B! is also D’'-closed.
Proof. — This follows from the fact that A(fo5) = (Agof™1)-Ay. O

Hence B%*! defines a cohomology class of H*(G; Q*(F)). Now we replace
the volume form w with another one, say, w’. Then there is a non-vanishing
holomorphic function a such that w’' = aw. We denote by X and d#’ the
cocycles obtained by using w’, then we have the following. Recall that we
denote by 9 the differential of group cochains.

LEMMA 4.4.— The equations

N =)+ (5= oelal ) (1)
() =ab(f)+0 (%) 1)

«Q

hold, where the function |a| and the 1-form Im%l are viewed as a (0,0)-

cochain and a (0,1)-cochain, respectively.

17—



Taro Asuke

fra

(0]

Proof. — By definition Ajw’ = f.w'. Hence A} =
follows from this equation. 0

Ayg. The lemma

LEMMA 4.5.— The group cohomology class defined by B! does not
depend on the choice of the volume form w.

Proof. — We set u = d\ + +/-1d0, dr = %%"‘, p = gl;log|a| and
do = %;Im%“l, then dr = dp + v/—1do, ' — A = 9p and df’ — df = 9(do).
By using these cochains, we define cochains A;, B; and C; respectively by

the following formulae:

A= (V=1d0) - XN (u+0(dr)*,
Bj= (v=1d6)" - X- s,

Ci= = (V=1d8)’ - X-po™* dr - (u+8(dr))* !
k=j+1
+(vV=1d6)" - p- (u +8(dr))*

+ i (V=1d8)’ ™ - (vV=Tdo) - (v=1d¢')* " - N - (u+8(dr))¥ .
k=1

Note that p + 8(d7) = d)N + +/—1d¢’. We claim that D'C; = —B; + A;.
Indeed, we rewrite df' = df + d(do) and expand this part, then we see
that these terms are differential of the last sum in C; except for the term

(\/—1d0)j X - (u+8(dr))??. We divide this remaining term into two,
namely, (v=1df)’ - X+ (u+ 8(dr))? and (v/=1d8)’ - 8p - (u + B(dr))* ™.
Then a similar argument shows that except for (v—=1d6)’ - X - p9=7, the

former is the differential of the first sum of C;. Finally, the latter is the
differential of the second term of Cj.

On the other hand,
q . .
D'Cy= Y. (V=1d6) -dx-p™* - dr- (u+8(dr)F !

k=j+1

+ (V=1d8)’ - dp - (u + 8(dr))"
+3° (V=1d8) ™" (V=Tdo) - (v=1d#)* " - aN - (u+0(dr))* .
k=1

— 18—
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In particular, we have the following equation:

q
D'Co= Y dx-pt*.dr-(u+8(dr)* " +dp- (u+ d(dr))?
k=1

= - (i (V-1d6) - p« % -dr - (u+ B(dr))k'1>
- - (V=1do) - (u+ 8(d7))?,

because all the cochains y = d\ + +/—1d0, du, dr, 8(dr) are valued in
holomorphic differential forms and thus their product vanishes if its degree
as a differential form exceeds g. We now claim that the following equation
holds, namely,

D'(Co+Cr+:--+Cj)
q . .
= = 3 (VI8 ptk dr - (4 8(dr)) I

k=j+1
J

=) (V=1d)" ™" - (V=1do) - (V=1d8')" - (u+B(dr))" .
k=0

The equation is valid if j = 0. We calculate D"(Co + - - - + C;) + D"Cj41.
First,

q . .
3 (VEIdO) T dA - ptE - dr - (u o+ B(dr)) I
k=j+2

- Xq: (V=1d0)"™" -yt - dr - (u + B(dr))* "
k=j+1

- o3 (I e ek O
k=j+2

~ (V=1d8) - dr - (u+ B(dr))T L.
On the other hand,

Jj+1

> (v=1d6)" - (v=Tdo) - (v=1d/)" - aN - (u + O(ar))
k=1

- XJ: (\/:Tdo)j—k . (\/—_1d0) . (\/—_1d0’)k (p+ 3(dT))q_j

k=0
j+1 )

_ (\/_—1d0)1+1—k-(\/_—1d0) . (\/_—ldG')k-(p+6(dT))q'j—1
k=1

—-19 -
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Finally, as

(V=1d6)""" - dp- (u+8(dr))™™" — (V=1d8)" ™" - dr - (u+ 8(dr)) 7
= —(V=1do)"™ - (vV=Tdo) - (u+ 8(dr))*7 7,
our claim is verified. It follows that

D"(Co +Ci+--+ Cq)
= -3 (v=1d9)"F - (vV=ido) - (V1d9)".
k=0

Thus 2Re (v/-1)9D"(Co + C1 + - - - + C4) = 0. Noticing that —2Re (v/—1)?
q q
> Aj = B4 and —2Re(v/=1)? 3. B; = B3, the proof is completed.
Jj=0 Jj=0
O

DEFINITION 4.6.— We denote by 89+! the cohomology class defined by
B+t

By the definitions, the equations

Aijaij+1 = A((")'12,1'(5_1'-4’1)_1) and de'ijyij+1 = (de)((7ij,ij+1)-1)

hold, where the left hand sides are the differential forms defined in the
previous section, and the right hand sides are the group cocycles evaluated

-1 . -
by (’Yij,ij.pl) . By pllttlIlg fk = (7iq+1—kyiq+2—k) 11 k= 1»"',‘1 + ]-) we
obtain the equation
(Eq)’io,"',iq+1

q
= —2Re(v=D)?Y_ {154, (V=1d8i0) -+ (3, 5,V =146, ;)

j=0
Vi Nigisen  Voniya @A +VIdO)isy iy -+ (A + \f——lde)iq_l,,-q}
= (_1)" e Bgz-l(fla f27 cte ’fq)’

where dz denotes the standard complex volume form of C?. Thus we can
reformulate Theorem 3.14 as follows.

THEOREM 4.7.— In the case of foliated bundles with fiber C?, we can
obtain the imaginary part of the Bott class by integrating the group cocycle

(—-l)ﬂf_“32 Bg:l, where dz denotes the standard complex volume form of CY.

—-90 -
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