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Critical boundary constants
and Pohozaev identity *)

OuLD AHMED-IZID-B1H IsseLkou (V)

a mes deux filles Kénizé et Maona

RESUME. — La premiére partie de ce travail concerne le probleme,

nt2
Au+un=2 =0 dans B,
(Pe) u > 0 dans B,
u = ¢ sur 6B,

ol By ={z€R", |z <1}, n=3ete>0.

n-—2

On démontre qu’il existe une constante critique €* = (ﬂ"[}%l) T, telle
que le probleme (Pe) admet exactement deux solutions ue1 et uez (ue1 <
Uue2) si 0 < € < €*, une solution unique si ¢ = €* et n’admet pas de
solution si € > €*.Toutes ces solutions seront données explicitement. Il est
démontré que quand ¢ — 0,

Uer(x) — €

€

Au cours de la seconde partie, on s’intéresse au probléeme

Au+ f(z,u) =0 dans Q,
o]

Ue2(x) — €

— 0 sur B et = flz||*~™ — 1, sur B1\{O}.

u > 0 dans Q,

u = € sur 99,
ou 2 est un domaine borné, régulier et étoilé par rapport & lorigine, f
est continue et dépend asymptotiquement de u ”comme u®”, 1 < « et
a # Z—i’g Différents résultats d’existence de constante au bord critique
€* pour le probléeme (Qe¢) sont donnés.

ABSTRACT. — The first part of this work deals with the problem
n+42
Au+um-2 =0in B,

(Pe) u > 01in B,
u=eon6B1.

(*) Recu le 21 mai 2000, accepté le 29 janvier 2001
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Abdus Salam ICTP, Trieste, Italy.
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where B1 = {z € R", |lz||<1}, n=3ande>0.

n—2
We show that there exists a critical constant * = (11(11_—2) *, such

that the problem (Pe) admits two solutions uc1 and uez (ue1 < ue2) if
0 < € < €*, only one solution if € = ¢* and no solution if € > €*.We give
all these solutions explicitly.We show that, when € — 0,

ue1(z) — €
€

Ue2 (x) —

—0 on By and £ S lzl>" -1, if = € Bi\{O}.

The second part is devoted to the following problem
Au+ f(z,u) =0in Q,
(Qe)

u>0in Q,
u = € on 99,

where Q is a regular bounded domain which is starshaped about the
origin, f is continuous and behaves like 4 in the second variable, 1 < «
and o # -:-:—f—g— We give different existence results for a boundary critical
datum €* for (Qe).

1. The Sobolev Exponent Growth

Let us consider the problem

Au-l—u%ir_Z =01in By,
(P(:') u>0inBla
u =€ on 0B;.

In [9], it is shown that there exists a critical boundary datum €* such that
¥V 0 < € < €*, (Pe) admits -at least- one C2-solution. There is no solution
when € > €*. It is known that (P0) does not admit a nontrivial solution
(see [13]). According to [5], every regular solution of (Pe) is spherically
symmetric. Let u. (¢ > 0), be a solution of (Pe), then

Ue — €

Ve =
€

is a solution of

Aw+ (1 +w)%t_§ =01in B,
(AN < w>0in By,
w=0on BBl,

where
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The maximum principle implies
ve > 0, in By.

It is known (see [11],[4] and [3]) that there exists a constant A\* such that
(A)) admits just two C®— spherically symmetric solutions when 0 < A < \*,
only one solution for A = A* and no solution if A > A*. We give here the
value of A* and the explicit solutions for every A < A*. We show that when
A — 0, the “small” solution tends to v = 0 the trivial solution of (40) and
the “big” one tends to H(z) = ||z||>~™ -1, = # O.

PROPOSITION 1

4 n(n —2)
)\* = *Vn—2 =
(€") n
Proof. — For
n—2
Dcece — (M=)
4 )
let u. be a regular (Pe) solution. As in [13], let us put
n v ¢
9(z) = inDi'UEV’Ue (where ve = ),

€
=1

and use the Divergence Theorem, to get

s {(1 - —;-n) /B L+ v (@) 52 v (2)dz + -’%3 [0+ vl 1] dm}

B

+3 | EIVe@IPds= [ V0@ (Do) ds.

From the identity

/ 1+ ’ue(a:)]#qf_2 dz = / 1+ ve(ac)]z—f—g ve(z)dz + / 1+ ve(ar)]%ir_g dz,
B; B; B;

we infer that

(*) 6_{2;11/ d:c+";2/ [1+ve(x)]%dx}
Bl Bl

1
*3 /BB] [.] || Vve(2)[|*ds = /a 5 [2.Vve(z)] [Vve(z).v] ds.
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Using again the Divergence Theorem, we get

ds,

en / 1+ ve);ﬂ—% dr = — | Ave(z)dz = —/ Ove(z)
B,

B 8B, ov

where v denotes the unit outward normal to 9B;.
The Maximum Principle implies that

v,

v

<0 on 0B1.

As v, is spherically symmetric and vanishs on 9B1, we get

O,
2. Voe(z) = TV 0N 00, and

Ove(z)
ov

where [ is a constant on 8B;. Using the fact that z.v = 1 on 0B;, we obtain
from (*)

= —||Vue(z)|| =1, on 0By,

E"_‘12_2—71 dx—n—2

1
l ds = =12 / ds.
B 2 8B, 2 Jsm,

This equation is equivalent to

1S1112 + (n — 2)| S|l + €72 (n — 2)|By| = 0.

o
lBll = ;L—F@ and ‘Sl\ = n|B1|,

where |B| is the Lebesgue measure of the unit ball of " and |S1| = n|B\|
is the surface measure of the unit sphere.

We obtain the following equation in | = v(1)
(1) n?+nn-2)+ 674:7(11 -2)=0.

When

n—2
-2 .
0<e< ()T

this equation admits two negative solutions

n(2 —n) + \/ng(n —-2)2 —4n(n— 2)eﬁ
2n
- 350 -
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n(2—-n)— \/’rLZ(n —2)2 —dn(n — 2)en2
2n )

equation (1) admits a unique negative solution

ZQ(E) =

When

2—n
2 I

L=

and no real solution if

o (2m2)

n(n —2)
TR
The proof will be complete , if one shows that

vo<e< (M)

So it is clear that

A\ = (6*)niz <

4
there exists just two regular solutions of (Pe). Let us recall that the problem
Au+unE =0 in ",
admits the radial solutions (see [12])
n—2 n-2 2-n
ur(lz) = A7 (n(n-2))" T (M +[2)?) T, A>0.

Let us put
Pr=un, -

pasen) =) - (202

A>0 4

It is immediate to verify that
Pa(1) = ¢1(1), VA>O0.
orF# 1, VAF#L

In particular,

A1) # # (1), VA#1L.
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As the function
ne n- 2-n
A= da(1) = AT (n(n—2)"F (1+A3) %,

is continuous on [1, oo, with

n— n— 2_n
lim AT (n(n — 2))"T (1+A%) % =0,

A—o00
we obtain two distinct solutions of (Pe), when
2\ T
n(n —
O<e< (-—g—r)-) y

and one solution when

which is ¢;.
So the proof of Proposition 1 is complete.

Let us study the behavior of solutions when € — 0. Let ue; and ue2 be
the two solutions of (Pe), with

n(2 — n+\/7n 2)2 — 4n(n — 2)en2

and
n(2—n)— \/;(n—Q) dn(n — 2)e™—3
!
ulg(1) = la(e) = -
Vo<e<e, I Ae)>1
such that
Uel = ¢)\(e) and ue = ¢)‘—(1€$
n(n — 2 + (n—2 — 4e72
Ae) = \/
P
Let us put
1 — € Ueg — €
Y = —= and e = —2—".

€
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PROPOSITION 2
(i) Y — 11 =0, in C'(Bi), as e — 0.
(1)) Yea(x) — Yo = x| — 1, in CL, (B1\O), as e — 0.

Proof. — Let us remark the following
li(e) = 0, as e — 0, and l2(e) > 2—n, as e — 0.

We give here a direct proof, using the explicit knowledge of ¢, i € {1,2}.
As we have seen, for every 0 < € < €*, there exists a unique

n(n —2 2+\/ n(n — 2 — 4ev
2ens

(AMe) = 00 as e — 0)

Ae) = >1,

such that we have

'wel(T) = o a2 ’

] [nn —2))F { (We)] ) - (e ) }

1/152(7’) = . =
M@ (nn - 2)"T {re) ™ + 1}
We finally get

o (epan)T b |
'(/)el( )'“ <[/\ )]2+7_2) ’¢6 () {1+[)\(€)] 7'2} 1.

It is immediate to verify that

= —————[()] HT_Z— — 0, in CY(B1), as € —» o0
wel(l!xll)—<[ 1l ”2> 1 -0, in CY(By),

and

R TG A —
¢52(||:c||)—{1+[/\(6)]2”x”2} 1— ||z||>"™ -1, on B;\{O}.

Remark 1.— According to Theorem 1.1 in [7], it is, in general, false
that every positive solution u in By of Au + u® = 0, is a restriction of a
positive solution v of this problem in R™ .
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2. Nonlinearities with Noncritical Growth

2.1. The Subcritical Behavior

We deal here with the following problem

Au+ f(z,u) =0in Q,
(Qe)s u>0inQ,
u = € on 01,

Let us suppose the following

(i) Q is a bounded regular domain of R™, which is starshaped about
the origin.

(i) feC® (O xRy, Ry),

(iii) there exist positive constants c¢1,7,c and a positive function a €
CP(€2) such that

9 —
l<y<a< Z—+§; at” < f(z,t), Yz € Q,t > 0,

)t . , =
tlim % = a(z) and f(z,t) = o(t) near t =0, uniformly in x € (2.
—00
PROPOSITION 3.— Under the previous hypotheses on ) and f,there
exists a positive constant €*(R, f), such that for every 0 < e < €*(€, f), the
problem (Qe) admits, at least, one solution u, € C1°(Q), 0 < 8 < 1. There

is no bounded solution of (Qe) if € > €*(Q, f).

Proof.— The proof is nearly the same as in (Theorem 1 in [9]). The
only difference is that the subsolutions and supersolutions are considered as
elements of Hj(Q) N L*°(f), and the inequalities are in the sense of duality
HY(Q) , Hy().

Let us recall the main steps for this proof.

1. We use the hypothesis (ii7) and Théoreme 3.1 in [2], to show that the
problem (Qe) admits -at least- one solution u € Hg(Q2), when € is “small”
enough.Using the LP-estimates (see [1]), we infer that u € W2?(Q), Vp > 1.
One can use embedding results (see [8]) to deduce that u € C1(Q).

2. We show that if (Q€) admits a solution, so does (Qe¢) for every € < &

3.Using the a priori estimate in [6], we show that (Qe€) does not admit a
solution, if € is great enough.
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From these steps, we infer that the set I of €, for which (Q¢) admits a
solution, is a bounded interval.

4. Let €*(9, f) be the upper bound of I. The blow-up argument used in
[6], can be applied to show that there exists no increasing sequence (¢;) in
I, such that

lim ¢; = €"(Q, f), with lim maxu,(x) = co.
j—oo j—oo €N

This last a priori L™ —estimate of the solutions u, near €*(£2, f), leads to a
solution of (Qe*(, f)).

Remark 2.— When Q= B, ={z € R™; ||z|| <r } and f(z,u) = u®,
then

1. every solution of (Qe€) is spherically symmetric (see [5]),
2. €*(B,,a) = r%e*(Bl,a), (see [10]).
2.2. The Supercritical Growth Case

Let us consider the following problem

Au+ a(z)u? =0in Q,
(Te) u>01inQ,
u =€ on 0S).

We suppose that

(i) € is a bounded regular domain, which is starshaped about the ori-
gin.

(i) a € C°(Q,R%) and 8 > 242
Under appropriate hypotheses, the following problem

Au + a(z)u® = 0 in R",
(P) u>0in R",
u € C2(R"),

admits solutions (see [14]).

PROPOSITION 4.— Let us suppose that the problem (P) admits a so-
lution, then under hypotheses (i) and (ii), there exists a positive constant
€*(Q, a) such that (T€) admits, at least, one solution u. € C1*(Q), 0K 6 <
1, when 0 < € < €*(R,a). There is no L -solution of (T€) for € > €*(Q, a).
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Proof. — The proof is similar to the demonstration of Theorem 2 in [9].

Remark 3. — The hypothesis concerning the existence of a solution of
(P) is justified by the critical growth case (see section 1).

The €*(Q, a)-limit case.

Before dealing with this case, let us state the following lemma.

LEMMA 1. — Under the hypotheses (i) and (it), assume that (uj) is a
sequence of C% (Q) — functions and (e;) is a real sequence, such that

uj > 0in €,

Au; + a(alc)ué.3 =01in Q,
(P5)
u=¢; >0 on 0.

Then, if the real sequence (e;) is bounded in R, so is (u;) in Hg(Q).

Proof.— Using Pohozaev Identity, we get

(1-3) /Q Vg (z) P /a @) [Vuy(e) s+ g /Q a(@)ul ! (2)dz

- / (z.v)a(z)e) dz = / (z.Vu;(2))(Vau;(z).v)ds.
N

o0
Using the Green’s first identity, we get

/a(a:)u?“dx:/ HVuj(:c)||2d:v—/ ejauj(x)ds.
Q Q a0 ov

So we infer that

(*) (1 p ot 1) [ 1vu@Pe = [ @u @)V

1 . 9 B+1 n / '6'U/j(.'17)
2/89(1'.V)|[Vu3(1:)|| ds-}—/an.z/ a(z)e; " ds + 771 Jog %y ds.

Using the maximum principle, and the fact that u; = ¢;, on 052, we obtain

n n
11— =
-5 +577

2 _}- A\ 2131/ S
) [1V0@Pde =5 [ 19w @)Pava

B+1 n /
+ z.va(z)e! T ds — —— €;||Vu;(z)l||ds.
| ava@etas- g [ clvu@)
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As Q is regular and starshaped, we get

1——= Vu,; dr > Vu; d
-5 +570) [ Ivw@ > [ [vu@)Pds
n
" 1V (z)||ds — e1,
17 | olvu@lds-a
where,
1 B+1
00=§£é%$.u>0and aﬂm.ua(x)ej ds < c3.
As, 0
n+ n n
> = 1-= <0,
s -2 2+B+1
we get

LIvw@ita <e [ 1Vu@IPds+e [ [vu@ids+e,
Q N on

where c2 < 0 < c3 and ¢;,7 = 2,..4 are constants not depending on j. Using
Holder’s Inequality, we obtain

Livueite<e [ 1vuEiae ([ 19u@its) e

< sup C2t2 + cst + ¢4 < 00.
teR

Let us put v; = u; — ¢, then v; € H}(Q) and
Vil z2) = IVl 2(0)-
Using Poincaré Inequality, we get
deo > 05 [luj — €llmpa) < co, V5.

As
ul(z) = [u;(z) — €5 + 61> < 2 {[u](m) —&)° + e?} )

and ¢; is bounded in R, this completes the proof of Lemma 1.

Remark 4.— The a priori estimate in Lemma 1 remains true for non-
linearities such that, there exist constants ¢ and vy, with

2n
n—2"

c+uf(z,u) <vF(z,u), where F(z,u) :/ flz,t)dt, v > 2* =
0
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PROPOSITION 5.—  Under the hypotheses of Proposition 4, if
a€C%(Q),0<d <1, then (Te*(Q,a)) admits a solution.

Proof.— Let (¢;) be an increasing real sequence such that
0 <€ <é€41 < lim ¢ =€"(Q,a).
72— 00

For every j, let u; be the solution of (T’¢;) (see Proposition 4). As
uj € C%(2), one can use Lemma 1 to obtain

de > 0, ”ujHHl(Q) <ec V.
Then, up to a subsequence, u; — u in H'(Q)-weak, u; — u in L*(Q) -
strong and uj — u, a.e. in 2. One can multiply (P;) by u; to verify that
a(x)ufj € L%(Q)
By using the LP-estimates and a bootstrap argument, one can show that u

is a solution of (T'e*(Q2,a)).

PROPOSITION 6. — Letu be a spherically symmetric LS (R™)— solution

loc

of
Au+uf =0 in R°
u > 0 in R,

then u € C?(R") and u € LP(R"), Vp > M{ll

Proof. — Let us choose r > 0, such that u(r) < co. As u € L*°(B,), one
can use the LP-estimates (see [1]) to infer that u € W?P(B,), Vp > 1. We
infer that (see [8])

ue CY¥(B,), V0<di<l

From the previous line, we see that u® € C%%(B,), V 0 <4 <1, Sowe
can use the Schauder Estimates to deduce that u € C*%(B,). We can use
Proposition 4, to infer that

3 €*(By, B) such that u(r) < €* (B, 3).
It is easy to verify( see [10]) that
€(Br, B) < € (B, H)r7,
so we deduce that, if p > —"—(%_—ll, then u € LP(R"™).
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