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Semilinear wave equation on manifolds *)

F. D. ARARUNA, G. O. ANTUNES AND L. A. MEDEIROS (1)

Dedicated to M. Milla Miranda in the
occaston of his 60th. anniversary.

RESUME. — Dans ce travail nous étudions un probléme pour les équations
des ondes non linéaire définies dans une varieté. Ce probléme a été motivé
par J.L.Lions [8], p. 134. Pour I'existence de solutions nous avons appliqué
la méthode de Galerkin. Le comportement asymptotique des solutions a
été examiné aussi.

ABSTRACT. — In this paper, we study a type of second order evolution
equation on the lateral boundary X of the cylinder Q = Qx]0, T'[, with Q
an open bounded set of R™. In this problem is fundamental that the un-
known function solves an elliptic problem on 2. This results are motivated
by Lions [8], pg. 134 where he works with another type of nonlinearity.

1. Introduction

Let © be a bounded open set of R* (n > 1) with smooth boundary T.
Let v be the outward normal unit vector to I" and 7' > 0 a real number. We
consider the cylinder @ = Q x |0, T'[ with lateral boundary ¥ =T x ]0,77[.

We investigate existence and asymptotic behaviour of weak solution for
the problem

ow
" 4 —
w’ + == +F(w)+8(z)w'=0 on X, (1.1)
w(0) =wp, w (0)=w; on T,
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. o . ow .
where the prime means the derivative with respect to t, 5 normal deriva-
v

tive of w and F : R — R is a function that satisfies

F continuous and sF (s) > 0, Vs € R. (1.2)

It is important to call the attention to the reader that the idea employed
in this work comes from Lions [8], pg. 134. The main point consists in adding
to (1.1) an elliptic equation in {2 to reduce the problem to a canonical model
of Mathematical Physics, but in this case on a manifold which is the lateral
boundary ¥ of the cylinder @ . A Similar type of problem, also motivated
by Lions [8], can be seen in Cavalvanti and Domingos Cavalcanti [2].

The plan of this article is the following: In the section 2, we give nota-
tions, terminology and we treat the linear case associated to (1.1). In the
section 3, we prove existence for weak solution when F satisfies the condi-
tion (1.2), approximating F by Lipschtz functions. In this Lipschitz case, we
employ Picard’s successive approximations and then we apply the Strauss’
method [9]. Finally in the section 4, we obtain the asymptotic behaviour by
the method of pertubation of energy as in Zuazua [10].

2. Notations, Assumptions and Results

Denote by ||, (-,-) and ||-]|, ((-,+)) the inner product and norm, respec-
tively, of L2 (') and Hz (T).

For s
G(s) = / F(o)do
0
we will denote a primitive of F'.

We consider the following assumption on 3 in (1.1) :

B € L™ (') such that 8(z) > B >0, a.e.onT. (2.1)

As was said in the introduction, for A\ > 0, let us consider the problem
—Aw+Aw=0 in Q,
w”+%1£+F(w)+ﬂ(r)w’=O on X, (2.2)
v

w(0) =wp, w (0)=w; on TI.

From elliptic theory, we know that for ¢ € H 2 ("), the solution ® of
the boundary value problem
—AD4+AD =0 in ©Q,

=09 on T (2.3)
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belongs to H' (2,A) = {u € H' (Q);Au € L? (Q)} . By the trace theorem,

® 1
it follows that oo e H =z (I).
ov

Formally, we have by (2.3) that

0= /V‘I)V\I/dx +)\/ dVdr — 592‘I’dF.
Q Q r ov
We take U € H! (©2, A) and we define
a(®,0) = / VOVUdr + A / dVdr (2.4)
Q Q

Thus, by (2.4)

a(®,¥) = (m® %Y,
where o and 7, are the traces of order zero and one, respectively, and (-, -)
represents the duality pairing between H % (T') and H? ().

We consider the scheme

-1

pe Hz (D) 7o ® e H' (Q,A)
e

_—

»/
2

o _1
:9; e H 2 (IN)

Thus

— 1 1 oo
A=mong' :H3 (D) = H2(T), Ap=—.

Therefore A is self-adjoint and A € £ (H% (T), B3 (r)) .
Moreover, we have
(Ap, ) = a(2,®) (2.5)
and so by (2.4) we get
(Ap.0) = [ (VO de+ [ 18 dr > min (1,3} @120, >
Q Q
> ally®|® = o],

proving that A is positive.
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We formulate now the problem on X. For this, we define

w(t)|r =u(t) and alg—lft)[p = Au(t).

In this way, the problem (1.2) is reduced to find a function v : ¥ — R

such that
'+ Au+F(u)+3(zx)u’ =0 on X,
u(0)=1ug, v (0)=u; on T,

which will be investigated in the section 3.

Firstly we will state a result that guarantees the existence and unique-
ness of solution for the linear problem associated the (1.1).

THEOREM 2.1.— Given (ug,uy, f) € H? (T) x L?(T) x L2 (%), there
ezists a unique function u : ¥ — R such that

ueCP (0, T, H? (r)) nct (0,T; L2 (T)), (2.6)
W' Aut B =f in L2 (0, T;H% (r)) , (2.7)
u(0)=uy, u'(0)=wu; on T. (2.8)

Moreover we have the energy inequality
Lo a2, 2 1, 2 « 2, [T , )
51 O +5 @I < 5l +5 luoll™+ | (f(5),u'(s))ds, a.ein [0, T7].
0
(2.9)

Proof. — In the proof of this linear case, we employ the Faedo-Galerkin’s
method. O

3. Existence of Solution

The goal of this section is to obtain existence of solutions for the problem

(1.1).
THEOREM 3.1.— Consider F satisfying (1.2) and suppose
(uo,u1) € H? (T') x L*(T") and G (uo) € L' (T).
Then there exists a function u : ¥ — R such that
ue L™ (o,:r; H? (r)) , (3.1)

v € L* (0,75 L* (), (3.2)
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u' + Au+ F(u)+ ' =0 in L' (o, T;H-% () + L! (r)) . (33)
u(0)=wup, u'(0)=wu; on T. (3.4)

To prove the Theorem 3.1, the following Lemma will be used:

LEMMA 3.1.— Assume that (uo,u1) € H= () x L?(T') and suppose that
the function F' satisfies

F :R — R be Lipschitz function such that sF (s) > 0, Vs € R. (3.5)

Then there exists only one function u : ¥ — R satisfying the conditions

we L= (0,T; H* 1), (3.6)

v € L™ (0,T; L* (D)), (3.7)

v + Au+F () + ' =0 in L? (0, T,H % (r)) . (3.8
w(0) =uo, u(0)=wu on T. (3.9)

Furthermore

S0 OF + 3w @F + [6u(e0)dr < jul+ -
+5 ol + [ 6w @)dr, acin (0.7].
T

Proof of Lemma 8.1.— The proof will be done employing the Picard
successive approximations method. Let us consider the sequence of succes-
sives approximations

Uy ULy U2,y cevy Up,y ... (311)

defined as the solutions of the linear problems

up + Aup + F (up—1) +0Bu, =0 on X,

un (0) =ug, u,(0)=u; on T. (3.12)

Using that F' is Lipschitz and from Theorem 2.1, one can prove, using
induction, that (3.12) has a solution for each n € N with the regularity
claimed in the Theorem 2.1. We will prove now that the sequence (3.11)
converges to a function v : ¥ — R in the conditions of the Lemma 3.1.
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For this end, we define v, = u, — u,—1 which is the unique solution of the
problem

vl + Avp + F (up—1) — F (up—2) + Bv, =0 on X,

v, (0) =0, v,(0)=0 on TI. (3.13)

By the energy inequality (2.9), we have

310 OF + 5 lon O <= [ (F () = F na) 07 () ds. - (31)
Set

en (t) = p{é W F + S o <s>n2} . (3.15)

$€]0,¢[

Thus, since F' is Lipschitz, we have

_/ (F (tun-1)—F (up—2), v, (s)) ds < C’/ | —1 (s)]*ds + %en (t). (3.16)
0 0

We have also
[vn_1(s)|* < Cen_i (s). (3.17)

Combining (3.14) — (3.17) , we get

t
t) < C/ €n—1 (S) dS,
0

and, by interation, we obtain, for n =1, 2, ..., that

(Ccy)"

en (t) < eoCr

oo
hence, we conclude that the series Zen (t) is uniformly convergent on

n=1
10,7[. By the deﬁnition of e, (t), see (3.15), it follows that the series
o0

E ( = U _ 1 and E — un—1) are convergents in the norms of L™

n
n=1

(O,T; L?(T)) and L™ (0, T;H? (F)) , respectively. Therefore, there exists
u: X — R such that

up — u strong in L (0, T.H% (F)) , (3.18)

ul, — u’ strong in L (0,T; L*(T)) . (3.19)
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Since F is Lipschitz, we have by (3.18) that

F (un) — F (u) strong in L (0,T;L*(T)). (3.20)

Then, by the convergences (3.18) — (3.20), we can pass to the limit in
(3.12) and we obtain, by standard procedure, a unique function u satisfying
(3.6) — (3.10). O

We will prove now the main result.

Proof of Theorem 3.1. — By Strauss [9], there exists a sequence of func-
tions (F,),cn, such that each F, : R — R is Lipschitz and (F,),cy
approximates F' uniformly on bounded sets of R. Since the initial data wug is
not necessarily bounded, we have to approximate ug by bounded functions
of Hz (T'). We consider the functions &; : R — R defined by

-7, if s<—j,
fj (5) =S, if |5| < ja
J, if s> 3.

Considering &; (uo) = uo;, we have by Kinderlehrer and Stampacchia [5]
that the sequence (uo;);cy C H?z (T) is bounded a.e. in T and

up; — U strong in H? ™. (3.21)

Thus, for (ugj,u1) € Hz () x L? ('), the Lemma 3.1 says that there
exists only one solution u;, : ¥ — R satifying (3.6) — (3.9) and the energy
inequality

% |, ()] + % llujn ()| + /FG,, (uj, (z,t)) dT < % a2 + -
+5 luos I+ [ G oy (@) .

We need an estimate for the term / G, (uoj (x)) dI'. Since ug; is bounded

a.e.in I', V5 € N, it follows that
F, (uo;) — F (ug;) uniform inT.

So
/ G, (ug; () dT — / G (uo; (z)) dT uniform inR.  (3.23)
r r
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From (3.21), there exists a subsequence of (ug;) which will still be

denoted by (uo;);cp » such that

jeN>

Up; — Up a.e. inT.

Hence, by continuity of G, we have that G (ug;) — G (uo) a.e. in I'. We also
have that G (uo;) < G (uo) € L* (T'). Thus, by the Lebesgue’s dominated
convergence theorem, we get

G (uoj) — G (uo) strong in L' (T'). (3.24)

Then, by (3.23) and (3.24), we obtain that
/ G, (uo; (2)) dT < C, (3.25)
r

where C is independent of j and v. In this way, using (3.21) and (3.25) , we
have from (3.22) that

P S P /rG (ujy (x,t))dl < C, (3.26)
where C is independent of j, v and t.
From (3.26), we obtain that
(u7,) is bounded in L* (O,T; H? (r)) : (3.27)

(uf,) is bounded in L (0,T; L (T)) . (3.28)

We have that (3.27) and (3.28) are true for all pairs (j, ) € N2, in particular,
for (i,i) € N2. Thus, there exists a subsequence of (u;;), which we denote
by (u;), and a function v : ¥ — R, such that

u; — u weak star in L™ (O, T; H? (1")) , (3.29)
u, — o weak in L* (0,T; L* (T)) . (3.30)
We also have by (3.8) that
wl + Aug+ Fi(w) + =0 in L2 (0,T:H H(D)).  (331)
From (3.29), (3.30) and observing that the injection of H' (£) in L? () is
compact, there exists a subsequence of (u;), which we still denote by (u;),
such that

u; — u a.e. in X.
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Since F is continuous

F (u;) — F(u) ae. in X.

Furthermore, since u; (z,t) is bounded in R,

Fi (u,) - F(uz) — 0 a.e. in X.

Therefore, we conclude

F;(u;) — F(u) ae.in X. (3.32)
Taking duality between (3.31) and u; we obtain

T T T
i (us) U = u (8)]? dt — o u; (t)|)? dt—
/0<F,<z>, (1)) dt /0|z<t>| dt /Ou ()12 dt

. (3.33)
- (W (1), (7)o (s, 0) = [ (B 0), s ().
Using (2.1), (3.6) and (3.7), we have by (3.33) that
/ i (Fy (us)us () dt < C, (3.34)
0

where C is independent of 7.

Thus, from (3.32) and (3.34), it follows by Strauss’ theorem, see Strauss
(9], that
F; (u;) — F (u) strongly in L' (). (3.35)

By (3.29), (3.30) and (3.35) it is permissible to pass to the limit in (3.31)
obtaining a function u : ¥ — R satisfying (3.1) — (3.4). ad
4. Asymptotic Behaviour

In this section we study the exponential decay for the energy E (t) as-
sociated to the weak solution u given by the Theorem 3.1. This energy is
given by

E(t) = % /() + % lu(®)]* + /F G(u(z,t))dr’, t > 0. (4.1)

We consider the followings additional hypothesis:
0<G(s) < sF(s),VseR (4.2)
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THEOREM 4.1.— Let F satisfying (1.2) and (4.2). Then the energy (4.1)
satisfies
E(t) < 4E(0)e™ &, (4.3)

where € is a positive constant.

Proof.— For an arbitrary € > 0, we define the perturbed energy
Eye(t) = Eu(t) + en(t) (4.4)

where E,, (t) is the energy similar to (4.1) associated to the solution obtained
in the Lemma 3.1 and
n(t) = (w(8), u, (1)) -

Note that
In(t)] < C2E, (t),

1

where Cy = max {Cl, — }, and C is the immersion constant of H 3 (T") into
o

L% ().

Then,
|Eve(t) — Eu(t)] < eC2E,(8),

or

(1 - 602) Eu(t) < Eve(t) < (1 + €C2) Ev(t)

1
Taking 0 < € £ 2—02, we get

B() _

0= < Bue(t) < 2E,(1), vt > 0. (4.5)

Multiplying the equation in (3.8) for u,, using (2.1) and the fact of A
to be positive, we obtain

EL(t) < —Bo v, (t)]* < 0. (4.6)

Differentiating the function 7 (¢) and using (3.8), (4.2) and the fact of A
to be positive comes that

where 81 = ||8|| = (ry and p > 0 to be chosen.

wf + (252 - o) w0 - [ Gutwar, (41)
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It follows by (4.4), (4.6) and (4.7) that

B0 < e (142 ) - o ] = (o - 248 usgole -

(4.8)
—e/GV(uu)dI‘.
r
) o 2080
Taking p 3.0, and 0 <€ Sat B0 we ge
E,.(t) < —E,(t). (4.9)

2a0

Choosing € < min {2—02, 3(1—‘*‘3%61

} then (4.5) and (4.9) occur simul-

taneously, therefore

Ey(t) + 5 Buc(t) <0,

that is,
E,(t) < 4E,(0)e 5t (4.10)
From (3.29), (3.30) and since G, is continuous, we have

G, (uy(-,1t)) = Gu(u(,t)) » 0 ae. in T, V¢t > 0. (4.11)

But we know that F,, — F uniformly on bounded sets of R. Then

G,(u(-t)) > G(u(,t) ae.in T, Vt > 0. (4.12)

Thus, by (4.11) and (4.12)

G, (uy (+,t)) = G(u(-t)) ae. in T, Vt > 0. (4.13)
Moreover, we have, by (4.10), that
/ G, (uy (2,1)) dT < 4E, (0).
r

Therefore, using (3.21), (3.23) and (3.24) , we get

V—00

lim inf / G, (u, (z,t)) dT' < 4E (0). (4.14)
T
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By (4.13), (4.14) and Fatou’s lemma, we have

v—00

/G (u(z,t))dl liminf/G,, (uy (z,t)) dT.
r Q

Hence, passing liminf in (4.10), we get (4.3). a
V—00

Remark. — In the existence we can take A = 0. For this end, we define

in H! () the norm

[U]Z’:/ |Vv[2dm+/|’yov|2dl“, Ywe H' (Q),
Q r

obtaining now the positivity of operator A + (I, for ( > 0 arbitrary, like in
Lions [8]. For the asymptotic behaviour, we need the additional hypothesis

Bo > (.

=
N =

3]

(4]
(5]

(7]
(8]

(10]
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