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Decay of solutions of the elastic wave equation
with a localized dissipation *)

MOoURAD BELLASsoUED (1)

ABSTRACT. — In this paper, we study the stabilization problem for the
elastic wave equation in a bounded domain in two different situations. The
boundary stabilization and the internal stabilization problem. Providing
regular initial data we prove, without any assumption on the dynamics,
that the energy decay is at last logarithmic. In order to prove that result
we bound from below the spectrum of the infinitesimal generator of the
associated semi-group.

RESUME. — Dans ce papier on étudie le probléme de stabilisation pour
1’équation des ondes élastiques dans un domaine borné et dans deux sit-
uations différentes. On prouve, sans aucune condition sur la dynamique,
que Pénergie decroit au moins comme linverse du logarithme du temps
deés que les données sont suffisamment régulieres. Pour montrer ce résultat
nous donnons une estimation sur la distance entre le spectre du générateur
infinitésimal du semi-groupe associé et I'axe réel.

1. Introduction and main results

We are mainly interested in the decaying mode of the energy (stabiliza-
tion) of the solution of the initial boundary value problem in a connected and
compact manifold M with compact boundary for the elastic wave equation
as time tends to infinity. We will consider both the boundary stabilization
problems with a boundary damping term supported in the boundary or the
internal stabilization with a damping term supported in the interior of the
domain. On one hand, it is well known that (see Lagnese [10]) the energy
decreases to zero when the damping mechanism is effective in a non empty
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set w C M. On the other hand Bardos-Lebeau-Rauch [2], show that, when
M is of class C*°, the energy of the solution for general second order scalar
initial-boundary value problems with regular coeflicients satisfies the expo-
nential decay if and only if the following ”geometric control condition” is
satisfied: there exists some T" > 0 such that every ray of geometric optics
intersects the set w x (0, 7). The canonical example of open subset w veri-
fying the ”control geometric condition” is when w is a neighborhood of the
boundary.

Taylor [16] gives a rigorous treatment of the singularity for the elastic
wave equation with Neumann boundary condition, he prove there are three
types of rays that carry singularities. The first types are classical rays re-
flecting at the boundary according to the laws of geometrical optics. The
third type of rays lie on the boundary and singularities propagate along
them with a slower propagation speed Cr > 0 (the Rayleigh speed).

In [8] Horn prove the uniform exponential decay of solution of elastic
wave equation via linear velocity feedbacks acting through a portion of
the boundary as traction forces. First these results are proven without the
imposition of strong geometric assumptions on the controlled portion of the
boundary, thus extending earlier work which required that the domain be
“star shaped”. Second, the feedback is only a function of velocity, as opposed
to also containing the tangential derivative of the displacement but satisfies
the Lions condition (see [14]).

In the present paper we show that even if the ”geometrical control con-
dition” is not fulfilled (i.e. without any assumption on the dynamics) then
the energy decays with respect to time at least as fast as the inverse of the
logarithm, providing the initial data belong to the domain of A* (A stays
for the infinitesimal generator of the evolution equation).

In order to prove that result we bound from below the spectrum of A.
This bound is obtained by using a Carleman type estimate for the resolvent

of A.

The originality of our method consists in the fact we can give a Car-
leman boundary estimate for the operator of the elasticity (with Dirichlet
or Neumann conditions) without boundary tangential derivative of the dis-
placement. To the best of knowledge, such sorts of estimates are not avaible
in the literature. For the scalar elliptic operator Lebeau-Robbiano [13] ob-
tained a similar estimate, and such an estimate played a crucial role in the
proof of “stabilization” with Neumann dissipation see Horn [8] and Lasiecka
and Triggiani [11]. For this end we use some idea from [3] where we study
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the problem of resonances in exterior domain and we have proved a Carle-
man estimate but with a tangential derivative terms. Here we rafined our
study and we eliminated this tangential derivative terms. Moreover in the
case of bounadry dissipation our boundary operator is different from [3] be-
cause here we have perturbed Neumann boundary operator by first order
operator.

On the other hand, the results in [13]-[10] for the scalar wave equation
need a interpolation estimate. This type of estimates seems difficult to show
it for the elasticity system. In this paper we employ a direct method based
on the Carleman estimate for the stationary associated operator.

1.1. Main results

Let (M, g) be a Riemannian, compact manifold with smooth and compact
boundary M. We set

A, = pA + (p+ NV(div.) (1.1)

where p, A are real constants satisfy ¢ > 0, 2u+X > 0, and A, V and div are
the Laplacian, gradiant and divergence operator associated to the metric g.
. We consider two classical examples of the elastic wave equation. The first
~damped by a boundary scalar velocity feedback ag € C*°(9M) and ao > 0

Pu—Au=0 in MxR
u(z,0) = ug, Su(z,0)=w; in M (1.2)
o(u).v+ ag(z)Ou =0 on OM xR

Here o(u) is the stress tensor defined by
o(u) = Mdivu)Id + 2ue(u) (1.3)

where e(u) = 1/2(Vu + tVu) the strain tensor and v(z) is the unit outer
normal to M at x € OM.

The second damped system by a internal matrix feedback a € C*° (M)
satisfies for any z € C, a(x)zZ > 0 and the set {z € M; a(x)zz = 6|z|2} is
non empty

0%u — Acu+a(x)du =0 in MxR
u(z,0) = ug, Owu(z,0)=u; in M (1.4)
u(z,t) =0 on OM xR
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The primary consideration of the paper is the decay rate of solutions of
(1.2) and (1.4). For (uo,u;) € H = H' @ L? we define the energy for the
solution of (1.2) or (1.4) as

1
E(u,t) = = / (|8tu|2 + A |divul® + ,uz les; (w))? )dx (1.5)
2J/m
where dz is the Riemannian volume element in M.

1.1.1. Boundary stabilization

Let Ap the linear operator defined by

0 —ild
no=( 5 . 0o

Then the system (1.2) is transformed into
U, =iAoU(t), U(0)=Uy, U(t)="(u(t,z),0ult, z)) 1.7
The domain of Ay is defined by
D(Ag) = {u = (up,u1) € H/Apu € H, o(ug).¥v +apu; =0 in 8M}.
(1.8)
Then, the immersion D(Ay) — H is compact. With this definition, i4p is

dissipative and is the infinitisimal generator of strongly continous semigroup
eitdo t > 0.

For any solution u(t) of (1.2) the function E(u, t) satisfies the following
identity

E(u,t) — E(u,0) = / / ) |Osu(z ,5)|? dods (1.9

and therefore the energy is a decreasing function of time .
Now we can able to state our first results

THEOREM 1.1.— There ezists Cy, Ca > 0 such that if Imz < CreC2I1Rezl,
|z] > 1 we have:
[|(Ao - “c(H m S < Ceflfel, (1.10)

As immediate consequence (see theorem 1.6) of the previous theorem, we
get the following result
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THEOREM 1.2. — For any k > 0 there exists C > 0 such that for
any initial data (ug,u1) € D(AE) the solution u(t,x) of (1.2) starting from
(uo, u1) satisfy:

c 2
E(u,t) < Tog@ D7 (w0, u1)lIp(az) - (1.11)

1.1.2. Internal stabilization

Let us introduce the operator A defined as

0 —ild
A—< LA ia ) (1.12)
The domain of A is defined by D(A) = (H} N H?) @ L2. Then we have
(A — z) is bijective from D(A) onto H for z in {z e C;Imz ¢ |0, ||aI|Loo]}.

The immersion D(A) — H is compact, the spectrum of A is constituted a
sequence z; such that Im(z;) € [0, |a|| o]

By integration by parts we have:

t
E(u,t) — E(u,0) = —/ / a(z)dsu(z, s)0su(z, s)dzds (1.13)
o Jm
and therefore the energy is a decreasing function of time ¢.
Similarly we have the following Theorems

THEOREM 1.3.— There exists C1, Co > 0 such that if Imz < Cye CzIRez|
|z| > 1 we have

(A -2 < CeClRes, (1.14)

)7 HL‘,(H,H)

As immediate consequence of the last theorem (see theorem ?7?), the fol-
lowiong result holds

THEOREM 1.4.— For any k > 0, there exists C > 0 such that for
any initial data (uo,u1) € D(A®) the solution u(t,x) of (1.4) starting from
(uo,u1) satisfy

C 2
E(u,t) < @ 1% ll(wo, u1)llp(ax) - (1.15)

Remark 1.5.— Theorems 1.1 and 1.2 hold if we change the Dirichlet
condition by the Neumann Condition o(u) = 0.
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Theorems 1.1 and 1.3 prove in particulary that the resolvants
R(z) = (2 — A)~! and R(z) = (2 — A¢)~! are analytic in the region

= {z e G0 < Im(z) < 016_02lRez‘; |z] > 1},

Theorems 1.2 and 1.4 follows from Theorem 1.1 and 1.3, this is proved in
the general case by Burq ( see Theorem 3 of [6])

THEOREM 1.6 ([6]). — Let H be Hilbert space and iB a mazimal dis-
sipative unbounded operator with domain D(B). Assume that the resolvant
R(z) = (2 — B)™! is analytic in the region T and satisfies

”R(z)”,c(H,H) < CGCIRezl, VzeTl.

Then for any k > 0 there exist Cy, > 0 such that the following estimate holds
true

Ck

S g2+ OF iB) = (I -iB) (L1
comm S Tog2 + DF where (iB) = (I —iB) (1.16)

fomy o]

1.2. Some remarks

(i) Theorems 1.1 and 1.3 are the analogous of Lebeau [10] and Lebeau-
Robbiano [13] results in the case of the scalar wave equation, as well
as our result [4] in the case of the transmission problem. Here our
method is different to [13] and consist to use the Carleman estimate
directly for the stationary operator without passing by the interpo-
lation inequality.

(ii) In particular Theorems 1.1 and 1.2 show that

Spect(A) C [016_02'Rez|7 Ha”oo]a

Spect(Ao)\{0} € [Cre™IRe, Jag]], ]
Any constants resolve the problem (1.2).

(iii) Theorems 1.1 and 1.3 are optimal if we do not assume condition on
the dynamic. Moreover 1.1 and 1.2 hold if we change the Dirichlet
condition by the Neumann Condition. We can even show that The-
orem 1.1 is optimal under reasonable geometric framework, and the
damped term a(z) is positive on the whole domain M. Indeed, in this
case the Railegh’s rays on the boundary (with Neumann Condition)
never hits the damped term (see Kawashita [9]).
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(iv) In [5], we study the uniqueness problem for the elastic wave equa-
tion. We prove that we have the uniqueness property across any non
characteristic surface. We also give two results which apply to the
boundary controllability for the elastic wave equation.

(v) To prove theorems 1.1 and 1.3, we make use Carleman estimate to
obtain information about the resolvent in a bounded domain, the
cost is to use phases functions satisfying Hormander’s assumption
and thus growing fast. D.Tataru [15] who was the first to consider the
Carleman estimate and the uniform Lopatinskii condition for scalar
operators with C*! coefficients. Here our operator is a system with
non diagonal boundary conditions and we can not applied [15].

This paper is organized as follow, in section 2 we gives a Carleman
inequality adapted to our case, in section 3 we prove our results and the
prove of Carleman estimate is in the section 4.

Finally I would like to thank Professors L.Robbiano and G.Lebeau for
useful discussion during the preparation of this work.

2. Carleman estimate

The aim of this section is to explain Carleman estimate used to obtain
information about the resolvent in bounded domain.

The point is to show estimations in a bounded domain 2 C M for the

solutions of
P.(z,D)u=f in Q
(2.1)
B, (z,D)u=g on 0Q

where P.(z, D) the differential operator with principal symbol
Pr(z,€) = p'€.6 + (u+ NE'E — 721d (2.2)
and the boundary operator

u (Dirichlet Condition)

B-(z, Dju = { o(u).v +iapru (Neumann Condition) (2:3)
Let ¢(x) be a real function in C*°(R™), we define the operator
P(z,D,7)=€"¥Pr(z,D)e” "% (2.4)
with principal symbol given by
P(z,&,7) = P (x, +it¢). (2.5)
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We introduce the scalar partial differential operator
72
av(an)=A+75 76{/1"2/-“")‘}’ (2.6)

and we define a,(z, D, 7) by e"%a.(z, D)e~ "% with principal symbol

ay(@,6,7) = ay (2, £ +irg). (2.7)

We assume that ¢ satisfies Héormander’s assumption for the operator a.

ICVreQVEET N0} ay(z,&7) =0 = {Rea,y;lma.y} >C,
(2.8)
where {, } denote the Poisson brackets.

We have the following Carleman type estimate

PROPOSITION 2.1.— Let ¢ satisfy (2.8). We assume that 8,0 < —Cy
(where Co > 0 large constant fized in section 4) in Xy C 0%, then there exist
C > 0 and 1o such that for any u € C®(Q) solution of (2.1), the following
estimate holds

/ ¥ |fdz + 7'/ e (2 [ul® + |o(u).v*)dz’
Q AN,

+ T/ €% |g|? da’ ;cT/ (2 [uf’ + |Vul>)dz  (2.9)
poN Q

for large enough T > 1. Here dx’ is the Riemannian surface element in 9S2.

Remark 2.2.— Unfortunately we can not assume that ¥; = 9Q in the
previous proposition and eliminate the boundary terms Q\X;. Indeed if
we assume that J,0 < —Cjy on 9 then the function ¢ attain his global
maximum in § and then the Hormander assumption (2.8) are not satisfied
(for more details see [3]).

In the next we treat the local extremum of the phase ¢.

2.1. Construction and properties of the phases functions

The purpose of this subsection is to construct two phases ¢1, @2 which
satisfy the Hérmander’s assumption, excepting in a finite number of balls,
such that on a ball where one of them do not satisfies these conditions the
second does and is strictly greater.
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PROPOSITION 2.3. — (see [6] and [3]) Let Q be a bounded smooth do-
main, and let £1, Xq two non empty parts of the boundary OQ such that
T1UE,=99. There exist two functions 1 2 € C™(Q) satisfying Oz, <0,
0.%ys, > 0 having only no degenerate critical points, such that when
Vi; = 0 then V11 # 0 and ;11 > ¥; (where 13 = 1 ).

As immediate consequence of the last proposition, the following conclu-
sion holds

COROLLARY 2.4.— There exist a finite number of points x;; € Q;
i =125 =1,...,N; and ¢ > 0 such that B(xs;,2¢) C Q, B(zy;,2¢) N
B(x2j,2¢) = 0 and ¢s41 > ¥; (where s = ). Denote ; = QN(U; B(z;;5,¢€))¢,
and we take p; = €°¥: then for large 3 the phases @; satisfy Hérmander
assumption in Q;.

Remark 2.5.— By the previous construction the phases 1 and (o attain
his globals maximum in the portion X,.

3. Proof of mains results

The main idea of our proofs is to use the boundary Carleman estimate
(2.9) in Proposition 2.1 and we find an estimation of the norm of the resol-
vent (A — z)~! for z in the region

= {z € C;0 < Im(z) < Cre” IRl 2] > 1},

with some constants Cq,Cs > 0. Moreover we prove that

(4 - <CeflFesl >0, Vzel. (3.1)

27 HL‘,(H,H)

3.1. Proof of Theorem 1.3

Let f = (fo, f1) € H and u = (uo,u;) € D(A) = (H?2N H}) ® L? such that
(A~ z)u = f then we have

—zZug — z'ul = fo in M
—ileug +ia(x)uy —zuy=fi in M (3.2)
ug =0 on OM
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Then the solution (up,u1) of (3.2) satisfies

(Ae+2%2—iaz)ug=® in M

uy = ifo + i2ug in M (3.3)
ug =20 on OM
where ® given by
®(z,2) = if1(z) + tafo(x) — zfo(x) (3.4)

To prove Theorem 1.3 we need the following result, which is a consequence
of proposition 2.1.

LEMMA 3.1.— There exist a constant C > 0, such that for any
(ug,u1) € D(A) solution of (3.2), the following estimate holds

oy ary < Ce [n@(., 7z + [Tmzf* [luolZ2 + / Ia(x)uoa—odx] (3.5)

for T = |Rez| large enough, and |Imz| < 1.

Proof. — We need the following notations. First, denote By, C M be
a ball of radius 47 > 0, such that a(z) > 0 in By,, and we set Qo = M\B;.
We next introduce the cutoff function x € C§°(R™) by setting

1 in B,
x@={¢ (36)
Next, denote v = xup. First of all, by (3.3), one sees that

(A + 22 —iaz)vg = X® + [Ac, X]uo := 3. (3.7)

Thus, for some constant C > 0 we have

|84, <ot o+ lacduwli]  ©8)

~
L2(M)

Moreover using (3.6) we get
vo=0(vp)v=0 on X;:=08B; (3.9)
Further, by the boundary condition in (3.3), we get
vo=0, on X;:=0JM. (3.10)
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Let ¢;, i = 1,2, satisfies the conclusion of Proposition 2.3 with
Q=Q:=M\B,, %,=08B, %;=0M. (3.11)

In order to eliminate the critical points of ¢; (and the failure of the Hérmander
c
condition), let x;, ¢ = 1, 2, two cutoff functions equal to 1 in (U ; B(zy;, 26))

c
and supported in (U] B(.rij,s)) .
By a simple calculus we get for 72 = Re(z?)

(=Ac = ) (xiv0) = ¥, in M
3 (3.12)
U; = [-Ac, xilvo — xi® + iIm(2%) xiv0 — tazXvo

Taking into account the boundary conditions (3.9)-(3.10) and applying Propo-
sition 2.1 with B = I (Dirichlet condition), we arrive at

/ 7% |Wy(z, 2)|* dx = Cr / (2 [xivo|? + |V (xsw0)|?)e2 ™ dz.  (3.13)
Qo Qo
However, by (3.12) we get
- 2
/ e3¢ ( |[—Ae,X¢]Uo|2 + |<I>(a:,z)‘ + IImz|2 |Rez|2 |u0|2 + |z|2 a(a:)uou—o)dx
Qo
>Cr [ el + Vo)) (314
Qo

We addition the last two estimates for ¢ = 1,2 and using the properties of
the phases ¢; > ;41 in (U] B(zit1,5, 25)) then we can absorb the term

[—Ae, xi]vo at the left hand side of (3.14) into the right hand side for large
7 > 0. More precisely, for large enough 7, the following estimate holds

~ 2
/ (€271 4 62“"2)(‘@(3:,2)‘ + |Imz|2 |Rez|2 luol® + |2|? a(x)uou_o)dr
Qo

> CT/ (12 |vo|2 + |Vvo|2)(€2"‘°1 + e27%2) (3.15)
Qo

Consequently, by (3.8), and using M = Qg U Bsy,, we see that for |[Imz| < 1,
7 = |Rez|, it holds that

/ luo|? + |Vuo|? dz < CeCT</ |®(z, 2)|? dx +/ luo|? + |Vuo|* dz
M M B

2r
+ [Imzf? |Rez|2/ lug|? dz + / a(@)uotodz + | |[Ae, xluol’ dx)
M M M
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< € (@0, 22z + | maf? Juoll2: + / o(z)up Todz
M

+/ |[Ae,x]uo|2d:c+/ |Vu|2da:) (3.16)
Qo B2r

where we have used |Rez| = 7 < e©7.

To accomplish the proof of the lemma we estimate the last two terms in
the R.H.S of (3.16). We set X a cutoff function equal to 1 in a neighborhood
of Bz, and supported in By, then we have

(=T + Ad)xuo = x(22 — 1 +iaz)up + X® + [Ae, X]uo (3.17)

and hence we get, by elliptic estimates (see for example [19])

loltmy < C(I-1+ AdTuols + luoldaa,) )
< (190 DEs + @+ 127 uola(s,, + /A [ a(z)uoT5)da

< (1RG22 ++ |2 /Ma(:v)'uou_g). (3.18)

Using (3.6) we obtain that supp(x) C Bs, and we deduce from (3.18)

/ 1D, xuol? + / Vul? < Clluol s,
Qo Ba,

< (2,23 + 1+ 7 [ alauom). (319)

Collecting (3.19) and (3.16) we obtain

luol%3ary < Ce©7 [u@(., s+ rmel ol + | a(a:)madm]

(3.20)
This complete the proof of lemma 3.1. U

We now turn to the proof of Theorem 1.3. In the next we estimate
the last term of inequality (3.5). In all the estimates that follows, we shall
indicate by C a universal positive constant, possibly different from line to
line, even within the same inequality, depending on n, M and |la||,,, but
always independent of 7.
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Integrating by parts we obtain

/ dugdr = / (A¢ + 22 — iaz)uphpdz
M M

=/ 22 Iuokzdx-l—/ E(uo,ﬂo)dx—iz/ a(z)uptodz (3.21)
M M M

Keeping only the imaginary part of (3.21), we arrive at the inequality
7 [ ale)utods < C [|1mel |Rezl Juols + 10, s uoll 2] (322)
M
Inserting (3.22) into (3.5), we get for any € > 0

2 - 2
lollyy < Ce© [I( 22 + 19, 2)l 2 huoll o + 1Fme ol
< O [[0(, DI2a + 718, 2) s + < luoll2a + [Tmz] [uol2:] (3.23)
Taking into account (3.4), then for |[Imz| < 35e7¢" and ¢ = €727, the

following inequality holds

luoll3yy < Ce (I1follyg + 151113 )- (3.24)

On the ohter hand by (3.3) we can obtain easily

sl < Cem (ol + 1A )- (3.25)
Hence (3.25) and (3.24), yield the final inequality

lull? < C A= 2)uly, Vzel. (3.26)
Which completes the proof.
3.2. Proof of Theorem 1.1

Let f = (fo, f1) € H, and u = (ug,u1) € D(Ag) such that (A — 2)u = f,
which implies further

—zup — tu1 = fo
—iAeUO — 22U = f1 in M (327)
o(ug).v+apu1 =0 on OM
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then the solution (ug, u1) of (3.27) satisfies
(Ac+2%)up =@ in M
o(up).v + agizug =Py on IM (3.28)
u1 = 1 fo + izug.
where & and ®( given by
O(z,z) =if1 — 2fo, Po = —iao(fo)om (3.29)

To prove Theorem 1.1 we need the following lemma, which, also, is a con-
sequence of Proposition 2.1.

LEMMA 3.2. — There exist a constant C > 0 such that for any
(uo, u1) € D(Aop) solution of (3.28) the following estimate holds

2
”U0||H1(M) <
r 2 2
Ce (190 ry + 180 oy + 1P o+ o ol ) 3:30)

for T = |Rez| large enough, and |Imz| < 1.

Proof. — Here we are choosing the following partition of OM = ¥X; U,
where
T C {m € OM; ag(z) > 5}, £ = OM\E,. (3.31)

Let ¢;, ¢ = 1,2, satisfies the conclusion of Proposition 2.3 with ¥, X9
defined by (3.31). Finally let x;, ¢ = 1,2, two cutoff functions equal to 1 in

(Uj B(z;;, 26)) and supported in (UJ B(wij,e)) (in order to eliminate
the critical points of the phase function ¢;).

By a simple calculus we get for 72 = Re(z?)
(—Ae = %) (xsu0) = T; in M
U; = [—Ae, xi]uo — x:® + iIm(2%) xuo - - (3.32)
o(ug).v +iagTug = ®o + Im(z)agup := Vo on IM
Taking into account the boundary conditions in (3.32) and applying Propo-
sition 2.1 with the boundary condition B ug = o(up).V + tagTug on X, we

arrive at
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[t de s [ e uoft + fo(ua) o)
M DD
+/ e27P |\IIOI2 dz’
1
> CT/ (72 |XiU0|2 + |V(Xiv0)[2)62widx. (3.33)
M

However, by (3.32) and (3.31) we get

/ e27%i ( [[—Ae,xi]u(ﬂz + |<I’|2 + IImz|2 |Rez|2 |u0|2 )d:c
M
+ / 2% ag |uo|* dz’ + / e |®o|* da’
oM M
> or / (72 xao|? + |V (xu0)|2)e ™ dz. (3.34)
M
We addition the last two estimates for 7 = 1,2 and using the properties of

the phases ¢; > ;41 in (U] B(:vi+1,j,2€)) then we can absorb the term
[—Ae, Xxi]uo at the left hand side of (3.34) into the right hand side for large

7 > 0. More precisely we obtain for large enough 7 the following inequality
/ (€271 4 62“”2)<|<I>|2 + |Imz|2 ]Rez|2 Iug|2 )d.r
M
+ [ (€t e7) (ao fuol” + o[ ) do’

IM
> CT/ (72 uo|® + |Vuo|*)(e™* + €™%2)dz.  (3.35)
M

Consequently we have

[ ol +1vuf e < e (180, i + 10laqonn

+|Im3|2||uo||2+/ ao|uol2) (3.36)
oM

This complete the proof of lemma 3.2. 0O

We now turn to the proof of Theorem 1.1. For this end we estimate
the last term of inequality (3.30). In all the estimates that follows, we shall
indicate by C a universal positive constant, possibly different from line to
line, even within the same inequality, depending on n, M and ||aol|,, but
always independent of .
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Integrating by part we get

/ @ﬂod.’E = / (Ae+22)UQﬂ0d.’L’
M M
= 22/ |u0|2dm+/ E(u(),ﬁo)d:l:+/ U(uo),yﬁodx'
M M oM
— ol + [ Euo,mo)s
M
—z'z/ ap(z) |u0|2dx’+/ . Tpdz’ (3.37)
oM oM

Keeping only the imaginary part of (3.37), we arrive at the inequality

r [ aofa) fuof* dor < CIBC 2 Nl + Tl | Rzl ol
M
+ 1ol g7 (ar) ||U0||H1(M)) (3.38)
where terms on the boundary have been bounded using the trace theorem.

Combining (3.38) with (3.30) we obtain

luoliziacary < e (I8¢, 2)lZacary + 1ol agy + 18C, 2l 2 ol 2
( )
+ 19oll s ol s + 1Zmz] o2 ). (3.39)

Now assume that [Imz| < 556”7 then we have by the previous estimate
and (3.29)

luoll3s < Ce (Ifollf + 1Al )- (3.40)
Using (3.28) we get
leallZe < IflFa + 1212 lwoll 32 < Ce“m1£11, (3.41)

and hence
lul? < CeC1Re ||(4o — 2)|? (3.42)

then (Ag — z) is injective then bijective in D(Ap) and we get

(o = )7 1y < G (3.43)

for any z € {z €C, |Imz|< Le CIRel |Rez| > 1}. This complete the
proof.

- 282 -



Decay of solutions of the elastics wave equation
4. Proof of Carleman estimate

The aim of this section is to prove the estimate of Carleman’s type near
the boundary for the solutions of the following boundary value problem

P.(z,D)u=f in Q
(4.1)
B.(z,D)u=g on 00

where P,(z, D) a partial differential operator with principal symbol given
by
Pr(z,€) = plé* + (1 + X&' — 7°1d.

‘We prove Propsition 2.1 only in the case of Neumann boundary condition
B(z,D)u = o(u).v + iapTu. The case of the Dirichlet condition can be
proved in the some way and is much simpler (see [3]).

We define the sobolev spaces with a parameter 7, H? by
u(z,7) € HY <= <&1>a(€,1) el
4 denoted the partial Fourier transform with respect to z.

We introduce the following norms in the Sobolev spaces H*(f2) and
H*(0Q)

k k
2 —j 2 2 —3) 112
||u||,w, = ZTQ(k » ”u”HJ'(Q) luly,, = ZTz(k » |U|Hj(ag)

j=0 7=0

and we set ) )
2
|u|l,0,7‘ = |ull,7- + Ia(u)l/l .

For a differential operator

P(z,D,7) = Z aa,k(:c)TkD"‘,

|| +ksm

we note the associated symbol by

p(-r)é? T) = Z aa,k(x)fark’

|| +k<m
we define the class of symbols of order m by
STTL

T

= {a(z,&,7) € €, |D2DZa(,6,7)| < Cap < &7 >™ 71 1,
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and the class of tangential symbols of order m by
77 = {a(z,¢',7) € C, |DDZa(r,¢',7)| < Cap <&, >m 81},

We shall frequently use the symbol < ¢, 7 >= /|¢/|2 + 72 = A.
Finally let a(z,£&’,7) € TS? such that
a(z, &, 1) +a(z, &, 1) 2 C < ¢, 1>2
then we have the following Garding estimate

Re(A(z, D', 7)u,u) > C72 ||ul)®. (4.2)

4.1. Reduction of the problems
4.1.1. Reduction of the Laplacian

Let 2 be a bounded smooth domain of R with boundary 9 of class C.
In a neighborhood of a given zy € 92 we denote by z = (z/, z,) the system
of normal geodesic coordinates where z’ € 9§ and z,, € R are characterized
by

|zn| = dist(z,00); @ = {z, > 0}; dist(z’, z) = dist(z, 99),
v=(0,..,0,-1) (4.3)

In this system of coordinates there exist #(z,£) such that

£(z,8) = bo(z)én + 1 (2,€) (4.4)
and the principal symbol of Laplace operator takes the form
a(z,€) ="z, €)l(z,€) = & +r(z,€) (4.5)

where r(z,&’) is a quadratic form, such that there exists C' > 0
r(z,&) > C|¢')?, forany z €K, & €T*(99Q) (4.6)

where K is a fixed compact in Q. Finally we have the vectors field £, ¢,

satisfying
L0 =r(z,&), Yoty =0 (4.7)

Let ¢(z) be a C*°(R"™) function with values in R, defined in a neighborhood
of K. We define the operator

a(z,D,7) = e"%a(z,D)e” 7% := op(a) (4.8)
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Denote by
a(z,&,7) =a(z, £ +it¢), ¢ =Ve, Op=Ver=—-¢, (4.9)
the principal symbol of the operator, and we set
on(@s) = 5 (op(a) + op(@)");  op(d) = 5: (op(e) — op(e)"),
its real and imaginary part. Then we have

op(a) = op(gz) + top(q1)

(4.10)
62 25721"1—(]2(.’1},5,,7'); al = 2T§n(pénn +QQI(‘T’§/7T)‘
Where ¢1 € T Sl and g3 € 'TSE are tangential symbols given by
a2(z,&,7) =1(2,8) = (19, ) — 7%r(z, ¢})
(4.11)

QI(xa §7 T) = F('Z'7 éla T<p,a:’)

and 7(z, &', n’) the bilinear form attached to the quadratic form r(z,&’).

4.1.2. Reduction of the elasticity system

In the system of normal geodesic coordinates the principal symbol of elas-
ticity operator can be written as

L(z,8) = p'e(z,&)t(x, )Id + (A + p)¥(=, ) (z, €) (4.12)
where £(z,£) defined by (4.4) and 4(z,£)%(z, £) the orthogonal projection

onto the space spanned by #(x,&). The principal symbol of P(z,D,r) =
(e"?L(x, D)e~% — 72Id) is given by

P(z,&,7) = ZPH z, &, T (4.13)

where P;(r,&,7) € TS. a tangential symbols defined by
Py = pld+ (p+ N5t
Py = 2im¢l, Po+ (u+ A (bl (z, & +it¢l) + bi(z, & + irpl) o)
Py = ulhty +irgl, Pu(e,€) = (¢, ) Po+ (u+ N6y — 720,
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For a fixed (z,£&’) € T*(90Q) let oz, &, 7) € C such that
a(z,&,7) = (& +iT9,, +i0)(En + it —ia) (4.14)
then we have also by (4.7)
r(, & +irgl,) = —(ia)? = "(z, & + it )(z, & +iTel,). (4.15)
the determinant of P(zx,&,7) is given by (see [3])
det(P(z,,7)) = 1" (21 + Ny (@, €, )" Lazuer(@,€,7).

where a,(z,§,7) = a(z,€,7) — -’;—2
4.2. Study of the eigenvalues

The proof of Carleman estimate rely on a cutting argument based on the
nature of the roots with respect &, of a,(z,£, &, 7).

Let use now introduce the following micro-local regions:

(7) £t = (ar:&'7')€K><S""1'q2—7-—2+———qf >0
9 ? ? N (7_(’9:/1;11)2 2

2 2
i Z =d(e, ¢ 1) e Kx8 Vigp— 4+ L ___o},
Y

v (Te,)?
(#i7) E =L(z,&, 1) EK xS g — 72 + ai <0
221 =Sz, T 5 g2 2+ A (7992;,,)2 )
(i)
2 2 2 2
M = &, 1) e Kx8™ L SRS s SRS O L A T .
{("”5 K A R TR M A

And for fixed (z,&’,7) let o, (z,&’, 7) € C such that

7.2
CL’Y(:L',E,T) = a($,§,7)——

= (& +ire), +io,)(En +iTe, —iay).  (4.16)
Taking into account (4.16) and (4.14) we get

iay)? = (ia)? T—2 .
(i0,)* = (i) + = (4.17)
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then we get by (4.15) and (4.11)

2
T .
oz,2y = (7'(/.725“)2 +q2 — 7 + 2iTqy (4.18)

For a fixed (z,¢&’, 7) we decompose a,(z, {, 7) as polynomial in &,. Then the
following Lemma holds

LEMMA 4.1.— We have the following:

1. For any (z,&',7) € ET the roots zlﬂ:,z:gi of a, and az,x as a polyno-
mial with respect to &, satisfy £imz; > 0.

2. For any (z,&,7) € Z,, one of the roots of a., is real and the other root
lies in the upper half-plane if w;n < 0 (resp. in the lower half-plane
if ¢, >0).

3. For any (z,¢&,7) € £~ the roots of ay for v € {p,2u + A} are in the
upper half-plane if ¢, < 0 (resp. in the lower half-plane if ¢}, > 0).

4. For any (z,£',7) € M the roots of az,tx satisfy +ImzE > 0 and the
roots of a, satisfy 3).

Proof. — The imaginary parts of the roots of a, are
gl + Re(a,)
but the lines Re(z) = £7¢] _can be transformed by z — 2z’ = 2% in the
parabola defined by Rez’ = (T(p/zn)z - 4—”'";/'27. Then the Lemma is proved

(T¢%,)
if we change 2’ by o2 and using (4.18) O

4.3. Proof of the Carleman estimate in the region £+

The purpose of this section is to proof the Carleman estimate in the region
E*. In this region we can not need any assumption for ¢ , indeed by
lemma, 4.1 the signes of the imaginary parts of the roots are independent of
the signe of ¢/, . Here we us the methods of projectors of Calderon to show
the following proposition. Let x(z,&’,7) be a homogeneous cutoff function
of degree 0 in the region £, then we have the following result

PROPOSITION 4.2. — There exist C > 0 such that for any large enough
T the following inequality holds

“P(x’ D, T)UHZ + 7|B(z, D, T)“I?)}-,—
+lul -+ [uf} > Cr(lopO)ulll , + 7 lopGoul} . ) (4.19)

whenever u € C°(K).
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4.3.1. Preliminaries

We consider the boundary operator B(z,D)u = o(u).v + apiTu, and the
conjugate operator e"?B(z, D)e~ "% with principal symbol given by (see
[18] and [1])

B(.’L‘,f, T) = BO(x)gn +B1($,§,,T) (4'20)

where By € TS? and B; € TSL two tangential symbols given by
Bo = pld+ (u+ A)hdo
(4.21)
B] = iT(plano -+ ,uftléo + )\63151 - aoTId.

Let u € C§°(K), denote

u=op(x)u  f=op(P)u (4.22)
where op(P) is the differential operator with principal symbol
P(-T;y 57 T) = PO(w)fi + Pl(-'L'v gla T)gn + P2($’ 6,77—)

It is easy to see that

(4.23)

where

F=op(x)f + [op(P);0p(x)lu and § = op(x)g+ [op(B); op(x)Ju (4.24)

It is helpful to replace the system (4.23) by an equivalent first order system.
Put
v=" ( (D', 7)1, Dnﬁ) (4.25)

then the system (4.23) is reduced to the following system

Dpv—op(A)v=F in z,>0
(4.26)
op(Bjv =79 on z,=0

Where the principal symbol of op(A) is given by
0 —-A
A=
-A-'P7'R, By lR
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and B € TS? is the tangential symbol
B=(A"1B, By) (4.27)
with By and B are defined by (4.21) and F = (0, Py 1 f).

For (xo, &), 70) fixed in supp(x) then the eigenvalues of the matrix A are
zli,zg: with multiplicity respectively (n — 1) and 1 defined by

2E = —irgl, tia,, zF=—itg, Fiag.n, Im(zf)>0. (4.28)
Denote by S = (sj’,...,s:,sl_,...,s;) the matrix of the eigenvectors

of the matrix A(zo, &), 70) corresponding to eigenvalues with positive or
non positive imaginary parts. Then we can extended S as a smooth posi-
tively homogeneous function of degree zero in a small conic neighborhood of
(20,85, 70) - Let S(z, Dy, 7) the pseudo-differential operator with principal
symbol S(z, &', 7). Then by the argument in Taylor [17] (see also Yamamoto
[18]) there exist a pseudo-differential matrix operator K(z, D,/ ,T) of order
—1 such that the boundary value problem (4.26) is reduced to the following

Dyw—-op(Hw=1v in z,>0
(4.29)

op(Blw=g on z,=0
where
w=(I+K)"'S W, v=(I+K)"'S7'F, B=BSUI+K)™' (4.30)

and op(H) is a tangential operator of order 1 with principal symbol H =
diag(H*,H™) € TS! which satisfies

£Im(HE) > CAL,. (4.31)

We can now state the Lemma which will be the key ingredient in the proof
of the Proposition 4.2

LEMMA 4.3.— There exist C1,Cy > 0 and a tangential symbols
R(zx,&',7) € TS, e(x,&',7) € TSE such that

Im(RH) = e(z, &', 1)
and we have the following properties
(i) e(x,&',7) =2 C1Al, in supp(x)
(1) —R(z,&,7)+ 025*52 Csol,, on {xn = O} N supp(x)
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Proof. — Let B the principal symbol of op(B) where B = (§+ B- ),
and Bt = BS* the projection of B on the subspace generated by the vectors
of $T. First we prove that Bt is an isomorphism.

Let X = (X;,X3) € C™ & C” be an eigenvector of A associated to z.
Then X satisfy
AX2 = Z()X1 P(Zo).Xl =0. (432)

a-Calculus of eigenvector associated to z;:

i
Denote by {wf} a basis of {EO, A_lfl} . Then we have

J=1,mn—2
P(zf')w;'ZO for je {1,...,71—2}

where
P(zf) = (p+ N (&1 + i, o) (£ + i lo)

Now we set the following vector in C™
b= AT ()b +daly) (4.33)
then we have by a simple calculation

PNl =0

b-Calculus of eigenvector associated to 2 :

We get
I . t -
P(22 ) = —2“ T )\T Id + (/l + )\)(fl + 20[2”+)\€0) (51 + 1042#+)\€0)' (434)
Let now
w+ = A_l((ia2#+,\)€0 + fl) (435)
then we have P(z] )w! = 0, with reference to (4.32) we denote
3;- = (WT,A_lzi’—w;'), ] € {1,...,n—1}

(4.36)
st = (wf; A tzFwf)

and by (b7,...,bF,b7,...,b7) the principal symbol of B. By elementary cal-
culus we get (we refer to Appendix at the end of this paper for the sketch
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of the proof) B¥ = BS* = (b7, ..., b}) where
bf = A=Y (u(iay) — aoT)wf
bt = A~32u(ia,) — aor)](ic)% o + A73[2u(ia)? — agT (i) + T3]
bt = A2[2u(ia)? — aoT(iagu+r) + 7200 + A72[2u(ice, ) — aoT)}l1.

(4.37)
Then we get (see also Appendix)

det(g"’) = (u(iay) — aQT)n_ZRQ(ga(:c,f', 7')) (4.38)

where Ry is a function given by
Ro(s) = (1-2s%)%+ V 82
o(s) (1-25%)"+ # ( 2#+/\>
2
G %ao 9
1-2s)Vs2 -1+ .(4.39
H \/‘ )( u+/\> (4:39)

We define the characteristic manifold by
= {(1",{',7’) € T (892), RQ(@C&(.’E,éI,T)) = 0}.

Therefore BY is elliptic outside Q.

Let z¢ a root of Ry such that 4@(:3,&’ ,T) = zo then we have

oz, &,1) = (799;”)2 + g0 + 2iTqy
2

-
= ?zg (4.40)

then we have in the region £7.

72 2 (Imsz3)?
—Rez? — (7¢), )2 — — 4+ 9
wo° =l A,

which is again a contradiction if we choose ¢, > Cp for large Cy > 0. Then
EtNQ =0, and BT is an isomorphism in the elliptic region £7.

2> 0. (4.41)

Now let us search that the symetrizer R in the form diag(Id, —pId),
p > 0, then we have
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Im(RH) = diag(Im(H+),—pIm(7'(_))
= e(z,&,1) (4.42)

and by (4.31) we obtain
6(37, g,y T) 2 CAI2n

which prove the first part of lemma 4.3.

Let now w = (w,w™) € C2" = C* @ C™, then we have Bw = Btw* +
B~w™, since BT is an isomorphism, then there exist C > 0, such that for
any w € C?" we get

]w+‘2 <C |E+w+’2 <C “g'w"2 + ‘gwr] <C [|w‘[2 + ‘gw'z]
(4.43)
we deduce

—(Rw,w) = —|w+|2-1-p|w'|2
~ |12
> |w+|2+(p—2C)[w~|2—2C'Bw}. (4.44)

Then we have the desirable estimation, for large p. O

4.3.2. Proof of Proposition 4.2

We need the following notations. First, denote by (.,.) the product scalar
in R*! and |.| the associated norm. Let G be a function defined by

G(z,) = d—;i:[(op(R)w,w) ] (4.45)
Using D,,w — op(H)w = 1 then we obtain
G(z,) = —2Im (op(R)op(H)w, w) — 2Im (op(R)w, ¥} + {op(R's,, )w,w)

- - (4.46)
The integration in the normal direction gives

o

(op(R)w,w), _o = 2/ Im (op(R)op(H)w,w) dz,,
+2Im / ~ (op(R)w, ) der — / PR Y, w) dzr (4.47)
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Taking into account Lemma 4.3, and 7 < A, we obtain by Garding inequality

[ mm opRyoptyw,w) de, > 07 [ iz faqgnsy don = O
(4.48)
Moreover by lemma 4.3 (ii) we obtain
~ 12
(op(R)w,w), _o < C 'Bw‘ —C . (4.49)
Furthermore, for any € > 0, we have
o 2 Cs 2
| ey, vyl e, < er ful? + ] (150)

Collecting (4.50), (4.49) and (4.48), (4.47) yields, for large enough 7 and ¢
small

2 2 2 = |?
(il + |wl?) < Il + 7 |Bu| (45)

We now turn to the proof of proposition 4.2.

Using that (4.25)-(4.30) and the ellipticity of the tangential operator
(I + K)~1571 we obtain

3+ 1@l = ol + o < O[T+ K) TS h|* + (1 + K) TS|
< C [Jwlf + luf?] (452)

I

Collecting (4.52)-(4.51), (4.30) yields

~ - C
s, + @5, < = |1e1? + 18
&
< ?(”P(.’L‘,D,T)u”z+T|B(.’E,D,T)u|§ﬁ
2
+ lulf, +1ul?, ) (4.53)

This complete the proof of Proposition 4.2.

Remark 4.4.— In the elliptic region £F, 7 can be degenerate to zero.
But for 7 = 0 the problem L(z, D)u = pAu+(u+A)V(divu) with Neumann
boundary condition N(u) = o(u).v is a coercive elliptic boundary problem,
and we can prove the proposition 4.2 in this case (see [3]).

- 293 -



Mourad Bellassoued
4.4. Carleman estimate outside £+

To prove a precise Carleman estimates outside £1 we invoque the following
estimate proved in [3] where we have controlled the norm H(f2) by the all
traces terms on the all boundary.

PROPOSITION 4.5. — Let ¢ satisfy (2.8), with respect P(z, D, 7). Then
there exists C > 0, and 7o such that for any u € C°°(2) we have

/ |P(z, D, r)ul* dz + 7 f (72 |u® + |Vu|*)dz' > Cr / (72 |u]?® + |Vul*)dz
Q o Q

(4.54)
for large T > To.

Moreover outside £ we estimate the tangential derivative by the trace
of displacement. This is possible in this region because 7 and < ¢’,7 > are
equivalent. More precisly we have the following Lemma.

LEMMA 4.6. — Let x(z,&’,7) be a cutoff function homogeneous of degree
zero in the regions 2, UE~ UM. Then there exist a constant C > 0 such
that

lop(x)ul; » < C7lop(x)uly , (4.55)
for any u € C°(K).

Proof . — It is enough to prove that: there exist C such that
< ¢&,7>< Cr for any (z,¢',7) € Z,UE~ UM. We argue by contradiction.
Otherwise there exist a sequence (zg, &, %) € 2y UE~ UM and

Tk

lim ——— =0 4.56
ki»rgo <&, Tk > ( )

using that the definition of Z,UE~ UM, if (z,&,7) € 2, UE~ UM then
there exist v € {u,2u + A} such that

T2

!
Q2(x7§ ’T) - 5 < 5/77' >2 < 0 (457)
In particular we obtain
&k Ti ) T
- <0 4.58
w(te s Tgas) " Teha (4.5
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and by (4.11) we get

5]’6 Tlg 1 / \2 '
2k < —2r = ’
(@, <& Tk >) <& Tk iz ¥ T (¢a,)” (e (o)
T
< 0(——’°—) 4.59
= < 62;’ Tk >2 ( )
Moreover (4.6) implies
& I° i T

—1- < o(—-——) 4.60
< &y T >2 < &, T >2 < &, T >2 (4.60)

Then (4.60) contradict (4.56). This ends the proof of lemma 4.6. O

4.4.1. Carleman estimate in the region £~

The purpose of this section is to prove the Carleman estimate in the region
£~ . In this region we prove a better estimates (without boundary traces)
under the condition ¢} > 0, this is connected by in this region and under
¢L,. > 0there are no roots with respect &, in the upper half-plane Im ¢, > 0
for a.. Let x1(z,&’,7) be a homogeneous cutoff function of degree zero in
the region £~. Denote & = op(x1)u, then we have the following Lemma.

LEMMA 4.7.— There exist C > 0 such that for any large enough T we
have

1P(z, D, 7)ul?+7( [aly  +|o@).v|*)+ul? ,+ul} . > Cr ]l , (4.61)

whenever v € Cg§°(K). Furthermore if we assume that ¢, > 0 on
suppxi N {a:n = 0}, then there exist C > 0 and 7o such that for any 7 2 79
we have

|P@, D, ryullP+ul +ul} > O ( llopGa)ully ,+lopGa)ul} , ), (4:62)
whenever u € C§°(K).

Proof — For the first part of the lemma it is enough to apply proposition
4.5 to op(x1)u and using the lemma 4.6.
Now we will prove the second part. First we take

u=op(x1)u, f=op(P)u, (4.63)
by an argument similar to the one of section 4.3.1 we have
Doyw—op(H )w=v in z, >0
(4.64)

op(Byw=g on z,=0
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w=(I+K)"'Sw, ¢v=J+K)'S'F, B=BSI+K)' (4.65)

and op(H ™) is an 2n X 2n square matrix, whose components are tangential
pseudo-differential operators of order 1 with principal symbol H™ € TS,l_,

such that Im(H™) = C < &',7 > Iy, let
G(on) =~ (w, 0)

using (4.64) then we obtain
G(zn) = 2Im {op(H ™ )w,w) + 2Im (w, ) .

The integration in z,, gives

—|w|? = 2/00 —Im <op(7{_)w,w> dz,, — 2Im/oo {w, ) dz,,.
0 0

By Gérding inequality we get

[ =tm optrt ) dan > 07 [ ot e,
Furthermore, for any ¢

| 1w e, < cor ulP + =
Combining (4.70) (4.69) with (4.68) we obtain
Or el + ¢ Juf® < Z ol
We deduce, by (4.65) and (4.63), the following
cr (Il . + 1@, ) < 1P, D,)ul* +Lot(u)

This complete the proof of (4.62). O

4.4.2. Carleman estimate in a non elliptic regions

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)

The purpose of this section is to get the Carleman estimate in the non elliptic
region. Our goals here are firstly estimated the traces of the solution in the
part of boundary where ¢, has the good sign, second we eliminate the
tangantial derivative (independently to the sign of ¢} ). Precisely we take
a cutoff function xo(z, &', 7) homogeneous of degree zero in a neighborhood
of the regions Z, U M. Let & = op(xo)u, our purpose here is to prove the

following Lemma.
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LEMMA 4.8.— There exist C > 0 such that for any large enough T we
have

IP(z, D, 7Yl +7(r2 [aly  +lo@.v)+luli +El: . > Crllulf, (4.72)
whenever u € C§°(K).

Furthermore if we assume that ¢}, > Co on {zn, = 0} N suppxo then
we have

|P@, Dyl + Jlull}, +[ul} , + 7Bz, D, r)ul; ,
> C(rlop(xo)ull, +7lop(xo)ul},. ) (473)

whenever u € C§° (K).

To show the first part of the previous Lemma it is enough to apply
proposition 4.5 to op(xo)u and we use the lemma 4.6 in order to eliminate
the tangential derivatives.

To show the second part of lemma 4.8 we need the following estimate.

LEMMA 4.9. — Assume that ¢, > Cy on {xn = O} N suppxo then the
following estimate holds

2 2 2
|P(z, D, T)ull” + 7 |B(z, D, T)uly . + llull} . + |ul , = C7lop(xo)uli o,
(4.74)
whenever u € C§°(K).

To proof lemma 4.9 we need the following notations. First we take

u=op(xo)u, f=op(P)u (4.75)
by an argument similar to the one of section 4.3.1, we have

Dyw—-op(Hw=7% in z,>0

~ (4.76)
op(Byw=3g on z,=0
where
w= I +K)"'8 v, U=t<<D’,T> E,D,JZ),
Y= (I+K)"'S$"'F, B=BS(I+K)™! (4.77)
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and op(H) is an 2n x 2n square matrix, whose components are tangen-
tial pseudo-differential operators of order 1 with principal symbol H =
diag(H*,H™), such that H~ satisfy —Im(H™) > C < &,7 >.

For the proof of the lemma 4.9 we use the following result which can be
proved in the same way as Lemma 4.4 (see [3] For more details).

LEMMA 4.10. — Let R = diag(0,—pldy,) then there exist C > 0 and
e(z,&,7) € TSL such that

i) Im(RH) = diag(0,e(x, &', 7))
i) e(z,&,1)2C<€,7>1, in suppxo
iti) ~-R+B'B>Cl, on{z,=0}Nsuppxo
4.4.3. Proof of Lemma 4.9

Denote the function
d
G(z,) = dr. (op(R)w, w>L2(Rﬂ—l) . (4.78)

Taking into account D,w — op(H)w = 9 then we obtain

G(wn) = —2Im (op(R)op(H)w, w> +2Im <Op(R)wa "V) + <Op(R,zn)wa ’LU>
(4.79)

The integration in the normal direction gives

(op(R)w,w), _o= 2./0oo Im {op(R)op(H)w,w) dzn,
—2Im/(; {op(R)w, ) —/0 {op(R' ., Yw, w) dzy, (4.80)

Taking into account Lemma 4.10, 7 < A, and Garding inequality we have
for large 7

/Ooo Im {op(R)op(H)w,w) dz, > CT Hw‘“2 (4.81)

and further, for any ¢
[o.¢] 2 Cg 2
| epRyw )l dza < e |+ Z . s
0
Apply now Lemma 4.10 we obtain
~ |2
— (op(R)w,w) + C |Bw‘ > Clwl . (4.83)
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Collecting (4.83) (4.82) (4.81) with (4.80) we get
Or [[w™ P+ €l < < el +|Buf (4.84)
This implies, by (4.77) the following inequality
iy, < O(Il? +7|Bul ) < (101 + 7184 (4.85)

Collecting (4.85) and (4.77) and using that (4.75), we obtain (4.74). Finally
Combining (4.74) with (4.72) we get (4.73). This complete the proof of
Lemma 4.9.

4.4.4. End of the proof of Proposition 2.1
Let ¢ satisfy the hypotheses of Proposition 2.1
—8p==-Vov=¢, >Cy on X (4.86)

Via a partition of unity (6;);, near the boundary and by Proposition 4.3,
Lemma 4.7 and Lemma 4.8 the following estimate holds

Cr(6ull] , + 18507 ) < |P(, D, r)ul” +7 / |B(z, D, 7)ul” dz’
’ ’ £1NSupp(6;)
+ 7'/ (7'2 |u|2 + |c7(u)|2)dx' + Lot(u) (4.87)
Z2NSupp(6;)

This complete the proof of Proposition 2.1.

5. Appendix

This appendix is devoted to a proof of (4.37) and (4.38). For this purpose
we need the following

2
Yow] ='rw] =0, j € {l,..,n=2}, "ty = —(ia)?, (iey)* = (m)%%
; (5.1)
and
thowt | = A"2(a)?,  thw!_ | =—-A"%(ia)?(ioy) (5.2)
thows = A (iagury), thwl = —A"1(ia)?. '
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Moreover, for j € {1,...,n — 1}, we have

b =Bst = _l(Blw'-" + zi"Bow'-") je{l,..,n—-1}
((zau)BOw + (bt + Afgtel)w — agTW] ) (5.3)

by = Bs} = AH(Biw] + 23 Bow))
= A"t ((iozzu+>\)BOW;r + ("o + Mol )wyy — aoTwr ) (54)

By means of (5.1) and (5.2) we obtain (4.37).

Moreover by (4.37) we have

ARy = [2u(iay) — ao7)](ia)?[2u(iozusa) — aoT)]
— [2p(i)? — agT(icy,) + T2|[2u(ia)? — apT(iazu+2) + 2] (5.5)

furether, by (4.17) we have

. ' Y 3+ A U
(i0y,)* (Gaguin)? = (Zj) +( (2H+)\)) (2N+)‘)

(ie)? +
= S[((Fa) - )((Fe) - 55) oo

using that (5.6) in (5.5) we obtain (4.39).
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