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Removability of singularities of harmonic maps
into pseudo-Riemannian manifolds *)

FRrEDERIC HELEIN (D

ABSTRACT. — We consider harmonic maps into pseudo-Riemannian
manifolds. We show the removability of isolated singularities for continu-
ous maps, i.e.that any continuous map from an open subset of R™ into
a pseudo-Riemannian manifold which is two times continuously differ-
entiable and harmonic everywhere outside an isolated point is actually
smooth harmonic everywhere.

REsUME. — Nous considérons des applications harmoniques & valeurs
dans une variété pseudo-riemannienne. Nous démontrons ’absence de sin-
gularités isolées pour les applications harmoniques continues, a savoir plus
précisément que toute application harmonique entre un ouvert de R™ et
une variété pseudo-riemannienne continuement différentiable deux fois et
harmonique en dehors d’un point isolé est en fait réguliére partout.

1. Introduction

Given n € N* and two nonnegative integers p and g such that p+q = n,
a pseudo-Riemannian manifold (N, k) of dimension n and of signature (p, ¢)
is a smooth n-dimensional manifold A equipped with a pseudo-Riemannian
metric A, i.e.a section of T*N ©® T*N (where ® is the symmetrised tensor
product), such that VM € N, h), is a non degenerate bilinear form of signa-
ture (p, ¢). Any local chart ¢ : N' > U — V C R™ allows us to use local co-

ordinates (y',---,3™) € V: we then denote by h;;(y) := hg-1(y) (3%;, 837).

(*) Regu le 11 février 2003, accepté le 21 octobre 2003
(1) Institut de Mathématiques, 2 place Jussieu, 75005 Paris, France.
E-mail: helein@math.jussieu.fr
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Frédéric Hélein

We say that (N, h) is of class C* if and only if h;; is C¥. We define the
Christoffel symbol by

k<y)——h1’<y>(6h"°(> Tt w) - 8’”’“())

where, as a matrix, (k%) is the inverse of (h;;). Then for any open subset
Q of R™ and for any C? map u from Q to N, if we note

U Fjl.k
U~ pouy= and Tt :=
u” I’;-‘k
and if weset Au =Y ., (Ta:gyf and T'(u)(Vu®@Vu) := Y o Tik(u )gT"‘igzLZ,
we say that u is harmonic into (N, h) if and only if

Au+T'(u)(Vu ® Vu) = 0. (1.1)

Equivalently we may say that u is a critical point of

Alu] := / hij(u(z)) Z gsﬂ g_:a L. .dz™

among C? maps from Q to N. The purpose of this paper is to prove the
following result.

THEOREM 1.1. — Let (N, h) be a pseudo-Riemannian manifold of class
C2, Q an open subset of R™, where m > 2, a € Q and u a map from Q to
N such that

® u 15 continuous
o u is C? and harmonic on 2\ {a}

Then u is C?2 and harmonic on Q.

Such a result would be a consequence of standard results if the map u had
a finite energy and if (N, h) was Riemannian: indeed one could prove then
that u is weakly harmonic (because the capacity of a point’ vanishes) and
obtain the same conclusion by using the continuity of u, thanks to results
in [8] and [7] (with present form due to S. Hildebrandt). In dimension 2
the same finite energy and Riemannian target hypotheses lead to the same
conclusion but without using the fact that u is continuous as proved in [9].
However the difficulty here comes from the fact that the target manifold is
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Removability of singularities of harmonic maps

pseudo-Riemannian. In particular even if we would assume that the map u
had a finite energy, it would not help much.

This result answers a question posed by F. Pedit. It is related to the
construction of spectral curves associated to any torus in the sphere S4,
a work in progress by F. Burstall, D. Ferus, K. Leschke, F. Pedit and U.
Pinkall (see [2] for an exposition of these ideas). Using Theorem 1.1 these
authors are able to prove various results about Willmore surfaces (recall that
the right notion of Gauss maps for Willmore surfaces is the conformal Gauss
map which takes values into a pseudo-Riemannian homogeneous manifold,
see e.g. [1], [5] or [2]).

Note that in the hypotheses of the Theorem it is necessary to assume
that v is continuous. An instance is the map = — (coslog |z|,sinlog |z|,0)
from the unit disk in R to the unit sphere S? in R3: it is smooth harmonic
outside 0, but is discontinuous at the origin. Also an interesting question
would be to know whether it is possible to replace the singular point by a
codimension 2 submanifold: our proof does not generalize obviously to such
a case, since in our method we need to enclose the singular set by arbitrary
small hypersurfaces on which the map is smooth.

Comments on the proof. — Our proof is based on applications of the
maximum principle. The strategy consists roughly of the following: on the
one hand we construct a smooth harmonic map which agrees with the initial
one on the boundary of a small ball centered at the singularity, on the
other hand we prove a uniqueness.theorem for harmonic maps which takes
values in a neighbourhood of a point. The uniqueness result follows from the
maximum principle Theorem 5.1 which is inspired by [6] (see also [4]). This
reduces the uniqueness problem to an estimate on solutions of elliptic linear
PDE’s on a punctured domain, given in Lemma 6.1, the result where we
exploit the fact that the capacity of a point vanishes. The existence result is
obtained through a fixed point argument in Holder spaces in Theorem 4.2.
However in this result we need a uniform estimate in the Holder topology of
the inital harmonic map. This is the subject of our key result, Theorem 3.1,
where the uniform Hoélder continuity is established by using the maximum
principle. In the course of this paper we give the proof of more or less
standard results for the convenience of the reader: Lemma 2.1 is classical
in Riemannian geometry, Lemmas 4.1 and 6.1 are certainly well-known to
specialists but I did not find proofs of them in the litterature.
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2. Preliminaries

2.1. An adaptated coordinate system

LEMMA 2.1. — Let (N, h) be a pseudo-Riemannian manifold of class C?.
Let My be a point in N, U be an open subset of N which contains My and
W :U — W C R"™ alocal C? chart. Then there exists an open neighbourhood
Uo C U of My with the following property (denoting by Wy = ¥(Up)):
VM € Uy there exists a smooth diffeomorphism ®p; : Wy — Viy C R®
such that in the local coordinates y ~ ¢ := ®pr o) € Vyy,

#(M) =0, (2.1)
h’i](O) =Ty = dzag(l,,l,—l,,—l), (22)
26(0) =0, (2.3)
and there exists constants Cy,,Cr > 0 independent of M € Uy such that
VM € Uy, ”dq)l\l”L“’(Wo) + ||d<DM ”Loo(VM) Cw (24)
and
[|dT|| Lo (vas) < Cr- (2.5)

Proof.— We denote by z = (z1,---,2") € W the coordinates in the
local chart ¢ : U — W and by hy;(z) := hy-1(z) (32, 3%) the expression
of the metric. We look at a neighbourhood Wy of ¥(Mp) such that for all
M € ¢~1(W,) there exists a map @5 : Wy — R™ such that, denoting by

za = P(M),
VyeR"\Vze Wy, y=0u(z) = 22'—zy=A + §B;-kyjyk,

for some invertible matrix A = (A;) € GL(n,R) and real coeflicients B;k
satisfying B e = Bk This map is well-defined if we choose W, to be a
sufficiently small nelghbourhood of zps. Let us compute the expressmn hi;(y)

of the metric in the coordinates y* ~ T, o ¢ in terms of h”( z):

buaty) = P (o) 5 gor = R () (4 + B?) (4] + Bl

In order to achieve (2.2) it suffices to choose Aj: such that Eij (zz\l)A};A{ =
1 (requiring also that A is symmetric and positive definite ensures unique-
ness). Next we compute that:

Ohy

Ei' T AL AT L i AJ ing
oyP ( ) zr] (Z]W)APAICA‘Z + hij(ZM) (kaA‘g + AkB‘l’p) , Vk,l,p.
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And we deduce T in function of T}, := A (%’9 + %—Z’E - %) at 0:

2

500) = 7" (Topg (200 ) T2, (20) AL AT AL + Py (a0 AT B, )

Since A} and ﬁpq(zM) are of rank m and thanks to the relation fﬁ’s = f’;r
we deduce that there exist unique coefficients B}, satisfying B}, = By ; such

that (2.3) holds. Since ®,; depends analytically on h;;(zas) and I‘;'-,C(ZM)7
Condition (2.4) is obtained by choosing Wy sufficiently small. Then (2.5) is
a consequence of (2.4). O

2.2. Notations

In the next two sections we will use spaces of Holder continuous functions
and of functions with higher derivatives which are Hoélder continuous. We
first recall some notations and results from [3]. For any point z € R™ or

y € R™ we note |z| := /377", (#)? and |y| := /3,2, ()%

For any a € (0,1) and for all open subset Q@ C R™, we define €% (Q) to
be the set of functions f on Q which are a-Holder continuous on €2, i.e. such

that
for all compact K C Q, sup M < 00.
cyeKoty T —yl*

For k € N, we let CF%(Q) to be the set of C* functions f on  such that
D*f € CO*(Q). Here Vi = (u1, - -, tm) € N™ we write |u| := p1+- -+ tim
and ' .
Dkf::((‘?luaf&mu) '
( T ) 1 ...( 4 ) m ﬂl,'“,ﬂmEN,lu':k
We also will use the notation
IDAfl= )
By pm €N, )=k
For z,y € Q, we denote by d, := dist(r,0Q) and d , := min(d,,d,) and if
a€(0,1), BER, k €N, we set

[v]00 = [l = sup d*¥|D*u(a)

k
8 8
[l = el =Y [Wln
j=1
[u](ﬁ) o

| DFu(z) — D*u(y)|
ka0 i= SUP dfzk“‘

z,y€Q |z — yle

8
ul?) o = lul + [ E) o

ok f
((‘)wl)m ce (axm)ﬂm
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We also define

) o = {u € C*(Q)/ul{ o < oo},

For all a € R™, r € (0, 00) we note:
B™(a,r) :={z €R"/lz —a| <r}.

We denote by w,, the measure of the unit ball B™(0,1). We will use the
following, which is a consequence of Lemma 6.20, Lemma 6.21 and Theorem
6.22 in [3]:

LEMMA 2.2.— Let o, 3 € (0,1) and Q be a smooth C2 open domain of
R™. Then there exists a constant C > 0 which depends only on n, 2 and o

such that for all f € C®*(Q) such that |f |((f;g) < o0, there exists a unique
map u € C>%(Q) which is solution of

Au = f ond
u = 0 ondf.

Moreover 30 > 0 such that u satisfies the estimate

-8 2-8
Iulé,a;i)l < 5|f|((),a;ﬂ)'

We also recall that the interpolation result Lemma 6.35 in [3] implies
the following: if j,k € N, o, 3 € (0,1), v € R then

jta<k+8 = [ul{g < Clul)q, (2.6)

where C is a positive constant which depends only on a, 3, j, k, n.

3. Holder continuity of the map around a

In this section we prove that any map satisfying the hypotheses of
Theorem 1.1 is uniformly Holder continuous in a neighbourhood of a.

THEOREM 3.1.— Let (N, h) be a pseudo-Riemannian manifold of class
C?, Q an open subset of R™, a a point in Q and u a continuous map from
Q to N which is C? and harmonic on Q\ {a}. Then there exists o € (0,1)
and an open ball B™(a,R;) C Q such that u is in C®*(B™(a, R;)) and
|©|o,a;8m (0,R,) 15 bounded.
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Proof.— We apply Lemma 2.1 with My = u(a). Let Uy be the open
neighbourhood of u(a) and ¢ : Uy — W, be the local chart as in Lemma
2.1. We can assume w.l.g. that € is the ball B™(a,2R), where, since u is con-
tinuous, R € (0, 00) can been chosen in such a way that u(B™(a, 2R)) C Up.

For any xo € B™(a,2R), let ®y(54) 0% : Up — Vy(z,) be the local chart
centered at u(zg) given by Lemma 2.1. It follows from (2.3) and (2.5) that
in the coordinate system given by ®,,) ¥,

VY € Vo), VE € R™,  |Tyn(y)€7€| < Crlyllf?, (3.1)

where CT is the same constant as in (2.5). We observe that, by replacing R
by a smaller number if necessary and because of the continuity of » and of
(2.4), we can suppose that

m . 1 1
Vz,z9 € B™(a,2R), I(I)u(:co) oo u(x)| < inf (E, Z) . (3.2)

We now fix some zo € B™(a, R) and set
U~ (I)u(zo) o 1/} ou.
We also let, for r € (0, R],

lellrzo = [[ullzoe(Bm(@o,ry) = sup  Ju(z)],
ZEBm(wo,’l‘)

and

A:=2Cr sup |u(z)|
z€B™(a,2R)

Note that, because of the inclusion B™(zo, R) C B™(a,2R) and of (3.2),
2Cr||ul|r,ze < A < 1. (3.3)

For any v € S"~! C R™ we consider the following functions on V,(;,) C R™
(which contains u(B™(zg, R))):

f+(y) =y + A% and  f_(y) = (v,y) — A'%L.

Using (1.1) and (3.1) we find that on B™(zo, R) \ {a},

(v, Au) — XA ('—"2*—)
(v, T(u)(Vu ® Vu)) — A Vul? + Ay, T'(u)(Vu @ Vu))
A\ Vul? + Cr (|Vul? + Al [Vul?) |ul.

—A(f+(w)

NI
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Since |Ju||r,s, < I by (3.2) and because of (3.3) we have Au(x)| < I,
Vz € B™(zp, R). So

~a(+) < (30rlullnz, = A) VP <0, on B™(z0, R\ (e} (34

Similarly
—A(f-(w) 20, on B™(xo,R)\{a} (3:5)

Now fix r € (0, R] such that r # |zo| and define D, as follows

o if |zp| <, for any € € [0,7 — |z¢|), D := B™(a,e) C B™(xo,7)

e if |zg| > 7, we assume that ¢ = 0 and set D, = Dy := 0.

And we let u% and u® be the maps from B™(zo,7) \ D to Vy(z) which are
the solutions of respectively

u 2
w6y = g + AR on oD,
ui = fi(w) on 9B™(zo,) __
—Aus = 0 on B™(zo,7) \ De,
w 2
o = —lullra, ~ AR on 9D,
ue = f-(u) on 0B™(xzo,T)
—AuE = 0 on B™(zq,7) \ De.
Since
W, > fy(w  ond(B™(xo,r)\ D)
—Auj =0 > —Afi(u) on B™(zo,r)\ D,

the maximum principle implies that
u$ > f+(u) on B™(zo,7) \ D..

Now we fix an arbitrary compact K C B™(z,7)\{a}. Then for ¢ sufficiently
small we have
uf > fi(u) on K.

We let € goes to 0: since {a} has a vanishing capacity, the restriction of u
to K converges in L'(K) to uy := uY (apply Lemma 6.1 to ¢¢ := u§ —uy).
Hence :

uty 2 f+(u) on K.

Since u and u, are continuous on B™(zg,r) and since K is arbitrary we
deduce that
f+(u) <uqy  on B™(zo,T). (3.6)
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Similarly we get
- < f-(u) on B™(zg,T).

We deduce from (3.6) and (3.7) that for any v € S™

lul?

< Yl

1:3 = (ou) = A5 on B™(xo,r)
(V,u>+)\% < ug

and thus
|u |2

2
u_ <u_ +A— |u| <us, on B™(zg,7). (3.8)

< {(vu) Luyp — A—

Hence if we let v : Bm(xo,r) — Vi(z,) be the solution of

v = u ondB™(z,r)
—Av = 0 on B™(zg,r),

and Q : B™(z9,7) — R be the solution of

J%E on dB™(zo,T)

{ Q
—AQ = 0 on B™(zq,r),

Then, since actually us = (v,v) £ AQ, (3.8) implies that

YveS™ 1l [{yu) - (v,v)| < AQ, on B™(zo,7).

Hence since v is arbitrary and using the maximum principle for () we obtain

lu—v| <A H ”mo on B™(xq, ). (3.9)
This implies in particular that, since u(a:o) =0,

lv(zo)] < A ” ”’ — (3.10)

Moreover since v is harmonic, for all z € Bm(.’L'(], %) we have (observing that
B™(z,3) C B™(xo,7))
ov 2m v 2m
@(:v) T ™ OTh  war™ ,, Vnds,
m B™(z,%) m 8B™(z,%)

where v is the exterior normal vector to the boundary. Hence Vo € B™(xo, §),

v 2 2 2
—(z)| <= sup |v|<= sup |y < -|lullree
?81‘“( )1 r aBm(w,g) B™ (0,7 = r 7,Zo
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where we used the maximum principle for v. Hence we deduce that

" r -
Vz € B™(zo, §), lv(x) — v(zo)| < 2||ullrz, | - Ol. (3.11)
And from (3.10) and (3.11) we get
m T |z —zo| _ , lull?
Vo € B (a0, ), [o(@)] < 2lullyee 0 + AT (312)

Using this inequality together with (3.9) we obtain that

T |z — zo|

5 + \|Jul|? (3.13)

Vz € Bm(mO’ )’ |u(.7:)| < 2||u”7‘,$0 rTo"

We now choose any p € (0, 5] and take the supremum of the left hand side
of (3.13) over B™(xy, p). It gives

r P
vr € (0,R],Vp € (0,5],  |lullpmo < 2lullreo + D[] = (3.14)

For k € N let 7, := R47% and apply (3.14) for r = 71, and p = rg41:

el
lallrn,zo < T35+ AlJul[7, g,

This implies, denoting by ay := Al|ul|r, 2, that
a

aps1 < 7’“ +a?. (3.15)
We observe that, because of its definition, aj is a positive decreasing se-
quence and, as a consequence of (3.2) and (3.3),
1
i
We now let f : R — R be the function defined by f(g) = ¢*> — % and
consider the smooth function ¢ : [0,00) — R which is a solution of

¢(§0) = ao
{ 7‘5 = f(@=¢-% on0,c)

ar < AM|u||r,ze < (3.16)

LEMMA 3.2.— Let (ax)ycn be a decreasing sequence in [0, %] which
satisfies (8.15) and ¢ be defined as above. Then Vk € N,

ar, < ¢(k). (3.17)
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Proof of the Lemma. — We show (3.17) by induction. This inequality is
obviously true for kK = 0. Let us assume that (3.17) is true for some value
k € N. We first observe that, since f(0) =0 and f <Oon [0,3],0< ao <
implies that

1
Vvt € [0,00), 0<o(t) < T
Hence
e the fact that f < 0 on (0, ] implies that ¢ is decreasing on [0, c0)

e the fact that f is decreasing on [0, ] implies that f o ¢ is increasing

on [0, c0).
Thus
Ve lkoo), foolt)> foolk).
And hence
k+1
s+ -0 = [ dar
k+1
- / Foot)dt
kk+1
> / Foo(k)dt=fo (k).
k
Thus

8k +1) > oK) + F(0(k) = 21 4 gy

Now since (3.17) is true for k, i.e.ar < ¢(k), we deduce that

g1 = %’3 +ai < (k) + ¢(k)? < d(k +1).

O

Back to the proof of Theorem 3.1.— An easy quadrature shows that
o(t) = m Hence Lemma 3.2 implies

k) < —k/2

—k/2

and since 0 < a9 < %, we deduce that ax < &5—, i.e.

1 -
lull Ra-t,z0 < 55”2, VkEN. (3.18)
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We now choose any r € (0, R]. Then 3!k € N such that 4k+1 <r< ﬁ- Then
on the one hand r < -}%— implies

1 _
ellzo < ol stz < g™

by (3.18). On the other hand &y <r < k > lﬁ)gg4 1 implies

Lk o €2 (LY

2 2\ \R '
Hence we deduce that

A N
vre (0], lullra < S (5) 7 -

We conclude that, since A is independent of g, u is uniformly Holder con-
tinuous on B™(a, R). a

4. Existence of a smooth solution around «

We start with the following (classical) preliminary.

LEMMA 4.1. — Let Q be an open subset of R™ whose boundary is C2. Let
¢ € CO(0Q) and f be the solution of

-Af = 0, onQ
f = ¢, ondQ.

Then f is C** on Q and

(15 + 120 + 111520 < Culdlo,aise, (4.1)

where Cy is a positive constant which depends only on ).

Remark. — We do not have an estimate on |f |§;‘% Indeed this quantity

is in general infinite because |f I(()—Oo?2 = SUP,eq dz *|f(z)| cannot be finite
unless the trace of f on 92 vanishes. However the maximum principle and
(4.1) imply the following;:

%0 < (1461 (F5) ) 1loan 42)
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Proof. — First step : §) is a half space — We assume that Q = R} :=
{z = (%,t)/T € R™"1,t € (0,00)}. We use Proposition 7 and Lemma 4 in
Chapter V of [10]: there exists a constant C} > 0 such that

sup |Df(Z,t)| < Cot™'7%|dlg arm-1,  V(F,t) € RT. (4.3)
FeRm—-1

Moreover using the fact that Df is harmonic, Vz € R we have if p := t/2,

oDf, . 1 oDf, . 1 s
(@) / Wiy=5z [ Dfmdst)

Ox# T W p™ Bm(z,p) OT* W p™

which implies by (4.3)

oDf 1 1 /
< Df(y)lds(y
00 | S Gl Joia I
m t e - — o
< ZChloloarnn (5) =P mCholoamnit

Hence we obtain that there exists a constant C{ such that

sup |D?f(&,t)| < CY , V(&) € RT. (4.4)
fe]Rm—l
A similar reasonning starting from (4.4) leads to
sup |D3f(Z,t) < C'|9lo,arm-1t 72T, V(Z,t) € RT, (4.5)

FeRm-1

for some constant Cy’

Now using (4.3) and (4.4) we can estimate [ f]g_;']g{m

z = (&,t) and y = (¥, s) are in R let d := inf(t, s). Then 1f |z —y| < 2d we
have by (4.4)

|Df(z) — Df(y)
|z —y|*

as follows: if

< SUPID2f(§,T)| |z —y|'7®
<

|¢|0aRm 1d7(2d)1 7 = 217 "Cé'l¢|0aRm-1d g

On the other hand if |z — y| > 2d we have by (4.3)

|Df(z) - Df)|  |Df@)+IDfW)l,-
|z — ylo 00 d- lf§|¢|
g 0 — 0,0;Rm—1 9= — 21_a06|¢|0’a;Rm——1d—1-
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Thus taking into account both cases we find that
1o < 270 5up(Ch, CF)Ilo,amnr-

An analogous work with (4.4) and (4.5) instead of (4.3) and (4.4) leads to
5 < 212 b, O lomr

The estimate for | f](-a) follows from a slightly different argument.
Again let = = (&,t) and y = (¥,s) be in RT and let d := inf(¢,s). If
|z — y| < 2d the same reasoning as above works using (4.3) and gives

|f(z) - f®)I
|z -yl
However if |z—y| > 2d, then we write | f(Z,t) — f(¥, s)| < |f(Z,t)— f(Z,0)|+
| F(Z,0)—f(7,0)|+|f(F,0)— f(¥, s)| and estimate separately each term. Using
again (4.3):

< 27 Cyllo,amm-1- (4.6)

7(&,t) - £(Z,0)| / \Df(Z,7)|dr
/ COl‘MOaRm-lT tedr = —"I(,bloaRm 1t

Similarly one gets

. . Co o
|f(y73) - f(yao)l < EO|¢|O,0¢:R’”‘1S .

Lastly using |f(Z£,0) — f(%,0)| < |¢lo,o;rRm~1 | — ], one concludes that

Chyo, G
F@D -G < bloamns (Lo + Do sz 1)
U

Co
- |#lo,0;Rm~1 SUP (1 —) > +s*+|T—9%).
Assume for instance that s < ¢, so that d = s. Then by the Minkowski

inequality t*+s* = d*+ ((t—s)+d)* < d*+ (t—s)*+d* = 2d*+(t — 5)“.
Hence

s H|T—F|* < 2dO+(t—35)+|T—7]* < 2d*+2|z—y|* < (21 7*+2)|z—y|*.

And we thus get
Co ‘
£@D) - 1@ < @ + Dl swp (1L ) o -yl @)
So (4.6) and (4.7) implies the result on | f]0 a7
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Step 2 — estimate on an arbitrary domain. — If Q is a domain with a
smooth C? boundary, then using local chart and a partition of unity one can
construct an extension g € C%%(Q) of ¢ € C>*(69Q) which satisfies

9150 + [0 + 191528 < Cildlo,ason.

Then the harmonic extension of ¢ is f = g + h, where h is a function
which vanishes on 9 and which satisfies —Ah = Ag on 2. Because of the

previous estimate on g, [Ag]((f;?z) < C119|o.a:80- Now Lemma 2.2 implies

that |h|§;f"5)2 <6 |Ag|((f;?l). Hence the estimate on f follows by summing the
estimates on g and h. O

LEMMA 4.2.— Let (N,h) be a pseudo-Riemannian manifold of class
C%, Q an open subset of R™, a € Q and u a continuous map from §2 to
N which is C? and harmonic on Q \ {a}. Then there exists a € (0,1) and
an open ball B™(a, R2) such that Vr € (0,Rz), there exists a map u €
c%*(B™(a,r),N)NC%**(B™(a,r),N) which is a solution of

{ Au+T(w)(Vu®Vu) = 0 onB™(a,r)

u = u ondB™(a,r).

(4.8)

Le.u is a harmonic map with values in N' which agrees with u on the bound-
ary of B™(a,r).

Proof.— Again we start by applying Lemma 2.1 with My = u(a): it pro-
vides us with a local chart ®,(4)0% on N around u(a). We denote by y*, hij
and I'}, respectively the coordinates, the metric and the Christoffel symbols
in this chart. In the following we make the identification u >~ ®,(4) o ¢ o u,
so that we view u as a map from B™(a, R) to R™ such that u(a) = 0 and
the majorations (2.3) and (2.5) hold.

For every r € (0, R] we let v : B™(a,r) — R™ be the harmonic exten-
sion of u inside B™(a,7), i.e.

Av
v
We first apply Theorem 3.1 which ensures us that the C% norm of u in
a neighbourhood of u is bounded: 3a € (0,1), IR; € (0, R] such that

|t]o,a;Bm (a,R,) is finite. This allows us to use Lemma 4.1 in order to estimate
v: we will use the notations

0 on B™(a,r)

u on dB™(a,r). (4.9)

] o= | ) VEEN, and [[v][ay = [0]§A+0] 0+ 0] )

k,a;r k,a;B™(a,r)’ 0,057 2,a;r
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and then (4.1) and (4.2) imply
Vr € (0,R1], |[v]la:r < Colulo,a:R:» (4.10)
where Co = C; + 1+ C1R®. We will denote by

A= sup |[v]|asr- (4.11)
’I‘E(O,Rl]

Our purpose is to construct the extension u satisfying (4.8). By writing
u=v+w,

it clearly relies on finding a map w € C>*(B™(a,r),R") such that

-Aw = Tw+w)(Vv+w)®V(v+w)) on B™(a,r) (4.12)
w = 0 on B™(a,T). ’
Let us denote by C,(c_cf3 Z =C ,g_aﬂ )Bm(a - We will construct w in Cé;az by using

a fixed point argument. We first observe that Lemma 2.2 can be rephrased

(and specialized by choosing 3 = «) by saying that there exists a continuous
operator, denoted in the following by (—A)~!, from C7 to ¢{=® which

0,a,r 2,a,r

to each f € C{2=®) associates the unique solution ¢ € e of

0,a,r 2,a,7
-A¢ = f onB™(a,r)
¢ = 0 ondB™(a,r).

We will denote by ¢ the norm of (—A)~!. Hence w € Cé_aaT) is a solution of

(4.12) if and only if
w=(=A)" T+ w)(V(v+w) @ V(v+w))).

Note that v does not belong to Cé’—:,) (because in particular the trace of v
on B™(a,r) does not vanish). However estimates (4.10) holds. This leads
us to introduce the set

Ear = {f € C2(B™(a,r), R")/|[)lagr < 00} D €522,

where the inclusion here is a continuous embedding. We then have:

LEMMA 4.3.— Let r € (0, R1] and wo,w1,ws and w3 be in Ey.r. Then
T'(wo)(Vws @ Vuws) and T'(w:)(Vws ® V) € Cyne) and

— T(wo w ws)| B
|(T'(w1) — T(wo))(Vwz ® Vws)g o, (4.13)

< Csr¥|[wy — wo]la;r|[w2]|a;r|[w3”a;h
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IT(w1)(Vws @ Vws)lsae) < Car®|[willawrlwellasr | [wsllaz, — (4.14)

where C3 is a positive constant.

Proof of Lemma 4.8.— It follows from the interpolation inequality (2.6)
that IDwa|(()};:) < Cllwg]la:, Ya = 0,1,2,3. Moreover, for r € (0,R;] C

(0, R], estimate (2.5) implies that

(D(w1) = T(wo)) |k < Crlws — wol§n < CCr|[wy — wo]|asr-

Hence, using also the inequality |f Ig’a :;72) <|f |(()tqo)4;9|9|é7i;n’ V3, € R such

that 8+ v > 0 (see 6.11 in [3]), we obtain that

|(T(w1) — T(wo)) (Vawz ® Vuws) éi:i“)
< [D(wr) = T(wo)| S| Dwol !5 | Dws|$5

< 53CF|[’1U1 - wo]1a,r|[w2]|a,rl[w3]|a;r- o

Thus (4.13) follows from the preceding inequality and from

|(T (1) =T (o)) (Ve @Vws) |2 < 72|(T(w1) ~T (wo) ) (Ve @ Vuws)|an

And (4.14) is a straightforward consequence of (4.13) and of (2.3). O

Back to the proof of Theorem 4.2.— Lemma 4.3 allows us to define the
operator '

T: ¢ — C(—Q)

2,0,

w o (=A)TT (w4 w)(V(v +w) ® V(v +w)))
and (4.14) implies

3
IT(w)[$5) < 6Cor® (1[6]lar + IS 20)

In particular, letting By = {w € C’2 aa) /|w PWARS < A} (we recall that A

T 2,07

was defined in (4.11)), we observe that for all r € (O Rl] N (0, R}] where
R = (86C3A?)~1/* i.e.such that in particular 6C5r*(2A)% < A,

Vw € By, |Tw)|S2) <A,

which means that 7" maps the closed ball By into itself.
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Let us now prove that, for » small enough, the restriction of T" on By is
also contracting: writing that, Yw,w € Ba,

T(w)-T(w) = (-A)'Tw+w)-T@w+2)(Vw+w)®Vw+w))
+ (=A) T (v + w)(V(v + w) ® V(w — 0))
+ (mA) 1T+ ) (V(w—w) @ V(v +w))

and using (4.13) we obtain, assuming that » < Ry,

- 2
IT(w) - T@)IS2 < 60w —alSe) (o + wlé,aJ?
(=)

+ 6Csr|w — @S 2|+ wlseolo + DS

2,a;1
2,a5T 2,057

< 36Csre (20)% [w — @)Y

youT*

2
+ 6Csrfw — @l (1o + 81550 )

Hence T is contracting if we further assume that r < R, where R} :=
(126C3A2%)~1/* because it implies that 36Csr® (2A)°> < 1. In conclusion
(observing that actually R} < Rj}) if we let Ry := inf (R1, RY), then for all
r € (0, Rz), T maps the closed ball B, into itself and is contracting. Hence
it admits a unique fixed point w € By which is a solution of (4.12). O

5. A maximum principle

THEOREM 5.1. — Let (N, h) be a pseudo-Riemannian manifold of class
C? and My be a point in N. There exists an open neighbourhood Uyg, of
My, a local chart ¢ : Upyy — R™ and constant o > 0 such that for any
open subset Q of R™ and for any pair of harmonic mappings u,v : & —
(Unty hij) (i-e. which satisfy (1.1)), then the function f : Q — R defined
(usingu~¢ou and v=~¢ov) by

. u\r) —vlx 2
£(&) = (@2 + @ P)(e? + (@) O v eq o)

satisfies the inequality

—div(pVf) <0, onQ, (5.2)
where
(z) - - VzeQ
T) = , .
P S Tu@P o + (@)
Remark.— Note that here | - | is an Euclidean norm on Uy, which has

nothing to do with the metric A on N. More precisely, assuming that
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®(Mo) = O, for any points ]\I,ME Unt, we set (M,ﬁ) = (p(M) —
&(Mo), $(M) — (Mo)) = (¢(M), d(M)), |M|* := |$(M)|* = (6(M), p(M))

and |M — M|? := |p(M) — ¢(M)|2.

Proof of Theorem 5.1.— Again we first apply Lemma 2.1 around Mjy:
it provides us with a local chart ¢ : Uy, — R™ such that ¢(Mp) = 0
and estimates (2.3) and (2.5) on the Christoffel symbols Fj-k hold. We fix
some « € (0,00) which is temporarily arbitrary and whose value will be
chosen later. Then given a pair of harmonic maps u,v : @ — (Uj,, , hij)
we compute div(pV f), where f is given by (5.1). We first find that

(u, Vu) n (v, Vv) )

a?+ ul2 a2+ |v?

prz(u—v,V(u—v)>+|u—v|2(

Hence (by using the notations (-,-) for the scalar product in R™ and - for
the scalar product in R™)

div(pV ) IV(u=v)|* + (u = v, A(u —v))

(ua VU) <'U,V’v>
+ 2(u — v, V(u —v)) 2+ u2 | o+ |uf?
luof? |Vul? |Vol? (w,Au)y (v, Av)
a2+ ul2 o242 a2+ ul2 o +|uf?
9 |{u, Vu)|? _9 |{v, V)|
(@2 +[u2)2 " (a2 + |v]?)?
= G1+ G2+ B; + By + Bs + By,

where the “good” terms are

[Vul? [Vol? )

—_ —_— 2 — - 2
Gi:=|Vu=v)l, Ga2:=lu—v| (a2+|u|2 a? + |v|?

and the “bad” terms are
B, = (u—v,A(lu—v))
By = 2{(u—v,V(u—-))-

W, Vi) (v, Vo) >

a2 Tl T a7 TP

—— 2 <u7 Au) <’U, AU)
B3 - ]Ul 'Ul <a2 + |u!2 a2 + |'U|2 ,
Vu)|? (v, Vo)
= 2y — 2 |<u7 ) .
5= -t (i * T

We now need to estimate the bad terms in terms of the good ones. We let
R € (0, 00) such that ¢(Uy, ) C B"(0, R). We shall assume in the following
that

|lul <r and |v|]<r forsomer € (0,R), (5.3)
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where 7 has not yet been fixed. In the following we will first choose o as a
function of Cr and R, and second we will choose r as a function of o, Cr
and R.

Estimation of B,

We have
—A(u — v) I'(uw)(Vu® Vu) — T'(v)(Vv @ V)

T(u)(Vu® V(u—-v)) +Tu)(V(u —v) ® Vv)

+ (T'(u) = T(v))(Vo @ Vo).

fl

And because of (2.3) and (2.5) which implies [I'(y)] < Crly| and
IT(y) —T(¥')| < Crly — ¢/| on Uy, , we deduce that

|A(w—v)| < Crlul(IVul|V(u = v)| + Vo] [V(u = v)])
+ Crlu —v||Vv|2.

Using (5.3) and a symmetrization in u and v one is led to
Cr 2 2
|A(u — v)| < CrR|V(u —v)| (|Vu| + |Vv]) + —§-|u — | (|Vu]® + |Vv)?).
Hence we deduce using Young’s inequality that

- C
|B1| < CpR|u—v||V(u—’U)l(|Vu[+|Vv|)+%]u—v|2(|Vu|2+]Vv|2)

\v4 _ 2
|—-(u—4i)|— +2CER?|u — v (|Vul? + |[Vu[?)

C
+ —25|u —of? (|Vul? + |Vof?).

<

We choose o € (0,00) sufficiently small so that 527 > 4 (2C2R? + &) and
we impose also that r < a. Then by (5.3)

1 1 1 Cr
ST >— >4(2C2R? + —
el bl<r<e = SRR @TRE 7 5 (2cre+ F)
and thus
Gi  |u—v|? |Vul? |Vv|? G G
< — = — 4 —. 54
BIS T+~ &7 tasme) -1 1 69
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Estimation of By

Using again Young’s inequality we obtain
lul [Vul | o]V
a2+ Tul? " a2+ TP
2
2 (LullVul - o]Vl >

a?+|ul2 = a2+ |v)?

Bal < 2u— | [V(u—v)| (

— )2
M=ol +2u —v|
2
G,

¢ G g (APIVUE PO
S 3 (@2 T PP * (a® +1PR)
We further impose that r < §. Then by (5.3)

<

4|ul? 4|v|? ﬁ 1 (5.5)
Q2+ uP’ a2+ 2 T a2 T4 ’
and
Gl 2 1 |Vu|2 1 |V'U|2 G1 G2
Bil < 2t lu—of? (= - T 22 (56
|Bal < 5+ lu =l (4a2+|u|2 102 + [uf? ; v (09

Estimation of By

We first write

2 2 2 2
|B4l < 2|u _ ’U|2 ( |u| |VU| |’Ul lV’U| ) ,

o2+ ul2a?+ul2 o+ v]2a?+|vf?
2 2
and using the fact that E’Lih_ulf’ E‘%r" < {5 because of (5.5), we deduce

that
Iu—vl2( VuP |l )-&

By| < =
|84 8 a2+ ul2  a?+ |v|? 8

(5.7)

Estimation of B3
We use that
|Au| = |T(w)(Vu ® Vu)| < Crlu| |[Vu|?

and thus |(u, Au)| < |u||Au| < Cr|ul?|Vu|? and similarly [(v,Av)| <
Cr|v|?|Vv|?. Hence by (5.3)

2 2 |Vul? 5 |Vo)?
Bl < Crlu—of (P Ao +

[Vul? [Vol? )

a2+ ul2  a?+ |v)?

< Crrilu—of? (
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We further require on r that Crr? < 1. Then

G
|Bs| < f. (5.8)
Conclusion
By choosing
1 o 1
a ———————, 7 <inf R,—,———-—), 5.9
2\/2CER? + Cr ( 4 2yCr (59)
we obtain using (5.4), (5.6), (5.7) and (5.8) that
diV(pr) = G1+Ga+ By +By+ B3+ By
Gi G Gi G Gy Ga
> (2 22y (21,222 2
G1+GG2 (4+4> (2+4> 4 8
G 2
= — 4+ —>0.
1 + 3 = 0

Hence (5.2) follows by choosing Uy, := {M € Uy, /|¢(M)| < r} where r
satisfies (5.9). O

6. A result related to capacity

We prove here the following result.

LEMMA 6.1.— Let Q be an open subset of R™, for m = 2. Let
p € CHS,R) be a function satisfying 0 < A < p < B < 0. Leta € Q,

€0 > 0 such that B™(a,&9) C 2 and, for alle € (0,e0), Qe := 2\ B™(a,¢).
Let (¢¢)cc(0,e,) be a family of functions ¢. € C%(2.)NC°(Q.) such that

o = M ondB™(a,¢)
. = 0 ondQ (6.1)
—diw(pVe.) = 0 onQ,,

where M > 0 is a constant independant of €. Then for all compact K C
Q\ {a} and for ¢ € (0,20) such that K C ., the restriction of ¢. on K
converges to 0 in L1 (K) when ¢ tends to 0.

Proof.— A first step consists in proving that the energy of ¢,
E. == A[¢] == /Q p|Voe|* dz
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converges to 0 when € tends to 0. This is a very standard result which can
be checked as follows: we know that ¢. is energy minimizing and hence that
E. < A.[f], for all f € C?(2.)NC°(€) such that f = M on dB™(a,¢) and
f = 0 on 89. One can choose for f v.(z) := Mx(z)G.(x — a), where x €
C%(9.) satisfies 0 < x < 1, suppx C B™(a,0), x = 1 on B™(a,&p/2) and

|Vx| < 4/eop and where G, is the Green function on R™ (G.(z) := l‘l)ci":' if

m =2 and Gc(z) := !irT—_zf if m > 3). Then a straightforward computation
shows that lim._,o A, [ve] = 0. Hence

lim E. = 0. (6.2)

e—0

Second we consider, for all s € [0, M], the level sets

Q2 = {z € Qc/dc(z) > s}.
Note that the maximum principle implies that ¢. takes values in [0, M].
Sard’s Theorem implies that the set V. := {s € [0, M]/3z € Q. such that
¢:(z) = s and V¢.(z) = 0} (critical values) is negligible (moreover it is also
closed®)). And Vs € [0, M]\ V,, 0Q¢ = {z € Q./¢.(x) = s} is a smooth
submanifold. We let I'* be the exterior part of 902 so that we have the
splitting

N =T°*UIB™(a,e).

Using the equation (6.1) we observe that, Vs,s’ € [0,M] \ V. such that
s< ¢,

=
I

/ —div (pV¢,) dz
Qs\Q¢

& &

/ —p(Voe,v)dH™* + / (Ve v)dH™
fp|V¢sld m“l—/,plweldﬂm_l,
Is Is

i

il

where dH™ ! is the (m — 1)-dimensional Hausdorff measure. Here we have
used in the last line the fact that, on I'* and I'*', V¢, is parallel (and of
opposite orientation) to the normal vector v. This implies that the function

[0,M]\V.>s+— [ p|Véc|dH™ ! is constant. (6.3)
. Jre

We now use the coarea formula to obtain

/ pIVoPde = / d/ oAV, 29
{3 £ |V¢€

/O ds/s p|Ve|dH™ L.

(1) and V. C (0, M) because of the Hopf maximum principle
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Thus we deduce that, using (6.3),
1 E
Vs € [0, M]\ Vs, dH™ 1= = |?dr = ==. 4
seOMN\Vey [ plgelaren =57 [ Vepiz= T 64)

We now let F, : [0, M] — [0, o0) be the function defined by
F.(s) := |2 UB™(a,¢)|, the Lebesgue measure of QU B™(a,¢).

Obviously F. is a decreasing function and so F! is a nonpositive measure.
We can decompose this measure as F! = (F!), + (F.)s, where (F!), is
the absolutely continuous part of F, and (F.); is the singular part of F.
Moreover F; is differentiable on [0, M]\ V, with

de—l
s | Ve

and supp(F!)s C V.. We deduce from this identity and from (6.4), by using
the Cauchy—Schwarz inequality, that Vs € [0, M]\ V,,

dml
= e = [ VN

VIVl

vs € [0, M]\ V, F;<s>=—/r

de 1
< Vo |dH™—1 /
< \/z I p|V¢s|de-1\/—F;(s>
FS
E.

< _ K7

S VoV EG)
Hence B

312 < _ e v
Vs € [0, M]\ V., [I°*< AMFE(S)' (6.5)

We observe that this inequality extends on the whole interval [0, M] in the
sense of measure: V, is Lebesgue negligeable and if s is a singular point of
F!, then the above inequality holds since the left hand side is a function. We
next exploit (6.5) together with the isoperimetric inequality for the subset
Q2 U B™(a,e) C R™ and its boundary I'*:

m™ o, Fo(s)™ ! = m™ 1w, |92 U B™(a,e)|™ ! < T°|™. (6.6)
Then (6.5) and (6.6) imply

AM (mm_lwm)z/m
E, ’

F! 4+ k FXm=D/m <0, with k. := (6.7)

in the sense of measure on [0, M].
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The case m = 2
Equation (6.7) then implies
Vs € [0, M], F.(s) < F.(0)e™%® = |Qle ke,

Hence for any compact K C Q\ {a} and for £ small enough, by using the
coarea formula, we have

€]

M M
pellL1 (k) = / |K NQ|ds < / F.(s)ds < = (1 _ e-—ksM) '
0 0 2

which implies that ||¢c||L1(x) tends to 0 when € — 0 because k. tends to
00, because of (6.2). Hence the Lemma is proved in this case.

The case m > 2

Let us denote by 3 := 21”—1;—1 —1 € (0,1). We deduce analogously to the
preceding case that

2]
v M), F.(s) <
2 OML O S B

and thus

o= 1
e || L1 < 1- ’
Woellzao < 5508, ( 1+ ﬁlﬂlﬁksM)l/ﬁ_l)

which leads to the same conclusion. O

7. The proof of the main theorem

‘We conclude this paper by proving Theorem 1.1. Let u be a continuous
map from Q to N and assume that u is C2 and harmonic with values in
(N, hij) on Q\ {a}. Using Theorem 5.1 with My = u(a) we deduce that
there exists a neighbourhood Uy q) of u(a) in N such (5.2) holds for any
pair of harmonic maps into (Ug(a), hi;). We hence can restrict u to a ball
B™(a, R), where R is chosen so that u(B™(a, R)) C Uy(s)- Then we use the
existence result 3: we deduce that there exists some Ry € (0, R) such that,
for any r € (0, Rs) there exists a map u € C>%(B™(a,r)) N C%*(B™(a,r))
which is harmonic into (Uy(q), hi;) and which coincides with v on 9B™(a,r).
Then we choose some r € (0, R2) and we identify u >~ pou and u >~ dou
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as in Theorem 5.1. Note that it is clear that there exists some A € (0, 00)
such that |u|,|u| < A on B™(a,r). Now let

|u(z) — u(z)[?

f(x) = (o® + u(2)|*)(® + |u(2)[*) 5 , Vz € B"(a,r).

where o has been chosen as in Theorem 5.1. For any & > 0 such that
B™(a,e) C B™(a,r), we consider the map ¢. € C2(B™(a,r) \ B™(a,¢)) N

C%(B™(a,r) \ B™(a,€)) which is the solution to

O = M ondB™(a,¢)
be = 0 ondB™(a,r)
—div(pV¢:) = 0 on B™(a,r)\ B™(a,¢),
where ) 1
A= E R e e e
and

M :=24%(a® + A?)(a® + 4%).

Clearly we have f < ¢. on (B™(a,r)\ B™(a,¢)) and Theorem 5.1 implies
that —div(pVf) < 0 = —div(pVée) on B™(a,r) \ B™(a,e). Hence the
maximum principle implies that f < ¢. on B™(a,r) \ B™(a,c). Now if we
fix a compact subset K C B™(a,r) \ {a} and suppose that ¢ is sufficiently
small so that K C B™(a,r) \ B™(a,¢), the inequality f < ¢. on K implies

1 £l () < |1@ellLr(x)-

Letting € tend to 0 and using Lemma 6.1 we deduce that ||f||z1(x) = 0.
Since K is arbitrary and f is continuous on B™(a,r), we conclude f =0
on B™(a,r). Hence u coincides with 4 on B™(a,r). Thus u is C** on
B™(a,r). O
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