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Wavelet techniques for pointwise regularity®

STEPHANE JAFFARD (D

. she rocks herself to sleep on wavelets
of sensation rippling out from the secret
grotto at the center of her body.

David Lodge, Souls and Bodies, Chap. 1.

ABSTRACT. — Let E be a Banach (or quasi-Banach) space which is shift
and scaling invariant (typically a homogeneous Besov or Sobolev space).
We introduce a general definition of pointwise regularity associated with
E, and denoted by C%(z0). We show how properties of E are transferred
into properties of C%(xo). Applications are given in multifractal analysis.

RESUME. — Soit F un espace de Banach (ou un quasi-Banach) in-
variant par translation et dilatation (typiquement un espace de Besov
ou de Sobolev homogene). Nous introduisons une définition générale de
régularité ponctuelle associée & E, et notée C'%(zo). Nous montrons com-
ment les propriétés de E se traduisent en propriétés de C'%(xo0). Nous
donnons également des application en analyse multifractale.

1. Introduction

How can be formalized the idea that a function (deterministic or stochas-
tic) satisfies some scaling property in the neighbourhood of a given point
2o? This problem quickly splits in several directions depending whether the
setting is deterministic or stochastic (in the latter case, the scaling is re-
quired to hold in law rather than sample path by sample path), whether

(*) Recu le 22 octobre 2004, accepté le 23 février 2005
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Stéphane Jaffard

the scaling is exact or approximate (i.e. up to higher order correction terms)
and, finally, one might not require precise scalings, but only expect bounds
which are scaling invariant. Let us mention a few definitions and examples
in order to be more specific.

In the stochastic case, the Fractional Brownian Motion of order H
(0 < H < 1) satisfies the following exact scaling relation which holds in
law at z¢g = 0:

YA>0, Bu(\t) E M By(t).

A stochastic process is Locally Asymptotically Selfsimilar of order H € (0, 1)
at zo if \™H (X (to + M) — X (t)) converges in law towards a non-degenerate
process when A — 0 (see [4, 5]).

In the deterministic case, a simple example of scaling invariant function
is supplied by the devil’s staircase; in order to define it, we start by recalling
the triadic Cantor set: Let x € [0,1]; x can be written (in base 3) as x =
2?11 a;377 with a; € {0,1,2}. The triadic Cantor set K is the set of x
such that a; € {0,2} for all j. The devil’s staircase is defined as follows: If
x ¢ K, at least one of the a; is equal to 1. Let | = inf{j : a; = 1}; then

-1

— aj a
D(z) = Z 9j+1 + 9L°
=1

The function D(z) is thus defined almost everywhere on [0, 1]. It is then ex-
tended by continuity on [0, 1]. An easy computation show that it satisfies the
exact scaling relation D(%£) = $D(z). Finally, a function f is approximately

selfsimilar of order H at x if there exists a A < 1 such that

flao +1) = fzo) = A7 (f(wo + At) — f(o)) + o[t

see [18] where a wavelet characterization of this property is given. A partial
relationship between the deterministic setting and the stochastic one is given
for Gaussian processes through their spectral density: If the spectral den-
sity is approximately selfsimilar, then the process is Locally Asymptotically
Selfsimilar (see [12] for precise statements).

If the function is only required to satisfy upper bounds estimates which
are scaling invariant in the neighbourhood of x(, then the corresponding
property is rather reffered to as a pointwise regularity property. We will
investigate such properties in this paper. The one most widely used is the
Hélder regularity, which is defined as follows.



Wavelet techniques for pointwise regularity

DEFINITION 1.1. — Let f : RY — IR, be a locally bounded function,
zo € R and o > 0; f € C%(xq) if there exist R > 0, C > 0, and a
polynomial P of degree less than « such that

if |x—xo| <R, then |f(x)— P(x —xp)| < Clx — zo|®. (L.1)

There are two ways to interpret this definition. The classical one, which is
induced by the notation C*(xy) itself, consists in interpreting this condition
as the usual uniform homogeneous Holder condition which would just hold
at one point rather than uniformly; indeed, recall that, if 0 < s < 1 then
f e C*(RY) if

3C >0 such that Vz,y € R?, |f(x) — fly)] < Clz —y|*~.

However, though it is very natural, this point of view has two drawbacks;
it does not extend to other settings (for instance, how could one define
the Sobolev regularity at one point directly from either the double integral
definition or the Fourier definition of Sobolev spaces?) and it does not allow
to understand why some stability properties of the global space C*(IR%) no
more hold in the pointwise setting. This second drawback will be explained
and dealt with in Section 2.

The other interpretation consists in noticing that (1.1) can actually be
rewritten as follows. Let B(z,r) denote the open ball centered at o and
of radius r; then (1.1) is clearly equivalent to the following condition: There
exists a polynomial P and constants C, R > 0 such that

Vr<R | (f = P) e Bo,m< Cr”. (1.2)

In other words, the C*(zo) condition describes how the L* norm of f
(properly “renormalized” by substracting a polynomial) behaves in small
neighbourhoods of xy. This point of view has two advantages: We will see
that it explains why the C*(z() does not have the stability properties of the
space C*(IR%) (it will just be a consequence of the fact that L does not
possess these properties); furthermore, (1.2) can be immediately generalized
by replacing the local L norm by another norm. For instance, using the
LP norm (for 1 < p < o0) one obtains the following definition introduced
by Calderén and Zygmund in 1961, see [9].

DEFINITION 1.2. — Let p € [1,+00); a function f : R — R in Ly
belongs to TE(xo) if IR,C > 0 and a polynomial P of degree less than «
such that

1/p
Vr ( /\f Pl —x0)|”da:> <cre, o (13)
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Note that this condition is of the same kind as (1.2) since it can be
rewritten

Vr <R || (f = P) Lo < Crota/r. (1.4)

The notion of pointwise regularity can be extended further: It is natural
to replace in (1.2) the space L* by an arbitrary function space F; in the
following we will work in the setting of Banach or quasi-Banach spaces.
Recall that a quasi-norm satisfies the requirements of a norm except for the
triangular inequality which is replaced by the weaker condition

IC>0, Ve,ye B, ety <Ozl + 11yl

A quasi-Banach space is a complete topological vector space endowed with
a quasi-norm. The examples we have in mind are the real Hardy spaces HP,
and the Besov spaces By with 0 < p < 1; in these cases || z —y [|P defines
a distance on E. In the following, if F is a quasi-Banach space, then we
will always assume that there exists a p > 0 such that this property holds;
we will call a space with this property a quasi-Banach space of type p. The
space E we will work with will be a space of distributions (perhaps defined
modulo Py, the vector space of polynomials of degree at most N) satisfying
Sp — E — 8] (Sp denotes the Schwartz class of C°° functions f such that
f and all its partial derivatives have fast decay, and all the moments of f
vanish).

If B is a ball of RY, then let

= inf . 1.5
| fles=,_inf gl (15)

DEFINITION 1.3. — Let E be a space of distributions which is either a
Banach space or a quasi-Banach space defined modulo Py and satisfying
Sy — E — 8. The two-microlocal space of order o associated with E is
the space C%(zo) defined by

3P polynomial, IR,C >0, Vr < R | f=PllEB@,n< Cr®. (1.6)

Remarks. — The two-microlocal space associated with L is precisely
C%(xo); it E = LP, then we obtain the space T£+d/p(x0); in these examples
a maximal degree can be imposed on P which implies its uniqueness. We
will see that it is also possible to impose a maximal degree on P if E satisfies
homogeneity requirements (see Definition 3.6 where these requirements are
listed and Theorem 4.1 for the corresponding result).
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The way we introduce pointwise regularity in a general context differs
from Y. Meyer’s (Definition 1.1 of [31]). The arbitrary space E introduced in
[31] corresponds to our space C%(zp). Our motivation here is to emphasize
the duality between the “global” space E (which will be assumed to be
shift invariant, such as LP for instance) and the corresponding pointwise
regularity space C%(xo), in order to show how properties of the second can
be derived from properties of the first.

Pointwise regularity differs from the notion of local regularity at xg
which, for Holder spaces is defined as follows: f belongs to Cf (z) if there

loc
exists ¢ in D(RY) such that ¢(zo) = 1 and f¢ € C*(R?). This notion can
be extended to scales of spaces other than C?. For instance, the case of the
spaces B,? is considered in [33, 36].

In order to explain where the terminology of two-microlocalization comes
from, we first need to recall the definition of the homogeneous Hélder spaces
Cs(RY).

If 0 < s < 1then f € C*(RY) if

3C >0 such that Vz,y € R? |f(z) — f(y)| < Clz — y|°.
Ifs=1, C'S(Rd) is the Zygmund class of continuous functions satisfying

3C >0 such that Yo,y € RY, |f(z+y) + f(z —y) — 2f(x)| < Clyl.

If s > 1, then f € C*(RY) if Va such that |af = [s], 9°f € Cs—BI(RY).
Finally, if s < 0 then the spaces C*(R%) are defined by recursion on [s] by

fEeCRY) iff =0ufi + -+ afa with f; € CF(RY).

The two-microlocal spaces Cjzf' had been introduced by J.-M. Bony in
order to study the propagation of singularities of the solutions of nonlinear
evolution equations, see [6]. Yves Meyer showed that these spaces are exactly
of the form defined above: If s’ > 0 then a distribution f belongs to C’;;}‘s,
if and only if, using notation (1.5),

3R,C >0, Vr < R 1 £ s e Bagm< CT*

see [25, 30], and also [24, 32] where two-microlocal conditions are associated
with Besov spaces. In the limit case s’ = s, then the two-microlocal space
associated with the space BL™ is the space C*~%(z0), see [16].

In Section 2, we will explore the different stability requirements which
can naturally be imposed on a function space, and see which implications
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hold between them. In Section 3, we will investigate the properties of func-
tion spaces which satisfy these stability requirements, especially in terms of
wavelet characterizations. In Section 4, we will draw the bridge between the
properties of E and those of C'f. Finally, in Section 5, we will investigate
implications of these results in multifractal analysis.

2. Stability conditions

The motivation of Calderén and Zygmund for introducing the T2(x)
spaces was to understand how pointwise regularity conditions are trans-
formed in the resolution of elliptic PDEs; the standard way to prove such
results is to write differential operators as the product of a fractional dif-
ferentiation and a singular integral transform. Therefore, one has to use
pointwise regularity criteria which are preserved under such singular inte-
grals. Calderén and Zygmund introduced the T? (z) spaces because the stan-
dard pseudodifferential operators of order 0 are not continuous on C*(x),
whereas they are continuous on TP(x) if 1 < p < 0o, see Theorem 6 of [9].

Let us recall how this deficiency of the C*(zg) condition can be shown.
Consider the simplest possible singular integral operator namely, in dimen-
sion 1, the Hilbert transform; it is the convolution with the principal value
of 1/xz, i.e. it is defined by

Hf(x) = lim 1)

dy,
e—0 I.(z) xr—y

where I, (z) =R — [r — &,z + ¢]. An immediate computation shows that

(2.1)

Let now z,, be a strictly decreasing sequence such that lim,, .., x, = 0. We
can pick a positive, strictly decreasing sequence a, such that
[ =2 anl[s, &, is arbitrarily smooth at xo. Nonetheless, (2.1) implies
that

o0
= ay log |m—x0|+2(an—an+1) log |z — z4|,

n=1

Hf(zx) = Zan log
n=1

T — Ty ‘
T — Tnp+1
which is not locally bounded near the origin, and therefore cannot have any
Holder regularity there. Note that what we really used here is the fact that

the Hilbert transform is not continuous on L°°; the “bad behavior” of the
pointwise regularity criterium based on L follows from the corresponding
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“bad behavior” of L>°. On the opposite side, we will see that the continuity
of the Hilbert transform on L? implies its continuity on the TF (x) spaces (as
a consequence of Theorem 4.2). This feature also explains why it is better
to interpret the C*(xo) condition as a local L*> condition rather than as a
local C*(IR?) condition. The fact that properties of the “global space” L
(resp. LP) are transferred to the “pointwise space” C*(xg) (resp. T2 (xzg)) is
an important idea that we will develop (see Theorem 4.1 which shows that
one can perform such transfers in a general setting).

Besides the study of PDEs, another motivation recently appeared in
completely different areas and led to similar concerns. Many signals or im-
ages are now stored, denoised or transmitted via their wavelet coefficients,
see [27]. Therefore, if one wants to obtain information on the pointwise reg-
ularity of signals, one needs to be able to characterize it in a robust way by
conditions bearing on their wavelet coefficients. Recall that, in dimension 1,
a wavelet basis is of the form 29/24(27x — k), j,k € Z, where 1) has fast
decay and belongs to C" (one speaks of r-smooth wavelets), for an r picked
large enough; the wavelet coeflicients are

cjp =2 / f(x)p(2z — k)da.

What can be meant by a characterization “in a robust way”? It is natural to
suppose that the criterium used is not too much perturbed if the size of each
wavelet coefficient is slightly altered. The following definition encapsulates
these features.

DEFINITION 2.1. — A norm (or a quasi-norm) on sequences (Cp)neN 8
robust if it depends only on the moduli |c,,| and if it is an increasing function
in each variable |cy).

Note that this definition implies the following (more classical) notion: A
sequence of vectors (2, )new is said to be monotone if

p q
E CnTn E CnTn
n=0 n=0

see [3]; clearly, if a sequence norm is robust, then the canonical basis is
monotone.

pP<q = <

)

Another natural requirement is that the smoothness criterium used does
not depend on the particular (smooth enough) wavelet basis which is picked.

-9 —
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This implies that the infinite matrices which map a wavelet basis on another
one should act in a continuous way on the spaces of sequences thus de-
fined. Since these infinite matrices are matrices of operators which are very
closely related to the pseudo-differential operators of order 0 considered by
Calderén and Zygmund, see Chapter 7 of [29], we are essentially led back
to our previous requirement.

Let us now be more specific about these different stability requirements.
We keep the discussion in dimension 1 for the sake of simplicity. We have
met three different continuity requirements

e under the action of the Hilbert transform,
e under changes of wavelet bases,

e under the action of pseudodifferential operators of order 0.

How can such conditions be checked, and what is their hierarchy? It is clear
that the first criterium is weaker than the third one. It is also weaker than
the second one for the following reason: If the 20/2¢(27z — k), j,k € Z
form an orthonormal basis of L2(IR), and if ) denotes the Hilbert transform
of 1), then the 27/2)(27x — k), j,k € Z also form an orthonormal basis
of L?(R), simply because the Hilbert transform is an isometry on L*(IR),
and it commutes with translations and dilations (all these properties follow
from the fact that, in the Fourier domain, the Hilbert transform is simply
a multiplication by &/|¢|, which is of modulus one and is homogeneous of
degree 0). The second and the third conditions do not really compare, but
are both implied by a fourth requirement (as a consequence of Theorem 2.3
below), which is simpler to check in practice, and which we now describe.

We will state precise definitions in the d-dimensional setting. Let r» € IN;
an r-smooth wavelet basis of R? is composed of 2¢ — 1 wavelets ¥(9) which
belong to C” and satisfy the following properties:

e Vi, Vo such that |a| <r, 0%® has fast decay,

e The set of functions 24/2¢() (22 —k), j€ Z, keZ® ic {1,...,29-1}

is an orthonormal basis of L2(IR).

Thus any function f in L?(R%) can be written

F=Y ez k) (2.2)

~10 —
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where
&) =24 [ @ - k.

(Note that, in (2.2), wavelets are not normalized for the L? norm but for
the L norm, which will simplify some notations.)

Wavelets will be indexed by dyadic cubes as follows: We can consider that
i takes values among all dyadic subcubes \; of [0,1)¢ of width 1/2 except
for [0,1/2)%; thus, the set of indices (i, j, k) can be relabelled using dyadic
cubes: A denotes the cube {z : 27z —k € \;}; we note ¢y (x) = 1 (2/x — k)
(an L> normalization is used), and ¢y = 2% [, (z)f(z)dz. We will use
the notations c(»zl)€ or ¢y indifferently for wavelet coefficients. Note that the
index A indicates where the wavelet is localized; for instance, if the wavelets
¥ are compactly supported then 3C : supp(1x) C CX where CA denotes
the cube of same center as A and C' times larger; thus the indexation by the
dyadic cubes is more than a simple notation: The wavelet ¥ is “essentially”
localized around the cube A.

The following classes of infinite matrices acting on sequences indexed by
A were introduced by Y. Meyer.

DEFINITION 2.2. — Let v > 0. An infinite matriz M (X, \') indexed by
the dyadic cubes belongs to MY if
C 2= E+li—i']
(14 (5 = 5)2) (A + 201G dist(A, V)47

[MA )| <

The following result was proved by Y. Meyer, see Chapter 8 of [29].

THEOREM 2.3. — If v > 0, then M" is an algebra. Furthermore, if
(¥a) and (1x) are two r-smooth wavelet bases, then the matriz M (X, \') =
(x]thar) belongs to M7 as soon as vy < r.

We denote by Op(M?) the space of operators whose matrix on a r-
smooth wavelet basis (for a 7 > ~) belongs to M?. This definition makes
sense precisely because Theorem 2.3 implies that this notion does not de-
pend on the (smooth enough) wavelet basis which is used. Pseudodifferential
operators of order 0, such as the Hilbert transform in dimension 1, or the
Riesz transforms in higher dimensions, belong to the algebras Op(M?) for
any v, see Chap. 7 of [29]. In practice, in order to check that a criterium
based on wavelet coefficients does not depend on the particular wavelet ba-
sis which is chosen, one checks the stronger requirement that it is invariant
under the action of M7 for a « large enough.

— 11 -
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DEFINITION 2.4. — Let E be a Banach space (or a quasi-Banach space);
E is y-stable if the operators of Op(M?) are continuous on E.

3. The space FE

The first problem we will consider is to find natural conditions on the
space E, which are not too restrictive, and imply that the pointwise regu-
larity condition supplied by Definition 1.3 can be characterized by a robust
condition on the wavelet coefficients (in the sense of Definition 2.1). We
start with a few simple considerations concerning the relationships between
a robust characterization and the existence of bases. Let us recall the two
standard definitions of bases, depending whether F is separable or not.

DEFINITION 3.1. — Let E be a Banach, or a quasi-Banach space. A
sequence e, is a basis of E if the following condition holds: For any ele-
ment f in E, there exists a unique sequence ¢, such that the partial sums
Y n<n Cn€n converge to f in E. It is an unconditional basis if furthermore

IC >0, Ve, such that|e,| <1, Ve, || chenen le< C || chen e -
(3.1)

Remark. — The definition of a basis is usually given in the context of
Banach spaces, see [3, 35, 38]. However it extends to the non-locally convex
case of quasi-Banach spaces, which will be useful in the following.

If the space E is not separable then, of course, it cannot have a basis in
the previous sense. In this case, the following weaker notion often applies.

DEFINITION 3.2. — Assume that E is the dual of a separable space F';
then a sequence e, is a weak™ basis of E if, Vf € E, there exists a unique
sequence ¢, such that the partial sums anN cnen converge to f in the
weak® topology. It is unconditional if furthermore (3.1) holds.

In all cases, we will always assume in the following that,
if f= chen, then ¢, = (f|gn) with g, € F, (3.2)

where F is either the dual of F (in the basis setting of Definition 3.1) or a
predual of E (in the weak* basis setting). The g,, are called the biorthogonal
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system of the e,. Note that if F is a Banach space, if FF = E* and if the
en form a basis according to Definition 3.1, then (3.2) is automatically
verified, see [3, 35]; it is also verified if the e, are a wavelet basis, in which
case g, = e, for L? orthonomal wavelet bases, (or g, is another wavelet
basis in the wavelet biorthogonal case). Note that, for wavelets, the L?
biorthogonal system is also the biorthogonal system for the (E, F') duality;
indeed, by uniqueness if Sy is dense in either E or F, then the (Sy, SY)
duality, the (L2, L?) duality and the (E ,F) duality coincide for finite
linear combinations of wavelets; therefore (3.2) holds for all functions of E
by density, and the duality product (f|g,) in (3.2) can be understood in
any of the three settings.

Examples of non-separable spaces for which wavelets are weak™ bases
include the Holder spaces C’S(Rd), and, more generally, the Besov spaces
B;q with p = 400 or ¢ = +00. Properties of weak™ bases have been studied
by I. Singer and J. R. Retherford, see [35] and references therein. In the
settings supplied by Definition 3.1 and Definition 3.2, if e,, is unconditional,
then the norm (resp. quasi-norm) on E induces a norm (resp. quasi-norm)
on a sequence space S(F), which can be defined as follows.

DEFINITION 3.3. — Let E be a Banach space (resp. a quasi-Banach space)
and let (e,)nen be an unconditional basis or an unconditional weak* basis of
E. Then the sequence space S(E) is the Banach space (resp. quasi-Banach
space) of sequences endowed with the norm (resp. quasi-norm)

’ E EnCntn

where the supremum is taken on all sequences (e,,) satisfying |e,| < 1.

| (cn)nen [ls(my= sup
len]<1

. (3.3)

The sequence norm thus defined clearly is a robust norm and satisfies:
There exist C1, Cy > 0 such that

Weahnen: Cr |l enduens llscey< |[3 enen

5 S Ca || (en)nen llscm) -
(3.4)
Note that the sequence space norm associated with a basis e, is usually

defined by
N

E Cn€n

n=1

| (cn)nen [|= sup :
E

see [3, 35, 38]; in the unconditional case, the norm we defined is clearly
equivalent to this one; we prefer it because it satisfies obviously the robust-
ness property given by Definition 2.1 and, because of its symmetry, it does

not require a particular ordering of the basis.
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Consider the particular case of a wavelet basis. The family of matrices
indexed by A, which are diagonals of € with |e)]| < 1, are obviously elements
of M7; thus, if F is -stable, then each of these matrices is bounded on FE.
The Banach-Steinhaus theorem implies that they form an equi-continuous
family of bounded operators, which is precisely what (3.1) means. The fact
that, for wavelet bases, y-stability implies the unconditionality property
(3.1) has a direct practical consequence in the definition of new function
spaces through wavelet conditions. Initially, the fact that Sobolev spaces
have a robust characterization played an important role in PDEs (see [11, 17]
for instance). It was later the case for Besov spaces in statistics, see [13].
But afterwards, there came situations where traditional spaces which had
been introduced before wavelet bases appeared (i.e. before the mid 80s)
did not supply the right framework. New spaces, defined directly through
their wavelet characterization, had to be introduced. Let us mention the
weak Besov spaces, which come up naturally in sharp embeddings problems,
see [10], or the oscillation spaces, which allow to determine the upper box
dimension of the graph of a function, see [19, 20], give the correct “function-
space formulation ” of the multifractal formalism, see [21], and also found
a recent use in statistics, see [2] (we will consider extensions of these spaces
in Section 5); other examples will probably pop up in the short future.
Of course, if one wants the definition of such a space to be consistent, it
should not depend on the particular wavelet basis which is chosen. As we
saw before, in practice, the only way to ensure this property is to check
that the space is y-stable, which implies (3.1); therefore one falls in one of
the two situations described in Proposition 3.4 below. (This does not mean
that wavelets are never conditional bases, as shown by L*(IR) if one uses
the functions p(z — k) and the wavelets for j > 0 as basis.)

Since wavelets have vanishing moments, it is natural to assume that the
space I satisfies
Sy — E — 8. (3.5)

These embeddings also are the right requirement attached to the homogene-
ity hypothesis stated in Definition 3.5. The following proposition yields a
simple criterium in order to check that a family of vectors is a basis.

PropPOSITION 3.4. — Let E be a Banach or a quasi-Banach space sat-
isfying (3.5), and let e, be a sequence in Sy satisfying (3.1) and such that
Span{(en)nen} is dense in Sp.

o IfSy is dense in E, then (ey,) is an unconditional basis of E.

o IfSy is dense in F', and F* = E, then (ey,,) is an unconditional weak*
basis of E.

— 14 —
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Note that, in the case of a wavelet basis in the Schwartz class, the den-
sity requirement in Sy is satisfied and the hypothesis (3.1) can be replaced
by the stronger requirement that E is y-stable. The first part of the propo-
sition is standard, see Chap. 2 of [3] for instance, and we prove it only for
the sake of completeness.

l inf(l,N)
Proof. — It f = Zanen, let Py(f) = Z apén. Then, using (3.4)
n=1 n=1

and the robustness of the norm in S(E),

Cy
I P () o< Ca | (an)nsinsa.n) s < Co Il (andnet s s & I Hles

thus Py extends into a linear continuous operator of norm less than Cs/C.

K
If Span{(e,)nen} is dense in Sy, hence in E, then Ve, g = Zanen
n=1

such that || f — g ||<e. If N > K then Pn(g) = g so that

Cy
I Pt = S 1< Puf = Pug |+ Pug =g 1+ g = Fl1< (1+ G2 ) e
for N large enough; hence the first point of Proposition 3.4.
In order to prove the second point, we have to check that

Vg e F, (g|Pnf) — (g]f).

Since the Py are uniformly bounded, it is enough to check it for g in a dense
subspace of F'; but it is obviously true if g is a finite linear combination of
the g, (the biorthogonal system of the e;).

Let 7, denote the shift operator (7,(f))(xz) = f(z — a), and oy the
dilation operator (ox(f))(z) = f(Ax).

DEFINITION 3.5. — A Banach (or quasi-Banach) space of distributions
(perhaps defined modulo polynomials up to degree N) is homogeneous of
order H if it satisfies

ICVaeRY, () IISCI S, (3.6)

and
ACVA>0, o) ISCATfI- (3.7)
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Examples of homogeneous spaces are supplied by the spaces LP, where
H = —d/p, the homogeneous Besov spaces B, and the homogeneous

Sobolev spaces LP* where H = s — d/p.

Requiring the space E to be homogeneous is a very natural requirement;
indeed, the shift invariance implies that the definition of pointwise regular-
ity is the same at every point, and the dilation invariance is an implicit
requirement in the motivation we gave of pointwise regularity through scal-
ing invariance. Furthermore, in practice, norms which are not homogeneous
usually are the sum of several terms: A main part, which describes the “high
frequency” behavior and is homogeneous, and a “low frequency” part which
usually can be written under several alternative forms, and ensures that the
space is not a quotient space; locally, the norm on E is equivalent to the
homogeneous high frequency part, so that using the non-homogeneous norm
would lead to the same definition of pointwise regularity. A typical example
is supplied by the Sobolev spaces H® for s > 0, whose norm is the sum of
the “low frequency” L? norm and the “high frequency” part supplied by
the homogeneous H* semi-norm. We will come back to the problems which
may appear when E is a quotient space at the end of this section.

The several requirements that were derived are now collected into the
following definition.

DEFINITION 3.6. — A function space E is a gentle space of order H if

e F is a Banach or quasi-Banach space defined modulo polynomials of
degree N,

o Sy — E— &y,

e if F is separable, then Sy is dense in E, and if E is the dual of a
separable space F', then Sy is dense in F,

e FE is homogeneous of order H,

e Jdvy > 0 such that E is y-stable.

It follows from Proposition 3.4 that, if E is gentle, then wavelets are
either unconditional bases or unconditional weak* bases of F, depending
whether E is separable or not. Note that, a priori, wavelets are required to
belong to Sy, but the y-stability implies that, once wavelets in Sy have been
shown to be bases of E, then any r-smooth wavelet basis (for r > ) is also
a basis of E. In particular, we can use compactly supported wavelet bases,
which will be useful in the following.

~16 —



Wavelet techniques for pointwise regularity

Recall that a function f belongs to the homogeneous Besov space B;,q
if
q/p

Z Z |:2(S—d/P)j|CA|]p <C,

J€Z \ XA,
where A; denote the set of dyadic cubes of width 277.
ProprosITION 3.7. — If E is a gentle Banach space of order H, then
B{{er’l — E— CH,
If E is a gentle quasi-Banach space of order H and of type p, then

B;Jer/p,p B OH.

Proof.— Let f = > caty; in both settings, using the fact that the
sequence space norm (or quasi-norm) is robust (so that it gets smaller if we
set to 0 all wavelet coefficients except one) we get

a

>
£ le> &

sup | extoa le=> C' Sl;p(QH"ICAIL

which implies that E — CH.

Conversely, if E is a Banach space, then

1D extoa 5< D leal | 9 le< €Y 2% enl;
A

A
it follows that, if f € Bfﬂl’l, then f € E.

If F is a quasi-Banach space of type p, then
1 eaton 5 leal” [ ea < € 2P ey P,
A A

hence the last statement of Proposition 3.7 follows.

Remark.— If E is a Banach space and H = —d, then we obtain the
embedding B’?’l — F, which is a consequence of the famous minimality
property of the Bloch space B?’l (see for example [28] and Chap. 6 of [29]);
this minimality property states that any Banach space homogeneous of de-
gree H = —d and satisfying Sy — E < S] necessarily contains B?l (see
also Chap. 3 of [15] and, for general considerations on minimal spaces, [14]).
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Before studying the pointwise regularity spaces C'%(zo), let us come back
to the requirement that E' is homogeneous, which may be felt as a problem
since it often implies that E is a quotient space defined modulo polynomials.
One possible way to turn this difficulty is to replace F by another space
obtained through a realization of E at xg. A realization of F is a continuous
embedding o: E — &’ such that Yu € E, the equivalence class of o(u) in
FE is u. This means that the “floating” polynomial in the definition of E is
fixed in a way which is continuous and compatible with the vector space
structure. Of course, one does not want to lose the scaling invariance in
this procedure, so that one also requires that the norm on FE restricted to
its image by o still satisfies || (f(A - ) ||= A || (f(A - ) ||. On the other
hand, we do not need to keep the translation invariance. In the Sobolev and
Besov cases, if s —d/p € RT — N, such a realization can be obtained by
substracting the Taylor expansion of f of degree [s — d/p| at zg, see [7].
This provides a coherent definition of pointwise smoothness and allows to
obtain the uniqueness of the polynomial of degree less than o+ H in (1.6).
It would be interesting to determine if, in the general setting supplied by
gentle spaces of positive order H, realizations can always be obtained by
substracting the Taylor expansion of f of degree [H] at x¢. However, even if
it were the case, we wouldn’t follow this path because wavelets are usually
not bases of realizations of homogeneous spaces (simply because they don’t
all vanish at x(). Bases of these spaces can be obtained by some simple
modifications of wavelet bases, see [31, 37]; however, such bases depend on
the point zg, which is an inacceptable drawback if one wants to analyze
pointwise regularity simultaneously at several points, such as in Section 5.

Another possibility is to use instead of E another space E which is a
non-homogeneous version of E. Let us be more specific. Recall that there
are two possible ways to write the wavelet expansion of a function of L2,

see [29]: Either
B P Ip SR

J€Z kezd i
or .
= Z Cro(z — k) + Z Z Zc;kw(i)(?x —k); (3.8)
kezd j=0 keczd i

where ¢ is the function associated with the multiresolution analysis con-
struction, see [27, 29] and

Cr = f@)e(x — k)du;
Rd

¢ has the same smoothness and localization properties as the (®), but
[ ¢(x)dz = 1. Following the examples supplied by Sobolev or Besov spaces,
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we assume that a non-homogeneous space E is associated with E and is
characterized by the condition

(Cr)keza €17, and Z Z Zc§7k¢(i) cE,
j20 kezd i

for a p > 0. One easily checks that the proof of Proposition 3.7 yields that,
if F is a gentle Banach space, then

BHHI L o oM,
and, if F is a gentle quasi-Banach space of order H and of type p, then

BH+d/pr , o, 0H

> .

Since all results that will be obtained below deal with wavelet coefficients
of f for 7 > 0, it follows that all results proved in the following sections are
valid in this setting.

4. The C%(zo) spaces
If A is a subset of A, then, by definition

dy =cy if AeA
IHendsea llsiey denotes | {diden Ly where { 200 22

If 2o € RY, then A;(z0) denotes the unique dyadic cube of width 277 which
contains xg and

Aj(wo) =l {eatacar, @o) s

where 3);(zg) denotes the cube of same center as A;(xo) and three times
wider.

Note that, if E is ~y-stable, any wavelet basis which is r-smooth for an
r >~y can be used to characterize the norm in F, and we can use in particular
a compactly supported wavelet basis.

THEOREM 4.1. — Let E be a gentle space of order H, let f € E and

a > 0. We assume that the wavelet basis is r-smooth with r > |H|+2d+ 2a.
If f € C%(x0), then 3C = 0 such that Vj > 0,

Aj(x()) < 02_aj. (41)

Conversely, if (4.1) holds and if a + H ¢ IN, then f € C%(x) and the
polynomial in (1.6) can be chosen of degree less than o + H.
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Remarks. — Since E may be a space defined modulo polynomials, we
cannot expect uniqueness of the polynomial P. However the degree [a + H]
is optimal in the cases which have been worked out before (L? or C*).

Y. Meyer proved the characterization supplied by Theorem 4.1 if
E = C5(R%), see [25, 30], and if E = L? (personal communication); the
cases where E is either LP (for 1 < p < o0), the real Hardy spaces HP or
BMO are treated in [22].

Theorem 4.1 will be proved in two steps. Recall that, since F is y-stable,
we can use compactly supported wavelets as a basis of E. Thus, we will first
show that Theorem 4.1 holds if the wavelets used are compactly supported,
and afterwards, we will show that the elements of M? are continuous on
the space defined by (4.1); using Theorem 2.3, this will imply that the
characterization actually holds for any (smooth enough) wavelet basis.

If the wavelets are compactly supported, then the direct part of the
theorem is straightforward: Let D be a large enough constant and g be a
distribution which coincides with f(x) — P(x — x¢) on B(xg, D277) and is
such that the norm in S(E) of its wavelet coefficients is bounded by C2~%J
(by hypothesis, such a g exists). Since this norm is robust, its restriction to
the indices A satisfying A\ C 3\;(zo) is also bounded by C27%7; but, if D is
large enough and A C 3X;(zo), then the corresponding wavelet coefficients
of f and g coincide so that (4.1) holds.

Let us now prove the converse part, still in the case of compactly sup-
ported wavelets. We can forget the “low frequency component” of f corre-
sponding to j < 0 in its wavelet decomposition for the following reason: It
belongs locally to C”(RY) (for r-smooth wavelets); therefore it belongs to
C¢(xo) with F = C"~*(R%); but

CT*(RY) — Bfa’l —FE if r—a>H,;
therefore f belongs to C%(xg) if r —a > H.

Let A; f = ZAeAJ_ e, and let Pj(z—x0) denote the Taylor polynomial
of A, f of degree [+ H] at xo. If a+ H < 0, we pick P; = 0 (so that, there
are no more Taylor expansions in the following, in which case the reader
should read the proof which follows using the convention [« + H] = —1).

Proposition 3.7 and (4.1) imply that,
if dist(\,z0) < D277, then |cy| < ¢27(@+H)7, (4.2)
Let p > 0 be fixed and let .J be defined by 277/ < p < 2-277 and L be
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a constant which will be fixed later, but depends only on the size of the
support of the wavelets. If j < J + L, then at most C of the (¥x)xea,
have a support intersecting B = B(zo, p) and each of them satisfies (4.2).
It follows from Taylor’s formula that, if z € B and j < J + L, then

A f(x) = Pj( — xo)| < CplotHiTtgillatiiitizai),

each function A; f(x) — Pj(x — 2¢) can be extended outside B and written
under the form

p[a+H]+1Qj([a+H]+1—a—H)1;j(33) - w(p,j)z/?j(:v)
where 1;](95) is a compactly supported “vaguelette” of scale p in the termi-

nology introduced by Y. Meyer, i.e. has all its moments of order less than
r 4+ 2 vanishing and is supported by B(zo, Cp). Therefore

E,B(x0,p) E,B(zo,p)
<Y wipg)p

(because the t;(z) are vaguelettes of scale p, and E is y-stable). Therefore

J+L J+L
Z A;f(z) — Pj(z — o) < Z plotHIF1=Hoj(lat+ Hl+1—a—H)
=0 EvB(zl)yp) JZO

< Cp°. (4.3)

It follows also from (4.2) that,

if |k|<[a+H]+1, then Vj>0, [(A;F)® ()] < C.20F-a=Hi,
(4.4)
therefore the series

o0 o V) (o
P(x—xo):zzpj(x—xo)zz Z wm—xo)k

j=0 §=0 |k|<a+H

converges; (4.4) implies that

o0

Ry(x —xp) = Z Pj(x — xo)

j=J+L
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is a polynomial of the form

Z wi(J, o) (x — x0)*  where |wy(J, z0)| < C2UkIma—H)i
|k|<a+H

therefore
VB, [9sR;(x — o) < Cp 1P

it follows that R; can be extended outside B(zo,p) as a function of the
form p*tH W ;(2) where W is a vaguelette at scale 277 and supported by
B(xg, Dp). Using the same ~y-stability argumant as above, it follows that
|| v ||E< c2-H7,

Let now g;(x) = ZiJ+L Ajf(x); g7 and

i Z YO

j=J+L ACB(x0,2p)

coincide on B if L has been picked large enough; furthermore, || g; ||g<
A1 (20), which, by hypothesis, is bounded by C2-(/+L) < Cp®. Adding
up the estimates we obtained, it follows that || f — P || g (0,0 < Cp®.

Remark. — Assume now that a + H € IN. We can come back to the
previous proof and substract only Taylor’s expansions of degree a+H —1 (i.e.
reproduce exactly the same proof with the convention [a+ H] = a+ H —1).
Then all points of the proof run the same except for the derivation of (4.3);
indeed, each term of the sum is now bounded by a constant. It follows that
the bound obtained there is Cp®log(1/p). Thus, if « + H € IN and if (4.1)
holds then f satisfies

3P polynomial, C >0, Vr <1/2 | f—PllE B@orn< Cr*log(l/r).

In order to end the proof of the theorem, we still have to prove the
following theorem, which has its own interest, as will be shown below.

THEOREM 4.2. — Let E be a gentle space of order H; if v > |H|+2d+
2a and o > 0 then C%(xo) is y-stable.

Proof of Theorem 4.2.— We have to prove that, if M is a matrix in M?
and if a sequence C' = (cy) satisfies

Vi >0, Aj(zg) <027, (4.5)
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then M C satisfies the same estimate. If 1; denotes the set of indices
pj = 3X;(w0) — 3X;j41 (o),
then, the u; form a partition of A. Let
{ &, =cx iFAC3N(z0) { e, =cn ifAep;
=0 else, =0 else;
we denote by capital letters the corresponding vectors
C = (cx)ren, Dj = (d)rer, Ej = (e))ren-

Then (4.5) can be rewritten HDsz(E) <0279,

LEMMA 4.3. — Let (cx)xen be a vector; then, (4.5) is equivalent to

Vi20, |[Ejllgpm < c27. (4.6)

Indeed, (4.6) is weaker than (4.5) since the sum in (4.6) bears on less
terms. Assume now that (4.6) holds; note that D; = 3., E;. If E is a
Banach space, then

1D ISD B <CY 27 <27,

J'zj J'zj

Y

If F is a quasi-Banach space of type p, then, one applies the same argument
to || D; ||P, which satisfies the triangular inequality.

Let us come back to the proof of Theorem 4.2. Let M, x» be an infinite
matrix in M?. We note

./ -/
5)\ = Z M,\))\/C)\/ :Zég\ where 6’; = Z M/\,)\’CA’-

NeEA 3 N Epy

Because of Lemma 4.3, we only have to estimate the norm of C' = (€x)

restricted to p;; for that, we will estimate the norm of each i = (6{),\@”.
Let j and j' be fixed; if |j — 4’| < 3 then, by assumption,

I (ex)ven, < 027"
By continuity of the matrices of MY on S(E), it follows that
| G99 ||< c27" < 027,

In order to deal with the case |j—j'| > 3, we first prove the following lemma.
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LEMMA 4.4. — Let My x be an infinite matriz in M. If |j — j'| > 3,
A€ pj and XN € pj then

X i—q
My y =271 77INy )

where N € M"/2, and the norm of N in M"/? is bounded independently of
jandj'.

Proof of Lemma 4.4.— Since the estimates required are symmetric, we
can assume that j < j' (and therefore that j < j’ — 4). Denote by 27! the
width of A and by 27" the width of X. Since \ € w; and A € pj it follows
that I > j—1and ! > j — 1.

Assume first that { = j—1 or [ = j; then I’ — [ > j' — j — 2 and therefore
o-($+li=3'| ¢ g-(§+)i—s'Ig—(F+li-1'|

Hence Lemma 4.4 in this case.

If I > j+1, since A € 3)\;41(z0), it follows that dist(\, zo) = 27771; since
N € 3\ 43(wp), it follows that dist(\, \') > 27972; but inf(l,I') — (j +2) =
% — 2 (consider separately the cases | < (j+7')/2 and | > (5 +5')/2).
Therefore
—2

2t (L) gist(\, N) > 2772

and Lemma 4.4 follows in this case.

We come back to the proof of Theorem 4.2. Let us show that || 77 ||<
2799, Since || Ej ||[< €27, by continuity of N on S(E), it follows that
| N(Ej) ||l,< €27%9". But if ' belongs to pj and A belongs to j;, then
Lemma 4.4 implies that

~ TV
| MCI ||< C2 2li=d'lg=ed"
and therefore, in the Banach case,

| (MC) ey, 1< chflljfﬂraj,,
jl

which is bounded by C2~%/ as soon as 7/2 > a. The proof in the quasi-
Banach case is similar: One considers || . ||1;( ) to which the triangular
inequality applies.

— 24 —



Wavelet techniques for pointwise regularity

Note that wavelets are not bases of the space C%(zo) in the sense of
Definition 3.1, even if E has an inconditional basis. The reason is that the
characterization given by (4.1) is an [*°-type condition in j and therefore
So is not dense in E; a counterexample is given by the following function f
constructed through its wavelet coefficients (we use a wavelet basis in Sp):
All wavelet coefficients of f vanish except one for each scale j > 0, the
coefficient indexed by A;(x¢), in which case

CXj(mo) = 2 (i,

The function f clearly satisfies (4.1) because (in the Banach case),
o0 . . . ‘
[{exbacan, @ol] < D €27 <027,
Jj'=j

Let g = > cathy be a finite linear combination of wavelets; if j is picked
large enough, then

If —g”cg(zo) <2 |’{C>\}>\C3)\j(a:0)|| < 2% ch\j(wo)H =1

because of the robustness of the sequence norm. The proof in the quasi-
Banach case is similar.

It would be interesting to identify a predual of C%(x¢), in order to de-
termine if wavelets are weak™® bases of C'%(x(). This would probably involve
the construction of pointwise regularity spaces associated with a negative
a, which, in particular cases, has been performed by Y. Meyer in [31].

The following result states that local regularity is a stronger requirement
that pointwise regularity.

COROLLARY 4.5. — Let E be a gentle space and f € E be such that
(~A)f € E; then Voo € RY, f € Of(x).

Proof.— The matrix in a wavelet basis of the operator (—A)“ can be
written as the product of a diagonal matrix of 2%/ by a matrix in M?, see
Chap. 8 of [29]. Therefore, the condition (—A)*f € E can be rewritten

(2% cy)aen € S(E).
But, since the norm of S(F) is robust, this implies that
¥ji 20, | 2% ex)xcar@o IS C
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) . 0o
so that, since 7' > j — 1,
Viz=0, | (2%ex)resn, @) IS C,

which means that f € C%&(xo).

The following result is more surprising: In contradistinction with Holder
regularity, the fact that f € C%(xo) uniformly in zy does not necessarily
imply that (—A)®f € E, even locally, as shown by the following counterex-
ample: We pick E = B]''(R), so that || f |[z= 3 |ex|. The function f is
defined by its wavelet coefficients:

ex =j7%277 ifAcC[0,1], and j>0
=0 else.

Clearly,

Z ‘C)\/| < j_12_j

ANCA

so that f € CL(x0) uniformly in zo, but Yo > 0, (~A)*f ¢ Bl (R).

5. Implications in multifractal analysis

Multifractal analysis in concerned with the determination of the dimen-
sions of the sets of points where a function has a given pointwise regularity.
The dimension mostly used in multifractal analysis is the Hausdorff dimen-
sion. Let us recall its definition. Let A be a subset of R?. For each ¢ > 0,

let
d_ - d
M? = 1%f26i,
K3

where R denotes a generic covering of A by balls B; of diameter ¢; < ¢;
then

dim(A) = sup{d : hn%) M2 = +o00} = inf{d: lin%) M2 =0}.

DEFINITION 5.1. — Let f be a distribution which belongs to E. The
E-exponent of f at o is h (z0) = sup{a: f € Cg(wo)}.

The E-spectrum of singularities of f is

df (H) = dim({z : h{(x) = H}). (5.1)
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If £ = L°°, then d?(H ) is simply called the spectrum of singularities
of f and is denoted by df(H); If E = LP, it is called the p-spectrum of
singularities of f and is denoted by d? (H). Properties of the p-spectrum are
investigated in [22, 24].

One cannot expect to compute the spectrum of singularities of an ex-
perimental signal by following the algorithm implicit in Definition 5.1 step
by step. Indeed, the computation of a regularity exponent leads to numer-
ical instabilities if it jumps from point to point; the determination of the
level sets of a complicated function is also a problem; finally, computing
one Hausdorff dimension involves considering all possible coverings of the
corresponding set, which is not numerically feasible...and in the case of a
multifractal function, we expect to deal with an infinite number of such
sets! The purpose of the multifractal formalism is to derive the spectrum of
singularities from quantities effectively computable on experimental signals.
First, we will show that the multifractal formalism can be heuristically de-
rived using a remarkable idea which G. Parisi and U. Frisch introduced in
the setting of Holder regularity, see [34]; it was later adapted using wavelets
(see [1, 21, 26] and references therein), and we present it in the C'% regularity
setting: We consider global quantities obtained by averaging the quantity

Ar(N) =l {exbvex s -

In order to keep as much information as possible, one actually computes
averages of A¢(A)? for all (positive and negative) values of the parameter
p; one obtains the structure functions

Shp) =271 ) (A;(0)"

AEA;

The behavior of these quantities when j — +oo is described by the scaling
function of f ‘

log (%
(p) = liminf —g( f(p))

E
! j—+oo log(277)

n
Thus ch is of the order of magnitude of 2717 (®)J in the limit of small
scales. The fundamental idea of the multifractal formalism is to estimate
the contribution to Z]f (p) of the points zy where the E-exponent takes the
value h. Indeed, if the cube A contains such a point, then Theorem 4.1
asserts that A;()) is of the order of magnitude of 277, Coming back to the

definition of the dimension, we need about 924F (M3 guch cubes to cover the
set {xzg : h?(xo) = h} by cubes of size 277; thus the contribution we look
for is, for each value of 7,

o—digdf (h)ig—hpj _ 9—(d—df (h)+hp)j
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When j — +00, the contribution given by the smallest possible exponent
d— alJIZJ (h) + hp becomes preponderent; thus, we expect that

nf (p) = inf(d — df (h) + hp).

If d — d?(h) is a convex function, then fnf(p) is the Legendre transform
of d — df (h) (in the sense of convex functions duality, see Chap. 1.3 of [8]).
The inversion formula allows to recover d]’? (h):

df (h) = inf(hp = nf (p) + d). (5.2)

When (5.2) holds, one says that f satisfies the multifractal formalism. The
heuristic argument we described cannot be turned into a mathematical
proof; the following result shows that, however, the right hand side of (5.2)
always yields an upper bound for the spectrum.

THEOREM 5.2. — Let E be a gentle space, let f € E and assume that
the wavelet basis which is used belongs to the Schwartz class; then

df (h) < inf (d — 07 (p) + hp). (5.3)

inf
p#0

When p is positive, the scaling function can be given a functional in-
terpretation. For that, we introduce the oscillation spaces associated with
FE which are defined by the following condition on the wavelet expansion
(using the expansion on the ¢ (27x — k) for j > 0 and the ¢(z — k) as in

(3.8)).

DEFINITION 5.3. — Let s € R and p > 0; a distribution f belongs to
O3P(RY) if it satisfies
Y lalP<c
k
and
IC >0 Vi=0 26PN AN < C (5.4)
k

Remarks. — Particular examples of oscillation spaces were already intro-
duced, for E = B%™ see [20, 21], for E = C*, see [20, 23] and for E = LP,
see [22].
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It follows immediately from Definition 5.3 that

¥ (p) = sup{s : f e OYP"Y,

therefore, when p > 0, the function 77]? (p) indicates which spaces O%" con-
tain the function f.

It would be interesting to determine if oscillation spaces are gentle.

Proof of Theorem 5.2.— First, we consider the case where p is positive.
We will estimate the dimensions of the sets Gy, which are defined by

Gp={zoeRY: f¢Ch(xo)}. (5.5)

PROPOSITION 5.4. — Let p > 0; if f € OF”, then

d
Vh > s— s dim(Gp) < d+ hp — sp. (5.6)

Furthermore, if s — % > 0, then Gy, =0 for any h < s — g.

Proof.—1f h < s — 4 and f € O}" then, for any A of width less than 1,

Ap(\) < C27 65
so that Vz, h?(xo) >s—d/p.
Let us now prove the first assertion of the proposition. Let
Gin=1{r: [A(N)] =27},
and denote by N, j, the cardinality of G; . By hypothesis, f € O%" so that
26707 3 40P < C:

therefore , ,
Q(SP—d)JNjJLQ—hPJ <C,

so that
Njn < C2(d=sp+hp)j

Two dyadic cubes A\; and A\ are called adjacent if they are at the same
scale and if dist(A,A2) = 0. Denote by Fj; the set of cubes X of scale j
such that either A € G, or A is adjacent to a cube of G . Clearly,

Card(Fjn) < 3dCard(Gj’h) < 3dCod=sp+hp)j
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Denote by Fj, = limsup F}; the set of points that belong to an infinite
j—+o0
number of F}j . If g ¢ F},, then there exists jo (= jo(z)) such that, for any
J = jo, Aj(zo) < 27M9; thus we can choose C ( = C(x)) large enough so
that
Vi >0, Aj(al‘o) < 271,

Theorem 4.1 implies that f € CE(x); so that G, C Fj.

It remains to bound the dimension of F}. Let € > 0, and
jo = inf{j: Vd277 <e}.

We choose for e-covering of Fj, all the cubes A such that j > jo and A € F} 5.
Clearly,

ZDiam(BA)‘s <C i Card(F;p) (\/EQ*j)é <C i 9(d—sp+hp=0)j,

J=Jjo Jj=Jo

which is finite if 6 > d+hp— sp; hence the first part of the proposition holds.

Let us now check that the upper bound in Theorem 5.2 holds for p > 0.
If zg € Ej, then hy(xg) = h, and VA’ > h, zg € G/; so that Ej C Gj. Let

B(\_e) /1
p > 0; by definition of 77]]53 (p) we have Ve > 0, f € (’)g’f () E)/p’p, so that
Vh' > h, Ve >0 df (h) = dim(Ey) < dim(Gp) < d+h'p—nf(p) +e,

and thus
df(h) < d+hp —nF(p).

Since this upper bound is valid for all p > 0, (5.3) follows (with the infimum
taken on R™).

We consider now the case where p is negative. In this case, we will obtain
a result which is stronger than Theorem 5.2 since it yields a bound for the
packing dimension of the Holder singularities. Let us recall its definition.

DEFINITION 5.5. — Let A C RY; if e > 0, let N.(A) be the smallest
number of sets of radius € required to cover A. The upper box dimension of
A is low N (A

dimp(A) = limsup LE().
0 —loge
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The packing dimension of A is
dim,(A) = inf {sup <%3Ai A C U Ai> }
i i=1

(the infimum is taken over all possible partitions of A into a countable col-
lection A;).

The packing dimension of a set is always larger than its Hausdorff di-
mension. Denote by By, the set of points x( such that f € C(xo).

PROPOSITION 5.6. — Let p < 0; if [ satisfies
IC >0 Vji=0 267N A\ < C, (5.7)
k

then the packing dimension of By is bounded by d — sp + hp.

Proof.— Let § > 0 and J such that 2=/ < 4. If f € CF(x0), then there
exists A > 0 such that

Vi J, o Ap(A) < A27M
so that, since p < 0, 4
(Ap(\)P = Ap2=hwi, (5.8)
Denote by Q4 the set of points « where (5.8) holds for any j > J. Clearly,

By, C U QA,
A>0

where the union can be written as a countable union. Since f satisfies (5.7),
there are at most C AP2(d=sP+hr+e)i cubes A satisfying (5.8), so that the up-
per box dimension of each set €24 is bounded by d— sp+ hp. The proposition
follows by countable union, and the upper bound (5.3) for p < 0 also follows
by the same argument as for p > 0. Therefore Theorem 5.2 is completely
proved.

~31 -



[12]

[13]

[14]
[15]
[16]
17]

18]

[19]

[20]

Stéphane Jaffard

Bibliography

ARNEODO (A.), AupIiT (B.), DECOSTER (N.), Muzy (J.-F.), VaiLLant (C.).
Wavelet-based multifractal formalism: Applications to DNA sequences, satellite
images of the cloud structure and stock market data, in: The Science of Disasters;
A. Bunde, J. Kropp, H. J. Schellnhuber eds., Springer p. 27-102 (2002).

AuTIN (F.). — Point de vue maxiset en estimation non paramétrique, These de
I’Université Paris 7, (2004).

BeEAuzamy (B.). — Introduction to Banach spaces and their geometry, North Hol-
land (1985).

BENASSI (A.), COHEN (S.), IsTAs (J.). — Identifying the multifractional function
of a Gaussian process, Stat. Proba. letters., Vol. 39, p. 337-345 (1998).

BENASSI (A.), JAFFARD (S.), Roux (D.). — Elliptic Gaussian random processes,
Rev. Mat. Iberoam., Vol. 13, p. 19-90 (1997).

BoNny (J.-M.).—  Second microlocalization and propagation of singularities
for semilinear hyperbolic equations, Hyperbolic equations and related topics
(Katata/Kyoto, 1984), p. 11-49, Academic Press (1986).

BourDAUD (G.). — Réalisations des espaces de besov homogenes, Arkiv fér Mat.,
Vol. 26, p. 41-54 (1988)

Brezis (H.). — Analyse fonctionelle, Masson (1983).

CALDERON (A. P.), ZvyaMUND (A.).— Local properties of solutions of elliptic
partial differential equations, Studia Math., Vol 20, p.171-227 (1961).

COHEN (A.), DaAEMEN (W.), DAUBECHIES (I.), DEVORE (R.). — Harmonic anal-
ysis of the space BV, Rev. Mat. Iberoam. Vol. 19, p. 235-263 (2003).

CoHEN (A.), DauMEN (W.), DEVORE (R.).— Adaptive wavelet methods for
elliptic operator equations: Convergence rates, Math. Comput. Vol. 70, No.233,
p. 27-75 (2001).

COHEN (S.). — Liens entre densité spectrale et autosimilarité asymptotique dans
certains modeles gaussiens, might appear in Ann. Univ. Blaise Pascal.

Donono (D.), JounsTONE (I. M.), KERKYACHARIAN (G.), Picarp (D.).
Wavelet shrinkage: Asymptopia?, J. R. Stat. Soc., Ser. B Vol. 57, p. 301-369
(1995).

FEICHTINGER (H.), ZIMMERMANN (G.). — An exotic minimal space of functions,
Math. Nachr. Vol. 239-240, p. 421-61 (2002).

FrazIER (M.), JAWERTH (B.), WEIss (G.). — Littlewood-Paley theory and the
study of function spaces, CBMS Vol. 79, AMS (1991).

JAFFARD (S.). — Pointwise smoothness, two-microlocalization and wavelet coeffi-
cients, Publications Matematiques, Vol. 35, p. 155-168, (1991).

JAFFARD (S.). — Wavelet methods for fast resolution of elliptic problems, STAM
J. Numer. Anal. Vol. 29, p. 965-986 (1992).

JAFFARD (S.). — Local behavior of Riemann’s function, Harmonic Analysis and
Operator Theory (Caracas 1994), Contemporary Mathematics Vol. 189 (AMS),
p. 287-307 (1995).

JAFFARD (S.). — Sur la dimension de boite des graphes, C.R.A.S. Vol. 326 Série
1, p. 555-560 (1998).

JAFFARD (S.).— Oscillation spaces: Properties and applications to fractal and
multifractal functions, J. Math. Phys., vol. 39, p. 4129-4141 (1998).

~32 -



21]

22]
23]

24]

[25]
[26]
27)

(28]

29]
(30]
(31]
32]
(33]

(34]

(35)
(36]

37)

(38]

Wavelet techniques for pointwise regularity

JAFFARD (S.). — Wavelet techniques in multifractal analysis, Fractal Geometry
and Applications: A Jubilee of Benoit Mandelbrot, M. Lapidus et M. van Franken-
huijsen Eds., Proceedings of Symposia in Pure Mathematics, AMS, Vol. 72 Part
2, p. 91-152 (2004).

JAFFARD (S.). — Pointwise regularity criteria, C.R.A.S. Vol. 339 Série 1, p. 757-
762 (2004).

JAFFARD (S.). — Beyond Besov spaces Part 2: Oscillation spaces, Constr. Approx.,
Vol 21 n. 1, p. 29-61 (2005).

JAFFARD (S.), MELOT (C.).— Wavelet analysis of fractal Boundaries, Part 1:
Local regularity and Part 2: Multifractal formalism. Comm. Math. Phys., vol. 258
n. 3 p. 513-565 (2005).

JAFFARD (S.), MEYER (Y.). — Wavelet methods for pointwise regularity and local
oscillations of functions, Mem. Amer. Math. Soc., vol. 123 No. 587 (1996).
JAFFARD (S.), MEYER (Y.), RyaN (R.). — Wavelets: Tools for Science and Tech-
nology, S.I.A.M., (2001).

MALLAT (S.). — A Wavelet Tour of Signal Processing, Academic Press (1998).
MEYER (Y.).— La minimalité de 1’espace de Besov B?’l et la continuité des
opérateurs définis par des intégrales singulieres, Univ. Autonoma de Madrid,
Monografias de Matematicas 4 (1986).

MEYER (Y.). — Ondelettes et opérateurs, Hermann (1990).

MEYER (Y.). — Wavelet analysis, local Fourier analysis and 2-microlocalization,
Harmonic Analysis and Operator Theory (Caracas 1994), Contemporary Mathe-
matics Vol. 189, p. 393-401 (1995).

MEYER (Y.). — Wavelets, Vibrations and Scalings, CRM Ser. AMS Vol. 9, Presses
de 'Université de Montréal (1998).

MEYER (Y.), XU (H.). — Wavelet analysis and chirps, Appl. Comput. Harmon.
Anal. 4, No.4, p. 366-379 (1997).

MORITOH (S.), YAMADA (T.). — Two-microlocal Besov spaces and wavelets, Rev.
Mat. Iberoamericana Vol. 20, p. 277-283 (2004).

Parist (G.), Friscu (U.). — On the singularity spectrum of fully developped tur-
bulence, in Turbulence and predictability in geophysical fluid dynamics Proceed-
ings of the International Summer School in Physics Enrico Fermi, p. 84-87 North
Holland (1985).

SINGER (I.). — Bases in Banach spaces 1, Springer-Verlag (1970).

TRIEBEL (H.). — Wavelet frames for distributions; local and pointwise regularity,
Studia Math. Vol. 154, p. 59-88 (2003).
VEDEL (B.). — Reglement de la divergence infra-rouge dans des bases d’ondelettes

adaptées, These de I’Université D’Amiens (2004).
WoutaszczyK (P.). — Banach spaces for analysts, Cambridge Univ. Press (1991).

— 33 —



