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End-to-end gluing of constant mean curvature
hypersurfaces

MoHAMED JLELI®M)

RESUME. — 1II a été observé par R. Kusner et prouvé par J. Ratzkin
qu’on peut recoller ensemble deux surfaces & courbure moyenne constante
ayant deux bouts de méme parametre de Delaunay. Cette procédure de
recollement est connu comme «somme connexe bout-a-bout». Dans ce
papier, nous donnons une généralisation de cette construction en dimen-
sion quelconque dans le but de construire des nouvelles hypersurfaces a
courbure moyenne constante a partir des hypersurfaces connues.

ABSTRACT. — It was observed by R. Kusner and proved by J. Ratzkin
that one can connect together two constant mean curvature surfaces hav-
ing two ends with the same Delaunay parameter. This gluing procedure
is known as a “end-to-end connected sum”. In this paper we generalize,
in any dimension, this gluing procedure to construct new constant mean
curvature hypersurfaces starting from some known hypersurfaces.

1. Introduction and statement of results

Surfaces of revolution whose mean curvature is constant equal to 1 are
classified in 1841 by C. Delaunay [1]. The profile curves of these surfaces
(known as Delaunay surfaces) are conic roulettes [2].

In higher dimension, a generalization of the Delaunay classification for
hypersurfaces with some symmetries is given in [4]. In particular, for n > 3,
there exist a constant mean curvature hypersurface of revolution in R**+!
denoted by n-Delaunay hypersurfaces. These hypersurfaces construct a one
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parameter family D, for

T € (—00,0) U (0, 7.

Let us denote by My, for k& € N* the set of complete noncompact
constant mean curvature hypersurfaces in R**! with k ends asymptotic
to n-Delaunay hypersurface. Then, any element ¥ of My is said to be
nondegenerate if the linearized operator (the Jacobi operator)

Ls: LX) — LA(%)

is injective. In general, it is difficult to prove that a given hypersurface is
nondegenerate. But, we will prove in the beginning of the paper that any
n-Delaunay hypersurface is nondegenerate.

The structure of the set My is now fairly well understood. In particular,
it is proved in [5] that if ¥ is a nondegenerate element of My, and if the
Delaunay parameters 74 of the ends of ¥ satisfy 7, € [7*,0) U (0, 7], for
some 7* depends only in n, there exists an open set U C My, containing
which is a smooth manifold of dimension & (n + 1). This result generalizes
in any dimension and for constant mean curvature hypersurfaces with ends
asymptotic to n Delaunay with negative parameter the result of R. Kusner,
R. Mazzeo and D. Pollack [14].

In 1990, a method of construction of constant mean curvature surfaces is
elaborated by N. Kapouleas to construct a compact surfaces [9], [10] and a
noncompact completes surfaces of R? [8]. This method is based in analogous
method used by R. Schoen to construct a constant scalar curvature in a
finitely punctured sphere. Later, this technique has been adopted in [15],
[16], [3] and generalized in [6]. More precisely, starting from a nondegenerate
element of My, we can add a finite number (ke € N*) of constant mean
curvature hypersurfaces asymptotic to n-Delaunay to this hypersurface to
construct a new nondegenerate element of My, 4 ,.

Recently, a new method of construction of constant mean curvature sur-
faces which is known as a “end-to-end connected sum” in introduced by J.
Ratzkin [19]. This gluing method is crucial in the construction of many ex-
amples of compact constant mean curvature surfaces with nontrivial topol-
ogy [7].

In this paper, we give a generalization of this technique in any dimension in
the aim to construct new constant mean curvature hypersurfaces starting
from some known hypersurfaces. We start in Section 2 by giving a parame-
terization of a one parameter family of hypersurfaces of revolution in R?*1,
which have constant mean curvature normalized to be equal to 1. These
hypersurfaces, which were originally studied in [12], generalize the classical
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constant mean curvature surfaces in R? which were discovered by Delaunay
in [1] in the middle of the 19-th century. Next, we define the Jacobi operator
about a n-Delaunay hypersurface and we give the expression of the geomet-
ric Jacobi fields (some solutions of the homogenous problem Lp w = 0 ).
In Section 3, we recall some important results of the moduli space concern-
ing the Fredholm properties of the Jacobi operator acting in some weighted
functional space. Next, we describe the construction by considering two non-
degenerate hypersurfaces ¥; € My, and ¥y € My, and we assume that the
ends F; C ¥; and Fy C Yo are asymptotic to the same n-Delaunay D.
with parameter 7 € [7*,0)U (0, 7). Then, we can align ¥; and 35 such that
the axis of E; and of Es coincide (with opposite directions ). Finally, we
assume that F; or E5 is a "regular end” then we can translate one of these
hypersurface along this axis and we prove

THEOREM 1.1. — Let 31 € My, and ¥o € My, two nondegenerate con-
stant mean curvature hypersurfaces described as above. There exists a family
of hypersurfaces which is a connected sum of 31 and X1. These hypersur-
faces can be perturbed into a constant mean curvature hypersurface which is
element of My, +k,—2.

The principal advantage of this construction (in addition to the fact that it
can be used to construct new examples of compact or complete noncompact
constant mean curvature hypersurfaces) is the simplicity of its proof.

2. Delaunay hypersurfaces

2.1. Parameterization:

It will be more interesting to consider an isothermal type parameteriza-
tion for which will be more convenient for analytical purposes. Hence, we
looking for hypersurfaces of revolution which can be parameterized by

X(s5,0) = (I7]e7) 6, 4(s)), (2.1)

for (s,0) € R x S"~!. The constant T being fixed, the functions o and
are determined by asking that the hypersurface parameterized by X has
constant mean curvature equal to H and also by asking that the metric
associated to the parameterization is conformal to the product metric on
R x S"~1 namely

(0sk)* = 7°€* (1 = (050)°) . (2.2)
We choose the orientation of the hypersurface parameterized by X so that,
the unit normal vector field is given by

N := fﬁﬂ,aso . (2.3)
|7|e
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This time, using (2.2) the first fundamental form g of the hypersurface
parameterized by X is given by

g =72 (ds ®ds + db; @ db;),
and its second fundamental form b is given by
b= (02k0s0 — 05k (820 + (050)?)) ds ® ds + Ok db; @ db;.
Therefore, the mean curvature H of the hypersurface parameterized by X

is given by

((n—1) 05k — 95k (020 + (950)?) + D2k D50) .

n7-2620

This is a rather intricate second order ordinary differential equation in the
functions ¢ and 7 which has to be complimented by the equation (2.2). In
order to simplify our analysis, we use of (2.2) to get rid of the factor 72 €27
in the above equation. This yields

050 0%k = Oqk (1 —n+ 020+ (850)* + nH 9k (1— (050)2)71) .
Now, we can differentiate (2.2) with respect to s, and we obtain
Ok 02k = T°€* 050 (1 — 020 — (950)?) .

The difference between the last equation, multiplied by 050, and the former
equation, multiplied by 0k, yields

020+ (1 —n)(1 — (950)?) +n H dsk = 0. (2.4)

Hence, in order to find constant mean curvature hypersurfaces of revolution,
we have to solve (2.2) together with (2.4).

Let us define )
= Lan
ro=(1-n)

For all 7 € (—o0,0) U (0, 7], we define o, to be the unique smooth noncon-
stant solution of

2
(0s0)* 4 72 (e” + Le(lfn)") =1, (2.5)

with initial condition 0s;0(0) = 0 and ¢(0) < 0. Next, we define the function
K, to be the unique solution of

sk = 12 (eQU + Le(z_”)”) ) with £(0) = 0. (2.6)

- 720 -



End-to-end gluing of constant mean curvature hypersurfaces
Here, ¢ is the sign of 7.

In particular, the hypersurface parameterized by
X.(5,0) == (|7]e?"®0, k. (s)),

for (s,0) € R x S"~! is an embedded constant mean curvature hypersur-
face of revolution when 7 belongs (0, 7], this hypersurface will be referred
to as the “n-unduloid” of parameter 7. In the other case, if 7 < 0, this
hypersurface is only immersed and will be referred to as the “n-nodoid” of
parameter T.

Remark 2.1. — Thanks to the Hamiltonian structure of (2.5), the func-
tion s +— o(s) is periodic. Let denote by s, this period. Then, it is proved
in [6]

Sy = —

i 1 log 72 + O(1) (2.7)

as 7 tends to 0.

2.2. The Jacobi operator about a n-Delaunay
It is well known [20] that the linearized mean curvature operator about
D, which is usually referred to as the Jacobi operator, is given by
ET = AT + ‘AT|2?

where A, is the Laplace-Beltrami operator and |A,|? is the square of the
norm of the shape operator A, on D..

Let us define the function ¢, := |7|e?". We find the expression of the
Jacobi operator in term of the function ¢,

Ly = " 0u(pl 72 0:) + 07 2 Agnor +n+n(n—1)77" " (2.8)

It will be convenient to define the conjugate operator

n+2 2—n

L, := <PT2 £7‘ 907'2 s (29)
which is explicitly given in terms of the function ¢, by

2
n—2 nn+2) 5 n@Bn—2) 5, 5 4,
2 > + 4 907' 4 T <)0T :

L, =02+ Agn1— ( (2.10)

Since the operators £, and L, are conjugate, the mapping properties of

one of them will easily translate for the other one. With slight abuse of
terminology, we shall refer to any of them as the Jacobi operator about D,

Now, we give the following definition.
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DEFINITION 2.2. — Let us denote by 0 — e;(0), for j € N, the eigen-
functions of the Laplace-Beltrami operator on S™~1, which will be normal-
ized to have L? norm equal to 1 and correspond to the eigenvalue Aj. That
18

—Asn—l €; = )\j €5,
and

)\0:0, )\1::/\n:n71, /\n+1:2n,... and )‘ngj—i-l'

We ended this section by giving only the expression of some Jacobi fields,
i.e., solution of the homogeneous problem

Lrw=0,

since these Jacobi fields follow from a rigid motion or by changing the De-
launay parameter 7. More details are given in [5].

e For 7 € (—00,0)U (0, 7), we define ®%F to be the Jacobi field corre-
sponding to the translation of D, along the z,41 axis

POt = goan4 Ostp.

It is easy to check that ®%F only depends on s and is periodic. Then,
this Jacobi field is bounded.

e Since we have n directions orthogonal to x,1, there are n linearly
independent Jacobi fields which are obtained by translating D, in a
direction orthogonal to its axis. We get for j =1,...,n

Pit = ((p% + |T\"<p_%) €j.

T

Again, we see that ®2F is periodic (hence bounded) for all j =
1,...,n.

e For j=1,...,n, we define
dI(5,0) = w% (<p Osp + K 8s/£> e;

to be the Jacobi field corresponding to the rotation of the axis of D,.
Observe that ®J~ is not bounded, but grows linearly.
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e Finally, The Jacobi field corresponding to a change of parameter 7 €
(—00,0) U (0,74) is given by
Y~ = w# (0-K Osp — Orip DsK) -

T

Because of the rotational invariance of the operator L., we can introduce
the eigenfunction decomposition with respect to the cross-sectional Laplace-
Beltrami operator Ag-—1. In this way, we obtain the sequence of operators

(2.11)

2
n—2 nn+2) 5 nBn—2) 5, 5 o
2 > TR R

Lm'—af—/\j—<

for j € N. By definition, the indicial roots of the operator L, ; characterize
the rate of growth (or rate of decay) of the solutions of the homogeneous
equation

LT,j w=0

at infinity (see [14]). Observe that the explicit knowledge of some Jacobi
fields yields some information about the indicial roots of the operator L...
Indeed, since the Jacobi fields ®7:*, described below, are at most linearly
growing, the associated indicial roots are all equal to 0. Hence, we conclude
that for all 7 € (—o0,0) U (0, ]

v, (1) =0, for j=0,...,n.

The situation is completely different when 5 > n + 1. Indeed, its proved in

[5]:

PRroOPOSITION 2.3. — There exists 7* < 0, depending only on n, such
that for all
T € [1*,0) U (0, 7],

vi(r) >0,  forall j>=n+1.

Remark 2.4. — Thanks to the last analysis, it is easy to see that the
n-Delaunay is a nondegenerate element of M.
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3. End-to-End connected sum

3.1. Moduli space theory

Assume that we are given X a complete noncompact, constant mean
curvature hypersurfaces in R**!, with k ends which are modeled after n-
Delaunay hypersurfaces.

We recall that, for all 7 € (—o0,0) U (0, 7], the Delaunay hypersurface
D, is parameterized by

X, = (SDT 0, K/T) ,

where k; and ¢, are defined respectively in subsection 2.1 and section 2.2.

Now, we denote by F1, ..., Ej the ends of the hypersurface ¥. We require
that these ends are asymptotic to half n-unduloids or a half n-nodoids.
More precisely, we require that, up to some rigid motion, each end can be
parameterized as the normal graph of some exponentially decaying function
over some Delaunay hypersurface, i.e. up to some rigid motion, the end E,
is parameterized by

Yy :=X;, +we N, (3.12)

where Y} is defined in (0, +00) x S"~! and where the function wy is expo-
nentially decaying as well as all its derivatives. Hence, for all k € N, there
exists ¢ > 0 such that

|VF we| < ¢ e Mnrr(Te)s (3.13)
on (0,+00) x S"~L.

The Jacobi operator about the end FE; is close to the Jacobi opera-
tor about the n-Delaunay hypersurface D,,. The content of the following
Lemma is to make this result quantitatively precise.

LEMMA 3.1. — The Jacobi operator about X, restricted to the end Ey is
given by
Ly = As+|As® = L, + Ly,

where the Ly is a second order linear operator whose coefficients and their
derivatives are bounded by a constant times e~ "r+1(7e) s

Proof. — This follows at once from the fact that the coefficients of the
first and second fundamental forms associated to the end E, are equal to
the coefficients of the first and second fundamental form of D,, up to some
functions which are exponentially decaying like e~ Vn+1(7¢) s O
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Now, we decompose ¥ into slightly overlapping pieces which are a com-
pact piece K and the ends E,. Then, we define the following functional
space

DEFINITION 3.2. — For allr € N, § € R and all « € (0, 1), the function
space Cy* (%) is defined to be the space of functions w € C)o (X) for which
the following norm is finite

k

[wlleres) = Z l[w o Yellgre((0,400)x5m-1) + [[wllera(x),
=1

where the space
5 ([s0, +00) x §™71)

is the set of functions Cﬁ;? which are defined on [sg, +00) x S"~1 and for
which the following norm is finite :

| w llgte @y gn-1y:=sup | e % w lcto([s,s+1] x Sm—1) -
s s>50

Here, | . |cto([s,st1]xsn-1)  denotes the usual Holder norm in [s,s + 1] x
St

Let x¢ be a cutoff function which is equal to 0 on F; N K and equal to
1 on Yy((cg, +00) x S™71) for some ¢, > 0 chosen large enough. We define
the deficiency space W(X) by

W(E) = @f_ Span {x¢ ®)=|j =0,...,n}.

The analogue of the following result for n = 2 is usually known as the
“Linear Decomposition Lemma” (see [18] and [15]).

PROPOSITION 3.3 [5]. — We assume that 7, € [7%,0) U (0,7.],
§ € (—infpynt1(70),0), a € (0,1) and 3 is nondegenerate. Let N'(X) the
trace of the kernel of Ly, over the deficiency space Wy, then N(X) is a
k(n+1) dimensional subspace of W(X) which satisfies

Ker(Ls) C C2(2) @ N(D).
If K(X) is a k(n+ 1) dimensional subspace of W(X) such that
WE)=KZ)aNEX),

we have
Ly :Cr*(2) @ K(E) — CY(D)

is an tsomorphism.
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3.2. Regular ends of constant mean curvature hypersurfaces

We need to introduce the following

DEFINITION 3.4. — Let M be a constant mean curvature 1 hypersurface
with k ends of Delaunay type. We will say that the end E of M, which is
asymptotic to some Delaunay hypersurface D, is reqular if there exists a
Jacobi field W which is globally defined on M and which is asymptotic to
®%~ (the Jacobi field on D, which corresponds to the the change of the
Delaunay parameter ) on E.

Of course, n-Delaunay hypersurfaces have regular ends. In the case where
M is a nondegenerate element of the moduli space of k ended constant mean
curvature hypersurfaces, we have the following characterization of regular
ends:

PROPOSITION 3.5. — Assume that M is a nondegenerate element of My,
and let E be one of the ends of M. Then, the following propositions are
equivalent :

(i) The end E is regular.

(ii) There exists to > 0 and (M;)re(—t,,t,) @ one parameter family of
constant mean curvature 1 hypersurfaces in My, such that

My =M

and the Delaunay parameter of the end of My which is close to E is
equal to T —t.

Proof.— The fact that (ii) implies (i) should be clear. The fact that
(i) implies (ii) just follows from the application of the implicit function
Theorem and the analysis of the moduli space M. Indeed, as explained
in the end of the paper [5], the Jacobi fields span the tangent space to the
moduli space My, at the point M. Therefore, we simply have

My = expy, (L)

as the one parameter family of constant mean curvature 1 hypersurfaces
close to M which have the right properties. O

3.3. Connecting two constant mean curvature hypersurfaces to-
gether

Assume that we are given two nondegenerate complete noncompact con-
stant mean curvature hypersurfaces M; € My,, for ¢ = 1,2. We denote by
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Eii,...,E;, the ends of the hypersuface M;, each of which are assumed
to be asymptotic to a n- Delaunay hypersurfaces D, ;, j =1,... k.

We further assume that M; and Ms have one end with the same Delau-
nay parameter. For example, let us assume that the Delaunay parameter of
Ey1 and E; are the same, both equal to

T I=T12="T21-

Further more we assume that 7 # 7, i.e. E1; and E 2 are not asymptotic
to a cylinders.

Given m € N, we can use a rigid motion to ensure that the end Fy ; is
parameterized by

Y1.1(s,0) := X, (s,0) + wi(s + ms;,0) N (s,0),

for all (s,0) € (—m s,,+00) x S"~! and that the end F5; is parameterized
by
Y21(s,60) := X, (s,0) + wa(s —msy, 0)N,(s,6),

for all (s,0) € (—oo,m s,)xS™ 1. Though this is not explicit in the notation,
Y; 1 does depend on m. In addition, we know from (3.12) and (3.13) that
the functions wy and wq are exponentially decaying as s tends to 400 (resp.
—00). More precisely,

wy € EX° ((0,+00) x S™1)

_'YnJrl(T)

and also that
wy € 52;0‘ (r((=00,0) x s,

where the function spaces 5(?’0‘ are introduced in Definition 3.2.
Given s > —m s;, we define the truncated hypersurface
Mi(s) := My —Y11((s,+00) X sy
and given s < m s, we define the truncated hypersurface
My(s) := My — Yo 1((—00,5)) x S"1).

Again, M;(s) depends on m. Now let s — £(s) be a cutoff function such
that £ =0 for s > 1 and £ =1 for s < —1. We define the hypersurface M,,
to be

My, == My(—1) U C(1) U Ma(1), (3.14)
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where, for all s € (0,ms;), the cylindrical type hypersurface C(s) is the
image of [—s, s] x S~ by

(5,0) — &(s) Y11(s,0) + (1 = £(s)) Y21 (s, 0). (3.15)

By construction M,, is a smooth hypersurface whose mean curvature is
identically equal to 1 except in the annulus C(1) where the mean curvature
is close to 1 and tends to 1 as m tends to +oo. Indeed, in C(ms,), the
hypersurface M,, is a normal graph over the n-Delaunay hypersurface D,
for some function ws. But the estimates we have on w; and ws imply that

w3 = Opa,o (e M+t (T) (sFmsn)y L @0,  (eWnr1(T) (smmsr)) (3.16)

on C(m s,). The mean curvature of M,, in C(m s,) can then be computed
using Taylor’s expansion

HM,,,L =Hp_+ Oco.a (ws).

It then follows from (3.16) that the mean curvature of M,, can be estimated
by
I HMm 1 ||CUv<¥(C(1))< ce~ M In+1(7) sr (3.17)

3.4. Mapping properties of the Jacobi operator about M,,

In this subsection, we develop the linear analysis which will be needed in
the next subsection in order to perturb M,, into a constant mean curvature
hypersurface. In particular, our aim is to find function spaces on which the
mapping properties of the Jacobi operator about M,, do not depend (too
much) on m.

We further assume that the Delaunay parameters of the ends of M7 and
M are greater than or equal to 7* which has been introduced in Proposition
2.3. In particular, we can define

5= inf inf (755
i=1,2 j=1,....k; Ynt1(7i5),

and we know that 6 > 0. Furthermore, the moduli space theory, as described
in subsection 3.1 applies. We fix

—6<38<0.

We have already assumed that the hypersurfaces M; are nondegenerate.
Using the notations of subsection 3.1, we define the deficiency subspace
W(M;) associated to M; and we decompose

W(M;) = N(M;) & K(M;),
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where N (M;) and K(M;) are both (n + 1) k; dimensional, in such a way
that the Jacobi operator about M;

Lo, C%(M;) & K(M;) — C*(M;) (3.18)

is an isomorphism. The elements of X(M;) are supported in the complement
of a compact set of M;. Recall that, on each end Em there are 2(n + 1)

locally defined Jacobi fields o i,, where £ = 0,...,n. These Jacobi fields
are a priori only defined for s large enough, say s > smv and are asymptotic
to the corresponding Jacobi fields on D,

k,+ ,
OpE = 0P + Ocza ()

for any 6 € (—7Yn+1(7;),0). By definition, W(M;) is the vector space
spanned by x; ; @lgi for 7 =1,...,k and £ = 0,...,n, where x;; are
cutoff functions whijch are equal to 0 on M; — E; 4, still equal to 0 on E; ;
for s € (0,s;;) and identically equal to 1 on the E; ;, when s > s; ; + 1.
Finally, recall that any globally defined Jacobi field which is at most linearly
growing on the ends of M; belongs to

C2*(M;) & N (M;).

Observe that, on a given end E; ;, all Jacobi fields, except the Jacobi
field <I> - . which corresponds to a change of Delaunay parameter, come
from the "action of the group of rigid motions. Hence, these Jacobl fields
are all globally defined on M;. By assumption, the Jacobi field <I> . also
corresponds to a globally defined Jacobi field on My, this is precnsely the
meaning of the fact that F, ; is a regular end. Hence, for each k =0, ..., n,
the space N/ (M7) contains an element which is equal to X1,1 @El L on Eiq.
As a consequence, one can choose K(M;j) in such a way that it does not
contain any xi,1 @%i, for Kk = 0,...,n. Since elements of K(M;) are not

supported on the end Ej 1, they can be extended to M,,.

A similar analysis can be performed on My, with the Jacobi fields defined
on the end E5 ;. However, this time we have not assumed that the end Es ;
was a regular end. Hence, one can still choose C(Mz) in such a way that it

does not contain any x21 @gi, for Kk =1,...,n and also does not contain
X2,1 <I>0’+ . But there might exist an element of (M) which is equal to
X2,1 <I>E , on E5 1. Therefore, all elements of K(Ms) can be extended to

Mm except possibly the elements which are collinear to x21 <I> on Fy 1.

,1
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We now explain how to extend the function x2 1 @%;1 to a function which

is globally defined on M,, and is equal to a Jacobi field on M;(—1). This
construction again uses the fact that E ; is a regular end. We parameterize
C(ms;) by (3.15). As already mentioned, <I>%’2_1 is asymptotic to ®%~. This
means that V (s, 0) € [-m s,;,ms,| x S*71, ’

0% (5,0) = Y™ (m s, — ) + Ocza (M 3779),
Similarly, q)%:l is asymptotic to ®%~. This means that
Y (s,0) € [-ms,;,ms,]xS"t, @%; (5,0) = B0 (m s,45)+Op2,a (e (T 57+5)),
Now, there exists ¢, € R such that
OV~ (ms, —s) — BV (ms, +5) = ¢, VT ()

since the function of the left hand side is a Jacobi field on D, which is
bounded and only depends on s. In addition, it is easy to see that

|Cm| <erm,
where the constant ¢, only depends on 7.

Now, on M; the Jacobi fields ¢%1_1 and @%: are globally defined. Ob-
serve that we also have ’ ’

@%; (5,0) = ®%F(s) + 062,0(66 (ms”‘s))

on [—m s,,m s,;]x S"~1. This being understood, we use the cutoff function £
which has already been defined in (3.15) to define the function @%’; which

is equal to @%’2—1 on Ey 1 N Ms(1), which is equal to @%1_1 + cm é%: on
M;(—1) and which interpolates smoothly between these definitions in C(1),
namely
Op,, = (g, Tem @) + (1= @,
on C(1). Granted (3.15) and (3.17) one easily checks that
LEMMA 3.6. — Let ﬁMm denote the Jacobi operator about M,,. Then,

50,— ms,
Ly, ®5,, = Ocoac) (™)

on C(1).
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We now define K(Mg) to be the space of functions of X(Mz) which have
been extended on all M, either by 0 or by replacing @%;1 by CID%’;. We set

K(M,,) == K(M,) & K(My).

We agree that the norm on K(M,,) is the product norm on (M) x K(Msy).

Granted the decomposition of M,,, given in (3.14), we define the weighted
spaces :

DEFINITION 3.7. — Given § € R, k € N and o € (0,1), we define

DY (M,,) to be the subspace of functions u € C%(M,y,) for which the
following norm

| u ||D§va(z\zm) = |lu Hg(’;fa(Ml(fl)) + || u Hc(’;’a(MZ(l))
+ e ulera—2,2)xsm-1)

is finite. Here, Ct*(M;(s)) is the restriction of functions of Cy'™(M;) to
M;(s) and this space is endowed with the induced norm.

We can now state the

PROPOSITION 3.8. — Assume that § € (—0,0) is fived and E1; is a
reqular end of My. There exist mg > 0 and ¢ > 0 and, for all m > mgy, one
can find an operator

G : DY (M) — D2 (M) ® K(M,,),
such that w = Gy, (f) solves Ly w = f on M,,. Furthermore,

| w ||7>§~1(1\”4m)ea/C(z\Zm)< cllf ||D?’“(Mm) :

Proof.— Given f € Dg’a(Mm), we want to solve the equation
EMm w=7f

on M,,. To this aim, we use the cutoff function ¢ defined in (3.15) and we
start to solve

Ly, wy =& f
on M, and also

£M2w2:(1_§>f
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on Ms. The existence of w; follows at once from (3.18) and we have the
estimate

I wi ez arorccary < € I F llpoe iz, (3.19)

where the constant ¢ > 0 does not depend on m. Observe that on Es; the
function we can be decomposed as

Wo 1= Uy + as @%;17 (3.20)

with ve decays exponentially. We define on C(m s;) a cutoff function x;
which is identically equal to 1 for s < ms; — 2 and identically equal to 0 for
s = ms; — 1. We also define a cutoff function yo which is identically equal
to 1 for s > —ms, + 2 and identically equal to 0 for s < —ms; + 1. This
being understood, we define a function w as follows :

e w is equal to we on May(m s,),

e w is equal to wy + as @%’; on My(—ms;),

o W= Y| Wi + X2V + ao @%;, on C(ms;).

To begin with observe that

wllp st ot < I Fllope i

for some constant which does not depend on m. This estimate follows at
once from (3.19) and (3.20). We now estimate

Eme_f'

Obviously, this quantity is equal to 0 on M7 (1—m s;)UMa(m s, —1). Hence,
it remains to evaluate it on C(m s, — 1).

Case 1 First assume that —m s, +2 < s < —1, then

ﬁme—fZEle—f:,CAjva

since Ly, w1 = f and [,Mlti)%’;l = 0 in this set. Further observe that
L, v2 = 0 in this set, hence we conclude that

ﬁ]\?[ w—szle—f:(EMl—EMz) V2.

m

We use the fact that E; 5 and Fy; are graphs over the same Delaunay
hypersurface D., hence we can write

Ly, = Ly + L,
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where Lq is a second order partial differential operator whose coefficients,
computed at s, are bounded by a constant times e~ »+1 () (stms2) ip CO((5—
1,s+ 1) x S*~1). Similarly, we can write

Ly, = L+ Lo,

where Lo is a second order partial differential operator whose coefficients,
computed at s, are bounded by a constant times e¥+1(7)(s=m s7) jpy €O ((s, s+
1) x S7~1). Using this, it is easy to show that, there exists a constant ¢ > 0
which does not depend on m such that

L5z, w = flleoa(s-1,5+1)x5m-1) < ceMmr(Mlstmsr) o=d(s—ms) (3 91)
for all s € [-m s, +2,—2].

Case 2 Now, assume that —ms, +1 < s < —m s, + 2. In this set, we
have to take into account the effect of the cutoff function y», in addition to
the estimate established in the previous case. This yields

L W = Flleos((—ms,t1,—m s, 42)x5n-1) < €20 ™57, (3.22)

Case 3 Finally, assume that s € [—1,0]. Then, we have to take into
account the effect of the cutoff function &, in addition to the estimate es-
tablished in the first case. This yields

Ly, w— flleoa((—1,0)xsm-1) < ce ()= msr (3.23)

Case 4 The cases where s € [0,m s, — 1] can be treated similarly.
Collecting the previous estimates, we conclude that
—In ST 9 5T
HEme — f||Dg“’“(]\7I,,L) (e mrmsn g g20msry | f ||Dg=a(1\}1m) .

So far, we have produced an operator Gy, defined by Go(f) = w, which is
uniformly bounded as m tends to +o0o and which satisfies

||L:Mm oGy — IH < C(e*%HmST + 625"”75).
The result then follows from a simple perturbation argument, provided m
is chosen large enough. ]

3.5. The perturbation argument

In this subsection, we construct a constant mean curvature hypersurface
by perturbing M,,.
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PROPOSITION 3.9. — There exists mo € N such that, for all m > my
the hypersurface M,, can be perturbed into a constant mean curvature 1
hypersurface.

Proof.— As usual, we consider M,, a normal graph over M,, for some
small function w € Dg’a(Mm) ® K(M,,). Now, on each end E;; of M,,,
when j # 1, we decompose

n
k4
W=+ Xi,j akai(I)Ei.j
k=0

and consider the normal graph for the function v over the hypersurface

n
k,+
expp, (Xig > ant 5.
k=0

Now, the equation we have to solve reads
H(Mp) + Ly w+ Qm(w) =1, (3.24)

where L i, is the Jacobi operator about Mm and Q,, contains all the
nonlinear terms resulting from the Taylor expansion of the mean curvature
H(M,). We fix —0 < § < 0. Using the result of Proposition 3.8, our problem
reduces to finding a fixed point for

w — Gm(l ~ H(M,,) — Qm(w)), (3.25)

in the space Dg’a(]\;[m) @® K(M,,). Using Proposition 3.8 and (3.17), we see
that
_ Y _ —(Ynt1(T)+d) ms,
HGm(l H(Mm))Hnga(Mm) <ce .

Now, we claim that

2 _ —mds,

|G (Lo (W) oo 47,y < €M7 (3.26)

2
||w||C§""(Mm)'
This follows at once from the fact that the operator Q,, is quadratic in
w and from the fact that w can be decomposed as
w=v+d,

where v € D?’“(Mm) and ® € K(M,,). Now, because of the modifica-
tion of x21 @%;1 into x2,1 @%;, we see that on M; and away from the
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ends F j, the function @ is bounded, in C*** norm, by a constant times
m ||w|\Dz (NI, @K (3T, - Similarly, on each end Ey j, for j # 1, the function

® is a linear combination of the <I> o+ e , the coefficients of which are bounded

by a constant times m ||w||D2 (W, )®K(1T,,) Using these observations, we
get

I1(1 = x2) wllez.a (e (an) < Cm||w||p2“(Mm)@;c( )

from which we obtain easily the bound

G (@ (@) llet oy < M2 01t ity

On M3(m s;) we simply have
I1(1 = x1) wllezaam)er () < € ||wHD§‘a(Mm)@;c(Mm)

from which we obtain easily the bound

||Gm(Qm(w))||c§*“(M2(m 5:)) <c ‘ |w| |§)§’0(Mm)@;c(1\}[m)'

Next, we evaluate Q,,(w) in C(m s.). Again the key observation is that
the functlon ® is bounded by a constant times m ||w||Dz (NI, )@ (M) O

C(ms,). Hence,

-5
cosh s
lwllcz.a((s,5+1)xsn-1) < € (m+ (m) > ||w||p§=a(1\"4m)@l<(1\2m)

for each s € [-m s, + 1,m s; — 1]. And this implies easily that

e 0™ 5 [|(cosh 8)° G (Qm (w))]|co < cmZe dm s Hw”%ﬁ’“(]\hm)@)ql\?fm)’

on (—ms,,ms;) x S"~1. The proof of (3.26) is therefore complete.

Finally, it is not hard to check that

1
1Gm(Qun(w1) = Qua(w2)) | p2-2 (31, o1 (31,) S 3 lwi = w2l p2e 41, @k (31,0
(3.27)
provided m is chosen large enough. We leave the details to the reader.

The previous analysis shows that, if § € (75 /2,0), then, there exists
a constant ¢ > 0 and mgy > 0 such that, for all m > mg, the mapping
defined in (3.25) is a contraction from the ball of radius ¢ e=™(0F7n+1) s
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in Dg’a(]\;[m) @ K(M,,) into itself. In particular, this mapping has a unique
fixed point wy, in this ball. As explained, the graph of the function wy, is a
constant mean curvature 1 hypersurface which is close to M,,. O

Remark 3.10. — Two n-Delaunay hypersurfaces with the same Delaunay
parameter will be a trivial condidate for the construction. But, in [6] we
construct many other constant mean curvature hypersurfaces which satisfy
the gluing hypotheses of Theorem 1.
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