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Positivity, vanishing theorems and rigidity
of Codimension one Holomorphic Foliations

0. CAIVO-ANDRADE(MD)

To José Manuel Aroca in his 60 birthday

RESUME. — Il est connu que 'espace des feuilletages holomorphes de codi-
mension 1 dont les singularités ont un fibré normal donné a la structure
d’une variété algébrique. Le but de cet article est de décrire ses com-
posantes irréductibles. Pour ceci, nous nous intéressons au probléme de
P’existence d’un facteur intégral pour une 1-forme différentielle tordue sur
une variété projective. Nous ferons une analyse géométrique du feuilletage
de codimension 1 associé a cette forme. Le point essentiel de cet article
consiste en la compréhension du réle joué par une condition de positivité
sur un objet associé au feuilletage.

ABSTRACT. — It is a known fact that the space of codimension one
holomorphic foliations with singularities with a given ‘normal bundle’ has
a natural structure of an algebraic variety. The aim of this paper is to
consider the problem of the description of its irreducible components. To
do this, we are interested in the problem of the existence of an integral
factor of a twisted integrable differential 1—-form defined on a projective
manifold. We are going to do a geometrical analysis of the codimension
one foliation associated to this form. The essential point of this paper
consists in understanding the role played by a positive condition on some
object associated to the foliation.

(*) Recu le 17/03/08, accepté le 20/03/08
(1) CIMAT: Ap. Postal 402, Guanajuato, 36000, Gto. México
omegar@impa.br
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0. Introduction

The present paper is essentially a summary of the papers [5], [6], [7], [8],
[9], [12] and [10], which mainly study deformations of codimension one sin-
gular holomorphic foliations with a meromorphic first integral, represented
by logarithmic forms or foliations arising by actions of the affine group, and
the geometric properties of the Kupka singular set of a foliation. The main
point in this note, is to explain the role played by a positivity condition
of some object associated with the foliation, in order to get some stability
properties under deformations of the foliation, with these ideas, we are going
to give new proofs of some results of the papers cited above.

Let M be a complex manifold, let £ — M be a holomorphic vector
bundle over M and let L be a holomorphic line bundle. Recall that the
vector space of holomorphic sections of the vector bundle F ® L, is in one
to one correspondence with the space of meromorphic sections of F with a
pole along a hypersurface D C M which is the zero locus of a holomorphic
section of the line bundle L.

A codimension one holomorphic foliation with singularities on a manifold
M, may be defined by a holomorphic section w of T*M ® L, where L is a
holomorphic line bundle, satisfying the integrability condition wAdw = 0 as
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Positivity, vanishing theorems and rigidity of codimension one holomorphic foliations

a section of /\3 T*M @ L®2. Two sections w and w; define the same foliation
if there exists a nowhere vanishing holomorphic function ¢ on M, such that
w = p-w1, in this case, we say that the sections w and w; are equivalent. We
denote by F(M, L), the set of equivalence classes of integrable, holomorphic
sections of T*M ® L, the cotangent bundle of M twisted by a holomorphic
line bundle L. If M is a compact complex manifold, it is a well known
fact, that F(M, L) is an algebraic variety, with singularities in general. The
first natural problem is the enumeration and description of the irreducible
components of the space F(M,L). We will give a partial solution to this
problem when the line bundle L is positive.

When trying to determine an irreducible component of F(M, L), one
can proceed in two steps :

1. Describe some irreducible subvariety A(Q, L) C F(M, L), where Q
denotes a discrete invariant, which is related to the main discrete
invariant of the foliation, ¢ = ¢1(L) € H?(M,Z) the Chern class of
the line bundle L

2. Study a neighborhood U C F(M, L) of a generic member F of the
family A(Q, L).

In some cases, one can show that all such foliations on the neighborhood
U C F(M, L), also belong to the family A(Q, L). In this case, the closure

A(Q, L) will be an irreducible component of the space F(M, L).

One of the simplest families of foliations are those which are defined by
a meromorphic closed 1-form. Theorem (2.5) gives us a normal form of such
families of foliations. One of the first problems is

PROBLEM 0.1. — Under which conditions a foliation w € F(M, L) may
be represented by a meromorphic, closed one form?

The local, non—singular case is well understood: An integrating factor of
a holomorphic 1-form w is a holomorphic function g, such that

Q= d is closed.
g

If the function g does not vanish, then
w=g-df forsome fe€O, (0.1)

and in such a case the function f is called a holomorphic first integral
of the 1-form w. The leaves of the foliation are the level surfaces of the
function f =c.
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The classical Frobenius theorem states that a germ of a nowhere van-
ishing 1-form w has a nowhere vanishing integrating factor if and only if it
satisfies the following integrability condition :

WwNAdw=0<=w=g-df geO" and feO. (0.2)

B. Malgrange has generalized this result to the singular case [28]. He
showed that if the singular set S,, = {z |w(z) = 0} of a germ of an integrable
holomorphic 1-form w has codimension at least three, then w has a nowhere
vanishing integrating factor, i. e. w = g -df, g € O*.

Also in the local case, Cerveau and Mattei in [17] have obtained nu-
merous results relating to this problem, even when the singular set has
codimension two, and the integrating factor vanishes on a hypersurface.

The global case has been considered by Poincaré. Let w be a polynomial
1-form in the complex projective plane P2:
Under which conditions has w a rational first integral?

The following result is known: A foliation w has a rational first integral
if and only if the closure of any leaf is an algebraic hypersurface. Therefore,
the above question is equivalent to :

Under which conditions the closure of any solution of the differential
equation w = 0 is an algebraic hypersurface?

The Poincaré problem can be divided in two parts:

1. Under which conditions has w an integrating factor?

2. If w has an integrating factor, by integration along paths we get a
multi valuate function, then the question is when it is a rational
function.

We are going to consider the first problem. Our viewpoint will be the
following:

Some hypothesis on the foliation and positivity condition =—> Existence
of an integrating factor.

The notion of positivity as well as many of its consequences has been
recently generalized, and we believe that many of the results of this work,
can be proved in other cases.
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The paper is organized as follows:

We begin with the notion of positivity, and we will give generalizations
of three classical theorems: Lefschetz’s theorem on hyperplane sections,
Hartogs extension theorem and Zariski’s theorem on fundamental group
of quasi—projective manifolds. Those results will be used later.

In section 2 we define (2.1) codimension one holomorphic folia-
tions as an equivalence class of sections w of the holomorphic vector bun-
dle T*M ® L, where L is a holomorphic line bundle. In this section, we will
also introduce the notions of families of foliations (2.3) and integrating
factors (2.4).

Section 3 is dedicated to the study of the Kupka singular set (defini-
tion 3.1), and we introduce the Zariski open set K(M, L), of those foliations
having a single compact, connected component of the Kupka singular set.

In section 4 we prove that holomorphic foliations arising from the fibers
of a generic rational map ¢ : M — P, describe some irreducible components
of K(M, L). Furthermore, a generic element of this component is structurally
stable, and on the other hand, the Kupka component is precisely the set of
base points of the pencil.

In section (5) we describe some geometric properties of the Kupka set.
The main point in this section is the description of the irreducible compo-
nents of K(M, L).

In section (6) we describe other irreducible components of F (M, L): the
logarithmic foliations. Finally, in the last section (7) we consider foliations
on projective spaces and describe several irreducible components.

1. Positive Vector Bundles

In this section we will discuss the notion of positivity of holomorphic
vector bundles in complex manifolds and some of its consequences.

Let M be a compact, complex manifold. Set Oy or simply O the sheaf of
holomorphic functions on M. Let E — M be a holomorphic vector bundle.
In what follows we are going to denote by O(FE) the sheaf of holomorphic
sections of the vector bundle E. It is well known that O(FE) is a locally free
sheaf of O-modules and conversely, any locally free sheaf S of O modules
over M corresponds to a holomorphic vector bundle : i. e. there exists a holo-
morphic vector bundle £ — M such that S = O(E). In the cases E = TM
or £ = T*M we are going to denote the sheaf of its holomorphic sections by

- 815 —



Omegar Calvo-Andrade

Oy and Q) respectively. We will denote by I'(E), the (finite dimensional)
complex vector space of holomorphic sections of the bundle E — M. Recall
that I'(E) corresponds to the cohomology group H° (M, O(E))

Now, we are going to present three classical results in complex algebraic
geometry, these theorems will be generalized and we are going to use later.

1. Lefschetz’s Theorem of hyperplane sections: Let M C P™ be
smooth complex submanifold of dim(M) = n, and let X be a generic
hyperplane section X = P™~!' N M. Denote by j : X < M the
inclusion map. Then the natural map

HY(y) : H1(M,Q) — HI(X; Q)

induced by the inclusion, is an isomorphism for ¢ < n—1 and injective
forg=n—-1

2. Hartog’s extension theorem: Let M be a Stein manifold of di-
mension m > 2 and K C M be a compact subset such that M™ — K
is connected. Then every holomorphic function

f:(M-K)—C
can be extended to M.

3. Zariski’s Theorem: Let C C P? be a nodal curve, then the funda-
mental group of P? — C is Abelian.

We will give some generalizations of each of these results. In order to do
this we are going to introduce the notion of positivity as in [23].

DEFINITION 1.1. — Let M be a compact complex manifold, and let E —
M be a holomorphic vector bundle. We say that E is positive if there ezists
a hermitian metric (-, -) in E whose curvature tensor @ = (©7,,) has
the property that the hermitian quadratic form

O((,n) = Z 9§ijC”Ep77iﬁj
p031:7

is positive definite in the variables C, 7.
Recall that a divisor D on a projective manifold M is called very ample,
if there exists an embedding in the projective space ¢ : M < PY such that

M NPN=! = D. A holomorphic line bundle L — M is very ample if
it is the line bundle associated with a very ample divisor (L = [D]); in
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other words, the holomorphic line bundle L induces an embedding into the
projective space given by

ir M ‘—>]P>N2]P>F(L).

x p—)[o'o(],‘):...:O'N(x)],

where {0¢,...,0n} is a basis of the vector space I'(L) ~ H° (M, O(L)), in
particular, for each point p € M the fiber of L at p is generated by the
sections.

Kodaira embedding Theorem states that if L — M is a positive line
bundle, there exists ng € N, such that for all n > ng, the holomorphic line
bundle L®" is very ample, see for instance [24, pag. 181].

Now, we can state in terms of line bundles the Lefschetz’s theorem as
follows: Let L — M be a positive line bundle, and let o € HY (M, O(L)) be
a holomorphic section whose zero set X C M is a smooth submanifold of
M. Then, the natural map

HY(M,Q) — HY(X,Q)

induced by the inclusion is an isomorphism for ¢ < n — 1 and injective for
q=n—1.

Let L be a very ample line bundle and let o be a holomorphic section of
L with zero set {o = 0} = X. Consider the embedding 27, : M < PY. Then
X is a hyperplane section i.e. X = M NPY~1 It is a well known fact that
a closed analytic subset (in this case M — X) of a Stein manifold (CV =
PN —PN—1) is a Stein manifold, in which case an open neighborhood U of
X is the complement of a compact subset of a Stein manifold. Furthermore,
if we put a Hermitian metric on L compatible with the complex structure,
then the function

log(o;o) : M — X — R,
is plurisubharmonic, and this result generalizes as follows:

Let E — M be a rank r holomorphic vector bundle with a holomorphic
section o. Assume that F is positive respect to the Hermitian metric (-, ),
and the zero set X = {o = 0} is a r—codimensional smooth submanifold of
M. Consider the C* function ¢(z) = (0(2);0(z)). Then the function

v M-X — R
z > log¢(z),
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is an exhaustion function on M — X that is,

M-X= U Y Ha,00) and P (—o0) = X,
a€R

moreover, the Levi form

L) = <5§jg}2g>

has at least n — r 4+ 1 positive eigenvalues, in particular, when the rank of
the vector bundle E is 1, this function has n positive eigenvalues, and the
function is plurisubharmonic, and hence the complement of X is a Stein
manifold. [23, pag. 205].

The calculation of the eigenvalues of the Levi form of the function
implies, by a Morse theoretic argument, the generalization of Lefschetz’s
Theorem. On the other hand, since the function log ¢(z) is an exhaustion
function, we have the generalization of Hartog’s Theorem, because, when
the rank of the vector bundle F is 1, we have seen that M — X is a Stein
manifold.

Now, Lefschetz’s and Hartogs Theorems may be generalized as follows:

THEOREM 1.2. — Let E — M be a rank-k, positive vector bundle, and
let o be a holomorphic section whose zero set X = {o = 0} is a smooth,
codimension k submanifold. Then

o Lefschetz: The natural map induced by the inclusion
HY(M,Q) — HY(X,Q)
is an isomorphism for ¢ < n — k and injective for ¢ = n — k.

e Hartogs: Let G be a locally free analytic sheaf, and let X C U be
an open, connected neighborhood of X, such that M — U is compact.
Then the map

(M. G) — I(U,G),

18 surjective.

The proof of this theorem appears in [23].

Remark 1.3. — In the extension of the Hartogs theorem above, when the
vector bundle E has rank k£ > 1 the manifold M — X is not a Stein manifold.
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A generalization of Zariski’s theorem is the following result [31, p. 314—
315]:

THEOREM 1.4. — Let V' be an algebraic manifold and let D C V be
a divisor with normal crossings. If any irreducible component C; of D is
positive, then the kernel of the inclusion v, : m (V —D,p) — m1(V, p) consists
of central elements.

Theorem (1.4) implies that, if V' is a simply connected surface, the fun-
damental group of the complement of a normal crossing divisor with positive
irreducible components is abelian, in particular when M = P? and D is a
nodal curve we have Zariski’s theorem.

2. The Space of Holomorphic Foliations

A codimension one holomorphic foliation F with singularities on a com-
plex manifold M, may be given by a family (w,) of holomorphic non—
identically vanishing 1-forms defined in an open cover 4 := {U,} of M,
satisfying for any « the integrability condition w, A dw, = 0, and the co-
cycle condition w, = Appwgs, where {Aas} are never vanishing holomorphic
functions in the open sets Uy := Uy NUpg # 0 satisfying Aag - Agy - Aya =1
when Uygy := U NUNU,, # (. Let (w),) be another family of holomorphic
1-forms satisfying the integrability and the co—cycle condition wy, = X/, 5wy,
where A 5 € O*(Us N Ug). The families (w,) and (wy,) are equivalent if
there exists a family of holomorphic functions {p,} € O*(U,) such that
Wa = Pa - wh,. In this case, it is not difficult to see that the cocycles {A.3}
and {5} are cohomologous in H' (8, O*). Thus, if L denotes the line bun-
dle represented by the cocycle {A\,g}, the families {w,} and {w/} define
holomorphic sections of the bundle T*M ® L. We are going to denote by
QY(L) the sheaf of holomorphic sections of the bundle T*M ® L.

DEFINITION 2.1. — A codimension one holomorphic foliation with
singularities in a complex manifold M is an equivalence class of sections

w € H°(M, Q' (L)),

where L is a holomorphic line bundle and w A dw = 0.

Given a codimension one foliation F = F,, represented by an integrable
section w € HY(M,Q*(L)), we define the tangent sheaf of the foliation
as the subsheaf T C ©,; of the germs of holomorphic vector fields that
vanishes the section w, that is

Tr := {X S @M|wa = 0}7 (21)
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The sheaf T'r is a coherent subsheaf of ©, but in general it is not locally
free. Foliations with locally free tangent sheaf are considered in [10], [14],
[18] and in chapter 7 in section (7.3). On the other hand, the subsheaf T’ is
closed under the Lie bracket of holomorphic vector fields, and we have the
exact sequence

where @) is a rank one coherent and not locally free sheaf.

The set of singularities S, = {p € M|w(p) = 0} is an analytic subset
of M. In what follows, we are going to assume that the singular set of a
codimension one holomorphic foliation has codimension greater or equal
than two, and it corresponds to the set of points where the quotient sheaf
Q is not locally free. In fact, if Js, denotes the ideal sheaf of the singular
set S, we have

Q~0(L)®Js,. (2.3)

Now, in the complement of the singular set M — S, by Frobenius the-
orem, we get a codimension one holomorphic foliation in the usual sense.

The leaves of the foliation with singularities F, are the leaves of the
foliation defined in M — S,,. If V' C M is a compact hypersurface invariant
by a foliation F,,, then V —V NS, is a leaf of the codimension one foliation
defined in M — S,,. In general, we have that V' NS, # 0. In any case by
abuse of language, we will say that V is a compact leaf of the foliation
Fo-

We will denote by F(M, L) the set of codimension one foliations, repre-
sented by an equivalence class [w] of an integrable section w € H (M, Q'(L)).
If M is compact and has complex dimension > 3, the set F(M, L) is an al-
gebraic subvariety of the projective space Pyo(ps,01(z)) in general with sin-
gularities and with several irreducibles components [22, pag. 133]. It is also
defined by quadratic equations, A first natural problem is the following:

PROBLEM 2.2. — Let M be a compact complex manifold with complex
dimenston = 3 and let L be a holomorphic line bundle over M. Describe
and enumerate the irreducible components of the space F(M,L).

This problem remains open even when M is a projective space P". The
Picard group Pic(P") ~ Z and it is generated by the hyperplane bundle H,
with associated sheaf denoted by O(1). In what follows, let us denote by
F(n,v) instead F (P, H"), then it is known that :

o For n = 2 the set of foliations F(2,v) is a Zariski open subset of the
projective space associated to the vector space H° (IF’Q, Ql(z/)) [20].
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e Forn >3

— F(n,v) =0 for v < 2.
— F(n,2) is smooth and irreducible.

— For v > 2 the set F(n,v) has several irreducible components
that are described only for v < 4 [16].

One of the objectives of this paper is to consider this problem when the
line bundle L is positive. In order to do this, we will need the following
notion.

DEFINITION 2.3. — A holomorphic family {F;}icr of codimension
one holomorphic foliations with singularities parameterized by a com-
plex analytic space T consists of :

e A holomorphic family of complex manifolds {M;} given by a smooth
map 7 : M — T between complex spaces with My = 7~ 1(t).

o A holomorphic foliation F on M such that its leaves are contained
on the t—fibers, and the restriction F|p, = Fy is a codimension one
holomorphic foliation (with singularities) on M;.

Usually, we are going to consider M = 7 xM " T, where0 € T c CV,
is an open set, and 7(t,z) = t.

Let {F:}ter be a family of foliations given as a foliation FonM—T.
The perturbed holonomy of a leaf L of the foliation F is the holonomy
of L as a leaf of foliation F.

Let ¥ be a transversal section to the foliation Fy at the point p € L,
i. e. ¥,L. Now, let U C T a neighborhood of 0 € 7. The set U x X, is a

transversal section to the foliation F at the point (p,0). It is not difficult
to see, that the perturbed holonomy has the form :

Hs(t, z) = (t,h(;(t,z)) UxY—UxX, 6§dem(L,p),

where the map hs(z,0) : (X, p) — (X, p), is the holonomy associated to the
loop ¢ € m1(L,p), when we consider £ as a leaf of the foliation Fy.

A compact leaf V' of the foliation F is stable for the family {F;}icr if
for any tubular neighborhood 7 : V — V of V, there exists a neighborhood
N of 0 € T such that for ¢t € N there exists a compact leaf V; C V of F;,
such that the map =y, : V; — V is a diffeomorphism.
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A necessary condition for the stability of a compact leaf V', is the ex-
istence of a fixed point for the perturbed holonomy, that is, let V = L,
then Hs(t,y) = (t, hs(t, y)), and we must find an analytic function ¢ —
satisfying:

yo=0 hs(t,yt) =y YVt and Vi€ m(L).

The closure of leaf £, of the foliation F; through the point y;, is diffeo-
morphic to V.

The other important notion that we need is the following :

DEFINITION 2.4. — A holomorphic integrating factor of a foliation
Fo € F(M, L) represented by a section w € H*(M,Q (L)) is a holomorphic
section ¢ € HO(M, O(L)) such that the meromorphic 1-form

="
@

is closed.

Let w € F(M,L) and ¢ € H°(M,O(L)) be a holomorphic integrating
factor of the foliation represented by w. Assume that the decomposition of
the divisor

k
DZ{(pZO}:Z’I“i-Di7 DiEDi’U(M) r; € N.
i=1

Now, for all i = 1,...,k, let L; = [D;] be the holomorphic line bundle
associated with the divisor D;, and let ¢; € HY(M, O(L;)) be a holomorphic
section of the line bundle L; such that {¢; = 0} = D;. With this notation,
the line bundle L = L' ® --- ® L;*, and the integrating factor ¢ may be
written as ¢ = ¢ @i --- ¥, for some ¢ € C*. In [8] may be found the
following result [8].

THEOREM 2.5. — Let M be a projective manifold with H*(M,C) = 0,
and let ¢ = @' -~ F  r; € N be an integrating factor of w € F(M, L),
where @; are as above, then:

k
dep; Y
QZE:& _+d<7TT——Ej>,
...(pk

- P $1

where A\; € C and ¢ is a holomorphic section of the line bundle
k
lZ(H = {pi = 0}] ;
i=1
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therefore

5 dy; v
w=p g Ai—+d| ————= |-
1 k lz i (‘011 1___(pkk 1

i=1 v

The residue Theorem implies the relation:

k

>N =0} = Z/\ c1(L;) = 0 € H2(M, C),

i=1

where [X] denotes the fundamental class of the submanifold X C M, and
c1(L) € H3(M,Z) denotes the first Chern class of a line bundle L.

We say that an integrating factor is reduced when for all : = 1,... k,
the numbers r; = 1, and in this case, Theorem 2.5 shows that

w=p-- <Z)\d%>
i=1

and the foliation is represented by a closed logarithmic 1—form, in this case,
the foliation is called logarithmic.

Another important case for us is when the integrating factor has the
form ¢ = cppH p € N, and {¢2 = 0} is an irreducible positive divisor. In
this case, the foliation is represented by a section with the expression

= bt -d <¢—})) = padp1 — pp1dyps,
P2
and the foliation has the meromorphic first integral p = ¢1/¢h : M — PL.

The existence of two linearly independent integrating factors @1 and o,
implies that the foliation has a meromorphic first integral, namely, the
leaves of the foliation are the level hypersurfaces of the rational map

so—l:M—{gpl:O}ﬁ{ch:O}ePl.
2

In fact an easy calculation shows that if w is a section which defines the
foliation, then

A (p1dp2 — padpr) = 0.

Let ¢ € H° (M, O(L)) be an integrating factor of the foliation repre-
sented by w € F(M,L). Suppose that in an open covering {U,} of M
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such that the sections w and ¢ are locally defined by w, € QY(U,) and
va € O(U,), then

dwy = 04 ANw, where 6, = Cf;l

The meromorphic 1-forms {6, } are closed and have a simple pole along
an invariant divisor of the foliation. Moreover, they satisfy the relation
dA
eg—eaz aﬁ, in UaﬁU@
Aas

hence, they define a flat connection of the line bundle L|p;_{,—03-

Also observe that, if a foliation w has a holomorphic integrating factor
© = @i -+~ ok, the hypersurfaces {p; = 0}F_, are compact leaves of the
foliation, and any other leaf has trivial holonomy, furthermore, depending
on the residues, and the periods of the closed holomorphic 1-form 7, there
will be no more compact leaves.

Finally, we suppose that when H*(M,C) # 0, under suitable positivity
conditions on the divisors {¢; = 0}, the meromorphic 1-form  has the

expression:
k
dp; Y
Q= i t+td| ————= |t
; ®i <<p711 Lot 1)

where 7 is a closed, holomorphic 1-form on M.

3. Kupka Singularities

In this section, we are going to consider the Kupka set of a foliation. It
is a class of singularities of codimension one holomorphic foliations, which
have stability properties under deformations, therefore, they appear on an
open subset of F(M, L).

DEFINITION 3.1. — Let w € F(M, L). The Kupka singular set of the
foliation w consists of the points:

Ky, ={p€ M|w(p) =0; dw(p) #0}.

As the reader may check, the Kupka set is well defined, it does not
depend on the section w which represents the foliation. The main properties
of the Kupka singular set are summarized in the following result, the proof
of which may be found in [29].

- 824 —



Positivity, vanishing theorems and rigidity of codimension one holomorphic foliations

THEOREM 3.2. — Let M be a complex manifold of dimensionn > 3, and
let w be an integrable 1-form on M. The Kupka set K, is a codimension
two smooth submanifold of M, and moreover :

1. The Kupka set a the local product structure: for every connected
component K C K,,, there exists a holomorphic 1-form

n = A(x,y)dr + B(z,y)dy

called the transversal type at K, defined on a neighborhood V' of
0 € C? and vanishing only at 0, an open cover {U,} of a neighborhood
of K in M and a family of submersions ¢, =: U, — C2, such that:

e M 0)=KNU,, and: w,=@Ln
where wy, defines F in U,,.

2. K, is persistent under variation of w; namely, for p € K, with
transversal type 1 as above, and for any foliation w' sufficiently close
to w, there is a holomorphic 1-form 7', close to 1 and defined on a
neighborhood of 0 € C% and a submersion ¢’ close to @, such that w'
is defined by (¢')*n’ on a neighborhood of p.

We are going to do the proof of the first part of the Theorem (3.2) in
the three dimensional case.

Since the problem is local, we are going to assume that M C C3 is an
open neighborhood of p = 0 € C3. Let Z be a holomorphic vector field
defined by the equation

1zdz1 A dzo A dzs = dw. (3.4)

The formula for the Lie derivative Lxw = i1xdw + d(zxw) = 0 and the
integrability condition on w A dw = 0 implies the equations

1w =0 and Lzw=0 (3.5)

Now, since Z(0) # 0, there exits a holomorphic change of coordinates
Y(t,x,y) = (21, 22, 23) defined on a neighborhood of 0 € C? such that

d
(o (&> =Z(Y(t,z,y)) (3.6)
and then, the equations (3.5) and (3.6) implies that

Yrw(t,z,y) = Az, y)de + B(z,y)dy = .
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Now ¢(t,z,y) = (z,y) is the desired submersion, the Kupka set is the
set of the points (¢,0,0) and corresponds to the orbit through p = 0 of the
local one parameter group defined by the vector field Z. O

The germ at 0 € C? of n is well defined up to biholomorphism and
multiplication by non—vanishing holomorphic functions. We will call it the
transversal type of the foliation at K. Let X be the dual vector field of 7.
Since dw # 0, we have that DivX(0) # 0, thus the linear part D = DX(0),
which is well defined up to linear conjugation and multiplication by scalars,
has at least one non—zero eigenvalue. We will say that D is the linear type
of K. After normalizing, we may assume that the eigenvalues are 1 and pu.
We will distinguish three possible types of Kupka type singularities:

e Saddle—node : = 0. In this case, the transversal type has the normal
form :

n(x,y) = (¢(1+ MP) + yR(z,y)) dy — y*+ da,
where \€e C peN and ReO.

e Semi-simple: if u # 0 and D is semi-simple.

e Non-semisimple : when ¢ = 1 and the matrix D is not semisimple.
In this case, the transversal type is in a suitable coordinate system
equal to

n(z,y) = (v +y)dr — xdy.

Given a point p of the Kupka set, as a consequence of the local product
structure, we have the following result concerning with the tangent sheaf of
the foliation at p

THEOREM 3.3. — Let w € F(M,L) and let p € K. Then the tangent
sheaf is locally free at p.

Proof. — In fact, let be p € K,,, and let
0:U—C? and n=a(x,y)dzr+b(z,y)dy,

be as in theorem (3.2). The tangent sheaf of the foliation, on a coordinate
neighborhood U of p is generated by

0 o 0 o
wa(U):{X(:my):b(x,y)%—a(x,y)a—ya—%,...,aT}, O

- 826 —



Positivity, vanishing theorems and rigidity of codimension one holomorphic foliations

Now, consider a compact connected component of the Kupka set. The
topological properties of the embedding j : K <— M, which can be measured
in terms of the Chern classes of the normal bundle vg (M), and the linear
transversal type are strongly related.

Let K be a compact connected component of the Kupka singular set of
the foliation represented by the section w. If the linear type of the component
K has eigenvalues 1 and p # 1, then it is shown in [21] that the normal
bundle vg (M) splits in a direct sum of holomorphic line bundles L and L,,,
corresponding to the eigenvectors of the linear transversal type. Moreover,
the Chern classes of these line bundles satisfy the relation

p-ci(L) —ei(Ly,) =0 € H*(K,C).

This relation implies that, if the first Chern class of the normal bundle
does not vanish, then the eigenvalue y must be a rational number.

When p = 1, there exists the following exact sequence of holomorphic
line bundles
0— L, —vg — L —0,

which are classified by the group H' (K, O(L; ® Lfl)) ~ HY(K,O).

Recall that a linear vector field on D with eigenvalues 1 and p belongs to
the Poincaré Domain if p is not a negative real number. In this case, the
Poincaré-Dulac’s theorem, shows that a holomorphic vector field X with
linear part D, is analytically linearizable when p ¢ {2,3,...,1/2,1/3,...},
and in case p € N, the holomorphic normal form is

0 d
X(z,y) = (:c+ay“)%+u~y6—y a€C.

When the Linear type of a compact connected component of the Kupka
set belongs to the Poincaré Domain, it is shown in [21] the following result.

THEOREM 3.4. — Let K be a compact connected component of K., such
that the first Chern class of the mormal bundle of K in M is non—zero
and has linear type in the Poincaré domain. Then the transversal type is
linearizable and semisimple with eigenvalues 1, u € Q. Moreover, for any
deformation, the transversal type is constant through the deformation.

We say that a foliation w has a Kupka component when K, contains
a compact, connected component K. We denote by K(M,L) C F(M,L),
the Zariski open set of those foliations having a single Kupka component,
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and by K(M, L,n) C K(M, L), the set of foliations whose Kupka component
has transversal type 7.

PROBLEM 3.5. — Determine the decomposition into irreducible compo-

nents of the sets K(M, L) and K(M, L,n).

The next two sections are devoted to give some partial solutions on the
above problem.

4. Rational Maps

Let L — M be a holomorphic line bundle on the complex manifold M.
Given a (k + 1)—dimensional subspace V' C I'(L) generated by holomorphic
sections {; }¥_,, we may define a meromorphic map

i M —PFP((V).
x o lpo(@) .. pr(a)];

observe that the map is not well defined on the set of the base points of
Jv, the set defined by

{1 =0}N---N{pr =0} ={z € M|p(x) =0 forall pecV}.

In particular, when the subspace V has dimension two, we obtain a
meromorphic map to P! given by x — o(x) := [p1(z) : @a2(z)].

Given a map ¢ = [p7 : 2], we are able to define the holomorphic section
w=@1dps — @y dp; € H° (M7 Ql(L®2))7

which is integrable, but in general, it may not define a codimension one
foliation, this is because its singular locus could be of codimension one.
This case holds for example, if one of the sections {p;};=1,2 is a power. To
solve this problem, we proceed as follows.

Let Ly and Lo be holomorphic line bundles on M such that L} = L1,
where p and ¢ are relatively prime positive integers. Given ¢; and 2 holo-
morphic sections of the line bundles L; and Lo respectively, the holomorphic
section:

w=pp1dps — qpadpr € DM, T*M ® L1 ® L),

has the integrating factor ¢, - w2, and thus, it is integrable. Moreover the
leaves of the foliation represented by w, are the fibers of the meromorphic
map ¢ = ¢ /3. In what follows, we will say that the map ¢ is a mero-
morphic first integral of the foliation represented by w.

Through this section, we will assume the following generic conditions:
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1. The holomorphic line bundles L; and Ly are positive.

2. The hypersurfaces {¢1; = 0} and {2 = 0} are irreducible, reduced,
smooth, and meet transversely along a codimension two submanifold
K.

3. The subvarieties defined by Ap} — upd = 0 with [\ : u] € P!, are
smooth on M — K, except for a finite set of points {[\; : 1]} fi=1,... k},
where they have just a non—degenerate critical point.

A meromorphic map satisfying conditions (1) (2) and (3) is called a Lef-
schetz Pencil, if p = ¢ = 1, and a branched Lefschetz pencil otherwise.

Observe that the second generic condition, implies that the Kupka set
of the foliation is precisely the set where the rational map ¢ is not defined,
i. e., the Kupka set consists of base points of the map ¢. Therefore, the
Kupka set is the intersection of two positive divisors

Ko ={p1 =0} N{ps =0},
and the foliation w € K(M, L).

Also observe that the normal bundle of the Kupka set has non—vanishing
first Chern class, since

vie = [{p1 = 0}]|x ® {2 = 0}]|x,

and by hypothesis both divisors are positive.

The transversal type is given by the linear 1-form n = px dy —qy dx, that
belongs to the Poincaré domain. Theorem (3.4) implies that the transversal
7 type is fixed under deformations of the foliation.

Now, Lefschetz’s theorem implies that the first cohomology group with
a complex coefficients of a generic leaf of the foliation represented by w, is
isomorphic to the first cohomology group of the ambient space M. On the
other hand, the topological behavior of the fibers of a generic rational map
looks like a Seifert fibration. Thus, if H!(M,C) = 0, the generic leaf has
a vanishing first cohomology group and the foliation may be stable, just as
in the case of foliations without singularities [27], [19].

Let w = ppo dp1 — g1 dp2 be a section satisfying only the first and sec-
ond generic conditions. The leaves {¢; = 0};=1 2 are the only ones without
(a priori) trivial holonomy, because ¢ - o is an integrating factor. Let ~%
be the generator of the kernel of 4, : m({¢; = 0} — K) — m({¢; = 0}),
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where K = {1 = 0} N {p2 = 0}, Now, by Theorem (1.4), this element is
central in 7 ({y; = 0} — K; x). Moreover, the holonomy map is given by:

.q
hy(y) = exp (2%) Yy
he2(y) = exp <2m’p) -y

Vi q :

Thus, if p/q ¢ N or q/p ¢ N, at least one compact leaf has finite and non—
trivial (linear) holonomy, and since 7% is central in 1 ({; = 0} — K;; %), the
leaves without trivial linear holonomy are stable under deformations, that
means, the branching locus of the foliation must be stable under deforma-
tions of the foliation. This fact is proved in [7] and [§].

The following results describe some irreducible components of K(M, L),
when the line bundle L is positive.

THEOREM 4.1. — Let M be a projective manifold of complex dimension
> 3 and HY(M,C) = 0. Let F be a foliation arising from the fibers of
a Lefschetz or a Branched Lefschetz Pencil. Then any deformation of a
foliation F, has a meromorphic first integral.

Proof.— (Idea) The Kupka set of the foliation F, are the base points
of the map. Moreover, the transversal type is fixed under the deformations
[21]. Now, we have two cases.

In the branched case, we first prove that the branching locus is stable,
the main steps of the proof are the following (see [8] for details).

1. One of the leaves {¢; =0} i =1,2 is stable.

2. The existence of such a compact leaf implies the existence of an in-
tegrating factor, which can be calculated explicitly.

The first point comes from the discusion above and the conclusion follows
now from theorem (2.5).

To prove the unbranched case, we proceed as follows [21]: The transversal
type of the Kupka set is x dy — y dx, and it remains constant under defor-
mations. Now, let {F;}, be a family of foliations, and the foliation Fy = F,
arise from the fibers of a Lefschetz Pencil.

It is possible to obtain a desingularization of the family, after a blowing—
up along the Kupka set, and then we obtain a family of foliations which are
fibrations over a Zariski open subset of the projective line P! such that
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its fibers have vanishing H!(M, C) = 0. As a consequence, the strict trans-
formed of the foliations F; are fibrations. After a blowing—down, we see that
the foliations F; have a meromorphic first integral. O

Another proof on the unbranched case using infinitesimal methods, may
be found in [29].

COROLLARY 4.2. — Let M be a projective manifold of complex dimen-
sion > 3 and HY(M,C) = 0. Then, there exist irreducible components of
F(M,L) such that a generic element has a meromorphic first integral and
its generic foliation is structurally stable.

These irreducible components, may be parameterized as follows. For the
branched case, consider the map:

(I):]P)F(Ll)XHDF(Lz) — f(M,L), L:Ll ®L2
([e1]s lp2]) = pp1dps — qpaden,

where T'(L;) denotes the vector space of holomorphic sections of the line
bundle L;.

For the unbranched case, let L = L1 ® L. Now, we consider G(2,T'(L1))
the Grassmanian manifold of two planes in the vector space I'(Lq), and let
{(p1,p2) be the two plane generated by the sections p; and ¢y. The map :

(p1,02) +— @i1dps — padepr,

gives a parameterization of an irreducible component. Moreover, the generic
element is a Lefschetz Pencil [21].

Remark 4.3. — Theorem (4.1) and its Corollary (4.2) are not true with-
out the hypothesis H! (M, C) = 0.

In fact, if HY(M,C) # 0, we can find a non—zero holomorphic closed
1-form @ on M and consider the one parameter family of foliations

w = pp1dps — qpader +1- 1o - 0 € HO(M,Ql(Ll ®L2)), t e C.

The foliation represented by w; has an integrating factor ¢1 - @2, but it
has a meromorphic first integral if and only if ¢ = 0.
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When we study the deformations of an unbranched rational function,
we are able to make the following construction involving the fundamental
group of the manifold M, in order to get deformations of the holonomy of
the foliation.

Let L; be a very ample line bundle. Consider the plane generated in the
vector space H°(M,O(L1))) by two linearly independent sections (¢1, ¢2).
Such sections define a meromorphic map ¢ := @1 /2 that we assume to be
a Lefschetz Pencil. Observe that ¢ = (1, p2) defines a holomorphic section
of the rank two vector bundle F = L ® L1, and its zero locus is the Kupka
set of the foliation w = 1 dps — w2 dp; .

Let Hom (; (M), PSL(C)) be the analytic set of representations of the
fundamental group 71 (M, x) of M to PSLy(C). We are going to denote by
e : m (M) — PSLy(C) the trivial representation e(y) = id € PSLy(C)
for each v € (M, *). Finally we consider the holomorphic line bundle
L=L1®L = det(E).

Now, let p : M — M be the universal covering space of M. For any
representation p € U C Hom (my (M), PSLy(C)), where U is a neighborhood
of the trivial representation, consider P! C P, — M, the holomorphic P!
flat bundle over M defined by the representation p € U, that is, the quotient
space . .

P! x M — P x M/ ~ (z,m) ~ (p(7)[z],y" - m) (4.1)

These flat bundles are a deformation of the trivial P! bundle over M,
and it is the projectivization of the holomorphic vector bundle £ = L1 @ L;.

In this way, we have constructed a family of P! flat bundles parame-
terized by the neighborhood U C Hom (1 (M), PSLy(C)). This family is a
deformation of the bundle P(L; @ L;) ~ P! x M, that is, we have constructed
a P! bundle P — U x M with P|e}xn = P(L1 & L1). Then there exists
a family of holomorphic vector bundles & — U x M such that P(£) = P.
Moreover, we are able to choose € such that det(£) defines a trivial defor-
mation of the bundle det(E) = L. With this additional assumption, the
holomorphic vector bundle £ is uniquely determined (see [4, page 121]).

Now, consider the family of holomorphic vector bundles constructed
above, and satisfying the condition of det(£) = L; ® L1 = L. Since by
hypotheses, the holomorphic line bundle L, is very ample, Kodaira van-
ishing theorem implies that, H* (M, O(Ll)) = 0 for all ¢ > 0, this implies
that the same holds for the vector bundle Fe = L; @& L1, in particular
H! (M,O(Ee)) = 0, then, for the analytic family of holomorphic vector
bundles E, parameterized by an analytic set U C Hom(m; (M), PSLy(C)),
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any holomorphic section o of Ey may be extended to a holomorphic section
o, of E,, that is, there exists a holomorphic section & of the vector bundle
€ such that o (e, ) = (¢1, p2).

Consider now the section o, = &(p,-) of the vector bundle E, for
p € U, and consider it as a meromorphic section of its projectivization
the P! bundle P,. The section [0,] has its base points along a codimension
two smooth submanifold K, = {o, = 0}.

Finally, let H, be the horizontal foliation on the P! bundle P,, then we
get a codimension one foliation on M by F, := [0,]*(H,), this foliation has
a Kupka component of radial transversal type along the submanifold K,
with radial transversal type, and moreover, each foliation belongs to the set
K(M, L,z dy — ydz).

Observe that, if we consider the trivial representation e, the foliation
05 o(He) is the foliation defined by the fibers of the map ¢. The important
point is that this construction gives all deformations of a Lefschetz Pencil
as a foliation, and any representation close to the trivial representation e
may be realized as the deformation of the holonomy of a Lefschetz Pencil.
In other words, we have shown the following result :

THEOREM 4.4. — Let Ly be a very ample holomorphic line bundle over
M with hi(M,(’)(Ll)) =0foralli>0andlet Fe F(M,L) L=L®L;
be a holomorphic foliation arising by the fibers of a Lefshetz Pencil then any
representation p : 7w (M,x) — PSLy(C) sufficiently close to the identity
may be realized as the deformation of the holonomy of the foliation F.

We observe, that the family of projective flat bundles with the mero-
morphic section (P, [o,]) described in the proof of the theorem (4.4) above,
defines the developing map of the family of transversely projective foliations.

QUESTION 4.5. — Assume that H* (M, C) = 0. Does any irreducible com-

ponent of the algebraic set K(M, L) for L positive, consists of foliations with
a meromorphic first integral?.

This question will be considered in the next section.

5. Geometric Properties of the Kupka Set

In this section, we discuss some ideas concerning the irreducible compo-

nents of the set K(M, L). We will assume that the line bundle L is positive
or very ample and M is embedded in the projective space Prr,).
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Let w € K(M, L) with compact and connected Kupka set K, = K. The
Kupka set K has the following important geometric property: It is sub-
canonically embedded, i.e, the canonical bundle of a Kupka component
K can be extended to a globally defined holomorphic line bundle [12].

In fact, an easy calculation involving the local product structure (The-
orem (3.2) part (1)), and the exact sequence

0->TK - TM|x — vg(M) — 0, (5.1)
gives the adjunction formula for the Kupka singular set [12]
Q=0 @ Lk, and A?vg(M)=L|k (5.2)

where Q72 and Q7 denote the canonical bundles of the Kupka set K and
M respectively.

The formula above implies that when the line bundle L is positive, the
first Chern class of the normal bundle v does not vanish.

Let 3 : K — M be the inclusion map, then ¢;(vg) = j*(c1(L)) €
H?(K,Z), since the line bundle L is positive, it has a non—zero first Chern
class and the same is true for the restriction to K.

Hence, by Theorem (3.4), the linear transversal type is equivalent to the
1-form 1 = px dy — qy dx, where p, q are relatively prime integers. Moreover,
by a Serre’s construction ([32], or [12, appendix]), the normal bundle of the
Kupka set can be extended to a rank—2 holomorphic vector bundle £ — M,
and K can be viewed as the zero locus of a global holomorphic section o
of E. Many properties of K are strictly related to the properties of E. The
section o defines the exact sequence :

0—-0y -5 FE—Jx®L—0, (5.3)

which gives the Koszul resolution of the sheaf of ideals Jx of the Kupka
set. The total Chern class of the vector bundle F is given by

¢(E)=1+c (L) + [K] € H(M,C), (5.4)
where [K] denotes the fundamental class of K in H*(M, Z).
The following result is a generalization of the Cerveau—Lins theorem [15].

THEOREM 5.1. — Let w € K(M, L) be a foliation with L a positive line
bundle. If the rank—2 vector bundle E associated with the Kupka set is pos-
itive then:

- 834 —



Positivity, vanishing theorems and rigidity of codimension one holomorphic foliations
1. If HY(M,C) = 0, the foliation has a meromorphic first integral.

2. If the transversal type is not the radial vector field, then the folia-
tion has at least one compact leaf, and has an affine transversal
structure.

8. If the transversal type is the radial vector field, then the foliation has
a transversal projective structure.

The main point in the proof of this theorem, lies in the fact that in the
complement M — K, we have the Hartog’s theorem 1.2, the argument of
proof may be found in [9].

In [15], Cerveau and Lins use the hypothesis that the Kupka set is a
complete intersection. When the transversal type is different to the radial
vector field, they use the fact that the complement of a codimension two
complete intersection is n — 2+ 1 plurisubharmonic, so the hypothesis of the
second part of the Theorem (1.2) is satisfied.

QUESTION 5.2. — Let w € K(M, L) where the line bundle L is positive.
Is the vector bundle E associated with the Kupka component positive?.

The main result towards an affirmative answer to this question is the
following Theorem [12]:

THEOREM 5.3. — Let w € K(M, L), with L a very ample line bundle. If
the linear part of the transversal type of the Kupka component is given by
the form n,q, = prdy — qy dy, then the total Chern class of E is :

iqcl(L)> " (1 " pj]rqcl(L)) © ARG

Moreover the linear transversal type n,q belongs to the Poincaré Domain
and the transversal type is linearizable.

Proof.— We have seen that the linear transversal type is 7,4 for some
relatively prime integers p, q.

The second Chern class c2(E) = [K] of the vector bundle associated
with the Kupka set, is computed with the Baum—Bott formula [1]. Since
the linear transversal type is 7,, we have

(p+4q)° e 2
. (K] =i (L),
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and then

]= pei(l) | qa(l)

CE:K )
2(B) = | p+q ptg

and we get the desired formula.

We are going to prove that the transversal type belongs to the Poincaré
Domain. Consider the embedding of j: M — P(H°(M,O(L))); the degree
of the Kupka set, which is a positive integer, is given by:

(&) e = (&) [ 2o

_ _Pa vol(M),
hence, p- g > 0, the linear transversal type belongs to the Poincaré domain
and by theorem (3.4) the transversal type is linearizable. a

(p+q)?

As a consequence, whenever L is a very ample holomorphic line bundle,
we obtain a decomposition

(»,q)
where p and ¢ are positive integers such that the cohomology classes

p-ci(L) q-c(L))

€ H*(M,Z)
pP+q pP+q

If the transversal type is different to the radial vector field, Liibke in-
equality [26] implies that the rank two vector bundle E, associated to the
Kupka set, can not be stable or semistable with respect to the Kahler form
c1(L)), which is given by the embedding induced by the line bundle L.

On the other hand, if the transversal type is the radial vector field, the
total Chern class of the bundle F is given by

dEy—G+p€m>2€HﬂMﬂm

which is compatible with the existence of a projectively flat structure
on the vector bundle E.

If the vector bundle E is projectively flat, then the P! bundle P(E) is
flat, and it is defined by a representation p : w1 (M) — PSL(2,C). In this
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case the foliation is the pull-back by the meromorphic section [o] of the
horizontal foliation H of the flat bundle P(E). The section [o] has its base
points in the Kupka set, and the foliation has a projective transversal
structure just as in Theorem (4.4).

In the last section, we will state some consequences of Theorem (5.3) for
foliations in projective spaces.

6. Logarithmic Foliations

In this section, we are going to describe other irreducible components of the
set F(M, L) for some positive line bundle L over M. We will assume through
this section that M has complex dimension n > 3 and H*(M, C) = 0.

Recall [24, page 449] that a meromorphic 1-form 2 over M is called
logarithmic, if for any local defining equation ¢ of its polar divisor (2,
the forms ¢ - Q and ¢ - d) are holomorphic.

Now, let € be a closed logarithmic 1-form with polar divisor €2,. Given
a section ¢ € HO(M, O([Q])), whose zero set is Qs, by theorem (2.5), the
twisted 1-form w = - is an integrable section of the bundle T* M ® [Qu].
Now, let

k
0o = Z D; € Div(M)
=1

be the decomposition in irreducible components of the polar divisor 2,
then

b d(pi 1
Q=Y N~ N=g- [ Q
p Vi 2w ).,

where ¢; € H°(M,O([D;])), is a holomorphic sections that vanishes on
the divisor D;, and ~; denotes the generator of the kernel of the inclusion
14 : M (M — D;) — w1 (M). Moreover, by the residue theorem, the following
relation holds :

k
> Xi-a([Di)) =0 € HA(M; Z).

The singular set of the integrable 1-form

K2

E g,
w=p1ok Y A 901,

i=1 :
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has codimension > 2 whenever the complex numbers \; # 0 for all ¢ =
1 k.

geeey

From now on we will assume that k& > 3. We are going to suppose that
the following generic conditions are verified :

e The line bundles L; := [D;] i=1,...,k are ample.

e The hypersurfaces {¢; = 0}%_, are irreducible, reduced and the di-
visor {¢1 - = 0} is a divisor with normal crossings.

e Hyperbolicity: A;/A; ¢ R for i # j.

We can state our other result [6] :

THEOREM 6.1. — Let M be a projective manifold such that
dim¢M >3 and H'(M,C)=0.

Then any deformation of a generic logarithmic foliation is a logarithmic
foliation.

As a corollary, we get :
COROLLARY 6.2. — Let M be a projective manifold such that
dimcM >3 and H'(M,C)=0.

Then there are irreducible components of F(M, L) such that a generic ele-
ment is represented by a logarithmic 1—form.

The proof of the theorem (6.1) begin with the following remarks.

Consider the 1-form

g,
w=p1pp YN ¢l7

i=1 i

the hypersurfaces {p; = 0}¥_, are the compact leaves of the foliation defined
by w and they have linearizable holonomy. Moreover, any other leaf has
trivial holonomy.

In fact, given a point p € £1 = {1 = 0}—S5(w) and a transversal XM, £q
at p, which we identify with an open disk A C C, let v € m1(£1,p) and 7,
be a lift of the curve -y, tangent to the leaves and beginning at y € X. The
holonomy map associated to v is, by definition, k- (y) = 7,(1).
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Take (3 : [0,1] — X — {p} a differentiable curve with 3(0) = 7,(1) and
B(1) =7,(0). The curves v and 8 * 7, are homotopic in the manifold M.

Consider the meromorphic 1-form

Q:zk:)\,-d%.
=y

It is possible to find a holomorphic coordinate system ¢ : AxC*~1 — V
satisfying the conditions

e ©(0,0)=peV
e o(0,w)=VNL
e ©(z,0)=1X.

dz
° (p*(Q|V) = )\17

In this way we get:

k
B*y i=1

for some n; € Z.

Now, since 7, is tangent to the foliation and 3 * ¥, is free homotopic to

v, we have:
Fy (1
/ Q:/Q:)\llog (73’( )),
By B Yy

and we conclude that:

k
ha(y) = <H u?{) fiy1 - Y
i=2
where

e 21 Ai and e !
i1 1= ex T—, =exp| — ).
i1 p M M1 P ¥

On the other hand, any leaf in M — {1 - - - ¢, = 0} has trivial holonomy
since the foliation is defined by a holomorphic closed 1-form there. 0

We now have a partial converse of the last statement:
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THEOREM 6.3. — Let M be a projective manifold, w € F(M,L). Let
V' be a smooth, ample compact leaf of w which has linearizable holonomy
and VNS, = Ui?:lE, where K; C K, are connected components with
transversal type n; = xdy + Nydx, XN ¢ Q. Then, there exists a reduced
integrating factor whose zero locus contains V.

In [17], it is proved that on a neighborhood of the hypersurface V', the
foliation has a reduced integrating factor ¢, since V' is an ample hypersur-
face. By the second part of the Theorem (1.2), this integrating factor may
be extended to M. The details may be found in [5], [6] and [13]. O

Now, let

?

k di;
W=ror Y N —,
-1 ¥
be a generic logarithmic 1-form. For any subset I C {1,...,k} the analytic
sets
Si={p € M|p e {pi=0}icr},
define a Whitney stratification for the divisor {¢1-- ¢, = 0}. We will

denote by I the number of elements of I. Note that St has codimension I.
We set:

I
dz; . .
Qr=> A, Z—J I={i,...,is}.

j=1 J

In [33, page 399] it is demonstrated that if w is like above, for any
I C{1,...,k} there exists an open covering Uy = {U,} of Sy and a family
of submersions {p, = (yL...yl): U, — C!} such that:

o {p;, =0}NU, ={y,, =0}
o ©f (Y- yln) = wlu,.

Let K1 C S1 be a compact subset and W = U,U,, where {U,} is as in
the above theorem. The following result may be found in [6] or [5].

PROPOSITION 6.4. — Let w be as above. If A\; # A for all i,j € I, and
there is a pair (Ag, \;) with A/ A ¢ R, then for any compact Ky C Si, and
any deformation wy of w, there exists a family of embeddings &, : K1 — W, a
family of submersions pq. : Uy — C!, and a family of logarithmic 1-forms
Q1+ such that :

o 0, 1(0) = 0y(Ky) N Us,.
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o The 1-form @}, ,(y& ;- - yh Q) defines the foliation on the open set
Ua.

This result means that the singular set of a deformation of a generic
logarithmic 1-form, still looks like the singular set of a logarithmic 1-form.

We are now in position to prove Theorem 6.1:
Proof.— Let w; be a family of foliations with wy = w with

k d(p'
WZ(Pl-uQDkZ)\i (pz'

=1

3

The proof consists on two steps [6]:

e By our generic conditions, we show that all the leaves {p; = 0}, are
stable, thus there exist holomorphic line bundles L;; with holomor-
phic sections {;;} such that {¢; = 0} are compact leaves of the
foliation wy.

e Theorem 6.4 implies that 14 @pe is a reduced integrating factor
of the foliation represented by the section w;.

Remark 6.5. — In Theorem 6.1 it is necessary that the line bundles L;
fori=1,...,k, and hence L = [, ® - - - ® Ly, to be ample line bundles as
the following example shows :

Let M = P! x P2, then we have that H!(M,C) = 0 and H?*(M,C) =
C @ C. Now, we are going to consider a holomorphic line bundle L over M
with Chern class (0,n) where n > 1.

In this case, the set F(M, L) is an open set of the projective space asso-
ciated to HY(M,Q(L)) ~ H°(P2,Q%(n)). If w is an integrable holomorphic
section of T*M ® L, the induced foliation F,, has the form P! x F, where F
is a foliation with singularities of Chern class n in P?; thus the set Log({L;})
does not contains an open subset of F(M, L).

7. Foliations in Projective Spaces

In this section, we are going to study the set F(n,c¢) of codimension one
holomorphic foliations on the projective space P and having Chern class
c e H(P",Z) ~ Z.

We recall the following well known facts on the geometry of the projective
space.
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1. The Picard group Pic(P™) ~ Z and it is generated by the hyperplane
bundle denoted O(1), and for each ¢ € Z we denote O(c) = O(1)®°
for ¢ > 0 and (O(1)*)®(=9) for ¢ < 0.

2. Given c € N, the vector space of holomorphic sections of the bundle
O(c) over P™ is isomorphic to the space of homogeneous polynomials
of degree ¢ on C™*1 [24].

3. The Euler sequence.

0— Opn — @O]P?n(].) g TP" — 0, (7.1)
n+1

4. After dualizing and twisting the above sequence by the line bundle
O(c) we get

0—TP" ® O(c) — @(’)(c —1) = O(c) = 0, (7.2)
n+1

and from the exact long cohomology sequence,

0 — HO(P", Q' (¢)) — @ H(P", O(c - 1)) — H(P", O(c)) — 0
n+1

As a consequence, we have that the holomorphic sections of the sheaf
Qp.. (c) is identify with the set of dicritical 1-forms in C"™ ! of degree ¢ — 1,
that is

w20y y2n) = Ai(z0, ... 2n)dz (20....,2,) € C"TE

NE

0

.
I

Zi " Ai(ZQ, e ,Zn)

|

Il
o

7

A;  homogeneous polynomials of degree ¢ — 1

Therefore, the space of codimension one holomorphic foliations F(n, c)
with Chern class ¢ may be identified with 1-forms w in C"*! as above such
that

1. wAdw=0.

2. Cod(S,) = 2, where S,, = {p € P*|w(p) = 0} is the singular set.
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7.1. Logarithmic and Rational Components

Logarithmic and rational foliations on the space F(n, c) are obtained as
follows.

First observe that a holomorphic integrating factor ¢ of a foliation w €
F(n,c) is a holomorphic section of the bundle Opn (c), i. e. a homogeneous
polynomial of degree ¢ in the variables (2o, ...,z2,) € C**!.

Given a partition P = (nq,...,n,) p>2ofceN, ¢>2, i e n; are
positive integers such that
P
d_mi=c,
i=1

the (¢ — 1)~homogeneous 1-form in C"*! defined by

- dpi
w:(pl@pz)\zgo s

i—1 '

K2

where ¢; € H° (P",O(ni — 1)), i. e. y; are homogeneous polynomials of
degree n; in C"*!, and \; € C.

By the Euler formula, the 1-form w is dicritical, if and only if the residues
A= (A1,...,Ap) satisfy the relation

P
i=1
We denote by

P
Ap = {()\1:~-~:)\p) € CP such that Z /\i~ni:0}.
i=1
Observe that when p = 2, we obtain A1 -nq + A2 -ns = 0, and then, A /Ay =
—ng/ny, we are able to choose p; and ps positive integers with (p1,p2) =1
or p1 = pa = 1 such that A\; /Ay = p1/ps foliation represented by w has the
meromorphic first integral ¢7? /b .

Now, we consider the projective space P(Ap) associated with the hyper-
plane Ap C CP, and we define the algebraic map

P
Pp : P(Ap) x H]P)HU(]P’WMO(m)) —  F(m,c)

i=1

R N R I L T P
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Observe that if P(nq,...,n,) and Q = (mq,...,my) are partitions of
the same number ¢, the images under the maps ®p and $q may have non—
empty intersection. In fact, assume for instance that ¢ = p — 1 > 2, and
that my; = ny + ny and m; = n;, for i = 2,...q, then the 1-form:

p
dep;
([Al:...:Ap},[<p1],...,[<p,,})H(pl..-%ZAi;"_ where A\ = Ao,

i=1 ¢
belongs to the intersection.

THEOREM 7.1 Assumen =23, and k =2. Let

w =1 @kz

be generic. If W' is a deformation of w, then there exists homogeneous poly-
nomials ¢, where deg(p}) = deg(p;) for alli=1,... k, and X, such that

k d ’
g SN
- Y

,¢);

Proof. — Tt follows from Theorem (4.1) if k = 2, and from corollary (6.2)
when k 2 3. |

Let L(n,P,c) C F(n,c) be the image of the map ®p. Then the set of
logarithmic foliations L(n, P, ¢) is parameterized by a product of projective
spaces and this implies the result which follows.

COROLLARY 7.2. — Forn > 3, p = 3, and for any partition P =

(n1,...,np) ofc > 1 the set L(n, P, ¢) is an irreducible component of F(n, c).
Furthermore, the dimension of this component is:

> (")

i=1
Proof.— Tt follows from corollary (6.2) and the fact that

dimet (£, 0(u)) =10 (7. 0(w)) = (" 17 ).

%
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Remark 7.3. — Observe that if p = 2 in the above theorem, the set
L(TL, (nla TLQ), C),

coincide with the set of foliations with a meromorphic first integral, we are
going to denote by R(m,ni,na) C F(m,ny + na).

Observe that the generic element of R(c,n1,n2) belongs to K(n,ny+nsa).

7.2. Foliations with Kupka component on the projective space

In this section, we want to describe the set K(n,c) C F(n,c). Towards
this description, we have the following remarkable result due to Cerveau
and Lins [15].

THEOREM 7.4. — [15] Let w € K(n,c) with Kupka component K, = K
then w = pf dg — qg df if and only if K is a complete intersection.

The main conjecture is that the Kupka set K is always a complete in-
tersection. In this direction, the following results are known.

Let w € K(n,c) with Kupka component K, = K. As we have seen in
section 5, the Kupka set K is subcanonically embedded, the formula (5.2)
of the canonical bundle 9272 of K and the second exterior power of the
normal bundle of the Kupka set A2vg (P™) are given by:

QY2 = (. ®0(0)) |k = Oxlc—n—1), ANvg(P")=0k(c).

This property, by a Serre contruction implies that there exists a couple
(E,0), where E — P" is a rank two holomorphic vector bundle and o a
holomorphic section of E inducing the exact sequence

0—-0%FE— Jk(c)—0 (7.3)

and the Kupka set is a complete intersection if and only if E splits as a
direct sum of line bundles.

By using this properties of the Kupka set, Theorem (4.1) in the case of

foliations in projective space, may be shown as follows.

THEOREM 7.5. — Let F be a foliation arising from the fibers of a Lef-
schetz or a Branched Lefschetz Pencil on the projective space P™ m > 3.
Then any deformation of a foliation F, has a meromorphic first integral.
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Proof.— Let {Fi}ter be a family of foliations parameterized by the
analytic set 7, such that F{ correspond to a foliation arising from the fibers
of a Lefschetz or a Branched Lefschetz pencil on P* n > 3.

Since any foliation F; has a compact Kupka component K, we obtain a
holomorphic family of holomorphic vector bundles with a section (Ey, o).

Since Fy = L1® Lo and Ly, Lo are holomorphic line bundles implies that
H!(P", End(Ey)) vanishes, it follows that the family of vector bundles E; is
rigid, i. e. Fy ~ Fy [4], the conclusion follows from theorem (5.1). O

Let w € K(m,c) with Kupka component K, = K. The linear the
transversal type is of the type n,q = pxrdy — qydz, p,q € 7 therefore,
the associated vector bundle E, has total Chern class given by

cwuz1+wh+(p“7iﬁ>-m, (p@ “C>:d%Kw
p+ap+q p+aqgp+q

and may be written as

o(E) = c(O(a) ® O(b)) where a=<p'c>, b:(‘”),

pP+q p+q

moreover, the numbers a,b € N. In particular, the linear transversal type
belongs to the Poincaré domain, and the transversal type is linearizable.

In this way, we obtain the decomposition of K(n,c) in terms of their
admissible transversal type

K(n,c) = U K(n, ¢, mpq), (7.4)
(p,9)€C(c)
with
pc qc
Cle) = ,q) €N , eNxN;.
©) {WQ) ’(P+QP+Q> }

The main consequence is the following result [12].

THEOREM 7.6. — Let w € K(m, ¢) with a Kupka component K = K,
then K is a numerically complete intersection.

The question if any foliation w € K(n,¢) n > 3 has a meromorphic first
integral, is related to the question on rank—two holomorphic vector bundles
over P :

— 846 —



Positivity, vanishing theorems and rigidity of codimension one holomorphic foliations

QUESTION 7.7. — Does a rank—two holomorphic vector bundle on P™,
which has the same Chern classes as a split bundle, split?

The answer of this question is not true in dimension 3 [32]. On the
other hand, Theorem (7.6) shows that the vector bundle associated to a
Kupka component is not stable in the sense of Mumford—Takemoto [32],
furthermore, there is a conjecture postulated by Grauert—Schneider which
states the following :

CONJECTURE 7.8. — Any holomorphic vector bundle of rank—two on P™
with n = 5, which is not stable, splits.

Let K(n,¢,n) C K(n, ) be the set of those foliations with a Kupka com-
ponent with transversal type 7. The affirmative solution of the Grauert—
Schneider conjecture, implies that K(n,¢,n) n > 4 is an irreducible com-
ponent of F(n,c) and the generic element is structurally stable. [8]

In dimension 3, any smooth, non—complete intersection and projectively
normal curve cannot be the Kupka set of a foliation [12]. This fact gives
many examples of smooth curves, which are not complete intersections and
cannot be the Kupka set of any foliation. In particular, this shows that the
twisted cubic cannot be the Kupka set of a foliation in P3.

Finally, since the vector bundle F associated with a Kupka set can not
be stable, the result in [25] and theorem (7.6) shows that the Kupka set
cannot be an abelian surface in P4,

Finally, a positive solution of this problem, is given in the following
results [2, 3, 9].

THEOREM 7.9. — Let w € K(n,c) with m > 6 or n > 3 and the
transversal type n # m11, then the vector bundle E associated to the Kupka
component splits in a direct sum of holomorphic line bundles, and the foli-
ation w has a meromorphic first integral.

If the transversal type 7 is not the radial foliation, the same conclusion
holds for any n > 3 [9], the proof is a consequence of the fact that the nor-
mal bundle of the Kupka component K of a foliation with positive normal
bundle, and with transversal type n,, = prdy — qydr, 1< p < q is posi-
tive, and then, Hartogs extension theorem (1.2) also holds in this situation.
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7.3. Polynomial Representations of the Affine Lie Algebra

Other irreducible components of the space of codimension one holomor-
phic foliations on the projective space P3, which are defined by a polynomial
action of the affine group Aff(C) x C> — C3.

For each 1 < v € N, consider the couple of polynomial vector fields on
the affine 3-space A, = {(1:21:22:23)} CP3:

0 0 0

Tl/ _ = =1 Y k- v—1_%

(2172:2’23) 821 +v 2 82’2 + 29 823
L,(z1,20,23) = z:1—+v-z 9 +k-z o
v <1, <2, <3 - 132 2822 382’3

where k:=v(vr—1)+ 1.

The main properties of these vector fields that we are going to use, as
the reader may easily check, are the following :

1. The vector fields T, and L, are complete.
2. [T,,L,]=T,.
3. They are linearly independent outside the affine rational curve

() = (¢, t5).

The first two conditions, implies that the vector fields T, and L,, are
the infinitesimal generators of an action
¢, AfF(C) x C* — C?

of the affine group on C3, the tangent space at the orbit trough the point
z € C3, is generated by the vectors T, (z) and L, (z) in T,C3.

The third condition implies that for each point z € C3—T,,, the ,—orbit
through z has dimension two, and the curve I', is one orbit of this action.

The orbits of the action ¢, are the leaves of the foliation represented
by the polynomial 1-form w, = v 1, dz1 Adza Adzs, explicitly, the 1-form
w, has the expresion

wy = kv(2y 2y — 28)dzy + k(2125 — 23)dza + v(z9 — 2Y)dzs.

A direct calculation gives dw, = (v + k)i, dz1 Adza A dzs, consequently,
the diffeomorphism

t
(I)u(t7uvv) = (t,qut”,v + k/ [u+ SV}D_l dS) = (21722323)
0
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which is the time ¢ of the flow of the vector field T, with initial conditions
(0,u,v) € C3, satisfies the equation

0
(<I>,,)* (§> (21,2272’3) = TV(Z1,227Z3),

and then, by using equation (3.5), we get
O (w,) = —kvdu+ vudv,

therefore, the leaves of the foliation are diffeomorphic to C* x C, and the
foliation has a rational first integral given by

v—1
ik v—1 1 N(—1—i) (v
= [ (5= S (7) s om0

=0

The homogeneous 1-form

w, = ((v—1)z28 + (k—v)zf 20z — (k — 1)2Y23)d2o

1

thvzo(2Y " ey — 25)dzy + kzo(z12y 7t — 257 23)d2e

vzo(2f tag — 2Y)d2s
defines a foliation F, € F(3,v+2). From this expression, it follows that the
hyperplane {zg = 0} is invariant by the foliation.

The singular set of the foliation, consists of three curves defined by the
equations :

T, = {2V 23—z =225 — 28 ey = 28ty — 27 = 0}
A = {ZQ = ZzZ1 = 0}
E, = {20=25—v2"tz3 =0}

It is important to observe, that these three curves are invariant by a
holomorphic vector field L, on the projective 3 space P3, which is an ex-
tension of the linear vector field L, on C3, and then, they are rational and
moreover, they are fixed by a one parameter group of automorphisms of P3;
the flow of the vector field L. These curves meet at the point [0:0:0 : 1].
Moreover, the Kupka set of the foliation, is

K(w,))=T,UAUE, —{[0:0:0:1]},

and at the point [0 : 0 : 0 : 1] the 2-form dw, has an isolated singularity.
As has been pointed in [16] and [10], this property of the singular set of the
foliation, is stable under deformations.
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Finally, observe that all leaves of these foliations are biholomorphic to
C* x C.

It is possible to prove that, if F € F(3,v +2) is any foliation sufficiently
close to F,, then it has an invariant hyperplane Hr, and moreover, in the
affine space P3 — H the foliation is defined by the orbits of an action

pF : Aff(C) x (P° — Hz) — (P° — Hy)
This implies the following result

THEOREM 7.10. — For any 2 < v € N there ezists at least an irreducible
component of A, C F(3,v+ 2) with the following properties:

o The generic element F € A,, has an invariant hyperplane Hz.

o In the affine space P> — H, the leaves of the foliation are the orbits
of an action of the affine group AfFf(C).

The proof of the theorem is based in the following remarks :

The foliation is defined by a linear vector field L,, and it extends to a
global vector field L, € H°(P?,Ops), and the polynomial vector field T,,
defines a bundle map T, : O(2 — v) — Ops, therefore, the tangent sheaf
T of the foliation is locally free and isomorphic to O@O(2—v), and defined
by the linear map

LoT,: Tr~020(2-v) — 63.

The main idea lies in the following two facts

1. Any deformation of a generic foliation F € A, has a locally free
tangent sheaf.

2. Since H'(P?, End(T#)) ~ 0 any deformation of a generic foliation
F € A, has tangent sheaf isomorphic to O @ O(2 — v).

The first point follows from the stability of the singular set, and the
second by well known results on deformation of holomorphic vector bundles
[4].

The details of the proof may be found in [16] for » = 2. The general case
is proved in [10] and [11].

The irreducible component A, C F(3,v + 2) is rigid, therefore, it is the
orbit of the natural action of PGL(4,C) x F(3,v + 2) — F(v,3) on the
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space of foliations of the foliation . This implies that the dimension of the
irreducible component

13 if v=2

dimg(A,) = dimcPGL(4,C) — h°(P?, O(T#)) = { M i v

The family defined above may be extended to a foliation on P* n >4
by considering a fixed linear projection ¢ : P* — P3, and defining the set of
foliations

A,(n)=0(A) ={G e Fn,v+2)|Gg=0(F) FeAl

it is shown in [10], that the set of foliations A, (n), is an irreducible compo-
nent of the space F(n,v + 2).

There are many other examples of foliations of P? which are defined
by actions of the affine group Aff(C), or more generally, by polynomial
representations of the affine Lie algebra aff(C) on polynomial vector fields
of an affine subspace A ~ C3 C P3, but in many cases, these families not
define irreducible components of the space of foliations [10].

One example of this situation, is the one parameter family of foliations
of degree 3 defined by the vector fields

0 0 0

X = —— C o — (1 =0)- 2y

- o7 +2 218224—3 (( o) 22+021)823
0 0
L = —_— 2. RN -
2181+ 226Z2323623

on the affine space A = {[1: 21 : 25 : 23]}

The extension w, of this one parameter family of foliations to the pro-
jective 3—space, has the meromorphic first integral

_ 52)\3 F3
H, (20,21, 22,23) = 7 (072 = 23) =— (7.5)

(2823 — 30 - 202122+ (30 — 1)23)2 G2’

and for any value of ¢ # 0, the family is contained in the irreducible
component R(3,2,3) C F(3,5), but the value ¢ = 0 corresponds to a
member of the family Ay C F(3,4). As the reader can check, the 1-form
w = 3Gy dF — 2F dG, is singular along the hyperplane zy = 0.

The tangent sheaf T, for any member of the family {F,|C 3 o # 0}
of the one parameter family defined above, is locally free and isomorphic
to Tr, ~ O & O(—1), in particular, the foliation is preserved by a one
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parameter group of automorphism of P3, this property does not hold for a
generic member of the irreducible component R(3,2,3).

Other examples of foliations on projective spaces are given by rational
pull-backs of foliations on the plane, that is, let n > 2 and let ¢ : P* —
(P2, F) be a rational map and F € F(2, c). Then we get a foliation G = ¢* F.

When the map ¢ is a linear projection, we have that G € F(n,c), the
tangent sheaf is locally free and isomorphic to O(3 — ¢) ® O(1)®"~2,

We denote by
PB(1,n,c) = (*F(2,¢c), £:P"— P? a fixed linear projection  (7.6)
It is proved in [15] the following theorem:

THEOREM 7.11. — The sets PB(1,n,c) are irreducible components of
F(n,c).

There is a systematic study of foliations with locally free tangent sheaf,
the main references are [14] and [18].
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