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Prym Subvarieties Pλ of Jacobians via Schur
correspondences between curves

Yashonidhi Pandey
(1)

ABSTRACT. — Let π : Z → X denote a Galois cover of smooth projective
curves with Galois group W a Weyl group of a simple Lie group G. For a
dominant weight λ, we consider the intermediate curve Yλ = Z/Stab(λ).
One defines a Prym variety Pλ ⊂ Jac(Yλ) and we denote by ϕλ the restric-
tion of the principal polarization of Jac(Yλ) upon Pλ. For two dominant
weights λ and µ, we construct a correspondence Sλµ on Yλ × Yµ and
calculate the pull-back of ϕµ by Sλµ in terms of ϕλ.

RÉSUMÉ. — Soit π : Z → X un revêtement Galoisien de courbes pro-
jectives lisses de groupes de Galois W un groupe de Weyl d’un groupe
de Lie G. Pour un poids dominant λ, on considère la courbe intermediare
Yλ = Z/Stab(λ). On définit la variété de Prym Pλ ⊂ Jac(Yλ) et on note
par ϕλ la restriction de la polarisation principale du Jac(Yλ) à Pλ. Pour
deux poids dominants λ et µ, on construit une correspondence Sλµ sur le
produit des courbes Yλ × Yµ. On calcule le pull-back de ϕµ par Sλµ en
termes de ϕλ.

1. Introduction

1.1. Motivation

The aim of this paper is to study some aspects of polarizations on Prym
varieties. This study is motivated by the Abelianization programme.
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Let G be a simple Lie group of type A, D, or E. Let us begin by recalling
some constructions done in [9], [4] [5], [7] and [8]. We consider a Galois cover
of smooth projective curves π : Z → X with Galois group the Weyl group
W of G. To a dominant weight λ in the weight lattice Λ of G, Kanev [4]
associated an integral symmetric correspondence

Kλ ⊂ Y × Y,

on the curve Y = Z/Stab(λ). The Kanev correspondence satisfies a relation
with the Schur correspondence Sλ defined using the Schur projector in the
ring End(Λ⊗Z Q).

Our main object of study is the Prym subvariety of Jac(Y ) defined as

Pλ = im(Sλ) ⊂ Jac(Y ).

It can also be realised as im(Kλ)|Prym(Y/X) and is isogenous to the Donagi-
Prym variety Prym(π,Λ)η. The question that motivated this paper is to
calculate the restriction of the principal polarization on Jac(Y ) to Pλ (by
“polarization on Pλ” we shall mean such a polarization only). Such cal-
culations are of interest owing to their link with the Verlinde spaces. For
example, for groups of type A,D,E the main result of Lange-Pauly [7] shows
the equality of the dimension of the Verlinde space at level 1 and the polar-
ization on Pλ, with some restrictions on the weight λ. To tackle the case of
a general weight, we have constructed a correspondence Sλ,µ between the
curves Yλ and Yµ. Via this correspondence, we calculate the pull-back of
the polarization on Pλ to Pµ for all pairs of weight (λ, µ) and in the final
section, we outline a method for calculating the polarization on Pµ from
the pull-back. Hence knowing the polarization for Pλ, one can calculate the
polarization on Pµ.

1.2. Overview of the paper

Recall that for two dominant weights λ and µ the Prym varieties Pλ and
Pµ are known to be isogenous (see [9]) and in section 4 we construct an
explicit correspondence Sλ,µ — the Schur correspondence for two weights
— giving explicit isogenies

Sλ,µ : Pλ → Pµ; Sµ,λ : Pµ → Pλ

using the following Galois cover
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Z
φλ φµ

Yλ

ψλ

Yµ

ψµ

X

Actually the construction of the correspondence as well as other results
of this paper are all valid in a more general setting which we now describe.
Recall a theorem of Springer [12] which says that any irreducible representa-
tion V of a Weyl group W is induced from a rational irreducible representa-
tion. Let Λ ⊂ V be some lattice invariant under the action of W . Indeed the
most important example is that of the weight lattice Λ which is contained
in h

∗- –the dual of the Cartan subalgebra h of the Lie group corresponding
to W . This is the situation studied in the context of Abelianization [7], [3].
For any λ ∈ Λ, one may define for Stab(λ) ⊂ W an intermediate curve
Y = Z/Stab(λ) and for two such curves Yλ and Yµ we show the construc-
tion of the correspondence. To use suggestive terminology, we call λ and µ
“weights” , thinking of Λ as the weight lattice of a Lie group.

We call Sλ,µ the Schur correspondence for two weights λ and µ. It can
be defined over any algebraically closed field of characteristic zero. We link
it to a more geometrical correspondence ∆λ,µ for two weights introduced by
Kanev over the field of complex numbers and show that both Sλ,µ and ∆λ,µ

induce the same isogeny from the Prym variety Pλ to Pµ. As a consequence,
one deduces the equalities (Corollary 5.16)

∆µ,λ∆λ,µ = [N ]Pλ ; ∆λ,µ∆µ,λ = [N ]Pµ ,

where [N ] denotes the multiplication by the integer

|W |2(λ, λ)(µ, µ)
|Stab(λ)||Stab(µ)|(dim(V ))2

.

Let ϕµ denote the principal polarization on Jac(Yµ). We show that the
pull-back of ϕµ by ∆λ,µ is equal to [N ]ϕλ. This result contributes to the
calculation of the restriction of the principal polarization on Jacobians of
intermediate curves to the Prym varieties Pλ.

1.3. Organization of the paper

In section 3 (see defn. 3.5), we define the Prym varieties PV and Pλ.
We show in Proposition 3.9 that the pull-back of the principal polarization
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on Jac(Z) to
∏

V ∈χ(W ) PV splits. This generalises a well known result of
Mumford for two-sheeted coverings [11][section 2, page 330] to Weyl group
Galois covers.

After Mérindol [9], one knows that the isotypical component PV is isoge-
nous to a product of Prym varieties P

dim(V )
λ . In Proposition 3.10 we show

that the pull-back of the polarization splits on the product
∏n

i=1 Pλi for any
choice of an orthogonal basis λ1, . . . , λn of V .

In section 4 we define a rational correspondence Sλ,µ on Yλ × Yµ as

1
|Stab(λ)||Stab(µ)| (φλ × φµ)∗(Sλ ◦ Sµ).

It can be described as follows

Sλ,µ : Yλ → DivQ(Yµ)
y1 �→

∑d
i=1(µgi, λ)φµ(zgi)

where z ∈ Z satisfies φλ(z) = y1 and {g1, . . . , gd} is a system of right coset
representatives of Stab(µ) in W .

Notice that if λ2 = λ1, this correspondence resembles the Schur corre-
spondence Sλ defined in Lange-Pauly [7]. In that paper, Sλ is related to the
Kanev correspondence [4] by theorem 3.5

Sλ = |H|2(Kλ −∆ + ((λ, λ) + 1)T ).

In [6] the authors Lange and Kanev remark that the generalisation of
the Kanev correspondence denoted ∆λµ for two weights λ and µ over an
arbitrary curve is immediate. It is integral. Then we relate the two corre-
spondences in Theorem 5.14 by the relation

∆λ,µ = Sλ,µ + rT

where T is the trace correspondence and r ∈ Q. In particular, Sλ,µ and
∆λ,µ induce the same isogeny from Pλ to Pµ. As the calculations with Sλ,µ

employing Schur type relations are easier, we obtain the following formulae
for the exponent of the isogeny

∆µ,λ∆λ,µ = Sµ,λSλ,µ = N

by Proposition 4.13 and Corollary 5.16. Corollary 5.16 simplifies the proof
of Theorem 6.5 in [5].
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Let ϕµ denote the principal polarization on Jac(Yµ). We show in Corol-
lary 6.4 that the pull-back of ϕµ by ∆λ,µ is equal to [N ]ϕλ. Then in section
7, we calculate the integer [N ] for all pairs of fundamental weights for all Lie
Algebras. In section 8, we use the correspondence ∆λ,µ to give precise de-
scriptions of some isogenies in the context of Abelianization. More precisely,
let H1(Z, T )W denote T -bundles on Z that are W -invariant for the twisted
action. Associated to a dominant weight λ, we have an evaluation map evλ
with values in Jac(Z) that associates to T -bundles the line bundle obtained
by weight λ acting as character of T . The line bundles in the image of evλ
can be endowed with a canonical Stab(λ)-linearisation and thus descend to
the intermediate curve Yλ. Consider the diagram,

H1(Z T )W
vẽ λ

vẽ µ

Pλ

∆λ,µ

Jac(Yλ)

∆λ,µ

Pµ Jac(Yµ)

,

We prove in Proposition 8.2 the equality

∆λ,µẽvλ =
|W |

dim(V )
(λ, λ)(µ, µ)
|Hλ||Hµ|

ẽvµ.

Moreover, we construct an inverse isogeny

δ : Pλ → H1(Z, T )W

to the isogeny ẽvλ of 8.2. We obtain

δẽvλ = [M ],

where M is the exponent of the group Λ/Z[W ]λ.
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2. Correspondences between algebraic curves

Definition 2.1. — A correspondence D between two algebraic curves
C1 and C2 is a divisor D on the product C1 × C2. Two correspondences D
and D′ between C1 and C2 are equivalent if there exists divisors D1 and D2

on C1 and C2 respectively such that

D′ = D + D1 × C2 + C1 ×D2.

To a correspondence D we denote by γD : Jac(C1)→ Jac(C2) the associ-
ated map and by γ′D the dual isogeny obtained by the Rosati involution. We
denote by Corr(C1, C2) the isomorphism classes of correspondences between
C1 and C2.

Theorem 2.2 (Theorem 11.5.1 Birkenhake-Lange [2]). — The map
D �→ γD induces an isomorphism Corr(C1, C2)→ Hom(Jac(C1), Jac(C2)).

In the case, C1 = C2 = C, this theorem allows to translate the ring
structure and the Rosati involution on End(Jac(C)) to Corr(C). We denote
by τ : C × C → C × C the map which switches the two factors.

Proposition 2.3. — Let D be a correspondence on a curve C. We have

γτ∗D = γ′D.

In particular, if the correspondence D is symmetric, then the endomor-
phism γD is symmetric with respect to the Rosati involution.

3. Schur projectors, abelian subvarieties of Jacobian
and decomposition

Let W be an arbitrary finite group. We denote by C[W ] the group algebra
associated to the group W . We have a decomposition of algebras

C[W ] = ⊕ω∈χ(W )End(Vω) (3.1)

where Vω is the complex irreducible representation corresponding to the
character ω and χ(W ) is the set of irreducible characters of W .

Following Mérindol [9], we denote by (C) the condition upon a finite
group W that all its irreducible representations are absolutely irreducible.
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Recall absolute irreducibility means that any irreducible representation can
be obtained by simply extending scalars from an irreducible representation
defined over the field Q of rational numbers. The Weyl group satisfies this
condition according to a theorem of Springer [12]. We thus have,

Proposition 3.1. — Let V be an irreducible representation of a group
W satisfying the condition (C) over a field k of characteristic zero. We have
a canonical isomorphim (up to scalars) of V with its dual V ∗. Equivalently
we have a non-degenerate symmetric G-invariant bilinear form on V ×V →
k unique up to scalars.

Proof. — By the condition (C) we may assume that the field k is the
rationals Q and that V is defined over Q. Now the character of V ∗, the dual
of V , is χV where χV denotes the character of V . Since V is defined over Q,
therefore the character takes values in Q and thus χV ∗ = χV = χV . Thus V
is isomorphic to V ∗. Since it is irreducible, thus up to scalars there is only
one isomorphism by Schur’s lemma. The proof of the existence of a bilinear
form satisfying the said properties is a standard argument. �

Remark 3.2. — The dual h
∗ of the Cartan-subalgebra h of a semi-simple

simple group G is also an irreducible representation of the Weyl group W of
G. In this paper, we shall often consider h

∗ as being obtained from simply
extending scalars from a rational irreducible representation of W . Moreover
the bilinear form of the above proposition is the celebrated Cartan-Killing
form. In particular, for a Weyl group any of its irreducible representation
can be endowed with a symmetric non-degenerate W -invariant bilinear form
and is isomorphic to its dual representation. However, the bilinear form may
not be positive or negative definite unlike the Cartan-Killing form.

Let V be an irreducible representation of W defined over Q.

Definition 3.3. — The Schur projector is the element

p̃V =
∑
g∈W

trV (g)g ∈ Q[W ]

where trV (g) denotes the trace of the endomorphism of V induced from
multiplication by g.

The element p̃V satisfies the relation

p̃2
V =

|W |
dim(V )

p̃V .
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Therefore, pV = dim(V )
|W | p̃V is an idempotent in C[W ]. The action of pV on

a W -module is that of projection upon the isotypical component of V .

Let (, ) : V × V → C be a W -invariant bilinear form on V . It is unique
up to scalars.

For λ ∈ V \ {0}, we denote

hλ =
∑
g∈W

(λg, λ)g.

According to Lange-Recillas [8] the element Hλ = dim(V )
|W |(λ,λ)hλ is an idem-

potent of C[W ]. The action of Hλ of V is that of projection on the line
generated by λ in V .

Let V admit (λ1, . . . , λd) as a basis. We get the formulae

pV = Hλ1 + . . . + Hλd . (3.2)

We shall use the theorem below to define subvarieties of Jac(Z) when
the curve Z admits an action by a group W satisfying the hypothesis (C).

Theorem 3.4 [2]. — Let (A,L) be a polarised abelian variety. There is
a bijective correspondence between the sub-abelian varieties of A and the
idempotents in the ring End(A)⊗ZQ that are symmetric with respect to the
Rosati involution. The bijection is given by associating to an idempotent
u, the subvariety im(u) and to an abelian subvariety B we associate the
composition of the maps

A
φL→ Â

îB→ B̂
ψL→ B

iB→ A.

where iB denotes the inclusion of B in A and ψL|B = qφ−1
L denotes the

isogeny dual to φL|B.

Let ρ : W → GL(V ) be a rational representation, that is defined over Q.
The Schur projector pV induces an element denoted ρV in EndQ(Jac(Z))
by the action of W on the curve Z.

Definition 3.5. — We denote PV = im(p̃V ) and Pλ = im(Hλ) the sub
abelian varieties of the Jacobian of Z.

The decomposition of the group algebra C[W ] (3.1) and that of the Schur
projector (3.2) gives us the following theorem.
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Theorem 3.6 ([9] Thm 2.5). — Let W be a finite group satisfying the
condition (C). The abelian varieties Jac(Z) and

∏
V ∈χ(W ) PV are isogenous.

Moreover, ([[9] Prop 4.5]) the abelian variety PV is isogenous to the product
[Pλ]dim(V ).

Remark 3.7. — On the Prym varieties PV there is a canonical polariza-
tion, namely the restriction of the principal polarization on Jac(Z). We will
show in Proposition 3.10 that its pull-back to a product of Prym varieties
Pλ for a suitable choice of basis λ1, λ2, . . . , λn of V splits.

More generally, we have the isotypical decomposition of an abelian va-
riety A unique up to permutation of factors (cf. [8] Proposition 1.1) and
decomposition in terms of generalised Prym varieties or Prym-Donagi vari-
eties (cf. [3] Formula 5.3).

The group W acts on the curve Z on the right. Thus it can act on the
Jac(Z) as (g,D) �→ Dg where D denotes a divisor in Jac(Z). But we rather
choose the action to be given by pull-back of line bundles on Z

G× Jac(Z) → Jac(Z)
(g,D) �→ Dg−1

Notice that pull-back will be an action on the right.

Proposition 3.8. — Let Z be a smooth projective curve. Let g ∈ Aut(Z),
and let us also denote by g the automorphism on Jac(Z) induced by g.
Then g preserves the principal polarization on Jac(Z). The following dia-
gram commutes

Jac(Z)

g−1

Ĵac(Z)

ĝ

Jac(Z) Ĵac(Z)

Proof. — Let gZ denote the genus of the curve Z. The image of the
Abel-Jacobi map SymgZ−1(Z)→ PicgZ−1(Z) is preserved by g. This image
is the Riemann theta divisor Θ which induces the principal polarization on
Jac(Z). Let Θ ⊂ Jac(Z) be a divisor representing the principal polarization
on Jac(Z). Then g∗Θ is the translate T ∗αΘ of Θ for a certain α ∈ Jac(Z).
The isomorphism between Jac(Z) and ̂Jac(Z) given by Θ is

Θ : Jac(Z) → ̂Jac(Z)
z �→ T ∗z Θ−Θ.
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So let g ∈ Aut(Z). Let us compute the composition

Jac(Z) Θ→ ̂Jac(Z)
ĝ→ ̂Jac(Z) Θ−1

→ Jac(Z).

Now g seen as an element of Aut(Jac(Z)) transforms the divisor T ∗xΘ − Θ
into g∗(T ∗xΘ−Θ). Now we have

g∗(T ∗xΘ−Θ) = (Txg)∗Θ− g∗Θ
= {gTg−1(x)}∗Θ− g∗Θ
= T ∗g−1(x)g

∗Θ− g∗Θ.

By the equality g∗Θ = T ∗αΘ, the expression becomes T ∗g−1(x)T
∗
αΘ− T ∗αΘ

which is equal to T ∗g−1(x)Θ−Θ by the theorem of square. Thus, the diagram
commutes. �

Proposition 3.9. — Let Z be a curve admitting an action by a Weyl
group W . Consider the decomposition∏

V ∈χ(W )

PV → Jac(Z).

where χ(W ) denotes the set of irreducible representations of W . The pull-
back of the principal polarization on Jac(Z) splits.

Proof. — For an irreducible representation V , the inclusion iV : PV →
Jac(Z) is the same as multiplication by χV = | dim(V )|

|G|
∑

g∈W tr(g)g and
thus

îV =
∑
g∈W

tr(g)ĝ.

For two irreducible representations U and V of W , let us compute the
composition

Jac(Z)
χV−→ PV

iV−→ Jac(Z) Θ−→ ̂Jac(Z) îU−→ P̂U .

Let p ∈ PV . It is mapped to Θ(p) = [T ∗p Θ−Θ] which goes to χ̂U [T ∗p Θ−Θ].
Now χ̂U =

∑
g∈W tr(g)ĝ. By linearity, this sum by the proposition 3.8 is

equal to
[T ∗xΘ−Θ],

where x =
∑

g∈W trU (g)pg−1. As irreducible representations of Weyl groups
are self dual we have the equalities

trU (g−1) = trU∗(g) = trU(g) = trU (g),
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so x = χU (p). Now let p = χV (z). Thus x = χUχV (z), but χUχV =
0 ∈ C[W ] as χV and χU project on the isotypical component of V and U
respectively. Thus the pull-back of the polarization on Jac(Z) splits. �

For any simple Lie algebra g, by the “Gram-Schmidt” process, we can
find weights vi perpendicular to each other with respect to the Cartan-
Killing form and forming a basis of h

∗— the dual of the Cartan-subalgebra
h over C. An analogous statement can be made for any irreducible repre-
sentation of the Weyl group.

Proposition 3.10. — Let Z be a curve admitting an action by a Weyl
group W . Let V be an irreducible representation of V defined over Q and
let {vi}i=1,...,n form an orthogonal basis of V . Consider the morphism from

n∏
i=1

Pvi → Jac(Z).

The pull-back of the principal polarization on Jac(Z) to the product of Prym
varieties Pvi splits.

Proof. — The inclusion of iv : Pv → Jac(Z) is the same as multiplication
by Sv/qv where

Sv =
∑
g∈W

(λg, λ)g

and qv denotes the exponent of Sv. Thus we also have

îv = ̂Sv/qv.

So let us compute the composition

Jac(Z)
Sv1−→ Pv1

Sv1/q1−→ Jac(Z) Θ−→ ̂Jac(Z)
̂Sv2/q2−→ P̂v2 .

Let p ∈ Pv1 . It is mapped to Θ(p) = [T ∗p Θ−Θ] which goes to Ŝv2 [T
∗
p Θ−Θ].

Now Ŝv2 =
∑

g∈W (v2g, v2)ĝ. Thus the sum becomes

∑
g∈W

(v2g, v2)ĝ[T ∗p Θ−Θ].

By linearity and the theorem of square, this sum by Proposition 3.8 is equal
to

[T ∗xΘ−Θ],
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where x =
∑

g∈W (v2g, v2)pg−1. Now by the symmetry of the Cartan-Killing
form we have

x =
∑
g∈W

(v2g, v2)pg−1 =
∑
g∈W

(v2, v2g
−1)pg−1 = Sv2p.

Let p = Sv1(z). Then by Lemma 4.3 and the orthogonality of v1 and v2 we
get Sv2p = 0. Thus the composition of arrows is zero, that is the polarization
splits. �

4. Schur correspondence for two weights

We consider the following situation. Let π : Z → X be a Galois cover
of smooth projective curves with Galois group W . Let λ1 and λ2 be two
dominant weights. We write Hi = Stab(λi) in W and Yi = Z/Hi. Let

ρ : W → GLQ(V )

be an irreducible representation of W on Q satisfying the condition (C). Let
(, ) be a bilinear symmetric negative definite form on V . In the following we
consider right actions of W on Z and V .

For i = 1, 2 we introduce the correspondences on Z

Sλi : Jac(Z) → Jac(Z)
z �→

∑
g∈W

(λig, λi)zg.

We have Sλi ∈ EndQ(Jac(Z)). We denote Pλi = im(Sλi). According to
[8], we have

S2
λi =

|W |(λi, λi)
dim(V )2

Sλi . (4.3)

We now quote a useful technical lemma.

Lemma 4.1 (Merindol, [9]). — Let W be a group satisfying the hypoth-
esis (C). Let V be an irreducible representation of W and denote by (, )
a symmetric non-degenerate W -invariant bilinear form on V unique up to
scalars. Let F be a form

F : V × V × V × V → Q

satisfying
F (aw, b, c, dw) = F (a, bw, cw, d) = F (a, b, c, d)
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for all a, b, c, d ∈ V and h ∈ W . Then there exists a constant q ∈ Q such
that we have for all (a, b, c, d) ∈ V 4,

F (a, b, c, d) = q(a, d)(c, d).

Lemma 4.2. — Let V be an irreducible representation of a group W sat-
isfying condition (C). Suppose that V admits a positive-definite bilinear form
(, ). For λi ∈ V , where i = 1, .., 4, define

B(λ1, λ2, λ3, λ4) =
∑
h∈W

(λ1h, λ2)(λ3, λ4h).

We have the equality

B(λ1, λ2, λ3, λ4) =
|W |

dim(V )2
(λ1, λ4)(λ2, λ3).

Proof. — Notice that such sums satisfy the conditions of Lemma 4.1. So
there exists a constant q ∈ Q such that the above sum equals q(λ1, λ4)(λ2, λ3).
To calculate the constant we may take an orthonormal basis µ1, . . . , µn of
V since the form is positive-definite. Expressing the bilinear form and the
matrix m(h) of h ∈W in terms of the orthonormal basis, we obtain

B(µi, µj , µj , µi) =
∑
h∈W

m(h)i,im(h)j,j = q(µi, µi)(µj , µj) = q.

Summing over all pairs of basis vectors, we get

dim(V )2q =
∑
i,j

∑
h∈W

m(h)i,im(h)j,j =
∑
h∈W

χV (h)2 = |W |.

We thus get the value of q. �

Lemma 4.3. — We have the equality

Sλ2Sλ1(z) =
|W |(λ1, λ2)
dim(V )2

∑
t∈W

(λ1t, λ2)zt.

Proof. — We have,

Sλ2Sλ1(z) = Sλ2(
∑
g∈W

(λ1g, λ1)zg) =
∑
h∈W

∑
g∈W

(λ2h, λ2)(λ1g, λ1)zgh
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We put t = gh and expressing g = th−1, the sum becomes∑
t∈W

∑
h∈W

(λ2h, λ2)(λ1t, λ1h)zt

which by [[8] Corollary 3.3] (or the Lemmas 4.1 and 4.2) is equal to

|W |(λ1, λ2)
dim(V )2

∑
t∈W

(λ2, λ1t)zt

�

This formula is not symmetric in λ1 and λ2.

Let us recall the following geometric configuration:

Z

π

φ1 φ2

Y1

ψ1

Y2

ψ2

X

Definition 4.4. — Let A ∈ Corr(Z × Z) be a correspondence over Z.
Let Y1 and Y2 be quotients of Z. Then A induces a correspondence A over
Y1 × Y2 defined by

A(y1) =
∑

z∈Z,φ1(z)=y1

φ2(A(z)).

In fact, A : Jac(Y1)→ Jac(Y2) is defined by the composition of maps

A : Jac(Y1)
φ∗1−→ Jac(Z) A→ Jac(Z)

Nmφ2−→ Jac(Y2).

Proposition 4.5. — Let z0 ∈ Z be a point in the fibre of φ1 over y ∈ Y1.
Fix a system of left representatives {gi}i=1,...,d of H2 in W . We have the
equality

Sλ2 ◦ Sλ1(y) =
|W ||H1||H2|(λ1, λ2)

dim(V )2

d∑
i=1

(λ1gi, λ2)φ2(z0gi).
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Proof. — We have

A(y) =
∑

z∈φ−1
1 (y)

φ2(Sλ2Sλ1(z))

By Lemma 4.3 we get

=
|W |

dim(V )2
(λ2, λ1)

∑
z∈φ−1

1 (y)

∑
s∈W

(λ1s, λ2)φ2(zs)

and fixing z0 ∈ φ−1
1 (y), we get

=
|W |

dim(V )2
(λ2, λ1)

∑
h1∈H1

∑
s∈W

(λ1s, λ2)φ2(zh1s)

putting h1s = t and q = |W |
dim(V )2 , we get

= q(λ1, λ2)
∑

h1∈H1

∑
t∈W

(λ1h
−1
1 t, λ2)φ2(z0t)

= q(λ1, λ2)
∑
t∈W

(
∑

h1∈H1

λ1h
−1
1 , λ2t

−1)φ2(z0t)

= q(λ1, λ2)|H1|
d∑

i=1

∑
h2∈H2

(λ1, λ2h
−1
2 g−1

i )φ2(z0gi)

= q(λ1, λ2)|H1|
d∑

i=1

∑
h2∈H2

(λ1gi, λ2h
−1
2 )φ2(z0gi)

= q(λ1, λ2)|H1|
d∑

i=1

(λ1gi,
∑

h2∈H2

λ2h
−1
2 )φ2(z0gi)

= q(λ1, λ2)|H1||H2|
d∑

i=1

(λ1gi, λ2)φ2(z0gi).

�

The above proposition motivates the following definition.

Definition 4.6. — We define the Schur correspondence Sλ2,λ1 for two
weights λ1 and λ2 on Y1 × Y2 as

1
|H1||H2|

(φ1 × φ2)∗(Sλ2 ◦ Sλ1).
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We fix a system of left coset representatives of H2 in W

W =
d∐

i=1

H2gi.

The Schur correspondence for two weights Sλ1,λ2 can be described as

S1,2 : Jac(Y1) → Jac(Y2)

y1 �→
d∑

i=1

(λ1gi, λ1)φ2(zgi)

where z ∈ Z with φ1(z) = y1.

Remark 4.7. — Since the correspondence S1,2 only differs from Sλ2Sλ1

by a constant, so it is independent of the choices made: of the point z in
the fibre of φ1 and of the system of coset representatives of H2 in W .

Remark 4.8. — For the definition of S2,1, one would have to fix a system

of right representatives of H1 in W giving the decomposition W =
d′∐
i=1

H1g
′
i.

The numbers d′ and d of the Definition 4.6 need not be equal in general
for a pair of weights λ1 and λ2. We will show, however, in Proposition 4.12
that the isogeny induced from S1,2 is dual to the one induced from S2,1.

Remark 4.9. — This proposition generalises for two weights λ1 and λ2

the Proposition 3.1 of [7]. Indeed, if λ1 = λ2 = λ, then A = Sλ and

S1,2(y1) =
d∑

i=1

(λgi, λ)φ(zgi) and H1 = H2 = H.

Proposition 4.10. — Let φ : Z → Y be a covering of smooth projective
curves. Let φ∗ : Jac(Y ) → Jac(Z) and Nm : Jac(Z) → Jac(Y ) be the pull-
back and norm homomorphisms respectively. We have

φ̂∗ = Nmφ, N̂mφ = φ∗

where φ̂∗ and N̂mφ are maps dual to φ∗ and Nm respectively.

Proof. — It suffices to prove N̂mφ = φ∗. The other relation follows by
taking duals. We have the following commutative diagram
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Z
αz0

φ

Jac(Z)

Nmφ

Y
αy0

Jac(Y )

where z0 and y0 are such that φ(z0) = y0 and

αz0 : Z → Jac(Z)
z �→ z − z0.

By applying the functor Jac we obtain N̂mφ = φ∗ by the following
commutative diagram

Jac(Z) Ĵac(Z)
αz0

Jac(Y )

φ∗

Ĵac(Y )
αy0

N̂mφ

̂

̂

�

Corollary 4.11. — The Schur correspondence Sλ ∈ End(Jac(Z)) is
symmetric under the Rosati involution.

Proof. — We have Ŝλ(z) =
∑
g∈W

(λg, λ)zg
−1

which by Proposition 3.8 is

equal to ∑
g∈W

(λ, λg−1)zg
−1

= Sλ(z).

�

Let us also denote by S1,2 : Jac(Y1) → Jac(Y2) the morphisms between
the jacobians induced by the correspondence S1,2. Recall that Pλi ⊂ Jac(Yi)
is the image of the endomorphism of Jac(Yi) induced by the Schur corre-
spondence Sλi .

Proposition 4.12. — The morphism S1,2 maps Pλ1 to Pλ2 . We also
have the relation

Ŝ1,2 = S2,1.
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Proof. — We denote by q̃ the constant dim(V )2

|H1||H2||W |(λ1,λ2)
. By Proposition

4.5, we have the relations

S1,2 = q̃Sλ2Sλ1 S2,1 = q̃Sλ1Sλ2 .

We shall omit the constant q̃ to ease notation. So we get im(S1,2) =
im(Sλ2Sλ1) ⊂ im(Sλ2) = Pλ2 . Now Sλ2Sλ1 is by definition the composi-
tion of the homomorphisms

Sλ2Sλ1 : Jac(Y1)
φ∗1−→ Jac(Z)

Sλ1−→ Jac(Z)
Sλ2−→ Jac(Z)

Nmφ2−→ Jac(Y2) (4.4)

Taking duals for the sequence (4.4) and using the relations N̂mφi = φ∗i ,
Ŝλi = Sλi and φ̂∗i = Nmφi we obtain that

Ŝλ2 Ŝλ1 : Jac(Y2)
φ∗2−→ Jac(Z)

Sλ2−→ Jac(Z)
Sλ1−→ Jac(Z)

Nmφ1−→ Jac(Y1)

which coincides with the definition of the morphism Sλ1Sλ2 . Thus
Ŝ1,2 = S2,1. �

4.1. Calculation of the Schur correspondence in the ring
of endomorphisms

Proposition 4.13. — We have the relations S2,1S1,2 = [N ] ∈ End(Pλ1)
and S1,2S2,1 = [N ] ∈ End(Pλ2) where [N ] denotes the multiplication by the

integer N =
|W |2(λ1, λ1)(λ2, λ2)
|H1||H2|(dim(V ))2

.

Proof. — We denote q̃ = dim(V )
|H1||H2||W |(λ1,λ2)

and q = |W |
dim(V ) . Let us omit

q as in the last Proposition. We have

S2,1S1,2 : Jac(Y1)
φ∗1−→ Jac(Z)

Sλ1−→ Jac(Z)
Sλ2−→

Jac(Z)
Nmφ2−→ Jac(Y2)

φ∗2−→ Jac(Z)
Sλ2−→ Jac(Z)

Sλ1−→ Jac(Z)
Nmφ1−→ Jac(Y1)

Now the composition of φ∗2Nmφ2 restricted to the variety

Pλ2 ⊂ Jac(Y2) ⊂ Jac(Z)

coincides with the multiplication by deg(φ2) = |H2|. On the other hand,
according to [9] Corollaire 3.3 (a) and (c), we have S2

λ2
= q(λ2, λ2)Sλ2

and Sλ1Sλ2Sλ1 = q2(λ1, λ2)2Sλ1 . Moreover, Sλ1 operated on Pλ1 as mul-
tiplication by q(λ1, λ1) and Nmφ1φ

∗
1 operates on Pλ1 as multiplication by

deg(φ1) = |H1|. In this way, multiplying the factors we get S2,1S1,2 operates
on Pλ1 as multiplication by |W |

2(λ1,λ1)(λ2,λ2)

|H1||H2|(dim(V ))2
. �
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Remark 4.14. — In the case of two weights, this proposition generalises
the lemma 3.8 of [7] since for λ1 = λ2 and S1,2 = 1

|H|2 Sλ = S2,1 and

Sλ
2

= eSλ.

5. The distinguished form for Schur correspondences

We start by an observation that the trace correspondence between two
curves Y1 and Y2 induce the zero isogeny when restricted to the Prym variety
Pλ.

Definition 5.1. — Let T denote the trace correspondence on Y1 and
Y2, i.e given as the composition of

T : Jac(Y1)
Nmφ1−→ Jac(X)

φ∗2−→ Jac(Y2)

t : Y1 → Jac(Y2)
y1 �→

∑
y2∈ψ−1

2 (ψ1(y1))

y2

We denote φT the morphism from Jac(Y1) to Jac(Y2) induced by T .

Proposition 5.2. — We have T |Pλi = 0 for i = 1, 2.

Proof. — We have TSλ1 = (φ∗2Nmφ1) ◦ Sλ1 = φ∗2(Nmφ1Sλ1). Now

Nmφ1Sλ1(z) = π(
∑
g∈W

(λg, λ)zg) = (
∑
w∈W

λw, λ)π(z) = 0

because
∑
g∈W

λg is a W -invariant vector of the Cartan-subalgebra h
∗ and is

thus 0. �

Remark 5.3. — An immediate consequence of the last proposition is that
for all α ∈ Q, the endomorphisms S1,2+αT and S1,2 induce the same isogeny
in HomQ(Pλ1 , Pλ2). It is desirable to use integral correspondences. So we
may try to find a α ∈ Q such that

(λ1g, λ2) + α ∈ Z ∀ g ∈W
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since

(S1,2 + αt)(y1) = S1,2(y1) + αt(y1)

=
d∑

i=1

(λ2gi, λ1)φ2(zgi) + α

d∑
i=1

φ2(zgi)

=
d∑

i=1

[(λ2gi, λ1) + α]φ2(zgi).

This happens if and only if (λ2g − λ2g
′, λ1) ∈ Z∀g, g′ ∈ W . By the W -

invariance of (, ), it suffices that Mg = (λ2g−λ2, λ1) ∈ Z since Mg −Mg′ =
(λ2g − λ2g

′, λ1).

This motivates the following definition.

Definition 5.4. — We say that (, )λ1,λ2 is the distinguished bilinear
form for a pair of weights (λ1, λ2) if

(λ2g − λ2, λ1) ∈ Z ∀ g ∈W

and if (, )′ is another bilinear form satisfying the aforesaid property then
(, )′ = k(, ) for some k ∈ Z \ {0}.

Remark 5.5. — We observe that this condition is independent of the or-
der of λ1 and λ2 because

(λ2g − λ2, λ1) = (λ1g
−1 − λ1, λ2).

Remark 5.6. — If we take λ1 = λ2, we find the condition of Kanev [4].

Remark 5.7. — For this distinguished form S1,2 and S2,1 are isogenies
between Pλ1 and Pλ2 .

5.1. Geometrical construction of the isogeny ∆1,2

In [5], Kanev constructs over P1 a geometrical and integral correspon-
dence, both in the one and two weight case, with the key idea of defining
the distinguished form (λ1w, λ2w

′) by the intersection pairing. In the one
weight case, this correspondence has been generalised to an arbitrary base
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curve in Lange-Pauly [7]. In the introduction of [6], Lange and Kanev re-
mark that this correspondence can immediately be generalised, in the two
weight case also, to an arbitrary base curve. So the question of comparison of
the isogenies between Prym varieties induced by the Schur correspondence
S1,2 defined algebraically and the Kanev Correspondence ∆1,2 defined geo-
metrically arises. To make this comparison, we now work over the field of
complex numbers where ∆1,2 can be defined. We shall show in Theorem 5.14
that they satisfy a relation. This generalises the theorem 3.5 of [7] which
shows that they satisfy a relation in one weight case. This implies that these
correspondences induce the same isogenies between the Prym varieties. So
we obtain nothing new.

For the construction of the Kanev correspondence we refer to [5] section
3,4,6, [7] and [6]. Let us take up Kanev’s notation and introduce it only so
much as to prove the Theorem 5.14. Let L be a lattice endowed with a W -
action and a fix a bilinear form (|) on L. Kanev in [5] section 4 constructs a
new lattice N(L, λ) = L⊕ Z associated to any element λ ∈ L. One extends
the W -action and the bilinear form, denoted (, ), from L to N(L, λ). One
normalises it so that for (0, 1) ∈ N(L, λ) one has ((0, 1), (0, 1)) = 1. One
denotes by (, )m the bilinear form that takes value m on ((0, 1), (0, 1)). This
construction is inspired from the well known embedding of the Root Lattice
of the exceptional Lie algebra E6 into the Picard group of a smooth cubic
surface. Then in section 6, he defines a bigger lattice N such that for all
weights λ of L, there exists a W -equivariant embedding of N(L, λ) into N .
The lattice N can also be endowed with a W -action and a bilinear form B
which will imitate the intersection pairing and these extend the action and
bilinear forms on N(L, λ) (cf. Proposition 6.3 [5]).

Using the notation of the preceding sections, let us recall the following
commutative diagram

Z
φ1 φ2

Y1

ψ1

Y2

ψ2

X

Let U be the open subset X\ { the ramification points of π, ψ1 and ψ2}.
We fix a point ξ0 ∈ U and z0 ∈ Z such that π(z0) = ξ0. For i = 1, 2 we
denote by µi the W -equivariant bijections between the fibers of ψi and the
orbit of λi with φi(z0) as the point chosen in the fiber of ψi(ξ0). (While in
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the one weight case, any point may be chosen in the fiber of ψ, in the two
weight case a compatible choice of points must be made in the fiber of ψ1

and ψ2. So we choose rather a point in the fibre of π.)

As per [5] section 4.1, we denote by πi : N(Λ, λi)Q → LQ the W -
equivariant maps inducing W -equivariant bijections between the “lines” in
N(L, λi) and the orbit of weight λi in LQ.

Let us fix a bilinear form (|) on LQ such that the weight lattice P be
contained in the dual lattice L∗. We denote by b1 the symmetric bilinear
form

b1 : P/L× P/L→ Q/Z.

We can find a lattice K endowed with a symmetric integral bilinear form
B2 such that there exist K1 satisfying the following conditions

1. K ⊂ K1 ⊂ K∗ where K∗ is the dual lattice of K with respect to B2

2. there exists an isomorphism γ : P/L→ K1/K

3. for all λ, µ ∈ P/L, we have

b2(γ(λ), γ(µ)) = −b1(λ, µ)

where b2 denotes the form induced upon K1/K by B2.

In [4] section 7.6, the construction of the lattice K is explained. We shall
admit the construction of such a lattice.

Definition 5.8. — We define N ⊂ P ⊕K1 as

N = {(λ, η)|γ(λ mod L) = η mod K}

Definition 5.9. — We define an action of W on P ⊕K1 as follows

W × P ⊕K1 → P ⊕K1

(w, (λ, η)) �→ (λw, η)

Definition 5.10. — We denote by B the symmetric bilinear form

B : (P ⊕K1)× (P ⊕K1) → Q
((λ1, η1), (λ2, η2)) �→ (λ1|λ2) + B2(η1, η2)
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Proposition 5.11 ([5] Proposition 6.3). — The following Propositions
hold

1. The lattice N is invariant under W -action.

2. The bilinear form B takes integral values on N .

3. For λ ∈ P , there exists a lattice N ′(L, λ) ⊂ N isomorphic to N(L, λ)
as a Z[W ]-module.

4. There exists m ∈ Z such that the restriction of B to N ′(L, λ) is equal
to (, )m.

Recall that (, )m is the bilinear form that agrees with (|) on L and that takes
value m on ((0, 1), (0, 1)).

By the Proposition 5.11, we embed N(L, λ1) and N(L, λ2) in N . Let
{l1, . . . , ld} and {l′1, . . . , l′e} be the orbits of (0, 1) = l1 in N(L, λ1) et (0, 1) =
l′1 in N(L, λ2) respectively.

Definition 5.12. — We define the correspondence ∆1,2 between the curves
Y1 and Y2 by

∆1,2 : Y1 → Div(Y2)

y �→
e∑

j=1

B(π−1
1 (µ1(y)), l′j)µ

−1
2 (π2(l′j))

The verification that the definition of ∆1,2 is independent of the path
and of the point z ∈ Z chosen follows from the W -invariance of the bilinear
form B (cf. Lemma 3.2 [7]).

Remark 5.13. — The correspondence ∆1,2 is integral by the Proposition
5.11. It may not be effective. The correspondence S1,2 is not necessarily
integral.

Theorem 5.14. — We have the equality

∆1,2 = S1,2 + (B(l1, l′1)− (λ1, λ2))T

where T is the trace correspondence between the curves Y1 and Y2.

Proof. — It suffices to verify the relation for y ∈ Y1 such that π−1
1 (µ1(y))

= l1. By the proof of the Proposition 5.11 (3), we see that l1 is of the form
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(λ1, η1) ∈ N ′(L, λ1) and l′1 is of the form (λ2, η2) ∈ N ′(L, λ2). Thus

B(l1, l′j) = B(l1, l′1wj)
= B((λ1, η1), (λ2, η2)wj)
= B((λ1, η1), (λ2wj , η2))
= (λ1|λ2wj) + B2(η1, η2)
= (λ1|λ2wj − λ2) + (λ1|λ2) + B2(η1, η2)
= (λ1|λ2wj − λ2) + B((λ1, η1), (λ2, η2))
= (λ1|λ2wj − λ2) + B(l1, l′1).

Thus, we obtain

B(l1, l′1wj)− (λ1, λ2wj) = B(l1, l′1)− (λ1, λ2)

for all wj ∈W . Let us write this difference as r ∈ Q. We have

∆1,2(y) =
e∑

j=1

B(π−1
1 (µ1(y)), l′j)µ

−1
2 (π2(l′j))

=
e∑

j=1

B(l1, l′1wj)µ−1
2 (π2(l′1wj))

=
e∑

j=1

(λ1, λ2wj)µ−1
2 (π2(l′1wj)) + rT

= S1,2(y) + rT

by the W -equivariance of µ2 and π2. �

Corollary 5.15. — The correspondence ∆1,2 induces the same isogeny
as the correspondence S1,2 : Pλ1 → Pλ2 .

Proof. — The relation ∆1,2 = S1,2 + rT implies this assertion because
by the Proposition 5.2 T acts trivially on Pλ1 . �

Corollary 5.16. — We have ∆2,1 ◦ ∆1,2 = [N ] ∈ End(Pλ1) where N
is the integer

|W |2(λ1, λ1)(λ2, λ2)
|H1||H2|dim(V )2

of the Proposition 4.13.
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Proof. — We have

∆2,1 ◦∆1,2 = (S2,1 + r′T )(S1,2 + rT )

= S2,1S1,2 + rS2,1T + r′TS1,2 + rr′T
2
.

We conclude by the Propositions 5.2, 4.12 and 4.13. �

6. Comparison result

Definition 6.1. — Let A be an abelian variety. For a line bundle L on
A, we denote ϕL : A→ Â the map a �→ T ∗aL⊗ L−1.

Definition 6.2. — For a smooth projective curve Y , we denote the prin-
cipal polarization

α : Jac(Y )→ ̂Jac(Y ).

Proposition 6.3. — Let Y1 and Y2 be two smooth projective curves. Let
Pi ⊂ Jac(Yi), i = 1, 2 be sub-abelian varieties. Let ϕi be the restriction of
the principal polarization αi on Jac(Yi) to Pi. Let φ : Jac(Y1) → Jac(Y2)
be a homomorphism such that φ restricted to P1, denoted φ, be an isogeny
with values in P2. We denote by φ̂ : Jac(Y2)→ Jac(Y1) the composition of

Jac(Y2)
α2−→ ̂Jac(Y2)

φ̂−→ ̂Jac(Y1)
α−1

1−→ Jac(Y1)

and by φ̂ the restriction of φ̂ to P2. Then φ̂ takes values in P1. Suppose that
there exists an integer N such that φ̂φ be multiplication by N in P1, then
we have the equalities

φ
∗
ϕ2 = [N ]ϕ1, φ̂

∗
ϕ1 = [N ]ϕ2.

Proof. — The map φ̂ takes values in P1 because it is the isogeny dual
to φ. We have the following commutative diagram

Jac(Y1)
φ

α1

Jac(Y2)

α2

P1

iP1
φ

P2

iP2

ϕ2

ˆ
ˆ

P1
̂∥P2

φ

Ĵac(Y1)

îP1

Ĵac(Y2)
φ̂

îP2

– 627 –



Yashonidhi Pandey

We have φ
∗
ϕ2 = φ̂ϕ2φ. Now

ϕ2 = îP2α2iP2 ,

iP2φ = φiP1 ,

φ̂îP2 = îP1 φ̂.

So we obtain φ
∗
ϕ2 = îP1 φ̂α2φiP1 . Now one has

[N ] = φ̂φ = α−1
1 φ̂α2φiP1

from which we conclude that

[N ]α1 = φ̂α2φiP1 .

Thus
φ
∗
ϕ2 = [N ]̂iP1α1iP1 = [N ]ϕ1.

The other relation is proved similarly. �

Corollary 6.4. — We have ∆∗λ,µϕµ = [N ]ϕλ and ∆∗µ,λϕλ = [N ]ϕµ.

Proof. — This follows by combining Proposition 6.3 and Corollary 5.16.
�

7. Application to the calculation of polarization

In this section, following the notations of Definition 5.4 , we calculate
the integer N = Nλ1,λ2 = |W |2(λ1,λ1)λ1,λ2 (λ2,λ2)λ1,λ2

|H1||H2|(dim(V ))2 for various pairs of
fundamental weights.

Example 7.1. — An: We have (, ).i,.j = (, )C−K . We have |W | = (n +
1)!, |H1| = k!(n + 1 − k)!, |H2| = l!(n + 1 − l)!, dim(V ) = n, (λ1, λ1) =
−k(n+1−k)

n+1 and (λ2, λ2) = −l(n+1−l)
n+1 . We deduce thatN = Ck−1

n−1C
l−1
n−1. We

remark that when k = 1 and l = n, we have N = 1. Thus the Prym varieties
P.1 and P.n are isomorphic.

Example 7.2. — Bl. We have (, ).i,.j = (, )C−K for i, j < l and (, ).i,.l =
2(, )C−K . We have |W | = 2ll!. We have |H.i | = i!(l − i)!2l−i for i < l and
|H.l | = l!. We have (Ai, Ai).i,.j = i for i < l and (Al, Al).i,.l = l/2× 2.
Thus we get that

N.i,.j =
{

2i+jCi−1
l−1C

j−1
l−1 i, j < l

2i+l+2Ci−1
l−1 i, j = l
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Example 7.3. — Cl. We have (, ).i,.j = (, )C−K . We have |W | = 2ll!.
We have (Ai, Ai) = i for all i. We have |H.i | = i!(l − i)!2l−i. Thus we get
that

N.i,.j = 2i+jCi−1
l−1C

j−1
l−1 .

Example 7.4. — Dl We have (, ).i,.j = (, )C−K for all i, j. We have
|W | = l!2l−1. We have |H.i | = |i!(l−i)!2n−i−1 for i � l−2, |H.l−1 | = (l−1)!
and |H.l | = l!. We have (Ai, Ai) = i for i � l − 2 and (Al−1, Al−1) =
(Al, Al) = l/4. Thus we get that

N.i,.j =




2i+jCi−1
l−1C

j−1
l−1 i, j � l − 2

2l−3+iiCi
l i � l − 2, j = l − 1

2l−3+iCi−1
l−1 i � l − 2, j = l

22(l−3)l i = l − 1, j = l

One knows that P.n−1 is isomorphic to P.n as principally polarised
abelian variety, but this does not follow from the above calculations.

8. Applications to Abelianization

In this section we consider a simple Lie Group G of type A,D,E.

Proposition 8.1 [7]. — Let Z denote a smooth projective curve ad-
mitting a free action by a group W . Let T denote a torus in an algebraic
group G and λ a weight. The canonical evalution map evλ : H1(Z, T )W →
Jac(Z) from W -invariant T -bundles on Z to line bundles on Z lifts to
Jac(Z/Stab(λ)) i.e the line bundles in the image can be endowed with a
canonical Stab(λ)-linearisation.

The lift is denoted by ẽvλ.

Proposition 8.2. — Consider the diagram

H1(Z T )W
vẽ λ

vẽ µ

Pλ

∆λ,µ

Jac(Yλ)

∆λ,µ

Pµ Jac(Yµ)

,

If (λ, µ) �= 0 then we have the equality

∆λ,µẽvλ =
|W |

dim(V )
(λ, λ)(µ, µ)
|Hλ||Hµ|

ẽvµ.
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Proof. — Put q = |W |
dim(V )2 . By Proposition 4.5 and Corollary 5.15, de-

noting by Sλ,µ and ∆λ,µ the isogenies that these correspondences induce,
we have

SµSλ
dim(V )2

|W |(λ, µ)|Hλ||Hµ|
= Sλ,µ = ∆λ,µ.

For ease of notation, let us calculate rather with SµSλ. We have

SµSλ(E ×λ C
∗) = q(λ, µ)(E ×λ C

∗)(
∑
s∈W

(λs, µ)s)

= q(λ, µ)E ×γ C
∗,

where γ =
∑

s∈W (λs, µ)λs. Now, for any weight κ, let us calculate (γ, κ).
We have

(γ, κ) =
∑
s∈W

(λs, µ)(λs, κ)

which by Lemma 4.2 is equal to

q(λ, λ)(µ, κ).

Thus extending µ to a basis of V with other vectors orthogonal to µ, we get
that

γ = q(λ, λ)(µ, µ)µ.

Thus SµSλ(E ×λ C∗) = q2(λ, µ)(λ, λ)(µ, µ)E ×µ C∗ which is equivalent
to the assertion in the proposition. �

Proposition 8.3. — ∆2,3∆1,2 =
|W |(λ2, λ2)2

dim(V )2|H2|2
∆1,3.

Proof. — The map ẽvλ is surjective onto the Prym variety Pλ. So it
suffices to take a T -bundle E ∈ H1(Z, T )W and compare ∆2,3∆1,2ẽvλ1(E)
with ẽvλ3(E). By Proposition 8.2 we get the desired result. �

Let Λ denote the weight lattice of G. We have a canonical bijection

H1(Z, T )→ Hom(Λ,Pic(Z)).

Now the group W acts on the curve Z and therefore on line bundles on
Z. It also acts on the weight lattice Λ. The W -equivariant homomorphisms
correspond to W -invariant T -bundles on Z for the twisted action.
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Proposition 8.4. — Let M denote the exponent of the group Λ/Z[W ]λ.
We have an inverse isogeny δλ to ẽvλ such that

δẽvλ = [M ]

in H1(Z, T )W .

Proof. — Let L ∈ Pλ. We define ψL : Z[W ]λ → Pic(Z) as the unique
W -equivariant map sending λ to L. Now identifying H1(Z, T )W with
HomW (Λ,Pic(Z)) we get δ as the composition of ψL[M ]. �

Corollary 8.5. — We have an isogeny between the Prym varieties
ẽvµδλ : Pλ → Pµ. Let Mλ (resp. Mµ) denote the exponent of Λ/Z[W ]λ
(resp. Λ/Z[W ]µ). We have

ẽvλδµẽvµδλ = [MµMλ].

Proof. — It is immediate from the Proposition 8.4. �

Corollary 8.6. — Consider the diagram

H1(Z T )W Pλ
δλ

∆λ,µ

Pµ

δµ

,

We have the equality

δµ∆λ,µ =
|W |(λ, λ)(µ, µ)Mµ

dim(V )|Hλ||Hµ||Mλ|
δλ.

Proof. — Calculating δµ(∆λ,µẽvλ)δλ by Proposition 8.2 and applying
Proposition 8.4 we get the desired result. �

9. Open problems

In view of Proposition 3.9 and 3.10, one would like to calculate the trans-
lation subgroup, Mumford Theta group and the Weil pairing associated to
the restriction of the principal polarization on Jac(Z) to the Prym varieties
PV and Pλ.
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One would like to compute the kernel of ẽvµ : H1(Z, T )Wη → Pµ of the
Proposition 8.2 for µ arbitrary. The reason is that one could then compute
the restriction of the principal polarization ϕµ on Jac(Yµ) to Pµ as follows.
Let Λ denote the lattice associated to an irreducible representation defined
over Q of a Weyl group W . Then there are elements λ ∈ Λ such that ẽvλ be
an isomorphism. This can be seen as follows. One has ker(ẽvλ) ⊂ ker(evλ)
where

evλ : H1(Z, T )W → Jac(Z)
E �→ E ×λ C∗.

and T = Hom(Λ,C∗). By Lange-Pauly [7] Proposition 5.2 one has

ker(evλ) = HomW (Λ/Z[W ]λ, Jac(Z))

and one has many weights λ for which Z[W ]λ = Λ. (A list is given in
[7] Theorem 8.1). Then one can calculate the kernel of ∆λ,µ : Pλ → Pµ by
Proposition 8.2. Now by the general theory [10] Chapter 23, for the inclusion

{0} ⊂ ker(∆λ,µ) ⊂ ker(∆λ,µ)⊥ ⊂ K(∆∗λ,µ(ϕµ|Pµ))

one obtains
ker(∆λ,µ)⊥/ ker(∆λ,µ) = K(ϕu|Pu)

and by Corollary 6.4 one can compute K(∆∗λ,µ(ϕµ|Pµ)).

Recall that the proof of the computation of the dimension of Verlinde
Spaces in [BNR][1] for SL(n) consisted of two parts - namely, the abelianiza-
tion part and the computation of the restriction of the principal polarization
on the Jacobian of the spectral curve Xs to the Prym variety Prym(Xs/X).
So for a general reductive group G, it seems interesting to compute K(ϕu|Pu)
for all weights µ to extend this proof technique.

One can describe the kernel of ẽvµ geometrically as follows. Recall by
Proposition 6.6 [7], for ET ∈ H1(Z, T )W the bundle ET ×T N admits a
canonical W -linearisation. Let Cµ denote the one dimensional representa-
tion upon which T acts by character µ. We denote by V (λ) the isotypical
component of λ in ResIndNT (Cµ). The proof of Proposition 6.11 in [7] shows
that EN × V (λ) admits a Stab(µ) linearisation. Now the linearisations on
evµ(E) and EN × V (λ) do not necessarily preserve the natural inclusion
evµ(E) ↪→ EN × V (λ). The kernel of ẽvµ consists of those T -bundles in
ker(evµ) such that the linearisations respect the inclusion.
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