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Approximation of weak geodesics and subharmonicity
of Mabuchi energy

X1wXioNg CHEN®Y | LonG Li®® | Miar PAuni(®)

RESUME. — Dans cet article nous obtenons des résultats concernant
l'approximation des géodésiques qui connectent deux métriques kahlerien-
nes dans la méme classe de cohomologie. Comme corollaire, nous obtenons
une preuve de la convexité de la fonctionnelle de Mabuchi le long des
géodésiques. C’est un théoréme obtenu récemment par Berman-Berndtsson,
et nos arguments représentent une version “globale” de leur démonstration
originale.

ABSTRACT. — In this paper we are interested in the approximation of
weak geodesics connecting two Kahler metrics in the same cohomology
class. As a consequence, we derive the convexity of the Mabuchi energy
along geodesics. This important result was obtained recently by Berman-
Berndtsson, and our approach can be seen as a “global version” of their
original proof.

1. Introduction

In a recent paper [4], R. Berman and B. Berndtsson established the
convexity of the Mabuchi energy functional M along the so-called weak
geodesics, answering (affirmatively) to a conjecture proposed by the first
named author of this article. Given two Kéahler metrics in the same coho-
mology class, it is well-known (cf. [16], [10]) that in general one cannot find a

*Recu le 28/01/2015, accepté le 09/10/2015

'Department of Mathematics, Stony Brook University, NY, USA.
xiu@math.sunysb.edu

?Department of Mathematics and Statistics, McMaster University, 1280 Main Street
West, Hamilton, ON L8S 4K1, Canada.
lilong@math.mcmaster.ca

3Korea Institute for Advanced Study, School of Mathematics, 85 Hoegiro,
Dongdaemun-gu, Seoul 130-722, Korea.
paun@kias.re.kr

Article proposé par Vincent Gued;.

- 935 -



XiuXiong Chen, Long Li, Mihai Pauni

smooth geodesic connecting them: this is a major source of difficulties while
dealing e.g. with the aforementioned convexity question.

In this article we explore in a systematic way two techniques of approx-
imation of weak geodesics. The first and most natural one is given by the
e-geodesics, obtained in [7]. The second one consists in using a fiberwise
approximation of weak geodesics via a family of well-chosen Monge-Ampere
equations. A corollary of the second technique is an alternative proof of the
result in [4]. Roughly speaking, our proof can be seen as a “global version”
of the local Bergman kernel arguments, so morally we follow the original
ideas of [4]; nevertheless, we feel that our approach might be useful in other
contexts. For example, the method we are using here allows us to establish
the convexity of M more directly than in the original article, where the first
step is to show convexity of M in the sense of distributions.

We equally infer that the Mabuchi functional is continuous up to the
boundary when evaluated on a weak geodesic. The proof of this second
statement is based on semi-continuity properties of the entropy functional.

Another theorem we will establish here is the almost-convexity of the
regularized Mabuchi energy along the e-geodesics cf. [7]. Actually, our hope
is that this latter result could be also used in order to provide a proof of
the convexity of M along weak geodesics. We refer to the comments at the
end of this note for further support concerning this belief.

This article is organized as follows. We start by recalling the important
result of Xiuxiong Chen in [7] concerning the existence of C1'! solutions
of the MA equation describing the geodesic between two Ké&hler metrics.
After a preliminary discussion about the strategy of the proof, the convexity
and the continuity of M are obtained in section 4 via the approximation
procedure mentioned above. Finally, the convexity of M along e-geodesics
and some other results/expectations are treated in section 5.

Acknowledgement. — It is our privilege to thank the referee for her/his
insightful comments and constructive criticism about this article.

2. Geodesics

Let X be a compact Kahler manifold; we denote by /C its Kéhler cone.
Let {w} € K be a Kéhler class of X; the notation above means that the
representative w is non-singular and positive definite. Let wg,w1 € {w} be
two positive definite representatives of the same cohomology class. A weak
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geodesic between wy and wy is a semi-positive definite (1,1)-current
G :=w+dd (2.1)

on the product X x ¥ of the manifold X with the annulus ¥ C C, such that
the following requirements are satisfied.

(a) The function ¢ is C** on X x ¥; in particular, the coefficients of G
are bounded.

(b) We have "' = 0.

(¢) The current G is rotationally invariant, and it equals wg and wy on
the boundary of ¥, respectively.

The existence of G with the properties stated above was first established
in [7]. The results obtained by Z. Blocki in [5], [6], are equally crucial in this
circle of ideas.

3. What is to be proved

Let u be a smooth function on X, such that w, := w + ddu is a Kéhler
metric. The energy functional is given by the expression

E(u) = ZO/quZ_j Awl. (3.1)

Given a (1,1)-form «, one introduces the following version of the energy
functional

n—1
EYu) == Z/ uww I AW A a. (3.2)
j=0"%

For a smooth path w; := w + ddu; of Kéahler metrics depending on the
parameter ¢ € X, one rapidly computes

ddE (1) = / QL ddege(t) = / Q" A, (3.3)
X X

where Q = w + dd°u is a (1,1)-form on X x X, and the integration is
understood as the push-forward of an (n 4+ 1,n + 1) form to X (we use
the same notation for w and its inverse image on X x X). An important
observation (cf. [8], [4] and the references therein) is that the equalities
(3.3) still hold true in the sense of distributions if the path (u;) is only
assumed to be continuous.

The Mabuchi functional M along G is defined as follows
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M) = o) - e (o) + [ gy @

n+1 X
where G; := w + dd°p; is the restriction of G to the slice X x {t} C X x X,
and S is the average of the scalar curvature of (X,w). Unlike the original
definition of M, the expression (3.4) first introduced in [8], has a meaning
even if the regularity of ¢ is only C''. We recall further that the convexity
of M along weak geodesics was conjectured in [8].

Ideally, the convexity of M would follow provided that one is able to
produce the following objects.

Let (0:)c>0 C {w} be a family of closed positive (1,1) currents on X x 3,
such that for each positive ¢ we have:

(a) The potential ¢. of each O, is of class C1:!.
(b) The logarithm of the fiberwise determinant of ©, is of class C!.

(c) The determinant of ©.|x . converges a.e. to G"|x (¢}

As explained in [4], it is enough to show that we can find (6.).s¢ as above,

such that moreover we have
n

ddlog S—Z A G" > Ricci, AG" (3.5)

971
where the quantity log — denotes (slightly abusively) a function on X x X.
w

Indeed, given the relations (3.3), the inequality (3.5) implies the convexity
in the sense of distributions of the following functional

n

ic 98 n
Slon =V (o0 + [ lxZogr (39

By the condition (b) the functional M(e,t) is continuous; therefore its con-
vexity in weak sense implies convexity in usual sense. The condition (c)
would imply the same property for M, by letting € — 0.

M(E,t) = m

An excellent candidate for the family ©. would be the approximation of
G contained in the proof of X.X. Chen, i.e. the e-geodesics. Indeed, the
properties (a) and (b) are direct consequences of [7], and the inequality (3.5)
can be checked to hold true on the set A4 . where ©, is uniformly bounded
from below by exp(—A)w via a direct computation (this would be enough
to conclude, by letting A — oo at the end). However, it does not seem to
be so easy to establish the crucial property (c) (we refer the the paper [9],
section 6, in order to have a glimpse at the difficulties/consequences of such
a statement).
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In order to overcome this issue, we will consider in the next paragraph a
different approximation of G, obtained by solving a family of MA equations.

A version of the convexity of M along the e-geodesics will be treated in
the last part of our note.

4. Fiberwise approximation of G

In order to construct the family of currents (©¢).~o with the properties
stated in the previous section we will need the following result.

THEOREM 4.1. ([17]). — Let p : X — Y be a holomorphic submersion.
We consider a semi-positive class {3} € H“'(X,R), such that the adjoint
class c1(Kx,) + {B}|x, is Kdihler for any y € Y. Then the relative adjoint
class

c1(Kx/y) + {8}
contains a closed positive current =, whose restriction to each fiber X, is a
positive definite form.

We specialize here to the case of the trivial submersion X x 3 — ¥, so the
relative canonical bundle equals the inverse image of Kx.

As a consequence of the previous result we infer the next statement; we
recall that G denotes the (weak) geodesic between the two metrics wg and
w1.

THEOREM 4.2. — For each t € ¥ and for each 0 < ¢ < 1, we consider
the equation

(Ou(Kx) +e7 G +dd¢: )" = e ™ exp(r,c)w™; (4.1)

on X x{t}. It has a unique C** (X x {t})-solution ¢y ; the resulting function
¢ on X X X is continuous on the interior points of X X %, and moreover
we have

Ou(Kx)+e 'G+dd¢. >0 (4.2)
on the product manifold X x 3.

Proof.— We proceed in a very standard manner, namely by an approxima-

tion argument. Let (Gs) be a family of (1,1)-forms on the open set
XxYCcXxX%

obtained by considering the convolution of the potential ¢ with a convo-

lution kernel Ky, cf. e.g. [11]. Here ¥’ stands for a compact subset of the
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annulus Y. The resulting (1,1)-forms are approximating our weak geodesic
g, as follows.

(i) The forms Gs are non-singular, and we have
Gs > —Co(w + vV—1dt A di)
on X x Y.

(ii) The coefficients of G5 are uniformly bounded, and they converge in
LP norm to the coefficients of G, so that if we write

Gs = w+ ddps
then we have
|ddps — dd®p|Le(xx{1y) — 0
as & — 0, uniformly with respect to t € ¥’ and for any p.
(iii) We have
tseug los — @ller(xxqey) — 0

as 6 — 0.

The properties (ii) and (iii) of the approximation family (Gs) hold true
thanks to the explicit construction of (Gs) by using the convolution of the
potential of G with a regularizing kernel ([11]), combined with the fact that
the potential of G is C1:1.

For each 7 := (g,d) such that € and ¢ are positive and small enough we
define the semi-positive form

By = %(gg + C8(w + V—1dt A dt)). (4.3)
The class c1(Kx) 4 {8, }xx s is clearly Kéhler; by the classical result of
S.-T. Yau we infer that there exists a function ¢, such that we have
Ou(Kx) + Bylxxqy +dd°¢iy >0 (4.4)
together with
(Ou(Kx) + By +dd¢r )" = e ™" exp(¢ys )™ (4.5)
on the fiber X x {t}.

According to the proof of Theorem 4.1, we infer that
Ey = 0u(Kx)+ py +dd°¢, >0, (4.6)

as a smooth form on X x ¥'—actually, this is the only reason why we need
to consider the regularization of G with respect to the parameter “t” as
well. Actually that this is ezactly how the current = in Theorem 4.1 is
constructed, so (4.6) is a direct consequence of this result.
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We show next that the family ¢, is equicontinuous for each € fized; prior
to this, we introduce a few notations.

Let 7, := €¢y, + ps; it is a smooth function defined on X x X’. Then for
each tg,t; € X' we have

(‘I’to,n + ddc(Tn(ﬁ) _ Tn(to)))n _ eé(Tn(tl)—m(to)—m(tl)-s-w(to))\p%m (4.7)
where Uy, = eZ, | x x4} -

The maximum principle, combined with the property (iii) above (con-
cerning the uniformity properties of the sequence 5 on X x ¥') shows that
we have

Sug ‘¢n(t(), (E) — ¢n(t1,$)| S CE_1|t() - t1|. (48)
xTE

The same kind of arguments (i.e. the maximum principle applied on fibers
X x {t}) shows that in fact we have

dy(to, z0) — &y (t1, 1) < Ce™'([to — t1] + dist(zo, 71)) (4.9)

where C' is a constant independent of 7 = (g,d). This proves the claimed
equicontinuity.

As a consequence, the limit ¢, := lims_,¢ ¢¢ ¢ is continuous on the interior
of X x ¥, and we have

@dK@+§g+M%%2Q (4.10)

which finishes the proof of Theorem 4.2, except for the C*!'(X x {t})-
regularity of the solution ¢ .; this will be treated next. O

In our next statement we will use another type of regularization of the
geodesic G, borrowed from [3]. We define G§ := w + dd“ps on X x X, such
that for each t € ¥, the function ¢; is the regularization of ¢|x (s by a
global convolution kernel. The properties of the resulting form which will
be relevant for us are as follows.

(1) The forms G5 are non-singular when restricted to each fiber X x {t},
and moreover there exists a constant C' > 0 such that we have

ddips) < C
for any § > 0. We equally have
Gs > —Cd(w + v—1dt A di)
on X x X.
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(2) The coefficients of G§ are uniformly bounded, and they converge in

LP norm to the coefficients of G, so that if we write

G5 :=w+ddps
then we have
|dd“ps — dd“¢| Lo (xx{e}) — 0

as & — 0, uniformly with respect to ¢t € 3 and for any p.

(3) We have

lim |5 — @llco(xxx) =0
as 6 — 0.

We consider the Monge-Ampere equation
(0u(Kx)+ B+ dd¢r )" = e " exp(¢ry)w" (4.11)
on the fiber X x {t}, where

Bl = é(gg + C8(w + v/=1dt A dF)). (4.12)

The regularity /uniformity properties of the functions (¢ ,), are stated in
the following result.

THEOREM 4.3. — The following assertions hold true.

(a) For each fized e, the family ¢, obtained by piecing together the fiber-
wise solutions ¢, is equicontinuous.

(b) There exists a constant C > 0, independent of n such that
sup ¢6,5 < C, —€ lg(f ¢s,6 < C, |€ddc¢s,5| < C.
X

on the fiber X x {t}.
(¢c) Therefore for each fized € > 0, we can extract a limit
;gr(l) Des = P,
strongly in C°, where the restriction of ¢. to X x {t} is the unique
CH1 solution of the degenerate Monge-Ampére equation
(Gw(KX) +e G+ ddcqbt,g)n = "exp(Pre)w" (4.13)
on the fiber X x {t}.
(d) The measures

exp(¢r,e Jw"
are converging to Q|}X{t} weakly in LP for any p, as € — 0.
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Proof.— Except maybe for the point (d), the arguments of the proof rely
on basic results in MA theory, so we will be very sketchy.

The point (a) was basically discussed during the proof of Theorem 4.2.
In addition, we remark that by the same procedure we obtain the equicon-
tinuity of (¢,) on X x ¥ up to the boundary of X x X: this is a consequence
of the property (2) of Gj.

Concerning the point (b), the upper bound of the potentials is a conse-
quence of the maximum principle since we can rewrite the equation (4.11)
as

(£0u (Kx) + G5 + dd“(e¢1,1))" = exp(e,n)w", (4.14)
then take ¢ ,(p) = maxx ¢y, which implies dd°¢; ,(p) < 0. But notice
that the form 0, (K x)+ Gy is strictly positive at the point p thanks to the
inequality (4.4), hence

(e0u(Kx) + Gs)"

wn

bty < en(p) < log () <C.

On the other hand, the lower bound is obtained by considering
(w4 €O, (Kx) + dd°ry )" = e (Tem—@s)yn (4.15)

where 7, = €¢, + s, so by choosing 7 ,,(¢) = minx 7, the minimum

principle says

(w4 B, (Kx))™
wn

(@) +s(q) = —C + »s(q),

hence ¢, ,, > —C for some uniform constant C'. Now the bound of dd°r
follows from the usual Laplacian estimate for the Monge-Ampeére equations,
cf. [5]. For fixed 7, let we = w + £0,(Kx), and notice that it is a smooth
non-degenerate approximation of w, then we can write A7 = gngj,;, and
set

EPty + s > elog

a:=log(n+ A7) — AT,
where A > 0 is some constant determined later. Consider the point p where
the maximum of « is attained, and take u = G. + 7, where the function
G, is the local potential of w, in a normal coordinate ball of p, then the
standard maximum principle argument implies at the point p

1 1 1

where —B < 0 is the lower bound of bisectional curvature, and S is the
upper bound of scalar curvature of (X,w.). Now take A = B, then we have

nBAu+ S > %A(T —©s),
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hence
n+ Agps + Se > (1 — enB)Au,
and finally

C
P —
Au(p) 1—on <2C

for some uniform constant C', when ¢ < ﬁ. Then suppose there is some
uniform constant C’ such that osc(7) < C’, we infer

Au < 2028

The statement (c) is a consequence of the elliptic regularity results, cf.
[12]. Moreover, since the solution ¢; . belongs to the space C1! we infer that
the equality (4.13) holds almost everywhere on X x {t} (in the sense of L™
functions).

In order to establish the point (d), we rewrite the equation (4.13) as
follows

(w+eBu(Kx)+dd°r.)" = et (Te=@)yn (4.17)

where we recall that G = w + dd°p. In the relation (4.17), we denote
Te ' = e¢. + ¢, so we will be done if we can prove that

epe. — 0.

In any case, thanks to the estimates (b), there exists some function p € C1!
such that we have

Epe = p (4.18)

strongly in C1® for any o < 1 as € — 0, so that the limit 7 extracted from
T, verifies the inequality

T<p (4.19)

as it is clear from the second part of estimate (b).

In particular, the convergence statement in (4.18) implies that we have
(w4+eBu(Kx)+dd°t.)" — (w+dd°T)" (4.20)

in weak sense in L for any p (this is due to the fact that all currents in the
concern have uniformly bounded coefficients).

Let Q5 := {7 < ¢ — ¢}; it is an open subset of X, and we claim that
G"|q, =0, for each 6 > 0. Indeed, by the comparison principle [15], [14] we

have
/ G < / (w + dd°r)™. (4.21)
Qs Qs
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However, as we can see from equation (4.17), we have / (w4 dd°T)" =0,
Qs
Te — @

)
simply because on the set {25 we have the inequality < 5 as soon

€
as ¢ is small enough — remark that this is a consequence of the uniform
convergence in (4.18) — so our claim is proved.

But then it follows that G" |5 = 0, where Q is the closure of the open set
{7 < ¢} C X. Indeed, the set Q \ Q has measure zero, and the coefficients
of G are bounded. We infer that we have

G" = (w+dd°m)" (4.22)

since the complement of §) is an open set where 7 coincides with .

We invoke next the uniqueness result in [15] concerning the solutions of
MA equations whose right hand side member has a density in L?, for p > 1,
so that p = 0 and the point (d) of our lemma follows. O

Remark 4.4. — The fiberwise convergence (d) was proved in [1] in a
slightly different setting; the main argument in that article relies on the
variational approach developed in [2]. However, we have chosen to give a
direct proof here, for the sake of variation.

4.1. Convexity

Let tg,t1,t2 € [0, 1] be three arbitrary points. By the property (d) com-
bined with a result due to Banach-Saks one can find a sequence ¢, — 0 as
k — oo such that

i gn

T ; exp(¢t,.c;) — o |Xx{tp}
in L?(X x {t,}), for each p = 0,1,2. The sequence (¢5) depends on the
triple (¢,), but fortunately this does not matter for the rest of the proof.

For each t € X, let w; € {w} be the Kéhler metric such that

k
1
Wik = T Z exp(¢re, Jw". (4.23)
=1

Let My, be the Mabuchi functional evaluated on the weak geodesic G, with
the entropy term modified by using logwy'; instead of log G", i.e.

S

Mi(0) =~ (o) — % () + |

n

Wik n
log —=G (4.24)
w
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Then we have the following statement.
LEMMA 4.5. — For each k > 1 the functional My, is a continuous convex

function on [0,1].

Proof.— Our first observation is that the functional My, is continuous. In-
deed, this is the case given the regularity we have already established in
Theoren 4.3 for each ¢y, combined with the stability theorem due to S.
Kolodziej, cf. [15]; we do not give further details here.

It is therefore enough to show that M, is convex in weak sense; this boils
down to the inequality

k
1
dd®log (% Z exp(d)Ej)) A G"™ > Ricci, AG". (4.25)
j=1

This is immediately seen to be true, as follows. We have
k k
1 exp(¢e, )
dd‘log — Z exp(¢e,) > Z — - dd°¢; (4.26)
k j=1 ' j=1 > i1 €xp(¢e,)
by a direct computation, and moreover Theorem 4.2 shows that we have
—Ricci,, +¢; 'G + dd°¢., > 0. (4.27)

By using this inequality in (4.26), we obtain

k

k
1 ex .
dd®log z Z exp(¢e,) NG" > kp(—d)s]) Ricci, AG™ (4.28)
j=1 j=1 > izt exp(¢e;)
which proves the lemma. O

COROLLARY 4.6. — The Mabuchi functional M is a convex function on
the interval [0, 1].

Proof.— We intend to use the convexity of My (cf. preceding lemma) to-
gether with a limit argument. To this end, we first consider the following
“truncated version” of Mj,.

E(r) — EM (pey) Jr/

X

n
max (log o:jnk ,log Z—ﬁ)g"
(4.29)
where A is a constant, and hy = e~“4dV is a continuous volume element,
such that its associated curvature is greater than —CG.

Mial) =37
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The inequality (4.25) combined with the choice of h4 show that

n
Wy ha

wn T wn

dd®log max ( ) A G™ > Ricci, AG™ (4.30)

for any k, A. In conclusion, the functional My, 4 is convex (and continuous).

Let t, € [0,1] be three arbitrary points; we can apply the convexity
inequality for each My 4 corresponding to the points (¢,)p=0,1,2 and we
first let & — oo, and then we let A — oo. The first limit equals

S

; g ha
R Ric,, n
My(t) = - 18(<pt) — &M% () + / max (log —,log — )g (4.31)

by dominated convergence. The limit A — oo in (4.31) is precisely M, so
the convexity of Mabuchi functional follows. O

Remark 4.7. — The preceding truncation procedure is taken from [4]. It
might be possible to prove directly that My converges to M, by using the
fact that the sequence of functions

wf’ &
wn

log (4.32)

is almost subharmonic with respect to G, cf. (4.25), and uniformly bounded
from above. This should imply the convergence statement mentioned above
(by analogy to the case of psh functions).

Remark 4.8. — Actually one can choose the volume element h 4 above
as follows. We recall that ¢ is the w-potential of the geodesic G. Let C' > 0
be a large constant, such that Cw > Ricci,,. We define

ha = e C¥=Ayn
and then we have the following relation dd®loghy > —CG as well as
h
dd°log —2 > —CG.
wn

4.2. Continuity at the boundary

Given that M is a convex function, it is automatically continuous on
the open interval ]0, 1[. In this subsection we will show that the continuity
property holds up to the boundary.

To this end we recall next a few well-known facts concerning the entropy
functional H, defined as

M@:Ammmm
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where
wn
ftp = %
w
is an L™ function provided that the potential ¢ € C*!, and the probability
measure dy equals w™.

The following semi-continuity property of H is well-known, cf. [9], [2] and
the references therein.

LEMMA 4.9. — Let ¢;,0 and f;, f be as above, and suppose f, f; are
uniformly bounded non-negative functions, such that f; — f weakly in L',
then

lim / (filog f; — [log f)du > 0.
¢ X

In the same spirit, we state next a version of the previous lemma, which will
be very useful later on. The set-up is as follows: x is a continuous function,
and ha = exp(x — A). We consider the following truncated version of the
entropy functional

Halp) = /X fi log max(fi, h.a)dp.

Our claim is as follows.

LEMMA 4.10. — The truncated entropy functional has the following weak
semi-continuity type property
thlHA(‘Pi) — Ha(p) = —6(A)
for some uniform constant 6(A) > 0 such that §(A) — 0 as A tends to

00. The sequence (f;) is assumed to verify the hypothesis of the preceding
lemma.

We will not detail here the arguments for the proof of Lemma 4.10, because
they are completely similar to the classical case, cf. Lemma 4.9.

The Mabuchi functional can be written as

M(p) = E(v) + H(p) (4.33)

where E is the energy part of the Mabuchi functional, and H is the en-
tropy part. As a consequence of our previous results, we establish here the
following statement.
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THEOREM 4.11. — The Mabuchi functional M(p(t)) is a continuous con-
vex function on [0,1].

Proof.— The proof results immediately from our previous considerations.
Indeed, since M is a convex function, we automatically have

M(0) > lim sup M(t) (4.34)

t—0
On the other hand, the semi-continuity properties of the entropy functional
in Lemma 4.9 show that in fact we have
<lim1i .

M(0) < lim tIE,%M(t) (4.35)

and the proof of Theorem 4.11 is completed. Indeed, the energy part of

the Mabuchi functional is continuous, given the regularity of the potential
of G. O

5. Almost convexity along s-geodesics

In [7], the geodesic G is obtained by the continuity method, and as a by-
product of the proof, for each € > 0 one has a smooth, positive (1,1)-form

We 1= w + dd°pe (5.1)
on X X X such that the next identity holds
Wit = ey/—1dt A dE A W™, (5.2)

Let M. 4 : ¥ — Rbe the regularization of the Mabuchi functional evaluated
on we. By definition, this equals

S .
M a(t) = mg(@t) — ghicw (Pet) + /X

where h 4 is a volume element on X whose associated curvature is greater
than —C@G for some positive constant C.

e h
max <log %, log ﬁ)w? (5.3)

Then Hessian of M. 4 reads as follows
/ M add’t = / (Wit — Ric(w) A w?) (5.4)
) X X3

n
h
+ / log max (W—E, A)w?/\ddcT
Xx% w"

wn

T oh
= 5—/ Ric(w)/\w:f—l—/ 7dd® log max (w—i,—i)w?.
Xx¥ Xx¥ ws W

where 7 is any test function on X.
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The main result of this second part of our article is the following.
THEOREM b5.1. — For each positive constant A > 0, the function

MA = lim Mg,A (5.5)
e—0

1S conver.

Proof.— It would be enough to prove that for any A > 0 there exists a
constant C'4 such that we have

o h
/ 7dd® max (log w—s, log —A) Awl > / T Rieci, Awl
Xx% wm wr Xx3
— eCA/ 7/ —1dt A dt
b

- C’A/ TG AW (5.6)
XxX

for any positive test function 7 on 3. Indeed, if we could establish (5.6), the
convexity of M 4 would follow by (5.4) given that w. — G as € — 0 so that
we have

/ TG ANwl — 7G" 1 =0
X X% XXX

as € — 0. The inequality (5.6) will be shown to hold true in the next
paragraph by a direct computation.

To this end, we recall the following technical statement, which will justify
some of the calculations below.

LEMMA 5.2. — Let u and v be two smooth functions on a complex mani-
fold Z, and let w be a Kdhler metric on Z. We assume that v is subharmonic
with respect to w, and that we equally have A, (u) > 0 on the set u > v —1.
Then the w-Laplacian of the function max(u,v) is positive.

Indeed this follows from the fact that a smooth function is subharmonic if
and only if it satisfies the mean value inequality (is this context, the usual
Lebesgue measure is replaced with the harmonic measure on balls); we refer
to [13] and the references therein for a complete account of these facts. In
the next section we will have to deal with functions whose Laplacian is
greater than —C. Then we have a similar statement, since locally we can
construct functions with strictly positive Laplacian (e.g. the potential of the
metric w).
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5.1. The computation

In order to simplify the notations, we define the function f. : X x3 — R
by the equality

W __Fe(t,
We introduce the set
ha
Qeoa = {(z,t) € X x ¥ such that f.(¢,2) > log W—n(t7 z)} (5.8)
so that we have
ha

max (log w—g, log
wn

o) =) (5.9)

on 2. 4. This reveals the importance of considering the functional M, 4: on
the set . 4 the distortion function f. is bounded from below by a quantity
which is independent of €. This simple remark will play a crucial role in the
next considerations.

We will proceed next to the evaluation of the top form
dve := (dd°f. — Ricciy, ) Awl (5.10)

pointwise on the set (2. 4 — this will be sufficient for us, by Lemma 5.2
together with the choice of h 4.

We fix now a few notations: locally near a point (z,t) € X x ¥ we write
the metric w, as follows

we = V—lggdt Adl +/~1gmdt Adz™ +/—1g,7dz" A dt
+ V—1lgyzd2" Adz" (5.11)

where the coefficients g in the expression above depend on ¢ as well.

The equation (5.7) satisfied by w. can be written in local coordinates as

c(pe) = 97— 9799
= e te. (5.12)
Let 5 5
== — g —— 1
v ot g gt 927 (5 3)

be the gradient of the ¢ derivative of ¢..
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Remark 5.3. — We will give here a few explanations about the compu-
tations to follow. The (1,1)—form

O, := dd°f. — Ricciy, (5.14)

represents the curvature of the relative canonical bundle Kx 5 /5 endowed
with the determinant of the metric w.. Then we have the formula

0. (v,7) = |0|? + Ay c(p:) (5.15)

(which will be established at the end of this paragraph) showing that modulo
the Laplacian of the the term ¢(p.), the form ©, is positive in the direction
v. In order to analyze the quantity we have to deal with in (5.10), we will
write the metric w, as the sum of two positive forms, cf. (5.17) below, such
that the vector v belongs to the kernel p. plus an “error” term. The point
is that the integral

O: A p?

—_— 5.16
x vV—ldt Adt ( )

is positive, by (5.15).

Given this, we rewrite locally the metric w. as follows
we = c(pe)V—1dt Adt + pe (5.17)

where p. has the same expression as w., except that we replace g,; with
97 9,19+a- We note that although p. may not be closed, it is positive definite
on each slice X x {t} and it satisfies

ntl— . (5.18)
We have the equality
Wl = p + ne(p )V —1dt AdE A p2~! (5.19)
which is the same as
Wl = p 4 ne(p)V/—1dt A dE Awl (5.20)

by the definition of the form p..

e The “error” factor
ne(ep:) (dd® f- — Ricciy, ) A V=1dt A dE Aw? ™" (5.21)

is analyzed as follows.

We observe that we have

ne(p)dde fo AV =1dt A dE AWt = () A (f)V—1dt AdE AWl (5.22)
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and by the equality (5.12) we have
ne(p)dde fo A/ —1dt NdEA W™t = eA,, (fo)V—1dt NdEAW™.  (5.23)

The other term in the equality (5.21) is bounded in L! norm by eC4, given
that on the set Q. 4 NX x {t} the eigenvalues of w, are bounded from below
(and above) by a constant independent of e, so that the trace of Ricci,, with
respect to we is bounded by some constant Cjy.

Therefore, we have
(dd° f. — Ricciy, ) Av/—=1dt AdE A wl™!
V—=1dt A dt A wp
This can be rewritten in the following way
ne(ee) (dd® f- — Ricciy, ) AV=1dt AdEAWE™" > Ay (fo)wl ™
— Cpwitt (5.25)

e .

ne(pe) > ey (fe) —eCa (5.24)

e The evaluation of the main term
(dd° f. — Ricciy, ) A pl (5.26)

goes as follows.

(dd°f. — Ricci, ) A pl = (dd° f — Ricciy, ) (v, 0)V=1dt AdEA pZ.  (5.27)
Indeed, this is a matter of liner algebra: we have

BiABy = 6)\15)7;)))

on a vector space of dimension n+ 1, where A, 5; are (1,1)-forms, such that
v is in the kernel of B2, and such that A(v,7) # 0.

AN By

A straightforward calculation which we will detail in a moment shows
that we have
(dd° f- — Ricciy, ) (0,7) > eA,,_ (e ). (5.28)

Since we have A,,_(e™f) > —e™/<A,,_(f.), the inequality (5.28) combined
with (5.25) finishes the proof. Indeed, we first remark that we have

V=1dt NdEt A pl = V—1dt ANdt ANw;
by (5.28) we obtain
(dd° f. — Ricciy, ) (v,0) > —eAy,_(fo)V—1dt A dE A w" (5.29)
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and we observe that the right hand side of (5.29) is nothing but

_AWE (fa)wg"’_l
Thus, we infer the inequality
n h
dd‘ max <log w—i, log —’2) Awl > =Cy (w2 + G A WD) (5.30)
w w

globally on X x X. We remark that the term G Aw? appears in (5.30) thanks
to the curvature properties of h 4, cf. Remark 4.8.

We prove next the inequality (5.28); before that, we remark that the follow-
ing approach is quite standard in the theory of the homogeneous Monge-
Ampere equations, cf. [7], [8], [9]... Also, the inequality (5.28) is very similar
to the positivity of the curvature along the leaves of the foliation (which
does not exist in our case...), cf. [9].

The next computations are done with respect to a geodesic coordinate
system at (X, z); we have

dlogdet(g,5) = g"ggagjdf + g“ggagﬁd:ﬁ (5.31)
and thus
001log det(gag) = (g?ﬁﬁgagi + go‘ggaﬁﬁ) dt A dt
+ gPg.5 52 NdT+ g% g5 ~dt NdZT (5.32)

7

+ g“ﬁgag 727 A dz".

Since the metric w; is locally given by the Hessian of a function, the following
commutation relations

gaﬁ,tf = gtf,aﬁ (533)
hold true on X. Given that

g,tﬂ = *g(ﬂgwgéw,t (5.34)

the equality (5.32) becomes

091og det(g,3) (9° 9,08 — g(ﬁgw%ﬁigaﬁ,t)dt A di
9°7 90557027 N L+ g7 g, 5 5t A d2T (5.35)
g*? gagﬁfdz'y AdzT.

T
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We evaluate this in the v-direction, and we get
90 log det(g,5)(v,0) = gaggtf,aﬁ - gaﬁgéggﬁigaﬁ,t
— 979,519 9t — 9°7 9,5,59" 9,7 (5:36)
+ 99,5707 9" 9img, -

The equation satisfied by the metric w. reads as

917 — 97,1917 = eI (5.37)
so that we have
9°% 945 o5 — €D, (e7T7) = gaggf’ g
+ g%Pg"g 0+ 97" 0,30, 05 (5-38)
+ 99" G095+ 9°7 99,7 5.0

By combining (5.38) with (5.36) we obtain
90 log det(g,5)(v,v) = |0v|? + A, (e7F9) (5.39)
and the inequality (5.28) follows. O

5.2. Further results and comments

It is very likely that the convexity of M in the sense of distributions
can be derived by the techniques we have developed in the previous section,
i.e. using e—geodesics. One of the motivations to do so is that the resulting
proof would be more “self-contained”.

However, we encounter a rather severe difficulty: we ignore whether the
fiberwise sequence of volume elements

n

We

corresponding to the e-geodesics is converging almost everywhere to the
volume element of the geodesic G.
Nevertheless, we strongly believe that this holds true, based on the fol-
lowing considerations. On the set 2. 4 we have
CAw < w: < Cw (5.40)

where C'(A) is a constant depending on A, but uniform with respect to ¢,
and C is a fixed constant, independent of €, A. Indeed, this is a consequence
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of the results in [7]. The relation (5.40) is a uniform Laplacian estimate for
the metrics we|q, . Hence, via Evans-Krylov theory one might hope that it is
possible to obtain a higher regularity estimate for the family (p:|o. ,)e>o0-
The problem is that as ¢ — 0, the set {2, 4 converges eventually towards a
set which is only measurable, and it is a-priori unclear how to implement
Evans-Krylov theory in this setting.

However, we show here that the continuity of M at the endpoints 0 and 1
can be also obtained as a consequence of the results we have established in
the previous section (i.e. without knowing a-priori the convexity of M).

THEOREM 5.4. — The Mabuchi functional M(t) is continuous at the
boundary points 0 and 1.

Proof.— We identify in what follows 7 and its real part ¢ = Re(7), since
all the functionals involved in the proof only depends on the real part of 7.
Also, we will only prove the continuity at 0.
A first observation is that we have
lim M(t) > M(0) (5.41)
t—=0
thanks to the entropy property recalled in Lemma 4.9.

Next, we observe that the lim sup of a sequence of convex functions which
are locally bounded from above is still convex (unlike subharmonic func-
tions). Hence if we define

limsup M, 4 := My,

e—=0

then M 4 is a convex function on [0, 1] by theorem (5.1). And by construction
we have M 4(0) = M(0) for any value of the regularization parameter A.

Now for every point 7 € (0,1), we have M4 (1) > M(7) — 6(A), since
limsup Ha(pe) = Ha(p) — 6(A),
e—0

by Lemma 4.10.

We define a new functional

limsup M4 = Mv,
A—+oco

and then t — M(t) is a convex function on [0,1] which still verifies the

equality M(0) = M(0).

Then we have M (0) > limy;_ M (t) by convexity, as well as the inequality

M(1) > M(7) for each T € (0,1), thanks to the considerations above. We

- 956 -



Approximation of weak geodesics and subharmonicity of Mabuchi energy

therefore infer that

lim M(t) < M(0) (5.42)

t—0

and Theorem 5.4 is proved. (I
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