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A dual Moser—Onofri inequality and its extensions to
higher dimensional spheres

MARTIAL AGUEH (| SHIRIN BOROUSHAKI (2 AND NAssiF GHOUSSOUB ()

ABSTRACT. —  We use optimal mass transport to provide a new
proof and a dual formula to the Moser-Onofri inequality on S2. This
is in the same spirit as the approach of Cordero-Erausquin, Nazaret and
Villani [5] to the Sobolev and Gagliardo—Nirenberg inequalities and the
one of Agueh—Ghoussoub-Kang [1] to more general settings. There are
however many hurdles to overcome once a stereographic projection on R?
is performed: Functions are not necessarily of compact support, hence
boundary terms need to be evaluated. Moreover, the corresponding dual
free energy of the reference probability density pa(x) = W is not
finite on the whole space, which requires the introduction of a renormal-
ized free energy into the dual formula. We also extend this duality to
higher dimensions and establish an extension of the Onofri inequality to

spheres S™ with n > 2. What is remarkable is that the corresponding free

energy is again given by F(p) = 7np17%, which means that both the

prescribed scalar curvature problem and the prescribed Gaussian curva-
ture problem lead essentially to the same dual problem whose extremals
are stationary solutions of the fast diffusion equations.

RESUME. — Nous utilisons une méthode de transport optimal pour
donner une nouvelle démonstration et une forme duale de 'inégalité de
Moser-Onofri sur S2. Cette approche est dans le méme esprit que celle des
inégalités de Sobolev et de Gagliardi-Nirenberg par Cordero-Erausquin,
Nazaret et Villani [5] ainsi que de leurs généralisations par Agueh—
Ghoussoub—Kang [1]. Il y a néanmoins plusieurs difficultés nouvelles qui
apparaissent une fois qu’on a effectué une projection stéréographique sur
R2 : les fonctions n’ont plus support compact, ce qui demande de tenir
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compte de termes de bord. De plus, I’énergie libre duale de la densité pro-

babilité de référence pa(z) = Bk n’est pas finie sur l’espace entier

)
ce qui demande d’introduire une énergie libre renormalisée dans la formule
duale. Nous étendons aussi cette inégalité en dimensions supérieures et
établissons une inégalité d’Onofri pour les sphéres S™ quand n > 2. Il est
remarquable que 1’énergie libre correspondante est toujours donnée par
F(p) = —npl_%, ce qui signifie que les problémes de courbure scalaire
prescrite et de courbure de Gauss prescrite conduisent essentiellement au
méme probléme dual.

1. Introduction

One of the equivalent forms of Moser’s inequality [11] on the 2-dimensional
sphere S? states that the functional

1
I(u) ::1/32 \Vu|2dw+/gzudw—1og </Sze“dw) (1.1)

is bounded below on H!(S?), where dw is the Lebesgue measure on S?,
normalized so that [, dw = 1. Later, Onofri [12] showed that the infimum
of (1.1) over H*(S?) is actually zero, and that modulo conformal transfor-
mations, v = 0 is the only optimal function. Note that this inequality is
related to the “prescribed Gaussian curvature” problem on S?,

Au+ K(z)e* =1 on S? (1.2)

where K (z) is the Gaussian curvature associated to the metric g = e%“gy
on S%, and A = A is the Laplace-Beltrami operator corresponding to the
standard metric gg. Finding g for a given K leads to solving (1.2). Varia-
tionally, this reduces to finding the critical points of the functional

dV dvy v
2 dVo _ 2u 4V0 1/Q2
F(u) = / [Vl +2/ o o < SQK(:C)@ 47T> on H'(S?),

(1.3)
where the volume form is such that sz dVy = 4x. Onofri’s result says that,
modulo conformal transformations, v = 0 is the only solution of the “pre-
scribed Gaussian curvature” problem (1.2) for K =1, i.e. 3Au+e* =1 on
S?, which after rescaling, u — 2u, gives

Au+e* =1 on S2 (1.4)

The proof given by Onofri in [12] makes use of a constrained Moser inequality
due to Aubin [2] combined with the invariance of the functional (1.1) un-
der conformal transformations. Other proofs were given by Osgood—Philips—
Sarnak [13] and by Hong [8]. See also Ghoussoub—Moradifam [7].

In this paper, we use the theory of mass transport to prove that 0 is the
infimum of the functional (1.3) at least when K = 1. While this approach
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has by now become standard, there are many reasons why it has not been so
far spelled out in the case of the Moser functional. The first is due to the fact
that, unlike the case of R™, optimal mass transport on the sphere is harder
to work with. To avoid this difficulty, we use an equivalent formulation of
the Onofri inequality (1.1), which is obtained by projecting (1.1) on R? via
the stereographic projection with respect to the North pole N = (0,0, 1),

ie., I1:§% — R?, II(x) := ( e ) where 2 = (21, 2, 23). The Moser—

175E3 ? 17I3

Onofri inequality becomes the Fuclidean Onofri inequality on R?, namely

1
—/ |Vu|2dz—|—/ udps — log / e“dus | =0 Yue H'(R?). (1.5)
167 R2 R2 R2
Here po is the probability density on R? defined by po(z) = m, and

dpo = po(z) dz.

One can then try to apply the Cordero—Nazaret—Villani [5] approach as
generalized by Agueh—-Ghoussoub—Kang [1] and write the Energy-Entropy
production duality for functions that are of compact support in 2,

sup{~ [ (Pl + JlaPp)ass p e P(@)

= inf {/Qa|Vu|2 —G@Wou)dr; ue H&(Q),/Qw(u) dr = 1} , (1.6)

where G(z) = (1—n)F(z)+nzF’(z) and where 1 and « are also computable
from F. Here P(£2) denotes the set of probability densities on €.

By choosing F(z) = —na'~!/" and 1(t) = [¢|*" where 2* = 2% and

n > 2, one obtains the following duality formula for the Sobolev inequality

1
sup {n/ pl VM de — 5/}1@ lz|?pda; p € P(R")}

—1 2 *
:inf{2<2_2> / |Vu|2dm;ueD1’2(R"),/ |u|? dx:l}, (1.7)

where © and p have compact support in R™. The extremal u, and po, are
then obtained as solutions of

2 -1 .
Poo
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The best constants are then obtained by computing p, from (1.8) and in-
serting it into (1.7) in such a way that

2
inf{Q(n_;) / |Vu|2dx;u€D172(R”),||u2*—1}
n — n

1
:n/ p(lle/”dx—§/ |2]2 poo .
n RTL

Note that this duality leads to a correspondence between a solution to
the Yamabe equation

—Au=|ul* 2u on R" (1.9)
and stationary solution to the rescaled fast diffusion equation
Op=Ap' T + div(zp) on R™ (1.10)

The above scheme does not however apply to inequality (1.5). For one, the

functions e" g = ﬂ%ﬁiw do not have compact support, and if one restricts
them to bounded domains, we then need to take into consideration various
boundary terms. What is remarkable is that a similar program can be carried

out provided the dual formula involving the free energy

Jalp) = — /Q (F(p) + |2%0) da

is renormalized by substituting it with Jo(p) — Jo(p2).

Another remarkable fact is that the corresponding free energy turned
out to be F(p) = —2p2, which is the same as the one associated to the
critical case of the Sobolev inequality F'(p) = fnpl’% when n > 3. In other
words, the Moser—Onofri inequality and the Sobolev inequality “dualize”
in the same way, and both the Yamabe problem (1.9) and the prescribed
Gaussian curvature problem (1.4) reduce to the study of the fast diffusion
equation (1.10), with the caveat that in dimension n = 2, the above equation
needs to be considered only on bounded domains, with Neumann boundary
conditions.

More precisely, we shall show that, when restricted to balls Br of radius
R in R?, there is a duality between the “Onofri functional”

1
Ir(u) = 167/3 |Vu|2dx+/B wdpg
R R

on Xp := {u S H&(BR); / e“d,ug = 1},
R2
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and the free energy

Tn(p) = j%/JgRﬁdx‘/BR #pds

1
onYr:=<pec L) (B ;7/ pdle},
" { +(Br) p2(Br) Jpy

R2
Bgr) = dus = .
p2(Br) /BR P2 =T he

Note that if u has its support in Bg, then

1
/ e"dus =1 if and only if 7/ e'dus = 1.
R2 M2(BR) Br

We show that once the free energy is re-normalized by subtracting the free
energy of us, we then have

sup{Jr(p) — Jr(pe);p € Yr} = 0 = inf{Ig(u); u € Xg}. (1.11)
Note that when R — 400, the right hand side yields the Onofri inequality
1
inf { — \Vu|2dx—|—/ udpg; u € H&(RQ),/ e“dus =13 =0,
167 R2 R2 R2

while the left-hand side doesn’t yield a universal upper bound for Jr(p) since

where

2

1+ R?

We actually show that our approach extends to higher dimensions. More
precisely, if Bg is a ball of radius R in R™ where n > 2, and if one considers
the probability density p, on R™ defined by

1
o (1 + [o] )

Jr(us) = log(1 + R?) + — 400 as R — +oo.

pn(z) =
(wy, is the volume of the unit sphere in R™), and the operator H,, (u, 1) on
Wl,n(Rn) by
Hy (u, fin)
= |Vu + V(log pta)|" — [V(log pn))[" — 1|V (log n))|" >V (log i) - Vu,
there is then a duality between the functional

1

Talw) = 505 J,

Hy(u, pi) dz + / wdpiy
Br

n

on Xg := {UEWOLTL(BR);/ eud,unzl}
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and the free energy — renormalized by again subtracting Jg(p,) —

Inte) =at) [ p* e [ el pds
Br Br

1
onYr:=<peLl (B ;7/ pdle},
wm{restom s [

n

a(n) = ——w, ", B(n) = wy (

: )nflnnJrl
n —

n—1
Rn
and p,(BRr) ::/ dppn = —————
Br <1+Rn—1)7l_1
We then deduce the following higher dimensional version of the Onofri in-
equality: For n > 2,

1
— H,(u, ndx—i—/ wdy, —lo (/ e"d n)}O
5(n)/n (4w, fin) udp g| [ etdu

for all w € WH™(R™). (1.12)

We finish this introduction by mentioning that there was an attempt in [6] to
use mass transport to establish the Euclidean Onofri inequality (1.5) in the
radial case. In [9], Maggi and Villani also establish Sobolev-type inequalities
involving boundary trace terms via mass transport methods. They actually
deal with a family of Moser—Trudinger inequalities as a limiting case of
Sobolev inequality when the power p — n, in the presence of boundary
terms on a Lipschitz domain in R™. However, to our knowledge, our duality
result, the extensions of Onofri’s inequality to higher dimensions, as well as
the mass transport proof of the general (non-radial) Onofri inequality are
new.

The paper is organized as follows. In Section 2, we recall the mass trans-
port approach to sharp Sobolev inequalities and some consequences. In Sec-
tion 3, we establish the n-dimensional mass transport duality principle,
from which we could deduce the two dimensional Euclidean Onofri inequal-
ity (1.5). We thank an anonymous referee for valuable comments and sug-
gestions.

2. Preliminaries

We start by briefly describing the mass transport approach to sharp
Sobolev inequalities as proposed by [5]. We will follow here the framework
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of [1] as it clearly shows the correspondence between the Yamabe equa-
tion (1.9) and the rescaled fast diffision equation (1.10).

Let pg,p1 € P(R™). If T is the optimal map pushing py forward to p;
(i.e. Typo = p1) in the mass transport problem for the quadratic cost c(z —
y) = % (see [14] for details), then [0,1] > t — p = (T})gpo is the
geodesic joining po and p; in (P(R™),dz); here Ty := (1 — t)id + ¢T and
dy denotes the quadratic Wasserstein distance (see [14]). Moreover, given a
function F : [0,00) — R such that F/(0) = 0 and x — z"F(x~™) is convex
and non-increasing, the functional H* (p) := [;. F (p(z)) dz is displacement
convex [10], in the sense that [0,1] 3 ¢ — H¥ (p;) € R is convex (in the usual
sense), for all pairs (pg, p1) in P(R™). A direct consequence is the following
convexity inequality, known as “energy inequality”:

d .
HE ) = 1 (o) > | G700 = [ ¥ (F o) - (0= i)
—0 n
which, after integration by parts of the right hand side term, reads as

—HF(py) < —HFFPE () / PV (Fpo)) - T(a)de,  (21)

n

where Pr(z) = oF'(x) — F(x); here id denotes the identity function on R"™.
By the Young inequality

/ p q
VPl | 1)

=V (F'(po)) - T(x) )

Vp,q > 1

Il
—_
—~
o
[\
~

1 1
such that - + —
p q
(2.1) gives

1 1
~HT (p1) <~ (o) / plVE (o)l ot / po(@)| ()7 de,
R™ R™

ie.,

1 1
~H ()~ ¢ / 11 (0) dy < —HTHP* )+ / polVF (po)? da,

(2.3)
where we use that Txpg = p1. Furthermore, if pg = p1, then T = id and
equality holds in (2.1). Then equality holds in (2.3) if it holds in the Young in-

equality (2.2). This occurs when py = p; satisfies V (F’ (po(x)) + %) =0.
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Therefore, we have established the following duality:

sup {—HF(m) - é/R ly?p1(y) dy; p1 € P(R")}

1
:mf{—HF+”PF(pO) + 5/ po| VF' (po)|P dz; po € P(R")}, (2.4)
]R'n.

and an optimal function in both problems is py = p1 := pso solution of

v (F (ot + 1) o (25)

1-1/n 2n

In particular, choosing F'(z) = —nx and po = u? where 2* = = and
n > 2, then HF'+"Pr = 0, and (2.4)-(2.5) gives the duality formula for the

Sobolev inequality (1.7).

Our goal now is to extend this mass transport proof of the Sobolev in-
equality to the Euclidean Onofri inequality (1.5). As already mentioned in
the introduction, a first attempt on this issue was recently made by [6], but
the result produced was only restricted to the radial case. Here we show in
full generality (without restricting to radial functions ) that the Euclidean
Onofri inequality (1.5) can be proved by mass transport techniques. More
precisely, we establish an analogue of the duality (1.7) for Euclidean Onofri
inequality (see Theorem 3.1), from which we deduce the Onofri inequal-
ity (1.5) (see Corollary 3.5). Furthermore, we obtain — as for the critical
Sobolev inequality — a correspondence between the prescribed Gaussian
curvature problem (1.4) and the rescaled fast diffusion equation (1.10). Fi-
nally, we extend our analysis to higher dimensions, and then produce a new
version of the Onofri inequality in dimensions n > 2 (see Theorem 3.3).

We shall need the following general lemma from the theory of mass trans-
port.

LEMMA 2.1. — Let po,p1 € P(Bgr), where P(Bg) denotes the set of
probability densities on the ball B C R™. Let T be the optimal map pushing
po forward to p1 (i.e. Tupo = p1) in the mass transport problem correspond-
ing to the quadratic cost. Then

/ pr(y)t 7 dy < %/ po(z)' 7 div(T(z)) da. (2.6)
Br

Proof. — By Brenier’s theorem [4], there is a map T : B — Bp such
that T' = V¢ where ¢ : Bgr — R is convex, and Txpo = p1. We therefore
have the following Monge-Ampeére equation,

po(z) = p1(T(x))det VT (x) (2.7)
or equivalently
p1(T(2)) = po(x)[det VT'(x)] " (2.8)
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By the arithmetic-geometric-mean inequality

1

[det VT'(2)]* < = div(T(z)),

n

(2.8) gives
a1 1
(T (@)% <~ pola)# div (T(x)). (2.9)
Now using the change of variable y = T'(x), we have
1
[ mwtay= [ o @) ded VT @)z,
Br Br

which implies by (2.7) and (2.9), that

/ ) Hdy < L / po()~* div(T(z))po(z) dz
Br Br

1
n

[ oty (T (@) s,
Br

and we are done. O

3. Euclidean n-dimensional Onofri inequality: A duality formula

1

——————, where w
wn (L [y[ 7T )n "

Consider the probability density on R™, u,(y) =
is the volume of the unit sphere in R™, and set
RTL
Or = / pn(y)dy = —————.
Br (1 + R»T )n_l

We shall establish the following duality formula.

THEOREM 3.1 (Duality for n-dimensional Euclidean Onofri inequality).
For each ball Bg in R™ with radius R > 0, we consider the following free
functional

Jr(p) = a(n) /B o(y)

as well as the “entropy” functional

n

" dy—/B ly|*Tp(y)dy  for p€ LY (Bg),
R

1 n
Ir(u) = 5 H, (u, i) da + / w(x) dun,  foru e Wy ™ (Bg),
BR BR
where
n 1 1/n n n—1
a(n) n—1 (wn> ’ bn) <n— 1) " “n
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and
Hy (u, pn)
= [V + V(log pin)|" — [V (log p1)|" — 1|V (log pn )" ">V (log 1) - Vu.
The following duality formula then holds:

sup {JR(P) — Jr(pn)ip € LY (R™), /B

pdy:@R}

= inf {IR(U); u € Wol’n(BR),/ e du, = GR} =0. (3.1)
B

R

Moreover, the mazimum on the l.h.s. is attained only at pmaz = fin, and the
minimum on the r.h.s. is attained only at Uy = 0.

Remark 3.2. — Before proving the theorem, we make a few remarks on
the operator H, (u, iy ).

(1) Consider the function ¢ : R™ — R, ¢(z) = ||, n > 2. Clearly ¢
is strictly convex, and Ve(z) = n|z|"~2z. So we have the convexity
inequality

e(z1) — c(z0) = Ve(zo) - (21 — 20) 2 0 Vzp,21 € R™. (3.2)

Setting zp = V(loguy,) and 21 = Vu + V(log u,), we see that
H, (u, p,) is nothing but the Lh.s of (3.2); we then deduce that

Hy(u,pin) 20 YV, .

(2) For all u € W, ™ (Bg), the integral of H,(u, i,) over By involves a
well-known operator, the n-Laplacian A,,, defined by

Anv = div(|Vo|" 2 Vo). (3.3)

Indeed, this can be seen after performing an integration by parts in
the last term of H,,(u, un),

/ Ho (s 1) dy = / Vu+ Vlog | dy — / 1V (log )| dy
BR BR

Br
+ n/ u A, (log py,) dy.
Br
Proof. — By applying Lemma 2.1, and using an integration by parts and
% =1- %, we have
wf aray<— [ VY @t [ g @) vas.
Br Br dBr
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Use the elementary identity V(p(l)/m) = %pé/mV(log po) to obtain
mn/ p}/m dy
Br
< - / oV (logpo)  T(x)dz +m | pt/™T(x) vdS. (3.4)
Br aB

Set pg = e;g", where u € Wol’"(BR) satisfies fBR e“du,, = g, and let p; be

any probability density supported on Bg. By applying (3.4) to po and py,
we get

i [ (Orp) ™ dy < = [ (€tn) 7V log(et ) - T(e) da
Br Br

+m (€)™ T (z) - vdS.
8Br

Using Young’s inequality

— (") ™V (log(e"p1n)) - T()

m/n

1
< —|V (log(e" 1)) [" + —— e"ua|T(@)|™  ¥e>0

and the fact that Twpo = p1, we get
mn25/ (Orpy)"™ dy — mns/ pt/mT(x) - vds
Br OBr

fﬁem/ |y\m9Rp1dy</ |[Vu+ Vlog p,|" dz.  (3.5)
m BR BR

We now estimate the boundary term. Since T': B — Bp, then |T'(z)| < R
for all z € By

1/m
/ pmT(x) - vdS = (1) ;/ T(x)- a8
8B W, (L+Rm)n/m Jop, ||

R’I’L
< 1/77,
e A Ryl

E
]

(3.6)

_ 1/n
=nw," Og.

where we used the fact that v =

Inserting (3.6) into (3.5), and setting p := Orp1, we get for all £ > 0,
€ {ngm/ Pt dy — anw}L/"HR] - Emﬁ/ ly|™p dy
Br m Br

</ [Vu+ Viog pn|" dz.  (3.7)
Br
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Now, we introduce the operator H,,(u, it5,) in the r.h.s of (3.7). We have

Vu + Vlog "
= Hy (u, tn) + |V (l0g 11n))|™ + 0|V (log p1))|" >V (log i) - Vu,

which, after an integration by parts, yields

/ |Vu + Vlog p,, | dz
Br

|V (log pin))|™ dz — n/ uAy(log py,) da,

Br

~ [ e [

Br Br

where A,, is the n-Laplacian operator defined by (3.3). By a direct compu-
tation, we note that

n, n—1

An(IOgMn) =-—N"M" Wl

It follows that

/ Vu+ Vlog | da
Br

= Hy, (u, pi) dz +n" ", /

ud,un—l—/ |V (log pn))|™ de,
Br Br Br

and so (3.7) becomes for all £ > 0,

€ {an/ Pt dy — anw}L/”HR] e ly|™p dy
Br m Br

< | Hp(u,pp)dz+ n”+1m"_1wn/ udpn, + [ [V(log )| dz. (3.8)

Br Br Br
Next, we focus on the Lh.s of (3.8). For convenience, we denote

A, = n*m pt/™ dy — anw}/"QR, B, = 2/ ly|™ pdy,

BR m BR
and
Gple) :=cA, —MB,.

Then (3.8) reads as

Gp(e)é/ Hn(u,un)dy—|—n”+1m”71wn/ wdfty,
Br B

R
+/ |V (log pn))|™ dy Ve >0. (3.9)
Br
Clearly, G/,(e) = A, — me™ ' B,, so max.~¢ [Gc(p)] is attained at
A, )1/(m1)

mbB,

5maz(p) = ( (310)
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In particular, if p = u,, we have

AL 1/(m—1)
Ema;c(,un) = <M> ,

mBy,

where

Ay, =n’m </ /™ dy — wi/"%) :
Br

and

n m n
Bunzw</9 /™ dy — wy/ 9R)-
R

MWn,

Note that we have used above the relation

1 1/n
/ ly|™ o, dz = <> / pt/™dx — 0p.
Br Wn Br

Then
Emaz (Mn) = (NM W}z/n)l/(mil)-
Choosing € = €42 (itr) in (3.9), we have

G, (Emar(1in)) — / IV (log )| da

Br

< [ H(u,pn) de 40" 'm™ /

Br
that is, after dividing by 8(n) = n"t'm"lw,,

2

nmemar () [ 1ym g, MEmaz (i)™ m
T [, S [ e

1
B(n)
<1
h B(n) Bgr

Br
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~ B(n) |:/ |V (log pr))|™ dz + anw}L/n Emaz (fin) 9R:|
Br

Hn(u>//fn) dx +/ Ud,un = IR(U')

(3.11)

(3.12)

(3.13)
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We now simplify the Lh.s of (3.13) by using the following basic identities
which can be checked by direct computations:

n2M Emag

(Nn) =m w 1/n — aln
”(Emaw<ﬂn))m -1
mpB(n) 7

2 1/n _ n, n+l
n mwn/ Emaz (pn) =M w

/ 1V (log )" dz = n"m" w, / ™ m dy,
BR BR

1 1/n )
Or = () / pr/™ dy—/ [y i dy.
Wn Br Br

Then (3.13) yields

ny

Jr(p) = Jr(pn) < Ir(u)
for all functions v and p such that u € WOI’"(BR), fBR e“du, = O and
[, P(y)dy = Or.
We conclude the proof by noting that the left-hand side is equal to 0 for
P = in, while the right-hand side is equal to 0 for u = 0. |
From Theorem 3.1, we obtain the following n-dimensional Onofri inequal-
ity.
THEOREM 3.3 (n-dimensional Euclidean Onofri inequality). — For any
n = 2, the following holds for any u € WH™(R"),
1
— Hy,(u, p) dz —l—/ udp, — log (/ e d,un> >0, (3.14)
B(n) Jrn n

hence the infimum is attained at u = 0.

Proof. — Take u € C}(R™) such that it has its support in a ball Bg. Let
v =wu — C on Bg and 0 elsewhere, where C' is chosen so that fBR e’ dpy, =

tn(Br). It follows that fRn e’ dpy, = 1, hence applying Theorem (3.1) we
get that

Ig(v) = 1 Hn(v,un)dx—l—/

m BR BR

Since Hy (v, ptn) = Hy(u, pin), then (3.15) gives

1
H, (u, py) dx +/ w(x) dpn(z) — log (/ e dun> >0. O

vdun(x)—log/ e’ du, = 0. (3.15)
R’n,

B(n) Jgn
From the proof of Theorem 3.1, we can also derive the following inequality.
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COROLLARY 3.4. — Let n > 2 be an integer. For v € CHR") with
compact support in B C R™ for some R > 0, we have

1\ 1
(L) L[ e
Wn, (1+R"*1)n Br

In particular, if n = 2, then (3.16) gives

|Vv\"dx>/ uni dy.
R Br
(3.16)

1 2
/ e’ de + ————— (L+ B/ |Vo|? dz > 7(1 + R?*)?log(1 + R?). (3.17)
Br 4 Br

Proof. — Choosing p = u, and € = €42 (ttn) in (3.7), we have
G (Emaslien)) < [ |V +log )" i, (3.18)
Br

for any w such that fBR e du, = 0r and ulsp, = 0. Using the computations

in the proof of Theorem 3.1 and setting m := "5, we have
G/”‘n (gmaw(un)) = iﬂ,l =mn (/ u}}/m dy — wi/" 0R> .
n(mBy,) Br

This gives

mn (/ ,u:l/m dy — w,l/" 9R> < / |V (u + log p1n)|" da.
Br Br

Set v := u + log i, — log (tin|oBy, ). We have

Vv =V(u+logpu,), vlop, =0, 0Or =/ e du, = unIaBR/ e’ dx,
Br B

R

where p,|op, = m. Then (3.18) reads as

1
1/m 1/n v n
mn Sdy —w /"t ————— e’ dz </ Vo|" dx.
(/BR a Y wp (1 + Rm)n /B’R ) Bn [Vl

(3.19)

This gives (3.16) after simplification. Using |’ B = /7 log(1+ R?) where
Br C R?, we get (3.17). O
In dimension n = 2, the operator H,, becomes Hs(u,us) = |Vul?, and

Theorem (3.1) then yields the 2-dimensional Onofri inequality.

COROLLARY 3.5 (Duality for the 2-dimensional Euclidean Onofri inequa-
lity). — For any ball Br of radius R > 0 in R?, consider the functionals

Tn(u) = — /B V(@) do + /B w(@) dus(z)  on HL(Bp),

167

and

Inle) === | Vol dy - / yp(y) dy on L} (R2).
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(1) The following duality formula then holds:

1
sup {JR(P) — Jr(pu2); p € LL(R?), 12(Br) /BR pdy = 1}

R2

and the mazimum on the l.h.s. (resp. the minimum on the r.h.s.) is
only attained at ppmaz = po (resp., at Ui = 0).
(2) Consequently, the Euclidean Moser—Onofri inequality also holds:

1
log </ e dﬂg) —/ udpy < —/ |Vul|?dz  Yu € H'(R?). (3.21)
R2 R2 167 R2

Proof. — The duality is a direct consequence of Theorem (3.1). Note
that this gives a correspondence between solutions to the prescribed Gauss-
ian curvature problem and stationary solutions to a rescaled fast diffusion
equation. Indeed, it is known from the theory of mass transport (see [14]
for example) that a maximizer p to the supremum problem in (3.20) is a
solution to the pde:

ﬁA(ﬁ) +div(zp) =0 in Bg,

(with Neumann boundary condition) that is the unique stationary solution
of the rescaled fast diffusion equation

1
Oip = ﬁA(\/ﬁ) +div(zp) in Bg, (3.22)
which is necessarily puo.

On the other hand, a minimizer u to (3.20) solves — up to an additive
constant — the Dirichlet BVP:

1
8—ﬂ_Au +pze" =ps in Bgr, u=0on JdBg. (3.23)

But u could be lifted through the stereographic projection to a function v
on S2, that satisfies the equation

Av+2e’" =2 on S% (3.24)

But it is known (see [3]) that all such solutions are conformal images of
0, hence of the form v(z) = —2log(1 — z - ¢) where ¢ € R? |¢| < 1. By
transferring such a v back to u via stereographic projection, we see that it
cannot have a compact support on R?, unless u is the zero solution. O

Remark 3.6. — It would be interesting to show that u = 0 is the only

function such that Ir(u) = 0, by considering the optimal transport map
T that maps the probability measure me“ug on Bpr to #2@}?)7 and
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arguing — by chasing back the inequalities in the proof of the duality —
that Ir(u) = 0 implies that T is necessarily the identity map. This was the
approach used in [5] to find the extremal in the Sobolev inequality.
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