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Envelopes of positive metrics with prescribed
singularities *

Jurius Ross 1) AND DAVID WITT NYSTROM (2)

ABSTRACT. — We investigate envelopes of positive metrics with a
prescribed singularity type. First we generalise work of Berman to this
setting, proving C1'! regularity of such envelopes, showing their Monge—
Ampeére measure is supported on a certain “equilibrium set” and connect-
ing with the asymptotics of the partial Bergman functions coming from
multiplier ideals. We investigate how these envelopes behave on certain
products, and how they relate to the Legendre transform of a test curve
of singularity types in the context of geodesic rays in the space of Kéahler
potentials. Finally we consider the associated exhaustion function of these
equilibrium sets, connecting it both to the Legendre transform and to the
geometry of the Okounkov body.

RESUME. — Nous étudions des enveloppes de métriques a courbure
positive a singularités prescrites. En premier lieu, nous généralisons le tra-
vail de Berman dans ce contexte, nous prouvons la régularité C1! de telles
enveloppes, nous montrons que leur mesure de Monge—Ampeére a pour sup-
port un certain « ensemble d’équilibre » et nous les relions aux asymp-
totiques de fonctions de Bergman partielles provenant d’idéaux multi-
plicateurs. Nous examinons comment ces enveloppes se comportent sur
certains produits et leur relation avec la transformée de Legendre d’une
courbe test de singularités psh dans le contexte des rayons géodésiques de
I’espace des potentiels Kahler. Enfin, nous considérons la fonction d’ex-
haustion associée & ces ensembles d’équilibre, la reliant a la transformée
de Legendre et a la géométrie du corps d’Okounkov.

1. Introduction

In this paper we study a number of features of envelopes of positive
metrics with prescribed singularities. The setting we shall consider consists
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of a compact complex manifold X with a locally bounded metric ¢ on a line
bundle L and a positive singular metric ¥ on an auxiliary line bundle F'.
The maximal envelope of this data is defined to be

¢ry) =sup{y € PSH(L) : 7 < ¢ and v < ¢ + O(1)}"

where the notation means the upper semicontinuous regularisation of the
supremum of all positive metrics v on L that are bounded by ¢ and have the
same singularity type as 1. This maximal envelope is itself a positive metric
on L which, as the notation suggests, depends on ¢ and the singularity type

of 1.

Before turning to precise statements, we begin with an overview of the
contents of this paper which starts with some general statements about these
envelopes, and then moves on to a number of applications and special cases.
The main technical result is Theorem 1.1 in which we prove, under suitable
hypothesis, that ¢y is C L1 away from an obvious singular locus. The reader
may choose on first reading to take this statement as given, at which point
the applications to the Monge-Ampére measures (Theorem 1.2) and to the
partial Bergman function (Theorems 1.3 and 1.4) follow rather easily. The
proof of these statements form the largest part of the paper, and take up
Section 2 through to Section 4.

Following this, in Section 5 we consider the case of maximal envelopes
on products, which we show, at least in the algebraic case, is related to the
Mustata summation formula for multiplier ideals. This is independent of the
above technical results, and relies only on the statement in Theorem 1.3
concerning the partial Bergman function.

In Section 6 we show how a previous construction of the authors [27]
of geodesics in the space of Kéhler potentials has an interpretation as a
maximal envelope (on a product). This too is independent of the above
technical results, but the real interest is that they give, as a corollary, certain
regularity of these geodesic rays (Theorem 1.8). This topic is continued in
Section 7 in which this regularity allows us to interpret the time derivative
of this associated geodesic as a certain “exhaustion function” that appears
naturally from the definition of maximal envelopes. Finally we consider in
Section 8 a very special case of this construction, essentially given by a
singularity type along a divisor, and show how this exhaustion map gives a
natural candidate for the “first cooordinate” of a kind of moment-map from
a polarised manifold to its Okounkov body.
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1.1. Regularity, Monge Ampeére measures and Partial Bergman
Kernels

Our first set of results generalise work of Berman [4] to this setting,
and for convenience we collect the precise statements here. In the following
1 € PSH(F) will assumed to be exponentially Hoélder continuous (which
holds, for instance, if ¥ has analytic singularities).

THEOREM 1.1. — If ¢ is Lipschitz (resp. in the class C*1) over X then
the same is true of ¢y over X — B, (L — F) U Sing(1)).

Here B (L — F') denotes the augmented base locus of L — F', and Sing(%))
is the locus on which 1 is not locally bounded. We may as well assume that
L — F is big since otherwise B, (L — F) = X and the statement becomes
vacuous. This result is in some sense optimal, since even in the case without
the singular metric there are examples of maximal envelopes that are no
more than C1

Assume now that ¢ is in fact C2, denote by U the set on which Gy s
locally bounded and set X (0) = {z : dd°¢, > 0}. The equilibrium measure
is defined as

1 ,
Wy 9) = 1o MA() = —1udd ()"

where 1y is the characteristic function of U, and the equilibrium set is
D = D(¢,7) = {r € X : ¢py)(x) = ¢(z)}.

THEOREM 1.2. — Assume L — F is big. Then there is an equality of
measures

w(d, ) = 1x B, (L—F)using(y) M A([y)) = 1o M A($) = 1pnx )M A(¢).

We remark that this theorem justifies the terminology, since M A(dpy)) =
0 away from D and thus ¢y is (locally) maximal there.

Turning to algebraic data, denote the multiplier ideal sheaf of ki by
Z(kv), and define the partial Bergman function of ¢ and 1 to be the smooth
function on X given by

Bu(¢,4) = 3 Isal?

where {s,} is any basis for H°(Z (ki) ® L*) that is orthonormal with respect
to the L2-norm induced by ¢ and some fixed smooth volume form dV.
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THEOREM 1.3. — There is a limit

k™' In Bi(¢,0) = by —
as k tends to infinity that holds uniformly on compact subsets of X —B (L —
F) U Sing(v).

More precisely, for each such compact set K there is a C' > 0 such that
for all k
C}—{le—k(fﬁ—fﬁw]) < Bi(,¥) < C’Kk"e_k(‘ﬁ_‘z’lw)

over K.
THEOREM 1.4. — Suppose L — F' is big. Then there is a pointwise limit
Jm &7 By (6, 9)dV = 1p(s,9)nx(0) MA(P)
almost everywhere on X (0). Moreover

i &7 By (6, )dV = u(9, )

weakly in the sense of measures.

1.2. Maximal Envelopes on Products

Following these technical results we turn to maximal envelopes on
products. Suppose that we have two sets of data of the above kind, given
by (X, Li, F;, ¢i,%;) for i = 1,2 where L; is a line bundle on a compact
complex manifold X;, ¢; a smooth metric on L; and 1; a positive singular
metric on F;. For simplicity assume L; — F; is ample and v; has algebraic
singularities for ¢ = 1, 2.

THEOREM 1.5. — Consider the product metric ¢ = ¢1 + ¢p2 on L1 @ Lo
(where we suppress the pullback notation), and let

¥ = sup{¢1, Y2 }.
Then
Py = sup{(d1)prg] + (P2)[1-a)wa) + A € (0,1)}".

This result resembles known formulae for the Siciak extremal function [2,
6, 28] and for the pluricomplex Green function [26] on products. The partic-
ular proof we give uses the connection with partial Bergman functions and
gives an interesting interplay between this circle of ideas and the Mustata
summation formula for multiplier ideals. We do not suggest that the previ-
ous Theorem is optimal, and discuss conjectural generalisations in Section 5.
However rather than pursuing this we move on to consider other aspects of
maximal envelopes that can be thought of as a special case in which X5 is
the unit disc in C and v has a logarithmic singularity at the origin.
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1.3. The Legendre Transform as a Maximal Envelope

In previous work of the authors maximal envelopes were used to con-
struct solutions to a Dirichlet problem for the complex Homogeneous Monge—
Ampere Equation (HMAE). The general idea was to start with a concave
“test curve” ¢y for A € (0,c¢) of singular metrics and consider the Legendre
transform

~

¢t = sup{@py,] + At}* fort € R.
A

Letting w be the standard coordinate on the closed unit disc B C C and
changing variables ¢ = —1In|w|? we consider ®(z,w) := ¢y(z) as an S!-
invariant metric over the product X x B. In [27] it is proved, under some
mild assumptions on ¥y, that @ is a weak geodesic in the space of positive
metrics on L emanating from ¢. That is, ® is a positive metric on 7* L where
m: X x B — X is the projection, that satisfies M A(®) = 0 over X x B and

Plop = ¢.

Here we show how the Legendre transform can itself be considered as a
maximal envelope over X x B. Let

Y = Stip{¢x + At (1.1)

THEOREM 1.6. — Set ¢/ = ¢ + ct. Then the Legendre transform of
is given by
b0 = By
over X x B.

As is well known, an important aspect of the study of Dirichlet problems
for the HMAE equation is finding solutions with good regularity properties
(see, for example, [15] for an introduction). We see from what has been said
thus far that solutions coming from the Legendre transform construction
have as much regularity as the associated maximal envelope.

DEFINITION 1.7. — We say a test curve is exponentially Hoélder contin-
uous if the singulairty v’ is exponentially Holder continuous on X x B.

THEOREM 1.8. — Let 1) be an exponentially Hélder continuous. Then
for each fized finite t € R the associated weak geodesic ¢y is CYt as a function
on X, and moreover is locally Lipschitz in the variable t.

This gives a regularity result for a (reasonably large) class of weak geo-
desic rays. We expect this to be suboptimal, and that in fact g/b\t is also C'1!
it the variable ¢ (see Remark 6.7). This is very much in the spirit of the
regularity result of Phong—Sturm [22] concerning weak geodesics associated
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to test configurations that will be discussed again below (one observes that,
when it applies, the above is neither weaker or stronger than what is proved
there). Certainly if ¢ is the test-curve coming from the degeneration to the
normal cone of a divisor in X then it is exponentially Hélder-continuous, and
it seems likely that holds for any test curve coming from a test-configuration,
but we have not attempted to prove this.

1.4. Exhaustion functions

Our final use for maximal envelopes is through the associated exhaustion
functions of the equilibrium sets. Fix a singular metric ¢» € PSH(F) and
consider H: X — R given by

H=H($,1) = sgp{cw = ¢}

It turns out that this exhaustion function is essentially the “time derivative”
of the associated Legendre function:

THEOREM 1.9. — Suppose qASt is the Legendre transform associated to the
test curve ¥y = b for A € (0,1). Then
i
=9
dt |,o+

A particularly interesting case of the exhaustion function arises when
¥ = In|sp|? where sp is the defining function of some divisor D C X. In
this case there is a natural expression for the exhaustion function as a limit
of algebraic objects. Fix A € Q* and for each large k¥ with kA € N let {s,}
be an L? orthonormal basis for H°(L*) that is compatible with the filtration
determined by the order of vanishing v, = ordp(s,) along D. That is, for
cach j the set {s, : V4 > j} is a basis for HO(LF ® T3,).

THEOREM 1.10. — We have

2

Vals
H = limsup 720‘ Gl a|2¢
k—o0 Zak|sa‘¢

almost everywhere on X.

The previous two theorems can put into context through work of Phong-
Sturm on weak geodesics in the space of Kéhler metrics. We continue the
same notation as above, so {s,} is a basis for H°(L*) that respects the
filtration by order of vanishing along D. The next is a special case of a
construction from [21].
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DEFINITION 1.11. — Let
1
By (t) := %ln(;ewﬂsaﬁ).
The Phong—Sturm ray is the limit
&, := lim (sup ®;(t))*. (1.2)

k—o0 1>k

In [27] it is shown that the Legendre transform of the test curve ¢ =
Alsp|? equals the Phong—Sturm ray, namely

b1 = B(t).

So formally differentiating with respect to ¢, and ignoring various exchanges
of limits,

d|  ~ d d
£ =2 e~ lim Ot
TR B R )
. 1 trg 2
= G|y R el)

2

ValSa
Ly
k—o00 k2|8a‘¢

Thus Theorems 1.9 and 1.10 combine to give the same conclusion (almost
everywhere), in that both sides are in fact equal to H.

We end with a remark concerning the connection between the exhaus-
tion function H(¢,In|sp|?) associated to a divisor D = {sp = 0} and the
geometry of the Okounkov body A(X, L) taken with respect to a flag with
divisorial part D.

THEOREM 1.12. — Let H = H(¢,In|sp|?) and let p: A(X,L) — R be
the projection to the first coordinate. Then

H,(MA(¢)) = pxdo

where do denotes the Lebesgue measure on R™.

This theorem is really nothing more than an unwinding of the definitions
and an application of the technical results above. It partly resembles the
Duistermaat—Heckman pushforward property of the moment map in toric
geometry, and for this reason we think of H as a kind of weak “Hamiltonian”
arising from ¢ and D.
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Comparison with other works

In the time between this article first appearing in preprint form and its
publication, there have been some developments directly related that the
reader may like to be aware of. It turns out that the envelopes considered in
this paper are intimately related to the class £(X,w) of w-plurisubharmonic
functions with finite weighted Monge—Ampere energy introduced by Guedj—
Zeriahi [16]. In fact, Darvas proves in [10, Theorem 3] that this class can be
characterised using the envelopes Pry)(¢) (see Remark 3.9). Similar envelopes
have been studied by Darvas—Rubinstein, with a similar regularity result to
the one proved here given in [11, Theorem 2.5].
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2. Preliminaries
2.1. Singular metrics

Let X be a Kahler manifold of complex dimension n, and L be a line
bundle on X. A hermitian metric h = e~® on L is a choice of hermitian
scalar product on the complex line L, at each point p on the manifold. If f
is a local holomorphic frame for L on Uy, we write

\fl7 =hg=e"?,

where ¢ is a function on Ur. We say that ¢ is continuous if this holds for
each ¢ (with analogous definitions for smooth, Lipschitz, C! etc.). It is
standard abuse of notation to let ¢ denote the metric h = e~ and to confuse
¢ with ¢, if a given frame is to be understood. Thus if ¢ is a metric on L,
k¢ is a metric on kL := L®*.
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The curvature of a smooth metric is given by dd®¢ which is the (1,1)-
form locally defined as dd“¢y, where f is any local holomorphic frame and
d€ is the differential operator

i _
—(0 -0
o (0-0)
so dd® = (i/m)00. The curvature form of a smooth metric ¢ is a representa-
tive for the first Chern class of L, denoted by ¢1(L). A smooth metric ¢ is
said to be strictly positive if dd°¢ is strictly positive as a (1, 1)-form, i.e. if for
any local holomorphic frame f, the function ¢ is strictly plurisubharmonic.

A positive singular metric is a metric that can be written as ¥ := ¢ + u,
where ¢ is a smooth metric and u is a dd°¢-psh function, i.e. u is upper
semicontinuous and dd®y := dd°¢ + dd°u is a positive (1,1)-current. For
convenience we also allow © = —oo. The singular locus of ¢ will be denoted
by Sing(%) is the set on which % is not locally bounded. We let PSH(L)
denote the space of positive singular metrics on L. If Sing(v) is empty we
say ¢ is locally bounded (we will mostly consider the case X is compact in
which case this is equivalent to being globally bounded).

We note that PSH(L) is a convex set, since any convex combination
of positive metrics yields a positive metric. Moreover if ¢; € PSH(L) for
1 € I are uniformly bounded above by some fixed positive metric, then
the upper semicontinuous regularisation of the supremum denoted by
(sup{¢; : i € I})* liesin PSH(L) as well. If ¢y € PSH(L), then the translate
1 + ¢ where c is a real constant is also in PSH(L).

A plurisubharmonic function u on a set W is maximal if for every rel-
ative compact U C W and upper semicontinuous function v on U with
v € PSH(U) the inequality v < w on OU implies v < w on all of U.

If ¢ and ¢ are metrics on L and there exists a constant C' such that
¥ < ¢+ C, we say that ¢ is more singular than ¢. When specific mention of
the constant C' is unimportant we shall write this as ¥ < ¢+ O(1). Of course
¥ < ¢+ O(1) if and only if ¥ < ¢ + O(1) holds on some neighbourhood of
Sing(¢) and we will use this in the sequel without further comment.

More generally, if 1) in a metric on L; and ¢ a metric on Lo we will
write 1) < ¢ + O(1) to mean there is a locally bounded metric 7 on Ly ® L}
such that ¢ < ¢ + 7. The condition ¥ < ¢ + O(1) and ¢ < ¥ + O(1) is an
equivalence relation, which we denote by ¢ ~ ¢ + O(1), and following [7] an
equivalence class [¢] is called a singularity type.

If 4; is a metric on F; for ¢+ = 1,2 then by abuse of notation we will
occasionally write

sup{¢n, ¥} (2.1)
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to mean the metric on Fy + Fy given by sup{¢n + ¢r,, ¢r, + 12} where ¢p,
is a choice of globally bounded metric on F;. Thus the singularity type of
sup{t1, 12} is independent of choice of ¢, .

Given a coherent analytic ideal sheaf Z C Ox and a constant ¢ > 0 we
say that ¢ has analytic singularities modeled on (Z,c) if X is covered by
open sets U on which we can write

d=c(ln) |fif*) +u (2.2)

where f; are generators for Z(U), and u is a smooth function. If 7 is algebraic,
c is rational and we can arrange this to hold in the Zariski topology then we
say v has algebraic singularities modeled on (Z, c).

We say that a singular metric 1 is exponentially Hélder continuous with
exponent ¢ > 0, if it is smooth away from Sing(¢y)) and over the singular
locus satisfies

|ew(m) _ ew(y)‘ < Cle —yl°
for some constant C' (here we are taking a local expression for ¢ thought of
as a function on some coordinate chart U and the norm on the right hand
side is taken to be the Euclidean norm on the coordinates). A metric is
exponentially Lipschitz if it is Holder continuous with exponent ¢ = 1. Note
that if ¢ has analytic singularities as in (2.2) then it is exponentially Holder
continuous with exponent c.

Given a metric ¥ the multiplier ideal Z(1) is the ideal generated locally
by holomorphic functions f such that |f[?e™ € L}, .. So if ¢ < ¢ + O(1)
then clearly Z(v¢) C Z(¢).

The Monge—Ampere measure of a metric ¢ is defined as the positive mea-

sure
MA(¢) := (1/n!)(dd®)".

When ¢ is smooth this is defined by taking the wedge product of the
(1,1)-forms dd°¢ in the usual sense. Through the fundamental work of
Bedford-Taylor, the Monge-Ampére measure can in fact be defined on the
set on which ¢ is locally bounded, and this measure does not put any mass
on pluripolar sets (i.e. sets that are locally contained in the unbounded locus
of a local plurisubharmonic function).

2.2. Augmented Base Locus

Let L be a big line bundle. The base locus of L is the set

Bs(L) = ﬂ {z : s(x) =0}
)

sEHO(L
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and the stable base locus is B(L) = (), Bs(kL). We denote by B (L) the
augmented base locus of L which is given by

B, (L) =B(L —eA) for any small rational € > 0

where A is any fixed ample line bundle on X. It is a fact that L is ample
if and only if B, (L) is empty, and is big if and only if By (L) # X [14,
Example 1.7].

2.3. Partial Bergman Functions

Now suppose we fix a smooth volume form dV on X. Then any metric ¢
on L induces an L?-inner product on H°(LF) for all k, whose norm is given
by

IslZ.av = /X |slrpdV  for s € HO(L). (2.3)
‘We will omit the dV from the notation when the volume form is understood.

DEFINITION 2.1. — The partial Bergman function associated to ¢ and

1 is the function
Bk(¢7w) = Z ‘Sa@
where {so} is any L?-orthonormal basis for HO(Z(ky)LF).

If ¢ is locally bounded then the associated multiplier ideal sheaf is trivial,
and By(¢, 1) becomes the usual Bergman function for ¢ which for simplicity
we shall denote by By(¢). Thus k=1 1n By(¢,1) + ¢ is a metric on L with
singularities modeled on (Z(kv), k=1).

Remark 2.2. — The partial Bergman function depends on the choice
of smooth volume form, but it is easy to verify directly that the limit
k~'In B(¢,%) as k tends to infinity does not since the quotient of any two
volume forms is globally bounded.

Example 2.3. — Let Y C X be a smooth subvariety of codimension
r which is given by the intersection of a finite number of sections of some
line bundle F. Then we can define a singular metric ¢y = In)_, |s;|%. To
calculate the multiplier ideal let 7: X — X be the blowup along Y with
exceptional divisor E and canonical divisor K ¢ = 7*Kx + (r — 1)E. Then,
by smoothness of YV, 71.0%(—uFE) = Z} for all u > 0. Following [13, §5.9]
one computes Z(ky) = m.Oz((r — 1 — k)E) = ZE7""! Thus By(¢,) is
precisely the partial Bergman kernel consisting of sections that vanish to a
particular order along Y (which for toric manifolds is studied in [24, 25]).
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2.4. The Ohsawa—Takegoshi extension theorem

We will need the following version of the Ohsawa—Takegoshi extension
theorem. To state it cleanly we shall say that a metric ¢ on a vector bundle
F has the extension property with constant C' if for any x € X and ¢ € F,
there is an s € H°(X, F) with s(x) = ¢ and

Isllgr < Cls(@)]gp-

THEOREM 2.4 (Ohsawa—Takegoshi). — Suppose ¢ > 0 is given. Then
there exists a k' and a C' such that the following holds: for all k > k' and
all L' and F' with singular metrics ¢ and ¢pr on L', F' respectively such
that

ddcgbL/ > cw ddcqﬁp/ > —cw (24)
the metric kor: + ¢ has the extension property with constant C”.

This well-known statement is a consequence of the more general result
proved in [12, Proposition 12.4].

3. Maximal Envelopes

Fix a complex manifold X (which we shall assume is compact unless indi-
cated otherwise) along with line bundles L and F'. Let ¢ be a (not necessarily
positive) continuous metric on L and pick ¢ € PSH(F'). Fix also a smooth
metric ¢ on F' and define

V' =¢—or +1b.
DEFINITION 3.1. — Let Py be the envelope
Pyr¢ :=sup{y < min{¢,¢'},v € PSH(L)}, (3.1)

and define
Pryj¢ = ClgnOO Pyicg =sup{y < ¢,v <y +0O(1),y € PSH(L)}.

The notation is justified by the observation Py ¢ is independent of the
choice of ¢ (because the latter is globally bounded) and thus depends only
on the singularity type [¢]. Since min{¢, ¢’} is upper semicontinuous, it
follows that the upper semicontinuous regularisation of Py ¢ is still less than
min{(b, 1/}/}, and thus P¢/¢ S PSH(L) Hence Pw/(Pfl/,/d)) = Pw/(;ﬁ, i.e. P¢ a
projection operator to PSH(L). Clearly P;¢ is monotone with respect to
both ¢ and ¢. We shall always assume that L is pseudoeffective, otherwise
PSH(L) will be empty and the above envelopes will be identically —oo.
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DEFINITION 3.2. — The maximal envelope of ¢ with respect to the sin-
gularity type [] is
Py) = (Ply9)”
where the star denotes the upper-semicontinuous reqularisation. The equi-
librium set associated to ¢ and v is

D =D(¢,9) = {x € X : ¢y(x) = ()}

Clearly then (,25[1[,] S PSH(L) and d)[w] < ¢.

Ezample 3.3 (Trivial Singularities). — 1f 1 is locally bounded then ¢ <
' + C for C sufficiently large, and thus

Gy = Pyrcd =sup{y < ¢:v € PSH(L)}.
These are exactly the envelopes considered by Berman in [4].

Remark 3.4. — 1In the locally bounded case, maximal envelopes are ex-
amples of metrics with minimal singularities in that if v is any other positive
metric on L then v < ¢py + O(1).

Ezample 3.5 (Divisorial singularities). — Suppose D is a smooth divisor
in X and F = Ox(D) with singular metric ¢/ = In|sp|? where sp is the
defining function for D. Then

bry) = sup{y < ¢ : v € PSH(L),vp(7) = 1}*

where vp denotes the Lelong number along D. This case is considered by
Berman [3, §4].

Ezample 3.6 (Pluricomplex Green Function). — For non-compact X,
taking L to be the trivial bundle and ¢ = 0 the trivial metric, the maximal
envelope becomes the pluricomplex Green function on X. When v has ana-
lytic singularities this has been studied by Rashkovskii-Sigurdsson [26]. We
remark in passing that the pluricomplex Green function on compact mani-
folds with boundary has recently been considered by Phong—Sturm [23], but
is more commonly studied on domains in C" along with a boundary con-
dition, for which it has a long and rich history (see [9] and the references
therein).

Remark 3.7 (Invariance under holomorphic automorphisms). — 1If ¢ and
1) are invariant under some group G of holomorphic automorphism of (X, L)
then the same is true of Py ¢, Py and ¢py). The proof is immediate, for
if 6 is such an automorphism then Py ¢ o6 € PSH(L) and is bounded by
min{¢, '} and thus also bounded by Py ¢. Applying to the inverse of 6
then yields Py ¢ o 0 = Pys¢. Thus there is no loss in replacing the envelope
in (3.1) with those v that are invariant under G.
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Ezample 3.8 (Toric metrics). — Consider now the case of a toric variety
X with torus invariant L which we assume is ample. Let A be the associated
Delzant polytope in R™. Letting z; be complex coordinates on the large torus
in X, any hermitian metric ¢ on L descends to a convex function on R™ after
the change of variables x; = In |2;|? which by abuse of notation we denote by
¢(x). Moreover ¢ is positive if and only if ¢(z) is convex. Thus if ¢ is locally
bounded (and so irrelevant) then ¢y () is simply the convex hull the graph
of ¢(x) (see [4, §5.2]).

Suppose instead we have ¢ = Aln |z |* for some fixed A > 0. Then ¢py;(z)
is the supremum of all convex functions v on R™ bounded by ¢ such that for
x1 > 0 we have v < Azy + C for some C.

Remark 3.9. — In the first version of this paper it was noted that it is
not obvious if the maximal envelope ¢, has the same singularity type as 1.
When 1) has analytic singularities this can be shown rather easily by passing
to a smooth resolution (see [26] which also contains an alternative proof).
This topic has since been taken up by Darvas [10, Theorem 3] who shows
that in general this is not the case, and gives an interesting criterion for it
to hold in terms of a certain natural class £(X, L) of positive metrics on L.

4. Extension of results of Berman

In this section we extend some results of Berman to the maximal en-
velopes considered in this paper. What follows is essentially due to Berman,
which in turn is based on the work of Bedford—Taylor [1]. The exposition
here follows closely [4] which in fact announces that such an extension should
hold [4, §1.3]. The related work [3, §4] deals with the case of envelopes that
appear from order of vanishing along a divisor and [17] proves related results
in the case of general graded linear series.

4.1. Logarithmically homogeneous plurisubharmonic functions

We first describe a general framework which allows us to pass from met-
rics over a compact space to metrics over an auxiliary non-compact space.
Recalling that L is a line bundle over X, let Y be the total space of the dual
bundle L* and 7: Y — X be the projection.

Consider Y as a subset of the compactification Y "= P(L* ® C) where
C denotes the trivial line bundle over X. Then over Y the hyperplane line
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bundle O5-(1) has a section s € H°(Y, O3(1)) given by the constant section
on the factor C. We let

¢:=Inls|> € PSH(Ox(1))

which is well-defined up to the addition of a constant. We write Oy (1) for
the restriction of O3(1) to Y, and denote the restriction of ¢ to Y by the
same letter. Thus, concretely, if w is a local coordinate on the fibre direction
of Y, then s is given locally by the equation w = 0 and so

¢ =Injwl?.
Finally, to any metric v on L we define
vy =7r"y+C(.
DEFINITION 4.1. — The set of logarithmically homogeneous plurisub-

harmonic functions on Y is defined to be

PSH(Y):={x € PSH(m*L ® Oy (1)) : x(\y) = In |A\]* + x(y) : A € C*},
(4.1)
where the multiplication by C* is taken in the fibre direction of Y.

Thus the map v — 7 gives a bijection between PSH (L) and PSH,(Y).
Moreover this bijection respects Ataking envAelopesi which we make precise in
the following lemma. Define PJ)\,(;S and P@](;S and (b@ exactly as in Section 3,

where now the supremum in (3.1) is taken over all v in PSH}(Y).
LEMMA 4.2. — We have P,W;S:Pl;,cb and Pw]gb:P[a]gZ) and ¢y :qﬁ[a.
Proof. — For ¢,v' € PSH(L)

Py¢=m"Pypo+(= sup {n*y+(:v<min{p,¢'}}
~ePSH(L)
= sup {7:9 <min{¢,¢'}}

SEPSH,(Y)
which gives the first identity. Moreover
Py = * lim Pyic¢ = lim (7" Py
@ = (" lim Pyriog = lim (" Pyricd + )
= Pt = G o e = P

where the penultimate equality uses part (a) and 1ﬂ\C’ =1 + C. Finally

-~ —

(P5d) = (Pud)® = (= (Fiye) + 0"
= (Py)6"™) + ¢ = by = dpy) + ¢

where the third inequality uses the fact that ¢ is upper-semicontinuous and
the local (and elementary) fact that (f(w) + g(2))* = f*(w) + g* (). O
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4.2. Exponential holomorphic coordinates

Now fix a continuous metric ¢ on L. We choose a smooth metric ¢ on
F and set ¢/ := ¢ — ¢ + 1. To ease notation let

Tc = Pyric®
so by definition
=(1l *
) = (Jim,70)
Our aim is to show regularity around a fixed point
x0 € X — B4 (L — F) U Sing(¢).

From the assumption that L — F is big there is, for k£ > 0, a Kodaira
decomposition k(L — F) = A+ E where A is ample and E is an effective
divisor in X. Since B (L — F') is the intersection over all such E as k varies,

we can arrange so that zo ¢ E. Furthermore there exists a positive metric
¢4+ on L — F of the form

¢4 =k~ (¢4 +1Inlsp]?),
where ¢ 4 is a smooth positive metric on A and sg is the defining section of

E.

Observe that for any k£ > 1,

P;m[,/(k(ﬁ) = kPw/qﬁ and (k¢)[k¢] = k(ﬁ[w}. (4.2)
Thus by scaling L, ¢ and ¥ we may assume without loss of generality that
k = 1. Moreover since 1 was assumed to be exponentially Hélder continuous,
kv is exponentially Lipschitz for sufficiently large k. Thus there is no loss
in assuming ) is exponentially Lipschitz. Furthermore, by subtracting a
constant from ¢ if necessary we can also arrange

b+ < e for all C > 0. (4.3)

Now let
Yo=Y — j(X) Ur~!(E U Sing(1))
where j: X — Y is the inclusion of X as the zero section, and define a disc
bundle in Y by
U={¢s +7*¢ <1}.
To show regularity of ¢y near zo it is, by Lemma 4.2, sufficient to show
regularity of 5@ near a chosen point in the fibre 7= (). To this end pick
such a point,
yo € 7 (wo) NU — j(X),

so we have yg € U NYy. The method of proof now follows the original ap-
proach of Bedford—Taylor, using particular holomorphic coordinates around
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yo that arise from holomorphic vector fields constructed in the next lemma
(in fact this is the reason for passing to the auxiliary space Y since, in gen-
eral, X may have no holomorphic vector fields at all).

LEMMA 4.3. — There exist global holomorphic vector fields V1,..., V11
onY whose restriction at yo span T, Y . Moreover, given any positive integer
m there is a constant C,, so that these vector fields can be made to satisfy

Vi(z,w)[? < Cpy min{|w|?™, |sg(2)>™e™ )} on U. (4.4)

Proof. — The space Y has the compactification Y = P(L* & C), and we
shall denote the tautological bundle by Oy-(—1). Fix a continuous metric ¢
on E and consider the metric on L given by

brp=0a+ 1+ (n|sp +¢) — k30

where o is a fixed choice of smooth metric on E+ F'. Observe that for k > 0
we will have dd“¢4 j, > (1/2)(dd“¢4) since 1 is positive.

Now define a metric on the line bundle L = n*L* @ O3+(1) over Y by

~

¢ = m"koy p +1In(1 4 e?)
which extends to a metric over all of Y which has strictly positive curvature
for k sufficiently large. Then by the Ohsawa—Takegoshi Theorem (2.4) the

vector bundle TY ® fl is globally generated for [ > 0. Fix such an [ with
kl > m. Thus there are sections Wy, ..., W, 11 whose evaluation at yo span

TYyofl. Thinking of w as the tautological section of 7*L* we let V; be the
restriction of Wjw* to Y. Thus the V; are vector fields on Y and whose
evaluation at yo span Ty, Y.

Now the vector fields W; are holomorphic, so have bounded supremum
norm over Y and so also over Y. Thus locally on a fixed neighbourhood in
Y we have

|‘/;(va)|2 < Cl|w|2klel$ _ Cl|w|kl6kl¢+’k€l¢;
< ColwP (s Pe? )M D )

< C3(|w|2|SE|26¢)(k+l)l|SE|2m€m1/)

N

which yields the required bound on |V;| since dj_: + 7% = In(|w|?|sp|?e?) +
ba, so ||w|?||sp|?e? is bounded on U = {¢4 + 7% < 1}. O

Remark 4.4. — Tt is the hypothesis that L — F' is big that allows for
the fact that the conclusion of the previous Lemma is stronger than [4,
Lemma 3.6] on which it is based.
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LEMMA 4.5. — Let V' be a smooth vector field on a manifold Y, and
Yo CY be such that V=0 onY — Y. Suppose U C Y is a closed subset,
and a: Yy — Yy is a diffeomorphism.

W = «(UNYy) is relatively compact and so that the vector field a, V' can
be extended to a vector field on W that vanishes on the boundary W — W
Then there exists a to such that the flow exp(tV)(y) exists for all |t| <
and ally € U.

Proof. — Denote the extension of .,V by V. By compactness of W there
is a to such that flow of V exists for any [t| < to and initial point y € W.
Since V vanishes on W — W, we have that if y € W then this low remains
completely within . However this is precisely the image (under «) of the
flow of V', which proves that the flow of V exists for all |¢t| < tp and y € UNYj.
Finally if y € U — Yy then y is fixed by the flow of V, and thus the flow

exists for all time in this case as well. |
LEMMA 4.6. — There exists a tg > 0 such that the flow
y— exp((z AiVi)y)

exists for all (A, y) such that |\ < to and yeU.

Proof. — We apply the previous lemma to the vector field V' = V; for
i=1,....,n+1and Yy =Y — j(X) U7 *(E U Sing(x)). Picking smooth
metrics ¢ and ¢ on F and F respectively, define a: Yy — Yy by

a(¢) = f¢  where f = |sp|y e ¢r)/2

and the multiplication is to be understood in the fibre direction of Y, and
1 — ¢p is thought of as a function on X. Recall also that included in the
assumption that 1 is exponentially Lipschitz is that e¥ is smooth away
from Sing(v). Thus, by construction, « is a diffeomorphism. Now a simple
calculation reveals

(by +7*¢Y)oa =da+7*(dr — dp) on Yy,

and thus if W = a(UNYy) then W = (U NY)) = {Q/S,Z +7*(¢pp — ¢p) < 1}
which is compact. Now set V = .V and suppose that locally in (z,w)
coordinate V = v, 57~ dz + Vwgge d and similarly for V. Writing a locally as
(z,w) — (Z,%0) we have 0,(Z, W) = v,(z,w) and

f v,
B (5, ) = %%w + vy (2, w) f(2).
Now the fact that v is exponentially Lipschitz 1mphes is globally bounded.
Thus taking m = 2 in the estimate in (4.4) bounds f v, by |sgle¥. Hence
V extends over W and vanishes on W — W, so the previous lemma applies
to give the result. O
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4.3. Proof of Lipschitz regularity

Suppose Vi, ..., V, 41 are the vector fields provided by Lemma 4.3 whose
evaluation at yo span Ty, Y taking m = 2. Consider the flow

n+1

Or(y) = exp(_z Vi) (),

which by Lemma 4.6 is well defined for y € U and || sufficiently small. Then
for any function f on U denote the pullback function by

) = f0x(v))

Thus to show that a function f on Y is Lipschitz near yq it is sufficient to
prove

1) = fy)] < CIA|

for some constant C' and y in some neighbourhood of yg.

LEMMA 4.7.

(1) Let ¢g be a metric on L such that ¢g — 01|sg|?> — 021 is smooth for
some constant 6; > 0. Then there is a constant C,, so that

A~
|po — do| < CalA|

onUNY,.

(2) Let ¢g be a metric on L such that ¢o—08|sg|? is smooth for some con-
stant 6 > 0. Then there is a constant C,, so that for all multiindices
« of total order at most two

—~A —
1025 (d0 — ¢o)| < CalA|
on UNYy.

Proof. — Fory e UNY, let
n+1

y(t) = exp(t Z AiVi)(y),
i=1

so v(0) = y and v(1) = 0, (y). Now % is smooth away from j(X)Ur ' (EU
Sing(1))), so we can write

— — I d
50 0) =) = [ il () (45)

We shall prove the first statement. Pick local coordinates z on X and w
on L around some point in Y. Then

() = (o + dgo) (AW (1.6)
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From (4.4), |V;| < C1|w|?, so [w™tdw(V;)| is uniformly bounded and thus
lw™ldw(D> A V;)| < CalA,

for some constant Cs.

If our chart lies outside 7~ (EUSing (1)) then o is smooth so the second
term in (4.6) is clearly bounded by a constant times |A|. To deal with the case
that the chart meets EUSing (1), we use the hypothesis ¢g —d1 In |sg|? — 621
is smooth to deduce

1 83E

PNATATIPS TRV
|doo(Vi)| < Cy+ 01 sp On (Vi)

Oe?
e |5 )

where the derivative of e¥ exists weakly (and is globally bounded) by the
assumption that e¥ is Lipschitz. Now using (4.4), |V;|? < Cs min{|sg|?, e¥},
SO

| (w™dw + dgo) (Y \iVi)| < Cs|A|

for some constant Cs. Putting all of this together with (4.6) and (4.5) gives
the first statement of the Lemma. The proof of the second is exactly the
same, observing that the assumption on ¢y now means we do not need to
take any further derivatives of . O

COROLLARY 4.8. — For |)| sufficiently small we have

N =9 +0(1)

on UNYy.
Proof. — Apply the previous Lemma with ¢g = . O
LEMMA 4.9. — Suppose that f is an S'-invariant plurisubharmonic

function on U that is strictly increasing on the fibres of Y. Suppose that
E’' C X is locally pluripolar, and that there is a constant ¢ such that f < ¢
onj(X —E') and f > c on OUN7~Y(X — E') where OU = {(ﬁ + % = 1}.
Then there exists an extension E(f) € PSHy(Y) such that E(f) = f on the
level set {f = c}.

Proof. — This is [4, Lemma 3.8] (that E’ is allowed to be pluripolar is
remarked in the proof of the cited result). ]

Now suppose that g is some function defined on the disc bundle U C Y.
To apply the previous result we need invariant functions, which are obtained
easily through the homogenisation operator that takes a function g on U to

H(g) = ( sup g(ey))*
0€0,27]

where the multiplication is in the fibres of Y = L*.
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LEMMA 4.10. — Suppose that either
f=H(T")
or )
pon (3 m).

Then for || sufficiently small (independent of C) there is an extension
E(f) € PSH(Y) such that E(f) = [ on the level set S = {y : f(y) =
f(yo)}-

Proof. — We shall only consider f = H (?5)‘) since the other case is
essentially the same. It is sufficient to construct such an extension on Yy,
since any such plurisubharmonic function extends to Y. Now exactly as in

the first half of the proof of [4, Lemma 3.9] one deduces that f is strictly
increasing along the fibres of Y, since 7¢ is plurisubharmonic.

We make the normalisation so 7o (yo) = 0, and observe that f(yo) < 1/2
for A sufficiently small. Then since ¢4 + ¢ < 7¢

[27 26010 20y +my— O
over U NYy for some C’ > 0 (independent of C') where we have used (4.7)
with ¢g := ¢4 + 1 50 ¢p — In|sg|?> — 1 = ¢4 is smooth.
Thus on 9U N'Yy we have
fZ21-C'A >1)2
for [A| sufficiently small (independent of C'). Thus the existence of the ex-
tension f is provided by (4.9) using E' = E U Sing(v)). |
LEMMA 4.11. — Suppose that ¢ is Lipschitz. Then ¢7@ is Lipschitz over
Yo and thus ¢y is Lipschitz over X — B (L — F) U Sing(1)).
Proof. — Fix C and let 7¢ = Py1c¢. Then from the definition of the
operator H we have
7™ (o) < H(76™)(wo) < EH(76™) (o)
where the operator F is the extension coming from Lemma (4.10) from the

level set S = {y : H(7o™")(y) = HETZV)(yo)}. As ¢ < ¢ we have that on
the level set S,

EH(FTM(y) = HE ) (y) < sup o*(ePy) (4.7)
0€[0,27]
< sup (ely) + C'|A = d + C|A| (4.8)
0€[0,27]

for some constant C’ (independent of C') where we have used that ¢ is
Lipschitz in the penultimate inequality to apply Lemma 4.7(2) with ¢¢ = ¢,
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and the final equality comes from S* invariance of g/b\ in the fibre directions

of Y. Since this holds on the level set .S we conclude by homogeneity that
EH(7Y) — O]\ < ¢

on all of Y.

Now note that by Lemma 4.7(1) applied with ¢g = ¢ we see there is a
constant C” such that ¥ < 1)+ C”. Thus using the inequality 7c < ¢/ +C
we have by similar reasoning to above

e - A A
BHFM () = HFT ) (y) < sup &/ +C () = sup ¢/ (e'y) +C”
0€[0,2m] 0€[0,27]

< sup O/(ey) + C'N + €7
0€[0,27]

— 7+ O (y) + C'|A|

Thus we conclude that EH (7o) — C'|A| < ¢/ +C"” on Y. Hence EH(75") —
C|\| is a candidate for the supremum appearing in the definition of PJ) N on®
giving

=X v —x / S~

70" = CN < EH(TCT) = TN < Py 0 = Ton < o

by Lemma 4.2. Now taking the limit as C' tends to infinity and then the
upper-semicontinuous regularisation (which commutes with pulling back by
0)) gives
A
%]
Repeating the above with A replaced with —\ gives the inequality

O SN ’

which proves that $1$ is Lipschitz near yg. Since yy was arbitrary in U NYy,
this proves that ¢y is Lipschitz over X —B, (L —F')USing(v)) as claimed. [

, ~

4.4. Proof of C'! regularity

THEOREM 4.12. — Suppose that L — F is big. If ¢ is Lipschitz (resp.
CY1) over X then the same is true for ¢py) over X —B, (L — F) U Sing(v)).

Proof. — By the above the Lipschitz statement is proved. Thus the weak
derivative of ¢y exists and is globally bounded. As explained in [4, p. 21],
to show ¢y is CY! it is sufficient to prove the inequality

1 A =X N 11y 12
— ~ L] -0~ < . .
5 (3432 -3 <om (19)
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on some compact set around yg.

To achieve this, argue exactly as above replacing ?é with
x| ~-a
gc = 5( c +Tc )

Now a simple Taylor series show that %(g/b\”‘ + g/i})‘) < $+ C|\? over all of

X. The fact that gc < ¢ + C” is similarly shown, in fact is easier and only
requires the exponentially Lipschitz hypothesis on 1.

Thus we deduce that go—C”|\|? is a contender for the supremum defining
7¢, 80 go — C'|A\]? < 7. Observing that C’ is independent of C, we let C
tend to infinity and taking the upper semicontinuous regularisation to give
the desired inequality. O

4.5. Monge Ampére measures

We next consider the Monge Ampeére measure of the maximal envelopes.
The proof of Theorem 1.2 is unchanged from the non-singular case, and we
shall not repeat the full details of the arguments here.

LEMMA 4.13. — We have
D(¢, ) C {x:dd°¢, > 0},
and thus 1p M A(¢) = 1pnx ()M A(9).

Proof. — This follows by observing D(¢, ) C D(¢, ¢) and then using [4,
§3.1(iii)] and Example 3.3 to deduce D(¢,v) C {x : dd°¢, > 0}. O

LEMMA 4.14. — We have det(dd®¢py)) = det(dd°¢) almost everywhere
on B4 (L — F) U Sing(¢)).

Proof. — The proof of this the same as [4, p. 21]. In fact the proof given
there shows that locally for any two C1:! metrics ¢ and ¢’ one has

0? ,
%@5 —¢)=0
almost everywhere on the set {¢ = ¢'}. a

The proof of the remaining equalities

(@, Y) = Lx_p, (L—F)using(v) M A(@py)) = 1pM A(¢) = 1pnx(0)M A(9),

as stated in Theorem 1.2 is now exactly as in [4]; we omit the details.
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4.6. The partial Bergman function

We now turn to the partial Bergman function, and fix a smooth metric ¢
on L and a ¢ € PSH(F) that is exponentially Holder continuous. We start
by recalling the following upper bound on the Bergman function. Recall
X(0) ={x:dd°¢, > 0}.

LEMMA 4.15 (Local Holomorphic Morse Inequalities). — There is a

global upper bound
Br(¢)dV < Cplx )M A()
where C, is a sequence of numbers that tends to 1 as k tends to infinity.
Moreover if Ay, denotes the ball of radius k~'Ink in some coordinate patch
U around a fized point x € X, and fi is a sequence of holomorphic functions
on U then
|fi(@)[?

T — < 1x(o)MA(@)E™ + o(k™)
1fell72 A,

where || fxllL2.a, = fAk | fx|2eFedV .

Proof. — Both of these inequalities follow easily from the submean value
inequality for holomorphic functions (see [4, §4.1] or [5, §2]). O

Recalling that By(v) denotes the Bergman function of 1 define the
Bergman metric as

Yr =0+ 1 I By().

DEFINITION 4.16. — We say that i has tame singularities with coeffi-
cient ¢ > 0 if

¥+ 0(1) < ¥y < (1 - %) )+ 0(1) (4.10)
where the O(1) term is independent of k.

The following condition for tameness is well known (see, for example [8,
§5.10]).

LEMMA 4.17. — If ¥ is exponentially Hélder continuous with constant
c then it has tame singularities with constant ¢~ dim X.

Proof. — Let n = dim X. Following Demailly, the Bergman metrics ap-
proximate % in the following sense [13]: let ¥ be defined on some open ball
B; then there is a constant C' > 0 that depends only on the diameter of B,
such that for all &,

kv(z) — C < kv, < sup kv +C —nlogr (4.11)
B(z,r)
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where B(z,7) is the ball of radius r centered at p with r is small enough
so that B(x,r) C B. From this the lower bound in (4.10) follows immedi-
ately. For the upper bound, observe first that since 9 is exponentially Holder
continuous with exponent c,

sup e¥ < @ 4 oyt
B(z,r)

for some constant C7 and thus

sup ¢ < In(1l+ Cy) + ¥(x).
B(z,r)

Moreover, from the same assumption, one sees there is a Cy such that if
r = Cye?®/¢ then B(z,r) N Sing(v)) is empty. Hence applying (4.11) with
this value of r yields

Evp(z) < kIn(1+ Cy) + C + (k — nc)(x) — nlog Cy
as required. 0

PROPOSITION 4.18. — Suppose ¥ € PSH(F) has tame singularities
with constant c. There is a constant C' depending on ¢ and ¢ such that

Bi(¢,v) < CkMe™Vek(Swi—9)
over all of X. In particular

Jm k7" By(¢,9) = 0 for z ¢ D(¢,4) U Sing(y)).

Proof. — As is easily verified, the partial Bergman kernel has the ex-
tremal property

By(¢,4) = sup{|s()[3 : [sls.av = 1,5 € H*(Z(ky)L*)}.

Thus it is sufficient to prove the existence of a C such that if s € H(Z (k) LF)
and ||s||¢,qv = k™" then

|8|3, < Ce~ kb —¢)

From the holomorphic Morse inequalities there is a C' with k=" By (¢) < C
for all k. So since |s| < k™" Bi(¢,v) < k™" By(¢) we have

E ' Infs]> =k 'InC < ¢. (4.12)
Moreover by the assumptions on the singularities of ¥,
- ns|? <o +0(1) < (1= k7 te)y +0(1)

where the O(1) term may depends on k. Without loss of generality suppose
1) < 0 globally. Then we see k= In |s|? + ck~*) — k=1 In C is bounded above
by both ¢ and ¥ + O(1), and thus is a candidate for the supremum defining
Py, so

k' In s+ ck™ ' — k7' InC < dpy
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and rearranging proves the first statement of the proposition, from which
the second follows immediately. O

Before moving on we observe that a slightly more precise statement is
possible when ¢ has algebraic singularities. Suppose that the singularities
of 1 are modeled on (Z, ¢). We fix a resolution 7: X — X such that 7*7 =
O(—D) where D =}, a;Dj is anormal crossing divisor (see for example [13,
§5.9] for this basic technique).

DEFINITION 4.19. — The set of potential jumping numbers for v is
J) ={k: ko € N for all j}.

In the simplest case, ¥ = Zj a;ln|g;| globally with a; € Q" in which
case it is clear that J(¢0) = {k : ka; € N for all j}. It is clear in general that
potential jumping numbers exist that are arbitrarily large. The terminology
comes from the fact that J(¢) restricts the set on which the multiplier ideals
Z(ttp) can “jump” as t € R varies.

PROPOSITION 4.20. — There is a constant C (depending on ¢) such that
for all ¢ with algebraic singularities, and all k € J(¢b) we have

Br(¢,v) < Cknek (P —4)

Proof. — We first consider the special case that ¢ is of the form ¢ =

>yl lg;|? with D; = g;l(O) smooth normal crossing divisors. As in the

previous proof we have to show that if s € H°(Z(ky)L*) with k € J(¢)) and
l[s|g.av = k=™ then [s]3 < CeF@w1=9) | Just as above, from the holomorphic

Morse inequalities we have k= In |s|2 — k=1 In C < ¢ where C is independent
of ¢. Now as s lies in the multiplier ideal, locally we can write

for some holomorphic h and m; > |ka; | = ka; [13, §5.9] (here we have used
ke J(¥) so ka; € N). Thus

|s|* < C'TL|g,|*™

for some constant C’ (which may depend on s). Therefore we deduce that
near D = Sing(v)),

E'ln|s)> <k 'InC' + k71 ij In|g;|* < Zaj In|g;*+C" =4 +C".

J J

Thus k~!In|s|> —k~!InC is a candidate for the supremum defining by
which gives the result for this particular form of .

Now for general ¢ with algebraic we can reduce to the above by passing
to log resolution m: X — X. As is easily checked, if ¥ = 37 a;In|g;[?
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where D; = j_l(O) then m*By(¢,v) = Bi(n*¢,9) and 7*¢ ~ 1), giving
T (Py]) = (7T*¢)M. Then applying the previous part of the proof gives the
result we require. O

We now turn to proving a lower bound for the partial Bergman function.
Recall that ¢ is a fixed smooth metric on F and we have set ¢’ = ¢—dp+1).

PROPOSITION 4.21. — Let w be a Kahler form on X. There exists a k'
and C" > 0 such that for any k > k', any v € X — B, (L — F)USing(y) and
any C > 0 there exists a metric o, = oy,c on L* such that

(1) Ok,C § kpw/_;’_c(b on X.

2) There is an neighbourhood U of x and constant Cy, (both indepen-

(2) g U 14
dent of k and C') such that

kpwu,_cgﬁ <o+ C{] on U.

(3) ok,c has the extension property with constant C' (as defined in Sec-
tion 2.4).
(4) dd°og.c = C'"'w for all k and C.

Proof. — We may as well assume L — F' is big otherwise the statement
is trivial. Thus L — F' admits a metric ¢ with strictly positive curvature
that is smooth away from B, (L — F'). By subtracting a constant from ¢
we may assume that

¢+ <min{p — 1, — ¢p} (4.13)
which yields ¢4 + 9 < Py ¢ < Pyyc¢ for all C > 0.

Thus there is a ¢ > 0 with dd°¢, > cw, so we can take k' and C’ as in
the statement of the Ohsawa—Takegoshi Theorem (2.4). Now let k& > £k’ and
x € X —B,(L— F)USing(¢). Set

¢pr = (k= k') Pyryco + k'
which is a metric on F' = L¥=* @ F* and let
or =Koy + op.

Observe that dd°¢y > cw and dd¢p > 0, so the extension property (3)
holds and also ddoy, . > k'dd¢4 so (4) follows immediately. Moreover

ok = k/(¢+ +¢)+ (k- k/)qu_qu) < kPyrico
which gives (1). Finally
kPyic — 0w =k (Pyic =1 — ¢4)
SK(@—v—o4).
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Hence if U is a small ball around z in B4 (L — F)) U Sing(+)) then ¢ — ) — ¢
is bounded on U by some constant Cj;, so kPy 4o — o < Cj; on U for all
C > 0. O

THEOREM 4.22. — We have
k™' In By — ¢y — ¢

uniformly on compact subsets of X — B, (L — F) U Sing(v)) as k tends to
infinity. That is, given a compact subset K C X —B (L — F)USing(v) there
is a Cx > 0 such that

Ot M=) < By (,9) < Ok ek @ 0m)
over K for all k.

Proof. — The upper bound for By comes from Proposition 4.18 since i
is bounded on any compact K outside of Sing(¢). For the other direction let
k' and C’ be as in the statement of Proposition 4.21 and x € X — B4 (L —
F) U Sing(¢). To ease notation let 7¢ = Py yc¢. Pick a metric oy as in
the previous proposition. So by the extension property of o there exists an
s € H°(L*) such that ||s||,, < C’ and |s(z)|,, = 1. But this implies that
[sllkre < C" and [s(z)|kre = (C}) ™. In particular ||s||x(y+c) is finite, and
so s € H*(Z(ky)L). Thus by the extremal property of the Bergman function
we deduce that

B(¢,9) = C'eFre=?)
on some neighbourhood U of z, for some constant C” that is independent of C'
and U. Letting C' tend to infinity and then taking the upper-semicontinuous
regularisation (using that the Bergman function is continuous) yields

Bi(p,1) = C'eFPr—9)
on U as required. .
LEMMA 4.23. — We have
lim inf k" By, )dV > MA(@)

almost everywhere on D(¢, ) N X (0).
Proof. — It is sufficient to prove the existence of a sequence s, € H*(LF®
Z (k1)) such that
sk (2)]3

k=00 k”HSkH(deV = MAP)- 1

Since x is general we may assume x ¢ B, (L—F)USing(¢). So from Propo-
sition 4.21 there is an open set U around z and metrics oy ¢ € PSH(LF)
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for £k > 0 and C > 0 such that
ok,c < kPyycon X,
kPyyc < C1 + opqc on U and, (4.15)
dd°oy.c > Cy'w,
where the constant C is independent of k£ and C' and w is some chosen

smooth Kéhler form.

Next we consider smooth sections of L* that are “peaked” and supported
in U. Using cut-off functions, and that ¢y is CY1, one can produce, for
sufficiently general points x in D(¢, )N X(0), a sequence of smooth sections
fr of LF that are supported in U and satisfy

)
koo k7 fillZ

||5fk||k¢[w] < CZeik/CQ

for some constant C; (see [4, Lemma 4.4]).

AV = MA(¢)

To perturb these to holomorphic sections we apply the Hérmander esti-
mate with the metric oy, ¢ to obtain, for k£ sufficiently large, smooth sections
gr,c of L with dgrc = Ofx and ||gr.cllop.c < C3l|0fklloye (observe Cs
can be taken independent of C' and k from the lower bound for dd‘cy ¢
from (4.15)). Now the first two statements in (4.15), and the fact that fj is
supported on U imply

lgr.cllks < llgr.clivp, oo <llgrclloye < Cslldfillore < Calldfillkr, o
where C} is also independent of C' and k.
Temporarily fixing k, and recalling that Py ¢ tends to ¢py) pointwise

almost everywhere as C' tends to infinity, an application of the dominated
convergence theorem yields

- A —k/C
Jim |lgk.cllke < Calldfilla, < Cse™™ 2.

In particular choosing C' = C'(k) sufficiently large we deduce that for each k
there is an hy = gi o) such that Ohy = 0f and

Ihi]lp < 2C5e~/ . (4.16)

Thus s, := fi — hy is holomorphic and since ||Sk||kpw,+c is finite and
Py o <9+ C we in fact have s, € H(LF @ Z(ky')) = HO(L* @ Z(ky)).
Moreover ||sk||i < ||fk||35 + O(k~°°) and, since hy, is holomorphic near z, the
local holomorphic Morse inequality implies |sy ()] = | fx(x)|3 +O(k~>) as
well. Thus (4.14) holds for this sequence of sections s, completing the proof
of the Lemma. |
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THEOREM 4.24. — Suppose L — F' is big. Then there is a pointwise limit
Jm &7 By (6, 9)dV = 1p(s,9)nx(0) MA(P)
almost everywhere on X (0). Moreover
Tim k" By(6,6)dV = (6, )
weakly in the sense of measures.

Proof. — We have shown that limg_, oo k™" B (¢, %) = 0 for z ¢ D(¢,¢)U
Sing(v), and thus almost everywhere outside D(¢, ) since Sing(v)) is pluri-
polar and thus has measure zero. For general x € D(¢, ) the limit follows
by combining the upper bound coming from the local holomorphic Morse
inequalities, and the lower bound in the previous proposition. The statement
about the measures now follows from the Dominated Convergence Theorem,

and the global upper bound k=" By (¢, %) < k™" B(¢) < C. O

In particular, by integrating the previous theorem over X we see the
volume of the equilibrium set D(¢,) captures the rate of growth of the
filtration of the space of sections determined by the multiplier ideal of 1):

COROLLARY 4.25.

/ MA(¢) = lim k~"h°(L* @ Z(ky)).
D(¢,3)

k—o0

5. Maximal Envelopes on Products

In this section we shall consider maximal envelopes on products. Suppose
that X; for ¢ = 1,2 are smooth complex manifolds on which we have line
bundles L; with smooth metrics ¢;. Our aim is to consider maximal envelopes
on the product X; x X5 with respect to the product metric

¢ =TI+ 02
where 7; are the projection maps (for simplicity we shall suppress the 7; in
what follows where it cannot cause confusion).
Let F; be additional line bundles on X; with metrics ¢; € PSH(F;).
For simplicity we assume that L; — F; are ample, so B (L; — F;) is empty.

Furthermore set

" = sup{t1, o}
so, recalling the abuse of notation described in (2.1), ' € PSH(F| + F3).

THEOREM 5.1. — Suppose 1; have algebraic singularities. Then
Pryr) = sup{(d1) ) + (B2)[1-2yw) : A € (0,1)17. (5.1)
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Said another way, such maximal envelopes on products can be calculated
by considering only metrics whose variables separate, i.e.

Gy = sup{v +v2,vi € PSH(L;), 1 ~ M1,72 ~ (1 = Ao, A € (0,1)}.

As remarked in the introduction, such a formula resembles known results
for the Siciak extremal function on products of domains in C" (see, for
example, (2, 6, 28]) and for the pluricomplex Green function on products [26]
and these results may suggest other methods of proof. The techniques we
employ here have an algebraic flavour, using results from the previous section
to recast the problem in terms of the partial Bergman function and then
applying a combination of the Kiinneth formula and the Mustata summation
formula for multiplier ideals.

Proof of Theorem 5.1. — Fix X € (0, 1) and suppose v; € PSH(L;) with
vi < ¢; for i = 1,2 and 713 ~ M)y and 75 ~ (1 — A)tpg. Thus there is a
constant C such that v; < My + C and v2 < (1 — A2 + C, which yields

NAR <MW +C+ (1 =N +C =9 +2C
Hence 1 +72 ~ 9’ which implies 71 +72 < ¢py). Taking the supremum over
all 71 and then all ~5 yields
(A1) ) + (D2)[(1-A)a) S Ppy-
Thus taking the supremum over all A € (0,1) shows the right hand side
of (5.1) is less than or equal to the left hand side.

Now as 1); have algebraic singularities, it is immediate that (5.1) holds
on Sing(¢py) = Sing(¢)") = Sing(¢1) x Sing(¢s2). So suppose x € X; x Xy is
such that ¢y (z) # —oo and let € > 0. Writing L = L; ® Lo, we know from
Theorem 1.3 that for k sufficiently large there exists an s € H(Z (k') L¥)
with [|s|l¢ =1 and

E~'In |s(x)|i > gpy(x) — €.

Consider next the multiplier ideals Z(tky) for t € RT. These form a
nested sequence of ideal sheaves that induce a finite filtration
0= H(Z(tkyLy) C HY(Z(toke)LY) C -+ C H'(Z(twky)Ly) = HO(LY).
Pick an L2-orthonormal basis {a;} for H°(L¥) that is compatible with
this filtration, so a; € H(Z(kAjv1)LY)). Similarly pick an L?-ortho-

normal basis {b;} for H°(L%) so b; € H*(Z(pu ko) LE). Then since HO(L) =
HO(LF) ® H(LY) we can write

§ = E Qa5 & bj
ij
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where } |ovij|* = 1. Now since all the metrics in question have algebraic
singularities, the Mustatd summation formula [20] gives

(k') C Y (kMG (kpadh).

Ap=1

Thus we deduce a;; = 0 unless A\; + u; = 1.

Fix (io,jo) s0 |ai, ® bj,(x)| = |a; ® bj(x)| for all ¢ and j. Hence if N}, =
hO(L*) we have |s(z)|*> < Nglas,|?|bj,|?. Define 1 = k=1 1n|a;,|? and 7o =
k~'In|bj,|* so v; € PSH(L;), and

Gpp(z) —e <k 'In Is()]? < k7 n Ny, 4 v1(2) + 72 ().

As 1y is algebraic it is certainly tame (with constant ¢ say). Thus from (4.18)
we have

Y1(2) < (1)1, 90) () + k'lnC — k_lc)\jwl(x)
< (@) (@) + 5~ In 0’

since A\; < 1 and with a similar expression bounding v2(z). Now N} is
bounded by a polynomial in k, for k sufficiently large,

Py) (%) = € < (D1)r ] + (D2)[uyw0) T €
< zuopl){(%)[wl] + (d2)[1-nyw) ) €

Since € was arbitrary this gives the inequality required. O

We do not expect the previous theorem to be optimal. In addition to the
likelihood of being able to relax the assumptions on the singularity type of
1;, it seems reasonable to conjecture that an analogous statement holds for
maximal envelopes coming from “test curves” of singularities. In the simplest
case, where F' = L, an example of a test curve is a family ¢, € PSH(L) for
A € (0,1) that is concave in A (see below (6.1) for more general definition).

CONJECTURE 5.2. — Suppose 1 x and g » are test curves for L1 and
Ly respectively and set ¢ = sup{t1 x + ¥21-x}*. Then, possibly under
some reqularity assumptions of the test curves, the maximal envelope on the
product is given by

QSW}] = SUP{(¢1)[¢1,A] + (¢2)[w2,1—x] HP S (O’ 1)}*

We have not seriously attempted to prove this conjecture and thus will not
discuss it much further, but presumably the simplest next case to consider are
“piecewise linear” test curves that are locally in A of the form ¢ = (o + \(y
for fixed singular metrics (o and (;. It would be interesting also to investigate
if this generalisation has an algebraic counterpart being related to some kind
of “limit” of the Mustata summation formula.
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6. The Legendre Transform as a Maximal Envelope

Our goal in this section is to show how maximal envelopes on the product
of X with a disc captures the Legendre transform of a test curve of singular
metric, as previously considered by the authors [27]. In the following fix a
compact complex X and big line bundle L and some smooth positive metric
¢ on L.

DEFINITION 6.1. — Suppose F' is a line bundle on X. A test curve on
F is a map X\ — 1y € PSH(AF) for A € (0,¢) for some ¢ such that

(1) 9y is concave in A,
(2) A1y is decreasing in A,
(3) There is a metric ¢ on F such that A=y < ¢ for all X € (0,¢).

Example 6.2. — The simplest example is when F has a holomorphic
section s in which case 1, = Aln|s|? for A € (0,1) defines a test curve on F'.

Remark 6.3. — This definition differs slightly from that used in [27].
To see the compatibility, suppose that L is ample and set F' = L. Then let
Yx € PSH(AL) for A € (0,1) be a test curve on L. By definition, we can
pick a positive ¢, on L such that ¢ > A~y for all \. Now set

oL A<0
Yi=qUa+1—Nor Ae(0,1)
—00 A>1

Then (1) ¢4 € PSH(L) and is concave in A, (2) v} is locally bounded for
A < 0and (3) ¥y = —oo for A > 1. If we assume in addition ¢, has small
unbounded locus for A € (0,1) then this is essentially what is called test
curve in the sense of [27]. Notice furthermore that for A € (0,1) we have
that L — AF = (1 — \)L is big (it is even ample) and

Plwy) = Plyal-
Thus we may apply our regularity result, Theorem 1.1, and its consequences,
to these envelopes.

Now fix a test curve ¥y, and set
O\ = ¢[1/’>\] for \ € (0,0).

It is convenient also to define ¢ = ¢ for A < 0 and ¢, = —oco for A > c.
DEFINITION 6.4. — The Legendre transform of a test curve vy, is de-
fined to be

(/f;t = (sup{on + tA})",
AER

where t € [0, 00).
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In [27] the authors prove that, when L is ample, the Legendre transform
is a weak geodesic ray in the space of metrics in PSH (L) emanating from ¢.
By this it is meant that ¢ = — In |z| where z is a coordinate on the closed unit
disc B in C, then ®(z,t) := qgt(a:) defines a positive metric on the pullback of
L to X x B that is S! invariant and solves the Homogeneous Monge Ampére
equation M A(®) = 0.

We proceed now to show how the Legendre transform itself a maximal
envelope. Let m: X x B — X be the projection and set

Y = sup {Pr+ At}
A€(0,¢)

where the ¢ is as in the definition of the test curve.
THEOREM 6.5. — Let ¢ = ¢ + ct. Then over X X B we have
(]5{1[,,] = ¢r.
Proof. — Suppose v € PSH(L) with v < ¢ and v < ¢ + C for some
A € (0,¢) and constant C. Thenast > 0, y + A < v+ ct < ¢+ ct = ¢ and
Y+M <P+ M+ C <Y +C.
Hence 7 + At is a candidate for the envelope Py i c¢’ giving
Y+ MK Pyrycd’ < By
Taking the supremum over all such ~ gives
Py, yocp+ At < Qbfw/]a
so taking the limit as C' tends to infinity and then the upper semicontinuous
regularisation yields
dx + At < By
and then taking the supremum over all A € (0, ¢) gives

o~

Gt < Bly)-
For the other inequality, for fixed C' > 0 and A € (0, ¢) define
W (@) = inf {Pyr o ¢ (z,1) + Mt}

Thus ’yg is an infimum of plurisubharmonic functions on X x B that depends
only on the modulus of w € B, so by the Kiselman minimum principle
7 is plurisubharmonic. Now one clearly has v{ (z) < ¢/(z,0) = ¢(x) and
moreover

K <imf{y/ +C+ A} =a+C
as the Legendre transform is an involution. Hence, 7)? < Py, and so

VS + A< .
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Now taking the supremum over all A € (0, ¢) and using the involution prop-
erty of the Legendre transform again yields

Pyricd' < o
Taking C' to infinity and the upper semicontinuous regularisation gives
Oy < 9t
which completes the proof. O

Remark 6.6. — As previously remarked, the previous theorem is in fact
a special case of the general conjecture we made for the maximal envelope of
a product (5.2). Essential in the above proof is that all quantities defined on
B have been taken to be S' invariant (i.e. they depend only on t = — In |w|
rather than w) and so the Kiselman minimal principle can be applied.

Remark 6.7. — As a consequence of the previous theorem, clearly any
regularity enjoyed by the maximal envelope ¢E W] will be similarly enjoyed

by the geodesic (Et. A simple modification of the argument in the previous
section shows that, as long as 9’ is exponentially Holder continuous and ¢
is smooth, then ¢; is C1! in the direction of X (the modification needed is
simply to replace Y with L* x B and demand that the vector fields in (4.3)
lie in the subbundle TL* C T'(L* x B)). Moreover one can show with these

same techniques that ggt is Lipschitz in the t variable, but we have not been
able to use them to show it is C™! in this direction as well.

7. Exhaustion functions of Equilibrium sets

We continue to consider the maximal envelopes
P = Dy,
where 1 is a test curve of singularities, and the associated equilibrium sets
Dy :=D(¢,¥x) ={z € X : ¢x = ¢}.
Observe that ¢, are decreasing in A, and thus D) are closed and increasing,
ie.
Dyc Dy if A= N
DEFINITION 7.1. — Denote the ezhaustion function H: X — R by
H(z) =sup{A>0:z € Dy}
— sup{A > 0: 6 (x) = 6(x)}.
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When necessary we shall write Hy 4 or Hy to emphasise the dependence
on the metrics in question. Note that since each D) is closed, it is clear that
Hy is upper-semicontinuous.

We show now that this exhaustion function is the time derivative of the
associated geodesic ray coming from the Legendre transform:

THEOREM 7.2. — Fiz a smooth metric ¢ € PSH(L) and let ¢; be the
Legendre transform associated to the test curve ¥y. Then

Aoy

s = H,.

dt ¢

t=0"+

The proof will rely on an elementary lemma from convex geometry.

LEMMA 7.3. — Let u = us be a real valued convex function in the one
variable t such that uy = ug for t <0 and set vy = inf {u; — At}. Then

du

p =sup{A: vy =up}.

t=0+

Proof. — Observe that by convexity and the assumption that u; is con-
stant for ¢ < 0 we have u; is increasing in t. Moreover vy < ug for all A and
so vg = infy uy = ug. Thus the set S = {\: vy = up} is a non-empty interval
in R. Setting w(e) := €1 (ue — ug) for € > 0, the convexity of u; implies w is
non-decreasing and we have to show

li = S.
Jim, w(e) = sup

First suppose A € S. Then uy — A\t > wq for all ¢, and so w(e) > A for
all € > 0, and hence lim _,o+ w(e) > sup S. In the other direction, suppose
A > sup S and pick some A € S with X < A. Then as A ¢ S there is a ¢ so
that u; — tA < ug. But as M € S we certainly have ug = vy < uy — Nt and
putting these together shows ¢ > 0. Thus w(t) < A and so lim¢_,o+ w(e) < A
by monotonicity of w. Since S is an interval and this holds for all A > sup S
we conclude lim._, o4 w(e) < sup S as required. |

Proof of Theorem 1.9. — Define
™= iItlf{QA% — At}
By the Kiselman minimum principle v, € PSH(L). We claim that
Ya = Pa- (7.1)

Assuming this, the result we want follows directly from the previous Lem-
ma 7.3 as

o1

7 =sup{\: v\ = QASO} =sup{: ¢ = ¢} = Hy.
t=0+
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Thus it remains to prove (7.1). Note that ¢;(z) = sup,{éa(z) + At} for
almost every x (the point being that the Legendre transform also requires
us to take the upper semicontinuous regularisation). Thus for such = an
elementary argument (essentially the involution of the Legendre transform)
yields yz(z) = ¢r(x). Thus v, and ¢, are two plurisubharmonic functions
that agree almost everywhere, and hence are identically equal. |

8. Divisorial Exhaustion maps

We now restrict to the special case of the exhaustion map associated to
a divisor D. Let Apax = sup{X : L — AD is big}. We assume that D does
not intersect B4 (L — AD) for all A € (0, Apax). Define ¢y = Aln|sp|? for
A € (0, Amax) where sp is the defining section of D.

As above we set ¢ = @y, and Dy = {#x = ¢} (and the usual convention
that ¢y = ¢ for A < 0so Dy = X, and for A > A\.x we set ¢ = —o00 so D)
is empty). We write the associated exhaustion function as H or Hp.

Now the volume of the equilibrium sets measures the rate of growth of
the subspace of sections of L* contained in the relevant multiplier ideal
Z(kyy) = Z(kIn|sp|?) = O(=kD) (Corollary 4.25). If A € (0, Appaz) then
L — A\D is big, and thus

RO (k(xL — AD)) = vol(L — AD)E™ 4+ O(k™ 1)

where vol(L — AD) := 4 [\ (c1(L — AD))". Thus we conclude

vol(Dy, M A(¢)) := i MA(¢) =vol(L — AD) for all \. (8.1)

Our goal is to analyse this volume change in terms of the sections of kL
that vanish to a certain order along D. To do so it is natural to express our
results in terms of the Okounkov body whose construction we briefly recall
now (and refer the reader to [19, 27, 18] for details).

Let X DY,_1 D -+ DY) be a flag of smooth subvarieties of X with
dimY; =i and n = dim X. Starting with Y,,_; we have a valuation

vi: HY(X,L*) - Z given by vy(s) = ordy, ,(s),

where ordy, _, is the order of vanishing along Y,,_;. If £ denotes the defining
equation for Y,_1, then by definition § := st=(*) restricts to a non-trivial
section of L]y, _,, and thus we have a second valuation

VZ(S) = OrdYn72 (§|Yn72)'
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Proceeding in this way gives a map
v: HY(LF) - Z™ given by  v(s) = (v1(s),...,vn(s)).

We set Ay = k~lim(v: HO(L®*) — Z") and the Okounkov body is defined
to be
A = A(X, L) = ] Convex(A)
k
where Convex denotes the taking the convex hull and the bar denotes topo-
logical closure.

When L is big, the volume of A taken with respect to the Lebesgue
measure is precisely the volume of L taken with respect to the line bundle L.
This fundamental property lies at the cornerstone of the work of Lazarsfeld—
Mustata who use the Okounkov body to study the volume functional on the
space of big line bundles, and of Kaveh—Khovanskii who give applications by
considering even more general valuations.

Suppose now our flag of smooth subvarieties whose divisorial part is given
by D (i.e. Y,—1 = D in the notation above).

THEOREM 8.1. — The pushforward of the volume form MA(¢$) under
the exhaustion function Hp is given by

Hp.(MA(¢)) = pr1+(do|a(x,r))

where do denotes the Lebesgue measure on R™ and p1: R™ — R is the pro-
jection to the first coordinate.

Proof. — As we will see, this result follows rather easily from our knowl-
edge of the volume of the equilibrium sets (8.1). For A € Q let Uy = (A, 00).
First observe that if A < 0 (resp. A > Amay) then py*(Uy) = A(X, L) (resp.
is empty) and H~1(U,) = X (resp. is empty) and so both measures in ques-
tion are concentrated on the interval [0, Apax]. So now let A € (0, Apax) N Q.
Then by construction Dy C H~1(U,) and so

vol(Uy, H. M A(¢)) = vol(Dy, M A(¢)) = vol(L — AD).
On the other hand p; ' (Ux)NA(X, L)) is (a translate of) the Okounkov body
of X taken with respect to L — AD [19, §4.24]. Thus

vol(Uy, H, M A(¢$)) > vol(L — AD) = vol(p; (Uy), do).

Since this holds for rational A, by continuity it holds for all A € (0, Apax)-
But the total mass of the two measures in question is equal to vol(L), and
thus since they are both positive measure they must be equal. O

)

For our second result along these lines notice that by construction |Ag| =
hO(LF). Moreover the points in Ay, determine a filtration of H°(L*) obtained
by the valuation, namely for o € Ay, set F, = {s € H'(LF) : v(s) > ka}
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where the inequality is taken in the lexicographic order. Thus using the L2-
inner product on H°(L*) we see there is a unique L2-orthonormal basis {s4 }
for a € Ay for HO(LF) with the property

v(sa) =ak for a€ Ag.

Remark 8.2. — In the toric case the Okounkov body is nothing other
than the usual Delzant polytope and kA is precisely the integral points
in kA and one can pick torus invariant sections to achieve the same result.
Thus what we are doing here can be thought of as a generalisation of the
usual toric picture in which the torus action has been replaced with the data
of a divisor D in X and a hermitian metric ¢ on L.

THEOREM 8.3. — We have

> 1lsal
Hp =limsup == — 2
k—o0 Eaklsa@

almost everywhere on X.

where a1 = p1 ()

The proof of this will uses the connection between the partial Bergman
function and the maximal envelopes. For fixed rational A, we consider the
partial Bergman kernel

Bk =B\, ¢) = Z sgl5 for kA €N
B

where {sg} is any L2-orthonormal basis for the subspace H®(ZpFL¥). Since
this definition is independent of basis chosen, in terms of the notation above

it is thus given by
By = Z |sal5
a1 Z2A

(the sum being understood as over all & € Ay, whose first coordinate is at
least \).

Proof of Theorem 1.10. — By the standard asymptotic of the Bergman
function, k7" |3a|3, tends to 1 uniformly on X as k tends to infinity.

Thus if we let
fo=kT" Za1|sa|i

and
f =limsup fj
k

it becomes sufficient to prove that f = Hp almost everywhere on X. To
this end, fix € X and some rational X > Hp(z). Then if A’ > A\ we have
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By < Cle?@)=x(2) < O e?@)=0x () Thyus

fel@)=k"" > Byx(x)

Aep1(Ar)
=k Y Bax(@)+ k" Y Bag(z)
AN o

< O\ + Ok ek(@(@) = (2))

where C} is a sequence of constants that tends to 1 as k tends to infinity.
Now since A > Hp(x) we have ¢ (x) < ¢(x). Thus taking the limsup
yields f(x) < A and letting X tend to Hp(z) we deduce f(z) < Hp(x) for
all z € X.

Now as each s, has unit L?-norm we clearly have

[ paraw) = 3 o [ o

aEAg

where do is the Lebesgue measure and x; is the first coordinate. But from
the pushforward property (Theorem 8.1) this last integral is equal to
Jx HpMA(¢). Thus from Fatou’s Lemma,

[ 13 = [ timsup fedra@) >t [ giviae) = [ HoMA)

Hence we must in fact have [, fMA(¢) = [ HDMA(¢), and thus f = Hp
almost everywhere on X as required. |
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