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A note on Riley polynomials of 2-bridge knots (∗)

Teruaki Kitano (1) and Takayuki Morifuji (2)

ABSTRACT. — In this short note we show the existence of an epi-
morphism between groups of 2-bridge knots by means of an elementary
argument using the Riley polynomial. As a corollary, we give a classifica-
tion of 2-bridge knots by Riley polynomials.

RÉSUMÉ. — Dans cette note nous montrons l’éxistence d’un epimor-
phism entre les groupes des noeuds à deux ponts par un argument élémen-
taire en utilisant le polynôme de Riley. Comme corollaire, nous donnons
une classification des noeuds à deux ponts par polynômes de Riley.

1. Introduction

Let K = S(α, β) be a 2-bridge knot given by the Schubert normal form
(see [1, Chapter 12]). Here α > 0 and β are relatively prime odd integers
satisfying −α < β < α. We denote the set of all such pairs (α, β) by S.
Two knots S(α, β) and S(α′, β′) are equivalent if and only if α = α′ and
β′ ≡ β±1 (mod α). In this note, we will identify S(α, β) with its mirror
image S(α, β)∗ = S(α,−β). Namely we will consider two 2-bridge knots
S(α, β) and S(α′, β′) to be equivalent if and only if α = α′ and either
β′ ≡ β±1 (mod α) or β′ ≡ −β±1 (mod α).

The knot group G(K) = π1(S3 \K) of K = S(α, β) has a presentation

G(K) = 〈x, y |wx = yw〉
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where w = xε1yε2 · · ·xεα−2yεα−1 and εi = (−1)[
β
α i]. Here we write [r] for

the greatest integer less than or equal to r ∈ R. It is easily checked that
εi = εα−i holds. The above presentation is not unique for a 2-bridge knot
K itself, but the existence of at least one such presentation follows from
Wirtinger’s algorithm applied to the Schubert normal form of S(α, β). The
generators x and y come from the two overpasses and present the meridian
of S(α, β) up to conjugation.

A representation ρ : G(K) → SL(2;C) is called parabolic if tr ρ(x) =
tr ρ(y) = 2 holds and ρ is nonabelian (i.e. Im ρ is a nonabelian subgroup of
SL(2;C)). We consider a map ρ from {x, y} to SL(2;C) given by

x 7→ X =
(

1 1
0 1

)
and y 7→ Y =

(
1 0
−u 1

)
,

where u 6= 0 ∈ C. Moreover we define a matrix W = (wij) by W =∏(α−1)/2
l=1 Xε2l−1Y ε2l . Riley proved in [6, Theorem 2] that the above map

ρ gives a parabolic representation of G(K) if and only if w11 = 0 holds. It
is easy to see that any parabolic representation of G(K) can be realized in
the above form up to conjugation. We call this polynomial w11 ∈ Z[u] the
Riley polynomial of K = S(α, β) and denote it by φS(α, β)(u). Then we have
a map R : S → Z[u] defined by the correspondence (α, β) 7→ φS(α, β)(u).

The purpose of the present note is to show the following result.

Theorem 1.1. — Let K1 = S(α1, β1), K2 = S(α2, β2) be 2-bridge
knots. If φS(α1, β1)(u) = φS(α2, β2)(u), then there exists an isomorphism
G(K1)→ G(K2) and thus K1 and K2 are equivalent.

Remark 1.2. — As we will see in the next section, the Riley polynomial
is not determined by the knot group itself (see Example 2.1). Hence the
converse statement of Theorem 1.1 does not hold. In other words, the map
R : S → Z[u] does not descend to the quotient S/ ∼, the set of equivalence
classes of 2-bridge knots.

The above theorem directly follows from Theorem 3.1 which states the
existence of an epimorphism between groups of 2-bridge knots. In the next
section, we quickly review some properties of the Riley polynomial. We will
prove Theorem 1.1 in Section 3. In the last section, we give a proof of a
special case of Hartley–Murasugi’s result to make this note as self-contained
as possible.
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2. Properties of Riley polynomials

The definition of the Riley polynomial φS(α, β)(u) depends on a choice
of a presentation of the knot group G(K). Namely G(K) itself does not
determine φS(α, β)(u).

Example 2.1. — Let us consider a pair of equivalent 2-bridge knots K =
S(7, 3) and K ′ = S(7, 5). They have the isomorphic knot groups G(K) ∼=
G(K ′) but different ε-sequences

(εi) = (1, 1,−1,−1, 1, 1) and (ε′i) = (1,−1, 1, 1,−1, 1).
By a straightforward calculation, we have

φS(7,3)(u) = 1− 2u+ u2 − u3 and φS(7,5)(u) = 1− 2u− 3u2 − u3.

Namely it shows that φS(7,3)(u) 6= φS(7,5)(u) although K = S(7, 3) and
K ′ = S(7, 5) are equivalent.

On the other hand, a 2-bridge knot S(α, β) and its mirror image
S(α, β)∗ = S(α,−β) share the Riley polynomial.

Claim 2.2. — Let K = S(α, β) and K∗ = S(α,−β) its mirror image.
Then we have φS(α,−β)(u) = φS(α, β)(u).

Proof. — Since [r] + [−r] = −1 holds for r ∈ R \ Z, ε-sequences for K
and K∗ satisfy ε∗i = −εi for 1 6 i 6 α − 1. By the inductive argument on
the length of ε-sequence, we can show that

w∗11 = w11, w∗12 = −w12, w∗21 = −w21, w∗22 = w22

for

W = (wij) =
(α−1)/2∏
l=1

Xε2l−1Y ε2l

and W ∗ = (w∗ij) =
(α−1)/2∏
i=1

Xε∗
2l−1Y ε

∗
2l .

Therefore we have φS(α,−β)(u) = φS(α, β)(u). �

Let S+ be the subset of S satisfying β > 0 and further
S∗+ =

{
(α, β) ∈ S+

∣∣ ∃ (α, β′) ∈ S+ s. t. ββ′ ≡ 1 (mod α) and β′ < β
}
.

We define S to be S+ \ S∗+. As an immediate corollary of Theorem 1.1 and
Claim 2.2, we have the following.

Corollary 2.3. — The restriction of R, namely R|S : S → Z[u] is
injective.

– 1213 –



Teruaki Kitano and Takayuki Morifuji

3. Proof of Theorem 1.1

Let Ki = S(αi, βi) (i = 1, 2) be 2-bridge knots and φS(αi, βi)(u) (i = 1, 2)
their Riley polynomials. To prove Theorem 1.1, we first show the following.

Theorem 3.1. — If φS(α2, β2)(u) is a factor of φS(α1, β1)(u), then there
exists an epimorphism from G(K1) to G(K2).

Proof. — Now we fix the presentations of G(K1) and G(K2) as in Sec-
tion 1:

G(K1) = 〈x1, y1 |w1x1 = y1w1〉, G(K2) = 〈x2, y2 |w2x2 = y2w2〉.
Assume φS(α1, β1)(u) = φS(α2, β2)(u)ψ(u) for some ψ(u) ∈ Z[u], where the
degree of φS(α1, β1)(u) is n + k and deg φS(α2, β2)(u) = n. Let u1, u2, . . . , un
be the zeros of φS(α2, β2)(u) counting multiplicity. They are also zeros of
φS(α1, β1)(u) by the assumption.

Since each zero of the Riley polynomial corresponds to a parabolic rep-
resentation of the knot group, we can consider all parabolic representations
ρ1

1, ρ
1
2, . . . , ρ

1
n+k for G(K1) and ρ2

1, ρ
2
2, . . . , ρ

2
n for G(K2), where

ρ1
j (x1) = ρ2

j (x2) =
(

1 1
0 1

)
and ρ1

j (y1) = ρ2
j (y2) =

(
1 0
−uj 1

)
hold for 1 6 j 6 n. We take the direct products of these representations as

Φ1 : G(K1) 3 g 7→
(
ρ1
j (g)

)
j=1,...,n+k ∈ SL(2;C)n+k,

Φ2 : G(K2) 3 g 7→
(
ρ2
j (g)

)
j=1,...,n ∈ SL(2;C)n

and put Γi = ImΦi which is a subgroup of SL(2;C)n+k or SL(2;C)n gen-
erated by Φi(xi) and Φi(yi). The natural projection to the first n factors
p : SL(2;C)n+k → SL(2;C)n induces a homomorphism p : Γ1 → SL(2;C)n,
and clearly p(Φ1(x1)) = Φ2(x2) and p(Φ1(y1)) = Φ2(y2) hold. Hence we
obtain an epimorphism p : Γ1 → Γ2.

By Thurston’s hyperbolization theorem for Haken 3-manifolds, any knot
in the 3-sphere S3 is either a torus knot T (p, q), or a satellite knot, or a
hyperbolic knot, i.e. its complement admits a complete hyperbolic metric
with finite volume (see [10]). By [8] a knot with bridge number 2 cannot
be a satellite, hence a 2-bridge knot is a torus knot T (2, q) where q is odd
(because the bridge number of T (p, q) is min{|p|, |q|} by [8]), or a hyperbolic
knot. So let us consider the following two cases.

(1) If K2 is hyperbolic, there exists a parabolic and faithful representa-
tion of G(K2) into SL(2;C) (see [10]). Hence Φ2 is injective. Apply-
ing the inverse of Φ2, we obtain an epimorphism

Φ−1
2 |Γ2 ◦ p ◦ Φ1 : G(K1)→ G(K2) .
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This completes the proof in this case.
(2) If K2 = T (2, q), a torus knot with an odd integer q, there is a

parabolic faithful representation G(K2)/Z(G(K2)) → PSL(2;R) ⊂
PSL(2;C), where Z(G(K2)) ∼= Z is the center of G(K2) (see [9]). In
fact, the image of G(K2)/Z(G(K2)) is isomorphic to the (2, q,∞)-
triangle Fuchsian group in PSL(2;R). This homomorphism lifts to
SL(2;C) and the lift is also faithful, so we can apply the same
argument as in (1). Namely we have an epimorphism G(K1) →
G(K2)/Z(G(K2)). Finally by a result of Hartley–Murasugi [3] (see
also Section 4), this epimorphism lifts to G(K2).

�

Proof of Theorem 1.1. — If φS(α1, β1)(u) = φS(α2, β2)(u), we obtain two
epimorphisms ϕ12 : G(K1) → G(K2) and ϕ21 : G(K2) → G(K1) by Theo-
rem 3.1. Hence we have the epimorphism ϕ21 ◦ϕ12 : G(K1)→ G(K1). Since
any knot group G(K) is known to be Hopfian (this follows from the facts
that any knot group is residually finite [4] and a finitely generated, residually
finite group is Hopfian [5]), namely, every epimorphism of G(K) onto itself
is an isomorphism, we see that ϕ12 and ϕ21 are injective. Therefore we can
conclude G(K1) ∼= G(K2). Every 2-bridge knot is prime, so K1 is equivalent
to K2 (see [2, Corollary 2.1]). This completes the proof. �

4. Lifting problems

In this section, we prove that any epimorphism from any knot group onto
the quotient of a torus knot group by its center can lift to the torus knot
group. This is a special case of the result of Hartley and Murasugi (see [3]),
but here we give a proof to make this note self-contained.

Let K be a knot and G(K) its knot group with the abelianization α :
G(K)→ Z ∼= 〈m〉. We simply write G(p, q) to G(T (p, q)) for the (p, q)-torus
knot T (p, q). It is known that G(p, q) has the following presentation

G(p, q) = 〈x, y |xp = yq〉
and its center is the infinite cyclic group generated by z = xp = yq. We write

π : G(p, q)→ G(p, q) = G(p, q)/〈z〉 = 〈x, y |xp = yq = 1〉
and γ : Z = 〈m〉 3 m 7→ m ∈ Z/pq = 〈m |mpq = 1〉. Further we take the
abelianization β : G(p, q) 3 x 7→ mq, y 7→ mp ∈ Z/pq.

Proposition 4.1 (Hartley–Murasugi [3]). — If ϕ : G(K) → G(p, q) is
an epimorphism such that β ◦ ϕ = γ ◦ α, then there exists a lift ϕ : G(K)→
G(p, q) of ϕ : G(K)→ G(p, q) such that π ◦ ϕ = ϕ.
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Proof. — The torus knot group G(p, q) = γ∗(G(p, q)) can be described
as the fiber product

γ∗(G(p, q)) γ̃ = π−−−−→ G(p, q)

β̃

y yβ
Z −−−−→

γ
Z/pq.

More precisely, the fiber product γ∗(G(p, q)) is a subgroup of G(p, q)×Z as

γ∗
(
G(p, q)

)
=
{

(g,ms) ∈ G(p, q)× Z |β (g) = γ(ms)
}
.

Since there exists an exact sequence

1→ Ker(π) = 〈(1,mpq)〉 → γ∗(G(p, q))→ G(p, q)→ 1,

we can see G(p, q) ∼= γ∗(G(p, q)).

By the assumption, we have an epimorphism ϕ : G(K) → G(p, q) such
that β ◦ ϕ = γ ◦ α. For any g ∈ G(K) we then define

ϕ(g) = (ϕ(g), α(g)) ∈ G(p, q)× Z ,

and it gives an epimorphism ϕ : G(K)→ G(p, q) satisfying π ◦ ϕ = ϕ. �
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