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Walls in infinite bent ferromagnetic nanowires *)

ABDEL KADER AL SAYED () AND GIiLLEs CarBoOU (2

ABSTRACT. — We study a one-dimensional model for a bent ferromagnetic
nanowire. We prove the existence of static solutions describing either one domain
or two domains separated by a wall. We address the stability of these solutions. In
particular, we show that the asymptotically stable wall profiles are pinned at the
bend even in presence of a small applied magnetic field.

RESUME. — Dans cet article, on étudie un modéle monodimensionnel de fil fer-
romagnétique présentant un coude. On explicite toutes les solutions stationnaires
décrivant soit un domaine soit deux domaines séparés par un mur. On étudie ensuite
la stabilité de ces solutions. On montre en particulier que certains profils de murs
sont asymptotiquement stables, l'interprétation physique de ce résultat étant que
les murs restent bloqués au niveau du coude, et ce méme en présence d’un champ
magnétique appliqué.

1. Introduction

Ferromagnetic nanowires are used in a wide range of applications such as
microelectronics, paints for radar stealth, transformers, and computers. In
particular, ferromagnetic nanowires can be used to record and store data on
racetrack memories (see [13]). In such devices, the magnetization tends to
be aligned in the direction of the wire, in one sense or the other. As a result,
one observes in nanowires the formation of domains (large zone in which the
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magnetic moment is in the wire axis) and domain walls (thin zones in which
the magnetic moment presents large variations).

In the framework of data storage, the stability of the walls position is
crucial. Indeed, a non-desired movement of a wall may induce a degradation
of the data.

Many papers address the stability of walls in ferromagnetic nanowires
(cf. [4, 5, 6, 7,10, 11, 15]). In [5], the stability of wall profiles is proved in the
case of an infinite straight nanowire (i.e. without curvature). We remark that
we do not have asymptotic stability because of the possible translations and
rotations of the wall. In addition, even a small applied magnetic field can
produce a displacement of the wall. In the case of finite-wires, walls profiles
are linearly unstable (see [6]).

In this paper, we prove that a bend in a wire attracts the walls so that
profiles for walls centered at the bend are asymptotically stable. This prop-
erty is well-known in Physics literature (see [8, 9] for example) but to our
knowledge, this is the first mathematical work about the effects of curvature
on the walls stability in nanowires.

Let us recall the 3d model for ferromagnetic materials (see [3, 12]). We
consider a ferromagnetic body occupying the volume Q C R3. We denote
by M (t,x) the magnetization distribution at the time ¢ and the point x €
. The material is supposed to be saturated so that the norm of M (t,x),
denoted by My, does not depend on ¢t and x. The variations of M satisfy the
Landau-Lifschitz equation:

oM ay

— =—YM X Hyg — —M x (M x H,

7% Y = 3L ( off)
where x is the cross product in R3, 7 is the gyromagnetic ratio, a is the
damping coefficient and where the effective field Heg is given by:

A
Heot = ———AM + Hy(M) + H,. 1.1
eff PNIE + Hg(M) + (1.1)

In (1.1), A is the exchange constant, g is the permeability of the vacuum,
H, is the applied magnetic field and Hy(M) is the demagnetizing field.

This last field is deduced from M by the law of Faraday: div B = 0 (B
is the magnetic induction), the constitutive relation: B = po(H + M) (M is
the extension of M by zero outside 1), and by the static Maxwell equation:
curl H = 0. So, Hy(M) is obtained from M by solving the system:

curl Hy(M) =0 and div(Hg(M)+ M) = 0. (1.2)
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We rescale the time variable: ¢t = vMt, and the space variables z =

M .
Ho%=x. Rewriting M as

M2
M(t,X) = Mm <7Mst7 ﬁl%sx) )

we obtain the following dimensionless model:
Om=-mxH—amx (mxH) (1.3)
with
H=Am+ Hy(m) + h,,

where the rescaled applied field is h, = %
In this paper we are interested in an infinitely long wire with one bend.
We consider the following one-dimensional model justified by asymptotic

process in [2, 5, 6, 16].
The wire is parametrized by:
u o if 0,
ooy T it (1.9
rzep ifx>0

N . . R BN . .
where (€1, €3, €3) is the canonical basis of R3 and @ = <—0215n[3> is a unitary
0
vector in the plane (€7, €3). The angle 8 = (4, €1) is supposed to be in ]0, 7[.

\u'\

Figure 1.1. Bent nanowire

Using the parametrization (1.4), the magnetic moment m is defined on
R* xR with values in R? and satisfies the saturation constraint |m(¢,z)| = 1.
As it is proved in [5, 6, 14], the equivalent 1d demagnetizing field reduces to
the following local operator:
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where (-|-) is the usual scalar product in R3, and 7(z) is the direction of
the wire at the point x (with |7] = 1). In our case, 7 is given by

) = {ﬂ' for x < 0, (1.5)

—

e; forx > 0.

We remark that since m x hq(m) = 3m x ((m|7)7), we can replace hy(m)
by % ((m|7)7) in the Landau-Lifschitz equation. In addition, rescaling the
space and time variables, we get rid of the coefﬁ01ent = in front of the de-
magnetizing field so that we obtain the following model for our bent wire:

{%Tz—mxHe(m)—ozmx (m x He(m)) fort>0and x € R, (1.6)

He(m) = Opgm + (m | 7(2))7(x) + ha(2),
where 7 is defined by (1.5) and h, : R — R3 is the 1d resulting applied field.

Remark 1.1. — In our model, there is no jump for m and d,m at the
bend:

(ml] := m(t,0%) — m(t,07) = 0
and [|0,m|] = 0,m(t,07) — 9,m(t,07) = 0. (1.7)

For vanishing applied field, we deal with stationary solutions separating a
+i-domain in R~ # and a £¢€7-domain in RT€7. So that we look for solutions
satisfying:

m(z) —— £ and m(x) —— €7 (1.8)
T——00 T—+00

We first exhibit all the solutions for (1.6)—(1.8). We denote ¥/ = (:;2%)
0

THEOREM 1.2. — For 8 € |0,x|, there are eight stationary solutions
for (1.6) with h, = 0 satisfying the limit conditions (1.8).

The solutions satisfying the limit condition m(x) — —u when x — —o0
are given by:

m ( ) tanh( )’LL + m _’ Zf S
€Tr) =
1 tanh(l’ =+ c)el —+ m Zf 2

with ¢ = artanh(sin g), (1.9)

)

)

tanh(x + €)@ + ————7 if x
mo (x — ( ) cosh(w—&-i) . f
—tanh(z — ¢)é3 — o2 i

with ¢ = artanh(cos g), (1.10)

<0
20

b
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(@) tanh(x + ¢)d — mﬁ if x <0,
ms(z) =
’ tanh(x — ¢)éq — me_é ifx >0,
with ¢ = artanh(sin g), (1.11)
() tanh(x — ¢)d — mﬁ if x <0,
my(z) =
4 —tanh(z + ¢)é1 + m% ifx > 0.

with ¢ = artanh(cos g) (1.12)

The solutions satisfying the limit condition m(x) — 4 when x — —o0 are
given by —my, —msy, —mg and —my.

It is worth noting that the solutions m; and mg correspond to a wall
profile in the case of a straight wire (case 8 = 0). The solution my corre-
sponds to a +€1-domain in a straight wire. We remark also that the solution
m, is specific to the bent-wire case and has no equivalent in the case of a
straight wire. Theorem 1.2 is proved in Section 2.

We address now the stability of these solutions. We recall that in the
case of straight wire, a +¢€j-domain and —ej-domain are asymptotically sta-
ble while a wall profile is stable but not asymptotically stable because of the
invariance of the system by translation in the xz-variable and rotation around
the wire axis. We obtain the following result concerning the asymptotic sta-
bility of m; and my.

THEOREM 1.3. — Let 5 # 0 mod w. Then my given by Theorem 1.2 is
asymptotically stable for Equation (1.6) with vanishing hg, i.e. for alle > 0,
there exists 1 > 0 such that for all initial data mg such that

mo —m; € H'(R) and |mo(z)| =1 for all z € R,

if [mo —my | g1y < 0, then the solution of (1.6) with initial data m(0,x) =
mo(xz) and with hg = 0 satisfies:

e Vi>0, ||m(t) — m1||H1(R) < g,
o ||m(t) — my||g1(r) tends to zero when t tends to +oc.

The same result holds for —mi, my and —my given by Theorem 1.2.

The other solutions are unstable:

THEOREM 1.4. — For 3 €10, x|, the solutions my, —msy, mz and —ms
given by Theorem 1.2 are linearly unstable for Equation (1.6) with limit
conditions (1.8).

- 901 -



Abdel Kader Al Sayed and Gilles Carbou

Contrary to the straight-wire case, the wall is pinned at the bend, so that
the profile m; is asymptotically stable. In addition, we lose the invariance
by rotation around the wire axis so that only one chirality of the wall profile
is relevant. This is the reason why mjs is unstable.

In order to consider only perturbations satisfying the saturation con-
straint, we use in Part 3 the mobile frame method developed in [5, 6, 7].
This step is followed by a careful study of the linearized equation which en-
sures the asymptotic stability for m; and my (see Section 4) and the linear
instability for my and mjs (see Section 5).

After that, we study the behavior of asymptotically stable configurations
when the wire is submitted to an applied magnetic field. In the case of a
straight nanowire, a non-vanishing applied field in the direction of the wire
induces a displacement of the wall (see [5] and [10]). In our bent-wire case,
we only assume that the applied field is along the wire far from the origin:
let ¢ € CO(R; R3) such that

FJA>0,VzeR, x>A=¢&x)=¢ and {(—z) = 4. (1.13)

We assume that the applied field h, is given by

ho(z) = X(z), A eR. (1.14)

We prove that a small non-vanishing applied field defined by (1.14) does
not induce wall motion: the wall remains pinned at the bend.

THEOREM 1.5. — Let 8 € |0,7[, let my given by Theorem 1.2. There
exist hmax > 0 and a one parameter family A — m(\) satisfying:

e m(0) =my,

e m(\) is defined for |A| < hmax and is a stationary solution for (1.6)
with he given by (1.14)

e A= m(\) —my is in CH([~hmax, Pmax); H2(R)).

In addition, for all A € [—hmax, hmax], M(X) is asymptotically stable for (1.6).

The same result holds for Solutions —my, my and —my given by Theo-
rem 1.2.

Section 6 of the present paper is devoted to the proof of this Theorem
using the implicit function theorem.
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2. Stationary solution

We consider Mj a stationary solution for (1.6) with h, = 0 satisfying the
limit condition (1.8). Writing Mj as:
My (z) =sinf~ (x)@ + cos 6~ (x) cos o~ ()T
+cosf (z)sinp (x)é; for z in R,
Mo (z) = + Ot (e +
M (z) = sinf* (z)e1 + cos 0T (x) cos T (z)é3
+cos Ot (z)sinp™(z)e3  for z in R,

(2.1)

where
cos 8 sin 8
= | —sing and v = | cosfB |,
0 0

we obtain that M) is a stationary solution for (1.6)—(1.8) if and only if
the following four assertions are satisfied:

(1 X (OwaMy + (Mg |0)@) ,
X (Ope My + (Mg | €1)é7)
a

) M,
i) M ;

(111) M, (0) = M (0) and dM(fi(O) = de‘i(O) (jump conditions (1.7)),
) My

( v
o ——— Fii, Mj ——— 4¢; (limit condition (1.8)).
T—r—00 T—+00

Plugging (2.1) in the first equation (i), we obtain that:

dde + ’ sm 0~ cosf~ +sinf cosf~ =0 forxzeR™, (2.2)
—dd > cos 0~ —|—2d‘9x d“” sinf~ =0 forx e R™.
The second equation yields - (dfm cos?6~) = 0, so that
d
21033 cos? 0~ = cst. (2.3)
From (iv), we obtain that 6~ (z) ———— § mod . This implies that the
r—r—00
constant in (2.3) is zero, so that:
do-
% cos?0~ = 0. (2.4)
Therefore
do—
VaeR™ (;,0 =0orf (r)=—- modmw (2.5)
x
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Let us prove that we have either (V z € R™, 07 (x) =
(VreR™, 4 =0).

% mod ) or

Assume that we are not in the second case, that is that there exists
zo such that dd%(xo) # 0. By continuity argument, this is also satisfied

in a neighborhood of zg. Therefore, by (2.5), 6~ (z) = 7 mod 7 in this
neighborhood of zero, and by continuity argument, there exists k € Z such

that 0~ (x) = 5 + km in this neighborhood of zero (k is the same for all x

in this neighborhood). So %(wo) = 0. Therefore, 8~ is a solution for the
Cauchy problem:

_ _ 2

djgz + ‘dd% sinf~ cosf~ +sinf~ cosf~ =0 forx € R7,
0~ (zo) = 5 + kom, dd%(zo) =0.

By uniqueness argument, we obtain that

VzeR™, 0 (z) = g + ko

In the second case, we remark that ¢~ is constant, and that 6~ is a
solution of the pendulum equation

d26-

dx?

+sinf"cosf” =0 for xzeR™. (2.6)

Since 6~ satisfies the limit condition (iv), either 6~ is constant equal to 7
mod 7 or #~ is a solution represented by a separatrix on the phase portrait.

Remark 2.1. — By solving (2.6), we obtain that the solutions 6 repre-
sented by a separatrix are on the form x — km + e arcsin(tanh(x + ¢)) where
¢ is an arbitrary constant, ¢ = +1 and k € Z. Thus for these solutions, we
have sin(6(z)) = atanh(x + ¢) and cos(f(x)) = b where a = +1 and
b==+l1.

1
cosh(z+c)

From (ii) and (iv), the same analysis on R* yields that we have: either
6" = % mod 7 or A7 is a solution on the separatrix of the phase portrait
and in the last case, ©* is constant on RT.

We will now discriminate the different cases by using the transmission
condition (iii).

Case 1. —If 0= (z) = § mod 7 for < 0 and 0% (z) = 5 mod 7 for
x > 0, then M (z) = @ and My = £€;. So by jump conditions (iii) we
have © = +€7, which is impossible since 8 # 0 mod .

Case 2. — If 6~ (x) = T mod 7 for z < 0 and if on R, 67 is a solution

of (2.6) represented by a separatrix and ¢ is constant, then M, = £ so

-904 —
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"
by (iii), dg/io (0) = 0. This last equation implies that d9 —(0) = 0, which is
impossible on the separatrix. In the same way, the case 9+ = 7 mod 7 is
also impossible.

The analysis of the first two cases yields that #~ and 6% are trajectories
on the separatrix of the phase portrait and ¢~ and ¢ are constant.

Case 3. — Let us assume that ¢~ # 0 mod 7 or ¢t # 0 mod 7. Then,
for z > 0, M{ is in the plane Pt given by

Pt = gpan {e_{ , cos T €3 + sin <p+e_§,} ,

N
thus, dﬁ“ € PT for x > 0.

In the same way, for x < 0, My an
P~ =span {ﬁ, cos cp*f;'—i— sin gofu_)’} .
By the jump conditions (iii) we have

dMy , _ dM, +
0
dx (07) = dx

MF(0")=M;(07)e PTNP~ and —2 (0*)e PtnP".
Since one of the angles ¢~ or ¢ is different from 0 mod 7, PT N P~
+
a straight line, so that Mg (0) dﬁo (0) are collinear. In addition, from
+
the saturation constraint |M, | = 1, we obtain that M (0) dﬁo (0), so

dmF .. . 40+ A . .
72 (0) = 0. This implies that -(0) = 0, which is impossible since
0T parametrizes a solution on the separatrix.

Therefore the only possible case is the following:

Case 4. — T = 0 mod 7 (so that Mj takes its values in the plane
Ré7 + Ré3) and 6~ and 07 are solutions of the pendulum equation on the
separatrix. Therefore:

1
M{ = a” tanh N+ ———— 0
o =a tanh(z 4+ ¢ )d+ cosh(x—i—c*)U’
where b~ € {—1,1} and a= = —1 or o~ = +1 if M (z) tends to @ or —«
respectively when = tends to —oo, and
1

+ _ + g2 - &
My =a" tanh(z +¢)éqg + b cosh(x+c+)€27

where bt € {—1,1} and a™ = 1 or a™ if My (z) tends to €1 or —€j respec-
tively when z tends to +o0.

- 905 —
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We use now the transmission conditions (iii) in order to fix the constants
+ 3+ + - + My My
a™, b* and c¢*. At the bend, My (0) = M (0) 7= (0) = 52(0), so we

dzx
have:
a” tanh(c™)@ + b~ Coshl( )U = a* tanh(c™)éeq + bt coshl(c+) €,
cosh ( cosh(c -0 tanh(c*)ﬁ) (27)
= cosh(c*) (aJr cosh1(c+) €1 — b* tanh(c+)e§) :
The last equation induces that Coshl(c_) = Coshl(c+), thus ¢~ = ect with
e = £1. System (2.7) is equivalent to the system:
Qi X =X and QX = X, (2.8)
where

P (tanhl(c)>
cosh(c™)
and where

0, = ea"at cosf eatb sinf
= \—a btsing b btcosp
_ [eb"btcosp ea b sinf
and - (2 = (—a+b_ sin8 ata” cosB) :

The matrices 1 and Q2 are orthogonal (rotation of orthogonal symme-
try). In addition, (2.8) induces that one is an eigenvalue of 1 and Q. So,
Q1 and @2 are matrices of orthogonal symmetries (1 = Id is impossible
since sin 8 # 0). So the determinant of @1 equals —1, i.e.

ea”ath bt = —1. (2.9)

Since both matrices have the same eigenvector X associated to +1, since
they are orthogonal symmetries, Q1 = ()2. Therefore

a b" =a™d and ata” =bth. (2.10)
Coupling (2.9) and (2.10), we obtain € = —1, i.e. ¢ = —¢™.
Now, we have four cases with a™ = +1:
Case 1 (a==1,a" =1, =1 and bt =1). — We have in this case:

o _ [—cosB —sinp
Ql_Qz—(—SinB cosﬂ)'

- 906 —



Walls in infinite bent ferromagnetic nanowires

_sin 8
The eigenspace associated to the eigenvalue 1 is generated by ( Cz:nﬂz ) and
S5

Csin B
). So there exists o € R such that X = ¢ ( Smﬁz )

cos 3

e
contains X = (tan 1(C )

cosh(c—)

Since both vectors are unitary, o = 41, and since the second coordinate is

positive (we recall that 5 € ]0, 7[, o = 1. In particular, tanh(c™) = —sin g, s0
¢~ = —artanh(sin g) Thus, in this case, we obtain the following stationary
solution:
tanh(z — )@ + ———7 if 2 <0,
my(x) = ( ) . C(’bh(wl_c) o with ¢ = artanh(sin g)
tanh(x + ¢)éq + oo x>0,
Figure 2.1. Graph of m;
Case 2 (a= =1,a" =1,b" = =1 and b* = —1). — We have in this
case:
_ _(cosfB  sinp
Q=G = <sinﬂ —cosB) ‘
Considering the eigenspace associated to the eigenvalue 1, we obtain
<cos g) (tanh(c‘))
. = 1 )
S 5 cosh(c™)
so ¢~ = artanh(cos %) and we obtain the following solution:
tanh(z + €)@ + ————7 if £ <0,
my () = ( ) eoshlea m with ¢ = artanh(cos ).
—tanh(z — ¢)ég — oy €2 ifx >0,
Case 3 (a==1,a" =1,b" = -1 and b* = —1). — In this case,
.~ (—cosp sinf
Ql_QQ—(sinB cosﬁ)7

=907 —
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\

Figure 2.2. Graph of my

so, by considering the eigenspace associated to 1 we obtain
(sin g) (tanh(c))
= 1 .
COS 5 cosh(c™)
Thus ¢~ = artanh(sin g), and the associated stationary solution is:

— 1 — .
m3(z) = {tanh(m T

<0
. 1 . R with ¢ = artanh(sin ﬁ).
tanh(x — c)é] — =2 ifz=0

2

Figure 2.3. Graph of mg

Case 4 (a==1,a" =—1,b" = —1 and b = 1). — In this case,
. [ cosp —sinp
Ql_Qz_(—SinB —cosﬂ)’

- 908 —
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so, the eigenspace associated to 1 is generated by:

(o) - (),

so that ¢ = — artanh(cos g) The associated stationary solution is:
tanh(z — )4 — —L— @ ifx <0

my(z) = ( ) _‘C‘)Sh(z_f) oo " with ¢ = artanh(sin g)
— tanh(l‘ + C)@l —+ meg lf X 2 0,

Figure 2.4. Graph of my

By symmetry, the solutions to (1.6)—(1.8) satisfying the limit conditions
My (z) — @ when © — —oo (that is with ¢~ = —1) are —m;, —my, —mg,
and —my.

3. Equation for the perturbations

Let My be one of the static solutions for (1.6) with vanishing applied field
given by Theorem 1.2:

Mo(z) = My (z) =sinf~ @ +cosf~(z)v ifx
o M (z) = sin@%éi + cos 0+ (x)ey if x

<0,
= 0.

We aim to address the stability of M for (1.6). we denote by J the matrix
0 -1 0
J=11 0 0
0 0 1

-909 —
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As in [4, 5, 6, 10], in order to consider only perturbations m satis-
fying the saturation constraint |m| = 1, we introduce the mobile frame
(MQ(iE),Ml(.’E),Mz) with

Mi(x) = JMp(z) and My =é€3
and we describe m in this mobile frame writing:
m(t, ) = Mo(z) + r1(t, ) My (z) + ra(t, ©) Mo + p(r)My(z), (3.1)

where r = (r1,72) € R? and p(r) = /1 — r? —r2 — 1, so that the saturation
constraint is satisfied.

We remark that [|Mo|] = [|M1]] = | %H = dﬁl || = 0, then the jump
conditions [|m|] = [|0ym|] = 0 at * = 0 are equivalent to the null-jump

condition on 7:
(7] = [|0.7]] =0 at x=0.

Now, we plug (3.1) in (1.6). By projection onto RM; and RMs, we obtain
that m satisfies (1.6) if and only if 7 satisfies
Oyr = Ar+ F on R. (3.2)
The linear part of (3.2) is given by:

A= (‘%L _aLL) with L = — 84y + f5, (3.3)

with
fs(x) = sin? O(x) — cos? O(z),
where §(z) = 0~ (z) for z < 0 and 6(z) = 6 (z) for z > 0.
The nonlinear part F : R x B(0,1) x R? x R? — R? of (3.2) is defined
by
F(x,r,0.7,0pz) = A(1)0gar + B(1)(0pr, Oxr) + C(x,1)0, + D(z,7), (3.4)
where, for x € R, r = (ry,75) € R? and ¢ = ({1, {2) € R?,

e Ae C>®(B(0,1), Ma(R)) (M2(R) is the set of the real 2 x 2 matri-
ces) with

A(r)C = < —a(r)? —arlrg—i-u(r)) C

—ariry — p(r) —a(rg)?

- (e T een. 65

e B € C™(B(0,1),L2(R?)) (L2(R?) denotes the set of the bilinear
functions defined on R? x R? with values in R?) given by

566 = (G TN .o (36)
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e C e C*(R x B(0,1), Ma(R)) with

- , ar(pu(r) +1)+ry
Clz,r)¢ = —20'(x) <a7"2(//j(7°) + 1) . Tl) G

1+ p(r) + aryre

120/ (a) ( ary —1) ) WQ BT
e D e C®R x B(0,1),R?) such that

D= (2 sin 0(x) cos O(z)r1 — p(r)(sin® 6(x) — cos? Q(x)))

ary(pu(r) +1) 4+ ry
x <ar2(,u(r) 1) T1> . (3.8)

We remark that this equation is valid while r takes its values in a neigh-
borhood of zero since p is singular for |r| > 1. In order to obtain uniform
estimates, we will consider below perturbations such that [|r|L~ < 3. We
remark also that the asymptotic stability of My for (1.6) is equivalent to the
asymptotic stability of zero for (3.2).

4. Proof of Theorem 1.2
4.1. Stability for m;

For the first solution m; given by (1.9), the linear part in (3.2) is given
by

o —aL1 —L1 _
A= ( I, —OéLl) and L; = rx fl,ﬁ(x), (41)

where
) fle+c) ifx>
fil@) = {f(gc —¢) ifz<
with f(z) = 2tanh®(x) — 1 and ¢ = artanh(sin(g)).

Since f is strictly decreasing on R~ and increasing on R™, as ¢ > 0 since
B €10, [, we remark that:

VeeR, figlx)> flx). (4.2)
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4.1.1. First step: coercivity of L,

We denote by (-|-) the usual L2-inner product in L?(R).

We recall that the operator £ = —30,, + f(z) is a self-adjoint operator
acting on H?(R), its essential spectrum is [1,+oo[ and zero is its unique
eigenvalue which eigenspace is generated by —— (see [4, 5]). Therefore, for

cosh x
all w € H?(R) satisfying (w | —1—) = 0, we have
lwlZ> < (Lw]w) < || Lw][7.. (4.3)

In addition there exists constants ¢; > 0 and ¢ > 0 such that for all
we (i)
b

cosh x
allwlf < (Lwlw) < ezflwllz. (4.4)
We claim the coercivity of L; in the following proposition:

PROPOSITION 4.1. — There exists ¢ > 0, such that for all u € H?(R),
we have (Liu|u) = cllul|2,.

Proof. — Suppose that there exists (uy)n, such that ||uy|r2 = 1 and
(L | up) < %

where w,, € (=2—)"* and o,, € R. Thus

cosh z

3 — On
We write u, = w, + 22—,

<L1un | un> = <_aac3:un + fl,ﬁun | un> = <_3ac3cun + fun + (fl,ﬁ - f)un | Un>

= (Luy | un) + /R(fl,g — Plua|? < %

_1
coshz

1
Wn ¥ on <coshm)>

= (L(wn) | wy) + <£(wn) ] ”7"> — (Lwp | w).

coshx

Moreover Lu,, = Lw, since L( ) = 0. So, since L is self-adjoint,

(Lup | un) = <£wn

Therefore we have

Cunlwn)+ [ (o= Dlual? < 1.

So, with (4.4) we conclude that ||w,|g: tends to zero when n tends to
infinity.
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On the other hand,
2

1= Hun”%Z = ”wn”%2 + 2<wn

coshz coshx
2

L2

= [[wallZs + lowl?

coshz||,»

Thus, we have lim,,_,o |05 |? = L. Consider now the second term
) 2

[ o= Dlunfas =1+ B+ 1o (4.5
R
with

o It = [3(f1p = Plwnldz <[ f1, — fllz|wal7: — 0 as n — oo,
o Iy =2 [p(fi,s — lwngizde < 2/ f1e = fllo= lwnll el iz e —
0 asn — oo,

o Iy = |onl? [o(fs — f)amzzde = 3 [o(fis — f) ez da

In view of the above analysis, we obtain

1 1
/]R(flﬁ - f)|un|2dx — 5 /R(fl,ﬁ - f)mdl‘ >0 by (42)

On the other hand, since [ (f1,5 — f)|un|?*dz < L, we obtain that

/(fl,ﬁ — f)|up|?dz — 0asn — oo,
R

which leads to a contradiction. So the assumption is false and therefore there
exists ¢ > 0 such that for all u € H%(R), we have

(Lyulu) > cllul|-. U

COROLLARY 4.2. — There exist two constants K1 and Ko such that for
every u € H*(R) we have

Killullfp < (Liufu) < KallulF:,
Killull gz < [[Lrulre < Kal[ull g2
Proof. — Thanks to Proposition 4.1, we have
H(K)IUHQL2 = (Opu | Opu) = (=0Opzu|u) = (Liu — f1 pu|u)
< (Luu ) + || frplloollull 72

Since || f1,8]/z = 1, we obtain by Proposition 4.1 that
9 1
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Therefore,
1
fulfs < (24 1) tBaul o)

In addition, we have:
(Laulw) = [ (0P + [ sl <l since |fuplle = 1
This proves the equivalence of norms in H*(R).
From Proposition 4.1 we have also

1
lull 2 < Z [l Laullze.

Furthermore,

|10zt 2 = || = Onauw + frpu = frpull < [[Laullzz + [ frpllcollull 22

1
< (1 + C) ||L1U||L2.

Thus, we conclude that there exists a constant K such that

[ull > < K[ Lyul| 2.

In addition,
[L1ull2 < [[OzcullL2 + || f1,pllLeellullL> < 2[|ullm2.

This concludes the proof of Corollary 4.2. O

4.1.2. Second step: estimate for the nonlinear term

In this section we estimate the L?(R)-norm of the nonlinear term F' given
by:

F(z,r,0.1,05z) = A(r)Ogar + B(r)(0yr, 1) + C(x,7)0yr + D(x, 1),
where the right-hand-side terms are defined by (3.5)—(3.8).

Using the Sobolev injection of H*(R) in L>°(R) and the equivalence of
norms claimed in Corollary 4.2, we introduce 19 > 0 such that for all r €
H2(R), (Lir|r)z < mo = 7l (z)y < 5. We prove the following estimate
for the nonlinear part F"

PROPOSITION 4.3. — There exists a constant ko such that for all r €
H2(R) with (L7 |r)2 < no then:
|Fllze < ko(Zur )2 ]| Lar| 2. (4.6)
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Proof. — We estimate each term of F' separately. The same notation K
is used for different constants independent of 3 and r € H?(R) satisfying
that ||r][L= < 3.

We first remark that for 7 € R? in a neighborhood of zero, u(r) = O(|r|?),
() = O(lr]) and 1(r) = O(1).

By (3.5) we remark that A(r) = O(|r|?) so that:
|A(1)Dger| < C|7[?|0par|.
So using classical Sobolev embedding, we obtain that
[A(r)Ozar L2 < Kl|7l|Loe[|Onar || L2 < K7l mo[|7]| a2
Concerning the second term defined by (3.6), since B(r) is bounded for
r € B(0, %), we have
|B(r)(0yr, 0p1r)| < K|r||0,7|?.

So,
|1 B(r) (a7, 0a7) |2 < K||0x7|| 12| 007 Lov

thus, by Sobolev embeddings,
[ B(r)(0ar, Opr )2 < Kl|r|| a7 222

By (3.7), since C(z,r) = O(|r|), we have
|C(z,7)057| < K|r||0g7],
so we obtain:
1C (@, 7)0pr| L2 < Kl|r|| e ]|007]| L2,
thus
IC (@, )0l L2 < K|Ir|lZ:-
Concerning the last term, we have D(z,r) = O(|r|?), thus
ID(, )z < lIrllczlirllz= < Kllrllz-
Finally, there exists a constant K such that if r € H?(R) satisfies |7 L~ <

%, we have
[Fllz> < K7l g llr || e (4.7)

Using Corollary 4.2 and the definition of 79, we obtain that there exists
ko such that for all » € H2(R) with (Ly7|r)2 < 1o then:

IF||z2 < ko(Lar | 7)% || Lyr| g2
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4.1.3. Stability Proof

We recall that the asymptotic stability of m; for Equation (1.6) as
claimed in Theorem 1.2 is equivalent to the asymptotic stability of 0 for
Equation (3.2). We consider an initial data 79 € H?(R) such that
(Ly7o | 70)2 < no and we denote by r the solution of (3.2) with initial data r.

We take the L2-inner product of (3.2) with Lir, and we obtain that:

1d

2dt<L1’l"| > OJ<L1T|L1T> + <F‘L17">

Therefore using (4.6), while (Ly7(t) | r(t))2 < 1o, we have

1d
5 S Trn) + al LarlEs < ko(Lar | F | LirfEa,
then,
1d L ,
5(17([/176 ‘ > (a — k0<L1r | 7“) 2)HLl?“HLz < 0. (48)

Thus, while (Lyr | 7)2 (£) < min{no, 5 251> we obtain that a—ko(L1r | Pz >
5. Then,
1d

[0
2dt<L1r\ )+ §||L1TH%2 <0.

By Corollary 4.2, there exists a constant ¢y > 0 such that
IL17||22 > co{Lar|r).

Therefore we obtain that while (Ly7 | )2 (£) < min{no, ot

d
g —(Lyr|7) + coa{Lqyr|7) <0

which implies by comparison lemma that

(Lyr(t) | r(t)) < (Liro]|ro) exp(—acot). (4.9)
We set 71 = %inf{no, ﬁ} We assume that the initial data ry satisfies
(Liro|ro)® <. (4.10)
Let us show that for all ¢t > 0,

(L17r(t) |r(t)>% < min {7707 T } (4.11)
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If it is not the case, let ¢; be the first time in which (4.11) is not satisfied.
Since (4.11) is true for small ¢ by continuity reason, then ¢; > 0, the property
is true for ¢t € [0,¢1] and at the time ¢;, we have:

= min {770’;;0}- (4.12)

Now, for ¢ € [0, 1], we can apply (4.9) so that
(Lyr(t) | r)(t) < (Lirg | ro) exp(—acot) < m1.

By continuity reasons, (Lir(t1)|7)(t1) < m1 which is in contradiction
with (4.12).

[

(Lar(ta) | r(t1))

So if (L17o|70)2 < 1, then for all ¢ > 0, Inequality (4.9) is true. This
implies that under assumption (4.10), we obtain that ||7|| ;1 (g) remains small
for all times and ||7||g: — 0 as ¢ tends to +oo.

This concludes the proof of the asymptotic stability of m;.

4.2. Stability for my

For the forth solution my defined by (1.12), the linear part in (3.2) is
given by

nm (8B i Lo g

L4 —CML4
where
flx+e) ifx>0,
Jop= .
flea—¢) ifx <0,

with f(x) = 2tanh?®(z) — 1 and ¢ = artanh(sin(g)) > 0.

So we obtain the same linear part as in Subsection 4.1 for m;, and we
prove the asymptotic stability of my for (1.6) as for m;.

5. Linear instability of my; and mj

For msy, the linear part of (3.2) is given by

. —OéLQ —L2 . _
Ay = ( Ly —aL2> , with Lo = =0z + fo
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where

with ¢ = artanh(cos 5) > 0.

fos = {f(x—c) if x

0,
flz+¢) ifz<0

VAN

)

Let us show that the linear operator A; admits at least one unstable
direction.

We have

— (~Oua+ f(z — 0)) !

cosh(z —¢)’

cosh(z =) T Wzs —Sle=c))
Therefore, we have

L ! _ )

2 <cosh(3:—c)> = (fo,3 — fz — C))m’

since

(~0us 4 10 - 0) (oo ) =

cosh(x — ¢
We have also,

<L2 <cosh(i~ - c)> cosh(i: - c)> 1

= (fle=¢)-flz-¢)—F——dv

R+ cosh?(z — ¢)

[ G- fa— o)y

cosh?(z — ¢)

Hence, <L2(COSh(117€)) | Cosh(lecﬁ < 0, we conclude that Lo has one strictly

negative eigenvalue. Therefore the solution is linearly unstable.

Concerning mg we obtain that the linear part arising in the stability
proof can be written as:

o —O(L3 —L3 . _

where

fle—c¢) ifx>=0, 3
f3,8 {f(w—i—c) fz<o © artanh(sin 2) > 0

)

Proceeding in the same way as for ms, we obtain the linear instability
of ms.
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6. Perturbation of stable profiles by small applied fields

Let m; be the static solution of (1.6) with vanishing applied field given
by (1.9). We denote by (My(z), M1(z), M2) the mobile frame associated to
m; defined at the beginning of Section 3:

0 -1 0 0
M()(:E) = 1’1’11(33), Ml(SL’) = 1 0 0 1’1’11(1[7), M2 =10
0 0 1 1

In this part we consider solutions m of (1.6) with applied field h, = A
remaining in the neighborhood of m;. We describe m in the mobile frame
(Mo(l‘), Ml (IE), M2) Writing

m(t,x) = Mo(x) + r1(t, 2) My (x) + ro(t, x) Mo + p(r(t, ) Mo(xz)  (6.1)

with p(r) = /1 —r? —r2 — 1, so that the saturation constraint is satisfied.
We denote by (£,&1,&2) the coordinates of € in the mobile frame: &(z) =
So(@) Mo(x) + & (2) My (z) + &2 () Mo.

As in Section 3, plugging (6.1) in (1.6), we obtain that if m given by (6.1)
remains in a neighborhood of m;, then m satisfies (1.6) if and only if r =
(r1,72) satisfies

% = ]:()\77") =M+ F(x)ra Oy, aﬂaac) + )\H(l‘) + AG(z, T)' (62)

The first two right-hand-side terms are defined in Section 3 by (3.3) and (3.4).
We recall that

_ *CVLl 7L1 . B
A= ( Ly —aLl) , with L= —0us + f1,5, (6.3)

with fi 5(x) = 2tanh®(jz| +¢) — 1, ¢ = artanh(sin(g)) > 0, and that F'
writes

F(x,r,0.1,0pz) = A(r)0gar + B(r)(0pr, 01) + C(x,7)0sr + D(x, 1),

where A, B, C, D are smooth in the variable r and are defined respectively
by (3.5), (3.6), (3.7) and (3.8).

The additional terms coming from the applied field A¢ are given by:
_ [ Leta
K@) = (—51 + b
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and

Gteur) = &) (7270~ o) 60 (L )

r1 — arg — arqu(r) r) —arirs

)

—Aary

We recall that Equation (6.2) remains valid for |r| < 1 (since p/(r) is
singular for |r| = 1).

6.1. Static solution

A small perturbation m of my; is a static solution for (1.6) with H, = A\¢
if and only if r = (r1,r2) given by

m(z) = Mo(x) +r1(2) My (2) + ra(2) Mz + p(r(z)) Mo (2)

satisfies
F(Ar)=0. (6.4)

We will prove the existence of a static solution for (6.4) by using the
following implicit function theorem in Banach spaces (see [1]):

THEOREM 6.1 (Implicit Function Theorem). — Let By, By, Ba three
Banach spaces, U a neighborhood of (xo,y0) € By X B1, and f : U — Bs
continuously differentiable. Suppose that f(xq,yo) = 0 and that there exists a
continuous linear mapping A : By — By, such that f,(vo,y0)A = idp,. Then
there exists g € C1, from neighborhood of xq in By, such that f(z,g(x)) = 0.
If, in addition, f,(wo,yo) is bijective, then g is unique and f(x,y) = 0 is
equivalent to y = g(x) for (z,y) near to (xg,yo)-

In our case, By = R with zp = 0 € R, B; = H?(R;R?) with yo = 0 €
H?(R;R?), and By = L?(R;RR?).

By Assumption 1.13, we remark that the constant term A (fgjf(fé?) is
in L2(R;R?), so that F is defined in a neighborhood of zero in R x H?(R; R?)
and takes its values in L?(R;R?).

Now, we have 0, F(0,0) = A; given by (6.3). We know that A; is strictly
negative (see Section 4). So we can apply the implicit function theorem to
the operator F. Thus there is a neighborhood | — 7, 7j[ of 0 in R, with 7 > 0,
there exists a neighborhood w of 0 in H?(R;R?) and R :] — 7, /[ w, such
that for all (A, r) € |-, 7] X w,

FAr)=0<=r=R(\).
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For A € |—7, 7], we write:
m(A)(z) = Mo(z) + Ri(A)(2) My () + Ra(A) (2) M2 + pn(R(A) (2)) Mo ().

The map A — m()) is at least C!, m(0) = My = m; and for all A € |—7, 7],
m(\) satisfies (1.6).

6.2. Stability

We assume that |A] < 7. The asymptotic stability of m(\) for Equa-
tion (1.6) with applied field A¢ is equivalent to the asymptotic stability of
R(A) for Equation (6.2).

Writing a small perturbation of R(\) on the form R(\) 4+ w, we have to
prove the asymptotic stability of zero for the equation:

ow
i FR(N) + w). (6.5)

Using the Taylor expansion of F at the neighborhood of R()A) and the
fact that F(A\, R(\)) = 0, we have

FORW) +w) = Ajw + Nz, w, dpw, Oppw)
where
N’\(x, w, Oz w, Oppw) = A(R(N) + w) 0w + B(R(A) + w) (0w, Oyw)
+ C(\, z,w)0,w + DA z,w) + AG(A, z,w).

The term C(\, z,w) is defined for X\ in a neighborhood of zero, z € R and
w € B(0, ) and takes its values in M?(R):

CO )¢ = 2BR() () + w)) (RN (2), C) + Cla, RA)() + w)C.

The term D(/\ x,w) is defined for A\ in a neighborhood of zero, z € R
and w € B(0, 3) and takes its values in R%:

D\, z,w) = Az, w)(9,R(N\)) + Bz, w) (0, R(N\), O R(N))
+ CMx,w) (0, R(N)) + D (z, w)
with:
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The last term G(A, z,w) is given by
1
G\ z,w) = / 0rG(z, R(N)(z) + sw)(w)ds.
0

On the one hand, we recall that, in Section 4.1.2, we introduced 7y > 0
such that:
Vwe H(®), {Liw|w) <o = fulie < 5
In addition, there exists a constant K3 such that for all w € H?(R),
lwllm + [w]ee < Ks(Law|w)?  and [w|gz < K3||Liw|gz.  (6.6)

On the other hand, A — R()) is C* from | —7j, j[ to H?(R) with R(0) = 0,
so that there exists a constant n; > 0 with 7, < 7 and a constant K4 such
that:

VAE [=n,m], Rz < 7 and [[ROA) ][z HRA) |2 < KafA]. (6.7)

[t

Hereafter, we assume that |A| < ;. Since Equation (6.2) is valid for |r| <1,
we will consider sufficient small initial data wo such that (Lyw(0)]w(0))2 <
no. While (Lyw(t) |w(t))z < no, RO +w(t)||pe < 3 50 that (6.5) remains
valid.

As in Section 3 we take the L2-inner product of (6.5) with Liw and we
obtain that
1d

BT —(Lyw|w) + o Liwl|]2: = (N (z, w, Opw, Oppw) | Liw). (6.8)
The right-hand-side term is estimated as follows:

PROPOSITION 6.2. — There exists a constant k1 such that for all w €
H2(R) with (Lyw|w)? < no and for all X € [—n1,m] then:

|\N)‘(x,w,8$w,6$$w)\|,;z <k ((Llw | w>% + |)\|) |ILiw] 2. (6.9)

Proof. — We recall that there exists a constant K5 such that for all r €
R?, with |r| < 3, for all z € R, we have:

|D(x,7)] < Kslr|?,
[A(r)[ +180- A(r)| + |C (2, r)| + |0, D(2, r)| + |Gz, )| < Kslr|,  (6.10)
[B(r)| + 10, B(r)| +|0.C(z,r)| + |0, D(x, 7)| + [0,G(x, 7)| < K.

Let us estimate each term of N*. We assume that (Lyw |w 3 < 1o and

)z <
that [A| < 71, so that [|w]|p~ < 1 and [[R(A)||pe < 1. Thus [|[R(A)+wl|pe <
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3 and Estimates (6.10) remain valid for r = R(\)(z) 4+ w(t, ). Therefore,

we have:

JA(R(N) + w)0pzw]| 2

< AR + w)l[ Lo [|Ozaw]| L2
< K|

K5[[R(A) + wl[poe |0z w]| 22,
IBR(X) +w)(0zw, dpw)l| 12 < | BR(A) + w)l| o< | 0zw]|74
< Ksllwl|po [|w] z2,
ICA 2, w)dpwl| L2 < 2[[B(R(A) +w))| Lo [[0:R(N) || o< |0z w]] 2

1O RA) + w)[ e[| 0pw]| L2
< K5 (20:R(N) L + [R(A) + wllz) [0z w] 2

We bound each part of D(), -, w) separately:
1AM w0) Qe BR[|z < 1AM, w) [ £ |02 RN | 12
Ks||lwl| Lo [0z R(A) | 2,
IBA(-, w)(8:R(N), :RN) |22 < B+, w)| £ |0 R(A) |74
< Ks[wl o R o< [[R(A)[| 22

IC (-, w) | o 10 R(A) [ 2
Ks|lw]| o [ 0:R(N) | 2

<
<

IC? (-, w) (9 R(N))llz2 <
<

IDA(-, w)llze < Ks(IRO)[[zee + [[wllze)|w]] 2

The last term is estimated as D*(z, w):
G\ 2, w)|[2 < Kswl|r2
Using the previous estimates, (6.6) and (6.7), we conclude the proof of
Proposition 6.2. (|

By Proposition 6. 2 since we assumed that || < 71, Equation (6.8) yields
that while (Lyw|w)2 < 1o, then

1d
537wl w) +allLuwlFe < ki ({Lrw|w)? + ) |Lyw]s,
that is:
1d 1
5 37wl w) + |LawlEe (o =k (Lawlw) +13)) <0
We set

[0
hmax = mi ) .
min {771 T }
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We assume that |A| < hmax- So, while (Ljw | w)é < 19, we have:

1d « 1
st lw) + 1wl (5 - kil w)?) <o
ting 72 = min{no, 53}, we remark that while (Liw | w)z < 1, then
1d o
§&<L1w |w) + Z||L1w||%2 <0. (6.11)

1

We prove as in Section 3 that if (Lyw(0)|w(0))2 < &, then for all ¢ > 0,
(Lyw(t) |w(t))2 remains less than 7, so that Equation (6.11) remains valid

for

(1

2

(3]
(4]

5

(6]

[7

(8]
(9]
[10]

(1]

(12]
[13]
[14]
[15]

[16]

all time, and we conclude the proof of stability as in Section 3.
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