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Transparent numerical boundary conditions for
evolution equations: Derivation and stability analysis *

JEAN-FRANGOIS COULOMBEL (1)

ABSTRACT. — The aim of this article is to propose a systematic study of trans-
parent boundary conditions for finite difference approximations of evolution equa-
tions. We try to keep the discussion at the highest level of generality in order to
apply the theory to the broadest class of problems.

We deal with two main issues. We first derive transparent numerical boundary
conditions, that is, we exhibit the relations satisfied by the solution to the pure
Cauchy problem when the initial condition vanishes outside of some domain. Our
derivation encompasses discretized transport, diffusion and dispersive equations with
arbitrarily wide stencils. The second issue is to prove sharp stability estimates for
the initial boundary value problem obtained by enforcing the boundary conditions
derived in the first step. We focus here on discretized transport equations. Under
the assumption that the numerical boundary is non-characteristic, our main result
characterizes the class of numerical schemes for which the corresponding transpar-
ent boundary conditions satisfy the so-called Uniform Kreiss—Lopatinskii Condition.
Adapting some previous works to the non-local boundary conditions considered here,
our analysis culminates in the derivation of trace and semigroup estimates for such
transparent numerical boundary conditions. Several examples and possible exten-
sions are given.

RESUME. — Le but de cet article est de proposer une étude systématique des
conditions aux limites transparentes pour les approximations par différences finies
d’équations d’évolution. On essaie de maintenir la discussion au plus haut niveau de
généralité possible afin d’appliquer la théorie & la plus large classe de problémes.
On aborde deux problémes principaux. On construit en premier lieu des condi-
tions aux limites numériques transparentes, c’est-a-dire qu’on exhibe les relations sa-
tisfaites par la solution du probleme de Cauchy quand les données initiales sont nulles
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hors d’un certain domaine. Notre construction englobe les discrétisations d’équations
de type transport, diffusion ou dispersif avec un « stencil » arbitrairement grand. Le
second probléme que nous abordons est celui de la stabilité du probléeme mixte obtenu
en imposant les conditions aux limites numériques construites & la premiére étape.
On étudie ici le cas des équations de transport discrétisées. Sous une hypothese de
bord non-caractéristique, notre résultat principal classifie les schémas numériques
pour lesquels les conditions aux limites transparentes vérifient la condition dite de
Kreiss—Lopatinskii uniforme. En adaptant des travaux antérieurs au cadre non-local
considéré ici, notre analyse aboutit finalement & des estimations de trace et de semi-
groupe pour les conditions aux limites numériques transparentes. L’article se conclut
avec des exemples et de futures extensions possibles.

Throughout this article, we use the notation

U={CeCl¢l>1}, D:={CeC¢<1}, S:={CeC[(=1},
U:=uus', D:=Dus.

We let My, n,(K) denote the set of ny X ng matrices with entries in K =
R or C. In the case n; = ny = n, we use the notation M,,(K) for the set
of square matrices of size n. If M € M, (C), M* denotes the conjugate
transpose of M and sp(M) denotes the spectrum of M. We let I denote the
identity matrix or the identity operator when it acts on an infinite dimen-
sional space. The subscript in I is intended to make the dimension k of
the underlying vector space C* precise when needed. We use the notation
x*y for the Hermitian product ), T; y; of two vectors x,y € C". For two
vectors x,y € C”, the quantity >, x;y; is denoted x - y; it coincides with
the Euclidean product when the vectors have real coordinates. The norm of
a vector x € C" is |z| := (z* 2)'/2. The induced matrix norm on M,,(C) is
denoted || - ||.

The letter C' denotes a constant that may vary from line to line or within
the same line. The dependence of the constants on the various parameters
is made precise throughout the text. If a constant C' depends on some pa-
rameter v, we write either C,, or C(v) to make this dependence explicit.

In what follows, we let d > 1 denote a fixed integer, which will stand for
the dimension of the space domain R? or Z? we are considering. We shall
use the space £2 of square integrable sequences. Sequences may be valued
in C* for some integer k. In that case, we write £?(Z%; C*) to emphasize
that sequences are vector valued. Some sequences will be indexed by Z?~1
while some will be indexed by Z? or a subset of Z¢. We thus introduce some
specific notation for the norms. Let Axz; > 0 fori =1,...,d be d space steps.
We shall make use of the ¢2(Z%~!) norm that we define as follows: for all
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v € 2(7471),

d d
H’UH?2(Z(i—1) = (H A$k> Z Z ‘U(h’”“jd)ﬁ .
k=2

i=2 j;€Z

The corresponding scalar product is denoted (-, -)2(za-1). Then for all in-
tegers my < ma, we set
mo

2
|”u|||m1,mz = Ay Z ||u(j17')”?2(Zd*1)7

Jji=m1

to denote the ¢2 norm on the set [m1, ma] X 741 (my may equal —oo and mo
may equal +00). The corresponding scalar product is denoted (-, ), mo-
In the particular case d = 1, the space step is denoted Az and the ¢2 norm
on the interval [my, mso] reduces to

ma
2
lulls,, my == A2 > s

j=m1

The ¢2(Z%~1) norm reduces to the norm of vectors. Other notation is intro-
duced when needed throughout the text or is meant to be self-explanatory.

1. Introduction
1.1. The context

We are concerned here with the approximation of partial differential equa-
tions of the evolutionary type in the whole space R?. For simplicity, we re-
strict here to linear partial differential equations with constant coefficients
of the form

8tU+P<61,...78d)U:0, (1.1)
where the differential operator P is a polynomial expression of the spatial
partial derivatives 01,...,04 (we write 0; for the partial derivative with

respect to the j-th space variable z; and use 0, for the partial derivative with
respect to time). The differential operator P may have complex coefficients so
that the above framework encompasses the Schrédinger equation, as well as
prototype evolution equations for real valued functions such as the transport,
heat or Airy equation. We restrict here for simplicity to the case of scalar
evolution equations of order 1 in time: the unknown v in (1.1) is either real
or complex valued and there is no second or higher order time derivative
n (1.1). There would be no great effort to consider higher order equations
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such as the wave or beam equations but the functional framework would be
slightly different.

When considered on the whole space domain R?, solving (1.1) usually
relies on the Fourier transform and we assume that well-posedness holds
for (1.1) in L?(R%). More precisely, we assume

VEeR?, ReP(i&,...,i&) >0

so the solution to the Cauchy problem (1.1) satisfying v|;—¢ = vg reads

1 i x- — A et T~
T /Rde € ot Pli1 i) & (£) dE,

0o(€) = /Rd e ' y(x)de.

Of course, for hyperbolic or dispersive equations, P(i &y, ...,71&4) is a purely
imaginary number and the solution v to (1.1) is also defined for ¢t < 0.
However, the theory developed below for numerical schemes is mostly re-
stricted to evolution equations in positive times because, even though the
original partial differential equation (1.1) may be time reversible, most of
its finite difference approximations will not be so. Hence we consider ¢ > 0
in what follows, which is of course no restriction when dealing with para-
bolic equations. The above Fourier representation of the solution implies by
Plancherel’s Theorem the uniform bound

Vi=0, o(tz)=

V>0, vt )llrzme < llvollL2we)

and we shall be interested below in numerical approximations of (1.1) for
which the same L? decay (or conservation) property holds, or a slightly
relaxed version of it.

We now turn to the finite difference approximation of (1.1). We introduce
a time step At > 0 and some space steps Az; > 0,7 =1,...,d. The solution
v to (1.1) is “approximated” by a piecewise constant function

d
u(t,z) ==ul, V(t,x) € [nAt, (n+1) At)x H [k Azg, (r+1) Azy), (1.2)

where the sequence (uf),en,jeze is defined as the solution to the recurrence
relation:

s+1
> QourtT =0, n>0, 13)
(W0, ut) = (f°,..., %) € 2(Z4)*+1 .
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In (1.3), each (real or complex) sequence u",...,u"T**+1 is defined on Z%,
that is, we consider a pure Cauchy problem on the whole space, and the
operators (), are given by:

p
Vo=0,...,5+1, Qo= ars(At,Az)S* with (S'u); :=ujpe. (14)

b=—r

Let us comment a little on (1.3), (1.4). First of all, the stencil of the
scheme (1.3) is assumed to be fized and finite. More precisely, we consider
some fired numbers r1,...,74,p1,...,pd € N and we use in (1.4) the short

notation
4 d Pk
Z:z—:r ; ék:z—:rk

Then in (1.4), the coefficients ag ,(At, Az) are either real or complex num-
bers (depending on whether (1.1) has real or complex coefficients/solutions)
and they may depend on the time and space steps, which we abbreviate as
(At, Az). Each operator @, in (1.3) thus acts on sequences indexed by the
(discrete) spatial variable j € Z¢, and is bounded on ¢? for any given choice
of the discretization parameters (At¢, Azx) under consideration. The (discrete)
time variable n enters as a parameter when we apply each operator @,. For
convenience, we write most of the time @, u}”’” rather than (Q, u™*7); to
denote the application of the operator @, to the sequence u"7, the result-
ing sequence being evaluated at the space index j. For simplicity, we shall
not write that the @Q,’s depend on the time and space steps (At, Az) even
though they will in all applications we have in mind.

Our aim is to cover several situations within the same framework. In par-
ticular, we wish to cover explicit schemes (in that case, Q<11 is the identity)
that are commonly used for discretizing transport equations and which come
unavoidably with CFL type restrictions [42], and émplicit discretizations of
diffusion and/or dispersive equations where the goal is precisely to avoid
stringent stability constraints. We therefore consider from now on that the
time and space steps belong to some set

A C (0, 400)%F!,

where for instance we wish A to be the semi-open square (0, 1] x (0, 1] when
discretizing the one-dimensional heat or Schrédinger equation by an implicit
scheme, and A can be a semi-open interval

{(At,At/\1, ..., At/Ng), Ate (0,1]},

for some fized parameters Aj,...,Ag > 0 when we deal with an explicit
scheme for a transport equation in R%. In all what follows, we assume that
the coefficients ay, in (1.4) are defined on A. For convergence purposes,
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it is tacitly assumed that A contains at least one sequence that converges
to zero. Let us keep in mind that some coefficients ay, in (1.4) may be
unbounded when the parameters (At, Az) approach the boundary of A.
This will restrict some of our arguments below.

When implemented on a computer, the numerical scheme (1.3) can of
course not be used as such since it would rely on the storage of an in-
finite dimensional vector. We must therefore truncate the space domain,
assuming for instance that the initial data are negligible outside of some
domain of interest Q C Z%. However, as is evidenced by transport equation
or by traveling waves in nonlinear equations, there is no reason why the
solution to (1.3) should remain negligible outside of the same fixed domain
Q C Z%* at any later time n € N. This prevents in most situations from
enforcing the homogeneous Dirichlet conditions on the boundary of 2 in or-
der to compute the restriction to the domain of interest €2 of the solution
to (1.3). In this article, we follow a long line of research devoted to the deriva-
tion and analysis of transparent boundary conditions, see among many other
works [1, 4, 8,9, 16, 18, 49, 50]. We shall be concerned here with ezact trans-
parent boundary conditions and refer for instance to [1, 3, 17, 26, 29, 30, 46]
for several works dedicated to the construction of approximate, more easily
implementable, boundary conditions referred to as absorbing. In this work,
we wish to understand first what are the relations satisfied by the solution
to the pure Cauchy problem (1.3) when the data f°,..., f vanish outside
of some domain Q C Z? Then among all these relations, we wish to se-
lect sufficiently many such that, when combined with the restriction of the
recurrence relation (1.3) to €2, we get a stable and hopefully convergent nu-
merical initial boundary value problem. We now make our assumptions on
the numerical scheme (1.3) precise, and then state our main results. Let us
already emphasize that this article is devoted to well-posedness issues for
transparent boundary conditions only. We shall not deal here with consis-
tency relations between the operators @, in (1.3) and the original partial
differential equation (1.1). Such consistency and convergence problems will
be dealt with in a future work. Observe however that recurrence relations as
in (1.3) also arise in the discretization of higher order (in time) partial dif-
ferential equations such as the wave equation so our framework (1.3) is not
restricted to the discretization of first order (in time) problems. The main
technical restriction that we make here is that we focus on scalar problems:
the coefficients a,, defining the operators @, in (1.3) are real or complex
numbers and the solutions to (1.3) are also real or complex valued. The ex-
tension of our work to systems of equations is also postponed to a future
work.
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1.2. Assumptions on the numerical scheme

The recurrence relation (1.3) is meant to be a defining equation for the
sequence u" s+l ¢ (2(Z9), considering that the sequences u™,...,u""* are
known and belong to ¢2(Z%) (and therefore (1.3) is meant to define uniquely
all the u™’s, n > s+ 1, in terms of the initial data f°,..., f%). For future
use, we not only assume that (., is an isomorphism on ¢2(Z?) but make
the following slightly stronger assumption.

ASSUMPTION 1.1 (Solvability of (1.3)). — For all discretization param-
eters (At,Ax) € A, the operator Qsy1 is an isomorphism on (*(Z4), or
equivalently ™ :

P
Vee Y, Qua(k) =D ara(AtAz)r' #0, k' i=k{' . Kf.
b=—1r

Moreover, for alln = (n2,...,n4) € R¥™1 Q.41 satisfies the index condi-
tion:

1 O, Qusr (K, e, ... el
: / 1 Qs(my e ™) dry = 0. (1.5)
20m Jst Qepr(k1,eim, ... eina)

The index condition (1.5) appears in many works devoted to the well-
posedness of implicit discretizations of partial differential equations, see for
instance [37, 43]. It originates in the theory of Toeplitz operators for which
we refer to [21, 35] or [34, Chapter 27]. Let us observe that the index condi-
tion (1.5) is not necessary for solving (1.3) on the whole space Z?. However,
it will play a crucial role when we study well-posedness of the recurrence
relation (1.3) on a “half-space” N x Z4~! or on a strip [0; N] x Z¢~! in con-
junction with the transparent boundary conditions derived below. At last,
let us observe that Assumption 1.1 is trivially satisfied for explicit schemes,
that is, when Q541 is the identity.

We now make a crucial assumption on the stability of the numerical
scheme (1.3).

ASSUMPTION 1.2 (Stability of (1.3)). — For all (At,Az) € A, there
exists a constant C(At, Ax) > 0 such that for all initial data f°,..., f* €

(1) The equivalence between the properties that Q11 is an isomorphism and that its
symbol @ does not vanish on (S1)¢ is based on the fact that we deal with a scalar
problem. There are several other places where this restriction plays a role, though we
shall not always point it out. For systems, one would need to consider the determinant of
the matrix valued symbol @ to characterize invertibility of Qs41.
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02(Z%), the solution to (1.3) satisfies the uniform bound in time

sup a1 o oo < CALAZ) D NN o 4o - (1.6)
n o=0

By Fourier analysis, see [24, 39, 48], it is a well-known fact that Assump-
tion 1.2 can be completely characterized by the fulfillment of a uniform power
boundedness property for the amplification matriz associated with (1.3). For
future use, we therefore introduce the amplification matrix:

_QS(’{)/QS—H("L) _QO("")/QS-H ("-")
1 0o - 0
Alk) = o | € Mo (©),
0 1 0
(1.7)
where the definition of the symbol @, for any o is identical to that of Q41

in Assumption 1.1, that is:

P
Vo=0,....,s+1, Qs(k):= Z aro (At Az) K* .

b=—r

In particular, we do not necessarily restrict the definition of @ to the set
(SH)4. The above definition of @, makes sense on (C \ {0})¢. However, the

amplification matrix A4 is defined after dividing by Qs41, and this is possible
by Assumption 1.1 on a neighborhood of (S')? in C? (in what follows, we

shall consider situations in which Q41 may vanish in C x (St)4-1).
Let us clarify the link between Assumption 1.2 and the uniform power

boundedness property for A since this will play a major role in the analysis
below.

LEMMA 1.3. — Let the operators Qo, . ..,Qst+1 satisfy Assumptions 1.1
and 1.2. Then the amplification matriz A in (1.7) satisfies

VneN, Vee(SH?, [AK)"|><(s+1)C(AL Az), (1.8)

where C(At,Az) is the same constant as in (1.6). In particular, for all
&€ € R?, the dispersion relation

s+1

ST Qo et 27 =0, (1.9)
o=0

has s+ 1 roots z1,...,2s+1 In D and those roots located on S* are stmple.

For all (At, Ax) € A, the operators Q, are thus geometrically reqular in
the sense of [10], see also [12, Definition 3]. In other words the amplification
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matriz A satisfies the uniform power boundedness (1.8) and if k € (S')¢
is such that there exists z € S' N sp(A(k)), then there exists a (unique)
holomorphic function X\ on a neighborhood W of k in C%, such that

AME) =z,
det (21 + A(k)) =9(k,2) (2 + A(K)), V(2,k) €CxW,

with & a holomorphic function of (k,z) on W x C such that 9(k,z) # 0, and
there erxists a vector valued holomorphic function E(k) € C*Tlon W that
satisfies

E(k) #0,
VeeW, Ak)E(K)=Ak)E(k).

The interested reader will observe that the situation encountered here is
a particular case of the more general geometric regularity condition of [10]
where several eigenvalues may “cross” at & = k. Here the form of the com-
panion matrix 4 makes such a crossing compatible with the uniform power
boundedness (1.8) only if the crossing takes place inside the unit disk D) (and
not on the boundary St).

Proof of Lemma 1.3. — The proof of the uniform bound (1.8) is given
in [12, Chapter 2] for one-dimensional explicit schemes (d = 1, Q541 = I).
The extension to multidimensional implicit schemes is rather straightforward
so we omit it. The dispersion relation (1.9) is the characteristic polynomial of
A, which implies that the zeroes of (1.9) are located in D. Furthermore, if one
such root belongs to S, then the multiplicity of z as a root of (1.9) must equal
the dimension of the eigenspace of A(k) associated with z. Since eigenspaces
of companion matrices have dimension 1, z is a simple root of (1.9). In par-
ticular, the corresponding eigenvalue of A depends locally holomorphically
on Kk and one can determine an eigenvector that also depends locally holo-
morphically on k. As noted in [12, Lemma 7], the geometric regularity of
the operators @), follows automatically from the stability Assumption 1.2 in
the scalar case. ]

The uniform bound in time we require on (1.3) is the (slightly relaxed)
analogue of the L? decay property satisfied by the solutions to the partial
differential equation (1.1). For numerical schemes with only one time level,
that is when s = 0, then (1.9) is a first degree polynomial equation in z
whose only root is

—Qol(e™tr, ... e'8) /Qr ('S, ... et
and in that case, stability (in the sense of the fulfillment of (1.6)) is equivalent
to the fact that solutions to the recurrence formula

Qru"t + Qou" =0,
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satisfy the ¢2 decay property

VneN, [u™t_ < Jlu™ll-

00,400 00,400 *

In that case, the constant C(At, Az) does not even depend on (At, Az) and
can be chosen to be 1. However, when considering schemes with several time
levels, there is no obvious generalization of this 2 decay since the best one
can hope for is to have an energy functional that is equivalent to the norm on
¢2(Z4)*+1 and that is nonincreasing for solutions to (1.3), see [44]. But such
an energy will strongly depend on the numerical scheme under consideration,
and we therefore state Assumption 1.2 in this rather simplified form which
encompasses a wide class of difference schemes.

What is important here is that we require the iteration (1.3) to satisfy a
uniform bound in time, though we allow the constant C'(At, Azx) to depend
“badly” on the time and space steps. For instance we allow C(At, Az) to be
of the form 1/At¢, which would be terrible for convergence purposes, but our
framework excludes numerical schemes that only satisfy a “Lax—Richtmyer”
bound of the form

B e < (14 C A8 0"y

which in the end gives rise to an exponential bound in time for the ¢2 norm.
Of course, the verification of Assumption 1.2 may restrict the set of dis-
cretization parameters A, and this is one reason for introducing such a
set rather than considering the most general case A = (0, 1]4*!. Assump-
tion 1.2 also rules out incorporating “lower order terms” in the numerical
scheme (1.3). We restrict in some sense to the principal part of (1.3) (just
like the L? decay property for (1.1) is not invariant under lower order per-
turbations).

Our last main assumption appears in several anterior works on fully dis-
crete initial boundary value problems for hyperbolic equations, see among
other works [22, 23, 25, 32, 36]. It is also used in many explicit computa-
tions for deriving and analyzing discrete transparent boundary conditions
for various prototype equations, see for instance [1, 8, 16, 17, 18, 49, 50].
We state two possible versions of this assumption in order to highlight when
the strong form of Assumption 1.5 is necessary and when one can only use
the weak form of Assumption 1.4. In the defining equation (1.10) below, we
use the decomposition j = (j1,5') € Z x Z4~1 for any integer j € Z%. In
particular v’ stands for (rq,...,r4) and so on.
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AssuMPTION 1.4 (Noncharacteristic discrete boundary (weak form)).
Forly = —ry,...,p1, 2 € C and n € R, let us define
s+1 p’

ag, (z,m) := Zz" Z a(gl,zl)}a(At,Am)eM'". (1.10)

o=0  f'=—1’
Then a—,, and a,, do not vanish on U x R4~

AssuMPTION 1.5 (Noncharacteristic discrete boundary (strong form)).
The functions a_,, and a,, defined in (1.10) do not vanish on U x R4~

In what follows, we shall always consider numerical schemes that satisfy
Assumption 1.4. This is sufficient for deriving the transparent boundary con-
ditions for the scheme (1.3). However, in the stability analysis of transparent
boundary conditions, it is convenient to allow z € U to be arbitrarily close to
the unit circle S'. This is the reason why for showing our main stability re-
sult (Theorem 1.12 below), we shall make the stronger Assumption 1.5. The
rather inconvenient feature of Assumption 1.5 is that it excludes numerical
schemes that are first based on a semi-discretization in space of (1.1), giving
a system of differential equations of the form

du; P
d—tj = Z ap(Az) ujie,

b=—r

and then on the application of the Crank—Nicolson rule, giving rise to the
numerical scheme

p

AL (uj+1 —ul) = 3 <Z a¢(Ax) ujigl + Z ag(Ax) Uj+e> .

b=—r b=—r1

In that case, Assumption 1.5 is not satisfied because either a_,, or a,, (or
even both if 7 and p; are nonzero) vanishes at z = —1. However, Assump-
tion 1.5 is commonly satisfied in the discretization of hyperbolic equations
by explicit methods and by some implicit schemes for parabolic equations
too, see Section 5 for some examples.

We make one last, mostly technical, assumption, which restricts a little
the class of numerical schemes that we consider, but that we might be able
to relax later on, to the price of some future refinements in the proofs below.
Some remarks on Assumption 1.6 are made later on in the text when we
use it.
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ASSUMPTION 1.6 (Technical restriction on the scheme). — One of the
following two conditions holds:

(i) Qsy1 is the identity operator (the scheme (1.3) is explicit), and for
all m € R¥1 there holds

’

P

Z a(*Tl’e’)’S(Ata AJZ) eill‘n #0, ifr1 >0,
Z/:_,r/

p’ .

> s (AL AT) O £0, ifp > 0.
O =—p!

(ii) Qsy1 is not the identity (the scheme (1.3) is implicit), and for all
n € R~L there holds

’

p

Y a1 (AL Ax) e,
0 =—r'

’

p

Z a(Pl,f’),s—i-l(At, Ax) ei ] 7& 0.

U =—r'

At this stage, the above assumptions incorporate many standard finite
difference discretizations of hyperbolic, parabolic and dispersive partial dif-
ferential equations. Several examples are discussed in Section 5. Our first
goal in the following paragraph is to show that the derivation of transparent
boundary conditions is indeed independent of the nature of the underly-
ing partial differential equation, but only relies on the properties encoded
in Assumptions 1.1, 1.2 and 1.4 (we emphasize again that Assumption 1.6
aims mainly at simplifying one of the arguments below but should not be
necessary in the most general possible framework). We shall then study the
stability of the numerical scheme combining (1.3) with transparent boundary
conditions.

1.3. Derivation of transparent numerical boundary conditions

In this paper, we focus on the derivation and analysis of transparent nu-
merical boundary conditions when the space domain Z? is “truncated” only
on one side. Of course, this is still far from a realistic implementation in a
computer, but our goal is to highlight, in the case of one single boundary,
the main features of (1.3) that have an impact on the stability of the trans-
parent numerical boundary conditions we construct below. The first step of
the analysis is therefore to consider the numerical scheme (1.3) with initial
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data that vanish on a “half-space”, and to derive the relations satisfied by
the solution to (1.3) in that case. This part of the analysis only uses the
weak form of the assumption that the discrete boundary is noncharacteristic
(Assumption 1.4 rather than Assumption 1.5). Our first main result reads
as follows.

THEOREM 1.7. — Let Assumptions 1.1, 1.2, 1.4 and 1.6 be satisfied.
Then there exists a sequence (Il,)nen of bounded operators® on 2(z1
CP1t7™1) that satisfies

1
V>0, Z 7 M| ge2(ze-1y) < +00,  (growth condition),

neN (1 + 5)”
VneN, II,= Z I, IL,,_,., (algebraic constraints),
m=0

and such that for all initial data f°,..., f* € £2(Z9) in (1.3) verifying
Vo=0,....s, Vja<mp, [f.,=0,
then the solution to (1.3) satisfies

m
u(lerplr)

VneN, Vji<0, Y M, : =0. (1.11)
m=0

m
u(j1+1*7“1»')

When the scheme is explicit (case (i) in Assumption 1.6), the operator
I, is given by
0 O
m-(y /).

Let us observe that Il is a projector because of the algebraic constraints
written for n = 0. When the scheme is implicit (case (ii) in Assumption 1.6),
the operator Il does not have such a nice expression as in the explicit case.
In particular, IIy is most of the time a genuine nonlocal operator in the
tangential variable j' € Z4~!, meaning that the value of the sequence ITyv
at an index j/ € Z?"! does not depend on finitely many values of v close
to 7' but on the whole sequence v. (Of course, in the one-dimensional case
d =1, the Il,,’s are matrices of size p; +71 and the discussion on non-locality
becomes irrelevant.) It should be noted that in the explicit case, the IT,,’s for
n > 1 are also nonlocal (unless some specific, though unlikely, cancellation
appears). Such nonlocality is a very common feature of transparent boundary

(2 In the case d = 1, the II,’s are just square matrices of size p1 + r1 since our
definition of £2(Z4~1;CP1+71) then reduces to CP1171,
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conditions for partial differential equations in several space dimensions, see
e.g. [2, 45] for the case of the Schrodinger equation.

Forn =0,...,s, the relations in (1.11) are trivially satisfied because the
initial data f°,..., f* vanish for j; < p;. Hence the relations in (1.11) start
to be really meaningful for n > s+ 1 but for reasons that will arise later on,
it is useful to consider the whole set of relations (1.11) indexed by n € N
and not only by n > s + 1.

Theorem 1.7 provides with the set of relations (1.11) that are satisfied
by the solution to (1.3) when the initial data have support in {j; > p1}. In
what follows, we are concerned with the numerical scheme that is obtained by
combining the iteration (1.3) on a half-space, that is, we truncate the space
domain in one spatial direction, in conjunction with discrete transparent
boundary conditions obtained from (1.11). More precisely, we are going to
consider the following numerical scheme:

s+1
> QouftT = AtFEH n>0, ji>1,
o=0
wm
n+s+1 (p1,) N (1.12)
Z Hn+s+1—7n : =g , n 2 Oa
m=0 uEYi*TL-)
0 _ 0 :
(ujaauj)*(vafJS)v ]12177’13

where the IT,,’s are the tangential operators given by Theorem 1.7 and whose
precise definition is given (on the Fourier side) by (2.16).

The discrete initial boundary value problem (1.12) is meant to describe,
for zero interior and boundary source terms F and g, the dynamics of (1.3)
when restricted to the half-space {j; > 1 — r1}. There is however a little
discrepancy because in Theorem 1.7 we have considered initial data that
vanish for j; < p1, while, due to the stencil of the operators @), we consider
in (1.12) a solution (u}) that is indexed by ji > 1 — ;. In particular, the
initial data f°,..., f* in (1.12) need not vanish for j; < p;. We also consider
the possibility of nonzero interior and boundary forcing terms F' and g in
view of proving stability estimates that will later be useful for convergence
purposes.

The first obvious question when considering (1.12) is to determine
whether there exists a unique solution w for given source terms F, g, f (re-
spectively interior, boundary forcing terms, and initial data). It turns out
that existence and uniqueness of a solution to (1.12) is automatic in the
framework of Theorem 1.7. There is however a little price to pay because of
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the formulation of the numerical boundary conditions. Since Il is a projec-
tor that is not the identity (unless p; = 0), it cannot be an isomorphism on
£2(Z=1) and there must necessarily be algebraic constraints on the source
terms (¢™)n>s+1 in (1.12) for proving existence of a solution to (1.12). These
constraints are made clear in the following result®).

LEMMA 1.8. — Let E be a vector space and let (Pp)nen be a sequence
of linear operators on E such that

n
VneN, P,=Y PpnPin.
m=0
Let (yn)nen be a sequence with values in E. Then there exists a sequence
(Tn)nen with values in E that satisfies

n
vn€N7 Z Pn—7nx’m :yn) (1'13)
m=0
if and only if there holds

n
Vne N, Yn = Z P_m Ym - (114)
m=0

Enforcing algebraic constraints as in (1.14) for the source terms in (1.12),
the unique solvability of (1.12) can be stated as follows.

PROPOSITION 1.9. — Let Assumptions 1.1, 1.2, 1.4 and 1.6 be satisfied.
Let fO,...,f% € £* be the initial data for (1.12), and let (¢")n>s+1 be a
sequence in (2(Z971; CPr171) of boundary source terms for (1.12). With the
tangential operators (IL,)n>0 given in Theorem 1.7, let us define®® for n =
0,...,s:

n Fion,)
gn = Z IL, )
" Fior
1
and let us further assume that the following compatibility conditions are sat-

isfied:

Vn>0, ¢"=> T nmg™. (1.15)
m=0

Then for all sequence of interior source terms (F™),>s41 with values in 2,
there exists a unique sequence (u™),en with values in €2 solution to (1.12).

(3) Lemma 1.8 is purely algebraic and does not require the vector space E to be a
Banach or Hilbert space, nor the linear operators to be bounded.
(4 If the initial data fO,..., f5 for (1.12) vanish for j1 < p1, then ¢°, ..., g° vanish.

- 273 —



Jean-Francgois Coulombel

One drawback of Theorem 1.7 is that the family of operators (II,)n>0
is not uniquely defined, even when enforcing the growth condition and the
algebraic constraints. There is however one choice that seems to be more nat-
ural than others, and this is the one we make in the defining equation (2.16).
Other formulations of the transparent boundary conditions are proposed in
Section 2, some of which being analogous to the one encoded in (1.12), and
others being closer to those used in [1, 4, 8, 16, 17, 18, 49, 50] etc. We discuss
how one can pass from one formulation to the other depending on the space
dimension d.

Once we know that (1.12) has a unique solution, there remains to de-
termine whether this solution depends continuously on the data. This is
a stability problem, and the last requirement for Hadamard well-posedness
of (1.12). Stability is to be understood as proving that a certain norm of the
solution u to (1.12) can be estimated in terms of some appropriate norms of
the source terms in (1.12). This is where the nature of the underlying par-
tial differential equation (1.1) comes back into play since what we have in
mind is proving an estimate for (1.12) that is compatible with the “continu-
ous” limit At, Az — 0. However, since the scale invariance properties of the
transport, heat, Schrodinger or Airy equations are widely different, it seems
hopeless at this point to encompass all possible applications within the same
framework. In what follows we explore one possible notion of stability that
is related to the theory of hyperbolic initial boundary value problems. This
means that the underlying partial differential equation (1.1) we have in mind
is a transport equation (with a € R? a fixed vector):

d
8tv+2aj(“)jv =0.
j=1
Dispersive equations such as the Schrodinger or Airy equations will be ad-
dressed in a near future with stability estimates compatible with the ones
discussed in [5] for the continuous problem.

1.4. Characterization of strong stability

The notion of stability that we discuss is inspired from [25] and is rather
restrictive in the sense that it requires controlling the trace of the solution
to (1.12) with possibly non-homogeneous boundary forcing terms g. From
now on, we consider that the ratios At/Ax;, i = 1,...,d, are constant, which
means that the set A of discretization parameters is a semi-open interval

A:{(At,At/)\l,...,At/Ad)7 AtE(O,l]},
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where A1,...,\g are fixed positive numbers. We also assume that the coef-
ficients as, in (1.4) only depend on the time and space steps through the
ratios A1,..., Aq. In other words, keeping At as the only free small parame-

ter, we assume that the operators @, are independent of At, which means
that the scheme (1.12) is also independent of At (since one can rename the
interior source term At F’ ;H'SH fictitiously as F j"+s+1). The scaling invari-
ance At/Ax; = cst is reminiscent of the scaling invariance (t,z) — (at,ax)
of the underlying hyperbolic equation we have in mind. The estimate (1.16)
below is also the direct analogue of the weighted in time estimates discussed
in [7, Chapter 4] and that are also invariant by the scaling (¢,2) — (at, a z)
(the Laplace parameter v below being then rescaled as v — v/«). As already
mentioned, we plan to adapt the continuous dispersive estimates of [5] to the
framework of finite difference schemes and transparent boundary conditions
in a near future. We now introduce the following terminology.

DEFINITION 1.10 (Strong stability [25]). — The finite difference approz-
imation (1.12) is said to be strongly stable if there exists a constant C such
that for all v > 0 and all At € (0,1], the solution® (u}) to (1.12) with

(f]) =---=(f;) = 0 satisfies the estimate:

gl —2~n At 2
TALET Z Ate 7" ul1_,, 4o

n>=s+1
p1
- A
D D Ate A g g,
nzs+1 j1=1—r1
At+1 _
<C{I=T0 ST Are v AR
v n>s+1

+ Y Ate A g% ey p - (1.16)

n>s+1

The main point in the estimate (1.16) is that the £} ;, norm of the trace of
the solution is estimated with the same “weight” as + times the £, ; norm.
Moreover, there is no loss of “derivative” from the source terms in (1.12)
to the solution in the estimate (1.16). We exhibit below a necessary and
sufficient condition for (1.12) to be strongly stable. The analysis is inspired
from and bears quite some resemblance with [13], see also [47]. Before stating
our main result, we introduce some more terminology.

(5) Here we tacitly assume that the boundary forcing terms and vanishing initial data
satisfy the compatibility conditions (1.15) so that a solution to (1.12) does exist.
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DEFINITION 1.11 (Non-glancing scheme). — Let the operators Qo, .. .,
Qs+1 satisfy Assumptions 1.1 and 1.2. The scheme (1.3) is said to be non-
glancing if for all k € (S')? such that there exists z € S' Nsp(A(k)), then
the holomorphic eigenvalue A of A given in Lemma 1.8 satisfies

oA
8Kl( k) #0.
As discussed in [13], several standard discretizations of transport equa-
tions such as the upwind, Lax—Friedrichs and Lax—Wendroff schemes are
non-glancing. At the opposite, and as already noticed in [47], the leap-frog
and Crank—Nicolson approximations of the transport equation admit glanc-
ing wave packets (while the underlying partial differential equation does
not!). Such examples are discussed in Section 5. Our main result reads as
follows. We emphasize that from now on we enforce the stronger Assump-
tion 1.5 rather than its weak version (Assumption 1.4).

THEOREM 1.12. — Let Assumptions 1.1, 1.2, 1.5 and 1.6 be satisfied.
Then the scheme (1.12) is strongly stable in the sense of Definition 1.10 if
and only if the scheme (1.3) for the pure Cauchy problem is non-glancing.

Assume furthermore that for all & € R?, the roots to the dispersion rela-
tion (1.9) are simple. Then if the scheme (1.3) is non-glancing, there exists
a constant C' > 0 such that for all v > 0 and all At € (0,1], the solution(®)
(u}) to (1.12) with fO,..., f* € £* satisfies the estimate:

p1

A - A
A SEN U e D S L
n>s+1 ji=1—-r1

S

2
<CISTIFNE, e +

o=0 n>s+1

vyAt+1

Yo AtePIANEE L

YD A gy b (17)
n>s+1

Let us observe that in (1.17), we could have added for free the quantity

AT ZMW“ ([T

(6) Here again we tacitly assume that the boundary forcing terms and the (nonzero)
initial data satisfy the compatibility conditions (1.15) so that a solution to (1.12) does
exist.
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on the left hand side, since it is controlled by the stronger “semigroup” norm

_ A 2
SRS VA

sup e

neN
uniformly in v and At. The main point in Theorem 1.12 is that for non-
glancing schemes, one can control both semigroup and trace norms of the
solution to (1.12), including for the case of non-homogeneous boundary con-
ditions. Such strong stability estimates are relevant for two purposes: first
they allow for a convergence analysis relying on suitable consistency esti-
mates, and second such strong stability estimates persist under any small
modification of the numerical boundary conditions. This means that one may
be able to prove first stability and then convergence for a class of absorb-
ing boundary conditions that is based on a sufficiently good approximation
of the tangential operators (II,),>0. We plan to investigate this issue in a
future work, for instance when the operators I, are approximated by the
so-called sum of exponentials, see e.g. [4].

The plan of the paper is as follows. In Section 2, we derive the transpar-
ent numerical boundary conditions and prove Theorem 1.7. We also discuss
alternative formulations of the transparent numerical boundary conditions
and make some constructions more explicit in the special case py =r; =1
which occurs in many practical examples. In Section 3, we show solvability
for the numerical scheme (1.12) and prove Lemma 1.8 and Proposition 1.9.
We also briefly describe, for d = 1, the case where the space domain Z
is truncated on either side, leading to a finite dimensional problem on an
interval [0, N]. Section 4 is devoted to the proof of Theorem 1.12 which char-
acterizes strong stability in terms of non-existence of glancing wave packets.
Eventually we discuss in Section 5 several examples related to transport,
diffusion or dispersive equations.

2. Derivation of transparent numerical boundary conditions

In this Section, we prove Theorem 1.7 and construct transparent bound-
ary conditions in the rather wide framework covered by Assumptions 1.1,
1.2, 1.4 and 1.6.

2.1. Proof of Theorem 1.7

The proof splits in several steps. In the first step, we compute the trans-
parent conditions on the “Laplace—Fourier side”. In several references, this
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calculation is performed by using the so-called Z-transform, which is the dis-
crete analogue of the Laplace transform. The second step consists in going
back to the original time and space variables by using the inverse Laplace—
Fourier transform. This requires specific attention in order to show that the
“causality” principle is preserved, meaning that in (1.11), the relation that
should eventually contribute to determining u™ does not involve some u”
with n’ > n. Writing the relations (1.11) in a causal way in which “future
does not affect the past” amounts to proving that the Laurent expansions
of several objects that are holomorphic on ¢/ do have a limit at infinity (and
therefore the Laurent expansions only involve nonpositive powers of z € U).
Justifying that such limits at infinity exist is the purpose of the second step of
the proof and this is the reason why we make the technical Assumption 1.6.
Once this is achieved, the conclusions of Theorem 1.7 follow rather easily.

Step 1. The transparent conditions on the Laplace—Fourier side.
We consider the iteration (1.3) with initial data in £2 vanishing for j; < p;.
Thanks to Assumption 1.2, we know that the solution to (1.3) satisfies

Vy>0, Y Ate A2 < too. (2.1)
n=0

In particular, for all fixed x; € R, the piecewise constant function w( -, x1,-)
in (1.2) has a well-defined Laplace-Fourier transform on C* x R4~! where
we let CT denote the set of complex numbers with positive real part. Here
the Laplace transform refers to the time variable ¢, and the (partial) Fourier
transform refers to the tangential space variables =’ := (za,...,24). Even
though the x; variable lies in R, we do not perform Fourier transform with
respect to x1. We rather stick to the original discrete variable j; € Z and feel
free to use the notation u;, (¢, z") which is entirely analogous to the notation
introduced in (1.2) for the step function u. The dual variables to (¢,z’) are
denoted (7,¢’) below, with 7 = y+i 6 and ¢’ = (&, . ..,&4), and the Laplace—
Fourier transform of u;, is denoted u;, . Moreover, given (7, ¢) e Ct xR
we always use the notation

Z::eTAtEZ/[, n:= (£2Al’2,...,§dA:Ed)€Rdil.
The difference between the Laplace—Fourier transform used here and the Z-

transform used in [1, 4, 8, 17, 50] is only of a multiplicative, though crucial,
factor. Indeed, we compute

_ ]_— -1 AP
T (€)= % S / eIy (e, (2.2)

d—1
n>0 R
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at least if, for all n € N, the sequence (uf;, ) belongs to (17971, Otherwise

we use the continuous extension of the Fourier transform to L?(R%~1) in case
(u(;,,.)) belongs to (?(74=1) without belonging to £*(Z3~1).

Applying Plancherel’s Theorem, we obtain from the bound (2.1) the prop-
erty:
Vy>0, Z/ |G (v +10,€)|* A dg’ < +oo.
J1EL RxRd—1

In particular, for any v > 0, the sequence (uj, (v + i6,¢));, ez belongs to
(2(Z) for almost every (6,¢') € R x R4~ We omit below the possible neg-
ligible set of those (6, ¢’) for which the sequence is not in £2, and make as if
this negligible set is always empty. This has no consequence of course in the
proof.

With the above notation, it is rather straightforward to derive the recur-
rence relation satisfied by the sequence (u;, (y+16, £") j1ez- Namely, we first
apply the partial Fourier transform with respect to 2/ and get(”)

s+1
ZQ” Jul 7€) = 0, n>0, jiez,

-0 5 N _ (70 s / .
(ugl,...,ujl)(f)—<JQI,..., jl)(g), h€Z,
with

p1

VO':O,...,S, Qg(n) = Z Z a(@],@’),U(ALA‘T)ei[.n Sil )
61:77"1 O =—r'
(S?UJ)J‘I = wj1+gl . (23)

Let us recall that i is a placeholder for (&s Axa, ..., g Axy). We then use
the expression (2.2) of the Laplace-Fourier transform u;, to compute the
relation

P1
Vih€eZ, Z e, (Zaﬂ)m(ﬂﬁl) = Iy, (Tvgl)’ (24)
bi=—r1
where the functions a_,,...,a,, are defined in (1.10) and the source term

F}, in (2.4) is given by the relation

By (r€) = L2 S Y gl () FE).

m=0 o=m

(M It is convenient here to use also the hat notation for denoting the partial Fourier
transform with respect to the tangential spatial variables x’.
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The precise expression of Fj, is not very useful. What is important is
that, because of the support assumption on the initial data in Theorem 1.7,
F}, is zero for any index j; < 0. Thanks to Assumption 1.4, we also know
that both a_,, (z,m) and ay, (z,n) are nonzero because 7 € C* and therefore
z = e" At € Y. Hence (2.4) is a recurrence relation of order (exactly equal
to) p1 + 1 for the sequence (u;, (1,¢'));,ez. Introducing the vector

Ujiap—1(7,€)
Uj, (1,¢) = € Ccrrtr
Uy (1,€)
as well as the companion matrix

Y (z,m) €U x R,

7ap1—1(za77) 70‘—7"1(2777)
ap, (2,m) ap, (2,1)
Mi(z,m) = L 0 - 0 € My, 1, (C), (2.5)
0 1 0

we can equivalently rewrite (2.4) as

Fjl(T’S/)
/ / ]. O
Uj1+1(775)—M(Zaﬂ)Ujl(Taff):m :
P1 ) .
0

In particular, there holds
vjl g 07 Uj1+1(T7 5/) = M(Z7n) U]l (7-5 5/) . (26)

The relations (1.11) of Theorem 1.7 are direct consequences of the recurrence
relation (2.6). Some fundamental properties of the matrix M(z, ) are stated
in the following Lemma.

LEMMA 2.1. — Let Assumptions 1.1, 1.2, 1.4 and 1.6 be satisfied. Then
for all (z,m) € U x R¥™Y the matriz M(z,n) in (2.5) is invertible and has
no eigenvalue on S'. If moreover Assumption 1.6 is satisfied, then M(z,n)
has ry eigenvalues (counted with multiplicity) in D and the remaining p;
etgenvalues in U.

Let us take the result of Lemma 2.1 for granted for a while. We can
therefore introduce the eigenprojectors II$%(z,n) associated with the de-
composition of CP*"1 into

CPt™ = E%(z,m) @ E“(z, 7). (2.7)

- 280 —



Transparent numerical boundary conditions for evolution equations

Here E° refers to the stable subspace, that is the generalized eigenspace of
M(z,n) associated with the eigenvalues in D and E* refers to the unstable
subspace associated with the eigenvalues of M in /. By Lemma 2.1, the rank
of II*(z,m) is r1 and the rank of 11%(z,n) is p;.

Using the recurrence relation (2.6) and the fact that (Uj, (1,¢"))j,ez be-
longs to ¢?(Z), the vector U; (7,&") must necessarily belong to the unstable
subspace E“(z,7n) and this property is propagated to any j; < 0 by the re-
currence (2.6) since E“(z,n) is invariant by M and M~!. Using the projectors
I1*%(z,n) associated with (2.7), we have obtained:

Vi <1, II°(z,n)Uj(r, ¢)=0. (2.8)

The relations (2.8) are the Laplace—Fourier counterparts of the rela-
tions (1.11) stated in Theorem 1.7. In what follows, we are going to prove
Lemma 2.1. Then we shall explain how one can rewrite (2.8) in the original
physical space, which amounts to determining the inverse Laplace-Fourier
transform of the left hand side in (2.8).

Proof of Lemma 2.1. — The proof is mostly the same as in [32], but
since we intend to show that the argument is not restricted to discretized
hyperbolic problems, we reproduce it here for the sake of completeness. Let
(z,m) €U x R~ The determinant of the matrix M(z,n) in (2.5) equals

(_1)p1+r1 a—ry (Z, n)/al)l (Z7 77) )

this quantity being nonzero due to Assumption 1.4. More generally, the char-
acteristic polynomial of M(z,n) is

1 P1 ;
A Qg (Zvn)X vt )
o) 2

=—r1

and the eigenvalues of M(z,n) are the roots k; € C\ {0} to the dispersion

relation
s+1

Z@,(nl,e“’z,...,ei"d)z“ =0.
o=0

In particular, k1 does not belong to the unit circle St for otherwise (1.9)
would have a root z in U for some & € R? (and this would contradict
Lemma 1.3). This means that the eigenvalues of M(z,n) split into two
groups: the stable ones in D and the unstable ones in U, which gives rise
to the decomposition (2.7). It remains to determine the dimension of each
of the vector spaces in (2.7).

We start with the case of explicit schemes, that is, case (i) in Assump-
tion 1.6. Following [32, Lemma 2] (see also [12, Lemma 15] for a more detailed
exposition), the number of stable eigenvalues is computed by analyzing their
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behavior when z tends to infinity. Since U x R~! is connected, the number
of eigenvalues of M(z,n) in D does not depend on (z,n). Let now 1 be fixed.
As z tends to infinity, all stable eigenvalues of M(z, n7) converge to zero. This
property holds for otherwise, there would exist a sequence (z,) with |z,| > n
and there would exist a sequence (k) such that s, € DNsp(M(z,,n)), and
inf, |k,| > 0. Up to extracting and relabeling, we can assume that the se-
quence (k,) converges towards some nonzero complex number k. We now
pass to the limit in the expression

1 P1
b1+r1
S+1 E Gy, (Zn7 "7) linl t=0 )

n @1:—’[‘1

where the rescaling by z,°"! has been made in order to have (recall here
that we consider explicit schemes):

1
71 Q4 (2n,m) — b0,

n

see (1.10). Hence we get k™ = 0, which is a contradiction. All the stable
eigenvalues of M(z,n) tend to zero as z tends to infinity (and similarly,
all the unstable eigenvalues tend to infinity as z tends to infinity). Setting
z = 1/Z, the number of stable eigenvalues of M(z,n) is computed for Z
small by counting the number of roots close to zero to the equation

P1
D(k,2Z):=2""" > a,(1/Z,m) k" =0.

lefrl

Since D is a polynomial in (k,Z) with D(k,0) = £™, there are r; stable
eigenvalues of M(z,n). The p; other eigenvalues of M(z,n) are the unstable
ones.

We now deal with the case of implicit schemes, that is, case (ii) in As-
sumption 1.6. Once again, we analyze the behavior of the eigenvalues of
M(z,n) as z tends to infinity. For fixed 1 and %1, we compute

1 D1
L1411
Jim = D ag(zm)
li=—11
P1 p’
_ il l1+7
= E E agey ry,s41 (AL, Az) e = T
51:—7“1 b =—r'
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Using Assumptions 1.1 and 1.6, we know that the equation in ki:

et Q/\(K el 2 eind):
1 s+1 1 9ty
p1 p’
il li+r1
E E age, 0,541 (AL, Ax) e | k1T =0,
lef'rl é’:fr’

is a polynomial equation of degree p; +11, that its roots are nonzero and that
it has no root on S!. Furthermore, the residue Theorem [40] shows that the
integral on the left hand side of (1.5) equals the number of zeroes in I of the
holomorphic function 61:1( -,etm2 . et"d) minus the number of its poles
in D (zeroes and poles being counted with multiplicity). By Assumption 1.6,
we know that there is only one pole at the origin with order 71, so the number
of zeroes in D is r1. Summarizing, we have shown that the equation

’

p1

p
Z Z a(e, e),s+1 (AL, Az) eltm ’%H—Tl =0,

Z1:7T1 U =—r

has r1 roots in D and it must therefore also have p; roots in Y. By the Rouché
Theorem [40], this implies that for any sufficiently large z, the equation

D1

> an(zm) k=0,

li=—71

also has ry roots in D and p; roots in Y. O

Step 2. The limit at infinity of the stable and unstable sub-
spaces. Let us first observe that because of Lemma 2.1, the stable and un-
stable spaces E** in (2.7) depend holomorphically on z € U and analytically
on 1 € R¥1. Moreover, they are 2 m-periodic with respect to each coordi-
nate of 1 because the matrix M itself is 2 w-periodic with respect to each
coordinate of 7, see (1.10). Hence the projectors II** which can be defined
by integrals of (w I —M)~! on suitable contours [6], depend holomorphically
on z € U and analytically on n € R, Assumption 1.6 comes back into
play for studying the limit of the projectors II** as z tends to infinity, which
amounts to determining the limits of E** as z tends to infinity.

Let us first consider case (ii) in Assumption 1.6, that is, the case of
implicit schemes. We have already seen in the proof of Lemma 2.1 that for
all n € R4!, the function

k1 € C\ {0} — st:(m,ci”z,...,ci”d),

has ry zeroes in D\ {0} and p; zeroes in U (as always, zeroes are counted
with multiplicity). We can then easily determine the behavior of the spectral
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projectors II*%(z,m) as z tends to infinity. Indeed, by the definition (2.5) of
M(z,n), and the fact that both a_,, and a,, are polynomials of degree s+ 1
in z (Assumption 1.6), we find that M(z,n) has a limit as z tends to infinity.
This limit is given by

_a007171—1(77) A _aoo,—n (77)
too,py (M) oo,p, (1)
0 1 0
N
ooty (M) 1= > ay0),s01 (AL, Ax) e (2.9)
o=y

and we know from the previous arguments that this matrix has r; eigenvalues
in D\ {0} and p; eigenvalues in Y. In other words, the singularity at Z =
0 of the projectors II**(1/Z,n) is removable since the splitting between
stable and unstable eigenvalues persists up to Z = 0. In what follows, we
let E*(c0,n), resp. E“(co0,n), denote the stable, resp. unstable, subspace of
the matrix M(oco,n) in (2.9). We also let II*%(c0,n) denote the projectors
associated with the decomposition

CPm = E*(00,m) & E¥(00,7)
which holds for any np € R4~1.

Let us now turn to the case of explicit schemes, case (i) in Assumption 1.6.
This is the case treated in [10, 32]. From the proof of Lemma 2.1, we already
know that the eigenvalues of M(z,n) are the roots k1 to the equation

p1
Z K‘?Jﬂ‘l gy (Z, 77) =0.

21——7‘1

There are 71 stable roots, all of them converging to zero as z tends to infinity,
and there are p; unstable roots, all of them tending to infinity as z tends to
infinity. We are going to determine an asymptotic expansion of the eigenval-
ues as z tends to infinity. (Of course determining this behavior makes sense
only if 1 and/or p; is nonzero, and this is the reason why in Assumption 1.6
we have stated conditions only when these integers are nonzero, which we
assume from now on.) We introduce the function

pP1
D : (Z k) — 250 N wi Ty, (1/2,m),

Zlif’l’l
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that is a polynomial function of (Z, k1), and that satisfies

r oD : s
D(0, k1) = K*, 87(070> = %13102 a—r,(1/Z,m)
v’ .
- Z Ay 0,5 (AL, Az) 0T £ 0.
0 =—p!

Applying the Puiseux expansions theory, for which we refer to [6], the rq
eigenvalues of M((1/Z,m) close to zero thus have an asymptotic expansion of
the form
k1~ e ZYT 02, e #0.

Recall that the frequency m is fixed here. In particular, the r; stable eigen-
values of M(z,n) are simple for all sufficiently large z, n being fixed (the
splitting comes from the r; possible branches for the r1-th root of 1/z). In a
similar way, we can prove that the p; unstable eigenvalues of M(z,n) have
the asymptotic expansion

k1~ dzZYPr+01), d#£0.
At this stage, we know that for all sufficiently large z, the eigenvalues of
M(z,n) are simple; the stable ones behave like z~1/™ and the unstable ones
behave like z'/P1 as z tends to infinity. It remains to compute the limit of
I1%(z,m) (the limit of IT* is directly obtained by using II* = I — II*), which
will also give the limit of E**(z,n) as z tends to infinity.

Using the expression of the eigenvectors of a companion matrix, we know
that the Vandermonde matrix

gPhitri—l o p1t+ri—1
1,1 1,p1+7r1
: : ,
1 1
diagonalizes M for z large enough (so that all eigenvalues are simple). We
label the eigenvalues in such a way that xq1,...,k1,,, are the stable ones,
and K141, -.,K1,r+p; are the unstable ones. With this convention, there
holds
I° (2, m)
p1+ri—1 p1+ri—1 p1+ri—1 pi+ri—1\ 1
K11 T 1,p1+r1 K11 T 1,p14r1
_ . . I, 0 : .
- : : ( 0 0) : :
1 1 1 1
Our aim is to show the property
0 0
. s .
ZIL\IEOH (z,m) = <0 In) . (2.10)
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Introducing the matrix

1 ... ,{Iilfmfl
W(zm) = | : - (2.11)
+r1—1
| K’Il),lpﬂrlh

and using the previous expression of I1°(z,n), proving (2.10) is equivalent
to proving the property

lim W(z,n)™" (161 8) W(z,m) = (Ial 8) : (2.12)

Z— 00

We introduce the block decomposition of the matrix W(z,n) in (2.11) and
of its inverse W (z,m) ™! (we forget temporarily to recall the (z,n) dependence
of all matrices to make expressions a little lighter):

Vo vV
W = B, wi=(L 2,
() v (3
where the upper left block has dimension ry X r; and all other dimensions

follow accordingly. The matrix on the left of (2.12), whose limit we wish to
compute, is given by:

VV V) (1=, VY
“WV i)\ WV, W)

where we have used the fact that W~ W is the identity. For computing the
limit as z tends to infinity, we need some bounds on all matrices involved
in the latter expression. Let us first examine the block V4. From the defini-
tion (2.11) of W and the labeling of eigenvalues of M, the block V} involves
powers at least equal to r; of stable eigenvalues of M. The block Vj, involves
powers at most equal to 71 — 1 of unstable eigenvalues of M. Hence we have
the bounds

IVill = 0117, W] = O(lz =77y,

where here || - || denotes any norm on (not necessarily square) complex matri-
ces, for instance the maximum of the modulus of the entries. We now need
to estimate the blocks of W ™!, which is made possible thanks to the ex-
plicit and somehow classical formula (the formula comes from the Lagrange
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polynomial interpolation theory):

-1

Wk = D8 | ] 51m = 515)

m#j

> Ky - Klmy, 40y p - (2.13)
1<my < <Mpy 4r —k<P1+7T1,
L5y Mpy 4r —k7T
In this formula, the sum is understood as being equal to 1 if kK = p; + 1.
Repeated and careful applications of (2.13) lead to the following bounds for
the blocks of W ~1:

IVl = O™, [Vill = O(l=|+/m=1/m),
Il = O(j==V/m=im), [Vill = Ol /7).

In particular, when combined with the bounds on Vj and V;, we can show

that the four products of matrices Vﬁ i, 1% Vi, Vh V,, and Vb Vi tend to zero,
which completes the proof of (2.12).

Since we have (2.10), and the other limit

s e = (0 g).
we get the limits of the stable and unstable subspaces as well. Namely, the
limit E®(co,n) of E*(z,n) is the vector space spanned by the last r; vectors
in the canonical basis of CP**"1 and the limit E“(co,n) of E“(z,n) is the
vector space spanned by the first p; vectors in the canonical basis of CP1 771,
With that definition, we obviously have the splitting (2.7) that persists up
to z = oo, as in the implicit case.

Step 3. The transparent conditions in the physical variables. In
the previous step, we have seen that the projector II°(z,n) onto the stable
subspace of M(z,7n) has a limit as z tends to infinity. For explicit schemes,
this limit is independent of 1 and is given by (2.10). Consequently, II° ex-
tends as a function on (U U {co0}) x R4~! that depends holomorphically on
z and analytically on i with the additional property of being 2 m-periodic
with respect to each coordinate of 1. We can therefore write the Laurent
expansion of II® under the form

V(zm) € UU{oo}) xR TI%(z,m) = ) 2" Lu(n),
n=0

where the convergence is normal on every compact subset. In particular,
since each matrix II,, depends analytically and in a periodic way on 71, the
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convergence of the Laurent series is normal on any set of the form {|z| >
146} x R4~ § > 0, that is:

1
— 11 . 2.14
V60, Z(1+5)” Sup ()] < +o (2.14)

n=0

We go back to the definition of the vector Uy, (1,¢") in (2.8), use the Laurent
expansion of TT° and the expression (2.2) of the Laplace-Fourier transform
of uj, to get

n Uy -1 ()
VneN, Vj<1l, > Ty_m(n) : =0, (215
" i, (&)
where we recall that here, the “hat” denotes partial Fourier transform with
respect to (z2,...,2q), and n is a short notation for (&3 Az, ..., 1 Axy).
The sequence of operators (IL,),en is then defined as the following sequence

of Fourier multipliers: for any n € N and any sequence v € £2(Z~1; Crrtr1),
we identify the sequence v and the corresponding step function

d
v(@') =vy, Va'e H Uk Azi; (Jk + 1) Azy) .
k=2
In particular, the Fourier transform of the sequence v means the Fourier
transform of the corresponding step function. Then II,, v is defined as the
sequence® whose Fourier transform is given by

g eR I, (n)0(g). (2.16)

With this definition for the II,’s, applying the inverse Fourier transform
to (2.15) gives (1.11). To complete the proof of Theorem 1.7, it only remains
to show that the IT,’s satisfy the growth condition and the algebraic con-
straints stated in Theorem 1.7. The growth condition is a direct consequence
of the bound (2.14) on the symbols (II,,) of the Fourier multipliers (II,,). The
algebraic constraints follow by using the fact that II® is a projector (up to
now we have only used that E* is the kernel of I1?). Expanding the equality
I1%(2z,m)? = [1*(2,m) in Laurent series with respect to z, we get the algebraic
constraints for the symbols:

VneN, Vne R-1 , I,(n) = Z I () I () -

m=0

(8) It is indeed a rather standard result that Fourier multipliers associated with periodic
symbols map the set of L? step functions into itself. We can therefore equivalently view
the operator IT,, as acting on £2(Z%~1) with values in ¢£2(Z?~1) rather than acting on the
set of L2 step functions with values in L2(R?~1).
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The relations satisfied by the IT,,’s follow immediately. This completes the
proof of Theorem 1.7.

2.2. Alternative formulations of transparent boundary conditions

In this paragraph, we explain why the formulation of the transparent
conditions encoded in the operators IL,, in (1.11) is not unique and what
other choices, that may be more suitable from a practical point of view, can
be made.

2.2.1. Alternative formulation with projectors

In the Laplace-Fourier variables, the recurrence relation (2.6) implies that
the vector Uy (7,¢’) belongs to the unstable subspace E“(z,1) of M(z,n).
Using the decomposition (2.7), we have equivalently formulated this property
in writing (2.8). The arbitrariness here lies in the choice of the supplementary
vector space E*(z,n). More precisely, let us assume that one can choose a
vector space Es (z,m) of dimension 7y in CP1*"1 depending holomorphically
on z € U U {oo}, analytically on 7 € R4~ and 2 m-periodically with respect
to each coordinate of 1, and such that one has the decomposition(®):

V(z,m) € UU{oo}) xREL, €14t =B (2,m) @E%(z,m).  (2.17)

(10)

We then let ﬁs’“(z, 1) denote the corresponding projectors*?). Then one can

equivalently rewrite (2.8) as

vjl <17 HS(Z7n)Uj1(T7£/):O7
and since we already know that I* is holomorphic in z on U U {co}, the
Laurent series of II° only involves nonpositive powers of z. We can therefore
reproduce the same arguments as in Step 3 of the proof of Theorem 1.7,
which gives rise in the end to a set of relations

m
Ui +p1,-)

VneN, Vj<0, Y Mo, : =0,
m=0

n

m
u(jl-'rl—f’l, -)

(9) We recall here that E* has a limit when z tends to infinity, which we have denoted
E* (o0, 7).

(10) Of course, IT% (#,m) does not coincide with II*(z,n), even though one of the vector
spaces in (2.17) is the same as in (2.7).
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with a definition of the operators I:I,L_m that is entirely analogous to the
one of the IL,’s. What really matters is not the sequence of operators (II,,)
in (1.11) but rather the kernel and the range of Il for instance. This is the
reason why there is some possible freedom in the formulation of (1.11).

Of course, the supplementary vector space E*(z,n) in (2.7) is a rather
natural choice, at least because when the eigenvalues of M(z,n) are simple,
the projectors II>"(z,n) are given in terms of a Vandermonde matrix and
its inverse for which explicit expressions are available(!!). Therefore there
does not seem to be much simplification in choosing another supplementary
vector space to E*, though one should keep in mind that it is a possibility.

2.2.2. Alternative formulation with linear forms

The other formulation that we propose seems to be much more used in
practice, see e.g. [18, 4, 50, 17, 16, 49, 8]. Tt is specifically recommended in
the case 1 = 1 for then E¥(z,n) is a hyperplane in CP**™ which one can
consider as the kernel of some linear form.

In full generality, we know that E" defines a holomorphic/analytic-
periodic vector bundle over (U U {oc}) x R4~1. By holomorphic/analytic-
periodic, it should be clear by now that we mean holomorphic with respect to
z € UU{oo}, analytic with respect to n € R?~! and 2 m-periodic with respect
to each coordinate of n. In the same way, E® defines a holomorphic/analytic-
periodic vector bundle over (4 U {oo}) x R~1 and the fiber E*(z,n), resp.
E*(z,m), coincides with the range of the projector I1°(z, n), resp. IT*(z,n).
By the transformation z — 1/z, the set U U {oco} is mapped biholomor-
phically onto the unit disk D, which is simply connected. By following the
argument in [31, Chapter 2.4], we can thus determine for all n € R?~! a
basis €5(z,1n),...,e5 (2,m) of E*(z,m), resp. a basis e{(z,7),..., e (2,m) of
E“(z,m), that depends holomorphically on z € U/ U{cc}. (We do not concen-
trate at first on the dependence with respect to 7 and consider n as a fixed
parameter for now.)

The inverse of the matrix

(ef(zﬂ’l) 678*1 (Za 77) 611‘(2,77) egl (2777)) € MP1+T’1 ((C)a

provides with r row vectors Li(z,n),..., Ly, (2,m) € M1 p,+4r, (C) that de-
pend holomorphically on z € U U {oo} and such that the unstable subspace
E* reads

E“(z,m) ={X € CP"™ /Li(z2,m) X =--- = L., (2,m) X =0} .

(11) There are also explicit expressions when some eigenvalues are not simple but the
algebra gets more involved.
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In other words, for all n € R%~! we have constructed a matrix L(z,n) €
Moy pi4ri (C) of full rank 71, that depends holomorphically on z on Y U{oo},
and whose kernel is E¥(z, 7). The relations (2.8) in the proof of Theorem 1.7
can be equivalently recast as
leél, L(Z,U)Ujl(TaEI)ZO,
with the major gain, from an algebraic point of view, that L has full rank so
that any perturbation (meaning a nonzero vector in C™ on the right hand
side) is now admissible in view of a stability analysis, which bypasses the
algebraic constraints of Lemma 1.8. We can expand L in Laurent series
1
n=0

apply the inverse Laplace transform and rewrite the above relations as

n u;?-l‘m—l(g/)
VREN, v,]1<17 ZLn—m(n) =0,
m=0 ——
’u’jlfrl (5/)

which is the analogue of (2.15).

Assume now that the above construction of the matrix L can be per-
formed in such a way that L depends analytically and 2 m-periodically on
1. Analyticity can be obtained by using the same procedure as in [7, Chap-
ter 4.6] (which corresponds to applying the method of [31] coordinate by
coordinate), but periodicity seems far from obvious if one constructs the
above basis by ODE arguments as in [31]. Assume nevertheless that period-
icity can be achieved (for instance, as in the example below, because one has
explicit expressions). Then one has all the desirable properties for applying
inverse Fourier transform in the previous relations and write the relations in
the original physical variables under the form

m
u(jl-i-ph )

VneN, Vji<0, Y Lo : =0,
m=0

u@l +1-7ry,-)
with suitable Fourier multipliers L,, on £2(Z?~1). The nice feature here is that
one no longer needs to care about compatibility conditions for the boundary
forcing terms (if present). There may of course still remain some indetermi-
nacy in the construction of L due again to the choice of a supplementary
vector space to E* and to the choice of a basis.

In the case d = 1, the argument in [31] allows us to construct the matrix
L(z) as above, with L holomorphic on I U {oo}. Such a construction is the
one that is used for instance in [8, 9, 18]. When d is larger than 1, the main
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difficulty is to construct L(z,m) with the property that L is 2m-periodic
with respect to each coordinate of 1. If we go through the arguments above,
we could construct such an L provided that we have a basis of E° and a
basis of E* that depend holomorphically/analytically /periodically on (z,n)
in (UU{oo}) x R~L. Constructing such bases is far from obvious, because it
amounts to showing that the vector bundles E® and E* are trivial, but here,
because of the periodicity in 7, these vector bundles are considered over
(UU{oc}) x (S1)41, which is not contractile (unless d = 1). However, there
are examples for which one can show from an explicit expression of E*(z,n)
and E%(z,m) that the bundles over (U U {oo}) x (S})4~! are indeed trivial,
and this allows then to construct the matrix L(z,n) even for problems with
d>2.

2.2.3. The simplest and most frequent example

Let us consider for simplicity the case d = 1 so that the previous technical
difficulties encountered because of the tangential Fourier variables i disap-
pear. Let us assume furthermore p; = r; = 1. In other words, the original
numerical scheme (1.3) takes the form:

s+1
Z 1,0 ’(,L?j_f + ag,o U;H_U + a1, u?j__lo- =U, n 2 07 .7 € Zv
a=0 (2.18)

(WO, . uf) = (f°..., f%) € (2(Z)sHL.

Of course, the coefficients a_1 ¢, ag ¢, a1,» in (2.18) may depend on At and/or
Az,

Let us emphasize how the various assumptions on (1.3) translate in the
particular case (2.18). Assumptions 1.1 and 1.6 mean:

For explicit schemes: a_1s41 = a1s41 = 0, apsy1 = 1, and
a_1,s01,s # 0 (this last condition may restrict the possible val-
ues of the discretization parameters At, Az, see the example of the
Lax—Wendroff scheme in Section 5).

For implicit schemes: a_1,s+1 01,541 7 0, and the polynomial (in )

2
a—1,s+1 t Q0,s+1 K+ Q1 s+1 K",

has one root in I (necessarily not zero) and one root in U. If the
coefficients are real, this means that one root belongs to (—1,1) and
one root belongs to (—oo,—1) U (1,+00) for the roots cannot be
complex conjugate.
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Assumption 1.4 means that both polynomials

s+1 s+1

E o § o
ad_1,0%" , A1,0 2"
o=0 o=0

have no root in & (Assumption 1.5 means that they have no root in I). For
explicit schemes, these polynomials have degree s while they have degree s+1
for implicit schemes. In particular, Assumption 1.5 is automatically satisfied
if the scheme is explicit and s = 0 for then the previous two polynomials are
constant and nonzero.

Let us now turn to our derivation of the transparent boundary conditions.
The matrix M of interest is defined in (2.5). In one space dimension with
p =r =1, its expression reduces to

Cag(z)  a-i(?) s+1
M(z) := ai(z) a(l)(z) e My(C), ap(z) := Z are 2% . (2.19)
o=0

We know from the proof of Theorem 1.7 that M(z) has one eigenvalue r4(z)
in D and one eigenvalue k,(z) in U, both counted with multiplicity and
therefore simple. Since the eigenvalues do not cross for z € U, they both
depend holomorphically on z € Y. The stable eigenvalue ks(z) has a limit
when z tends to infinity, while the unstable eigenvalue k,,(z) has a limit when
z tends to infinity only when the scheme is implicit (for an explicit scheme,
Ky (z) tends to infinity when z tends to infinity). The stable and unstable
subspaces read

E*(2) — Span (K?sl(z)> , E%(z) = Span (Hu(i)1> ;

where the choice for parametrizing E* has been made in such a way that
the generating vector has a limit when z tends to infinity (even when the
scheme is explicit).

Let us now discuss two possible ways of writing the transparent boundary
conditions. We first follow the approach based on the spectral projectors as
in the proof of Theorem 1.7. The decomposition:

VzeUu{oo}l, C*=E(z)@E"(2),

is endowed with two projectors II®*%(z), whose explicit expression is given
by

IR <ns<z> —w)nu(z))? () = T— T2,

1 —ky(2)
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Observe in particular that for explicit schemes, knowing ks — 0 and k,, — o0
as z tends to oo, we recover the asymptotic behavior

. s,y (00 : won (10
Jim T1(2) = (0 1) o Jim T(z) = (0 o) '
We can either write the vector space E*(z) as the kernel of the matrix II*(z)
or as the kernel of the linear form

z= ("t ECQ%Lxlffm.
T2 K (2)

Again, it is more convenient to use x,(z) ! instead of x,(z) because in our
framework, k,(2)~! always has a limit as z tends to infinity.

The Laurent series of both ¢ and ;! can be obtained by starting from
the relations

a_1(2) +ao(2) ks(2) +a1(2) ks(2)*> =0,
a_1(2) ku(2) 72 + ao(2) ku(2) 7 Fai(z) = 0,
and by identifying inductively the coefficients in the series

K _ 3
Ra(z) =D L mu(a)T =)0

n=0 n=0

For the numerical scheme considered in [18], one can get an explicit expres-
sion of the coefficients in terms of the Legendre polynomials. This expression
does not come from the general method we propose. For explicit schemes,
both ks and Ky are zero, and both x,; and &k, 1 are nonzero. One can
also determine the Laurent series expansion of k,, by writing (the coefficient
Ku,1 being nonzero for explicit schemes):

by (2) = Ky1 2 + Z

n=0

K

u,m
)
n
z

by plugging this series into the equation
a_1(2) + ao(2) ku(2) + a1(2) ku(2)* =0,

and by identifying inductively the coefficients . At least theoretically
speaking, this gives access to the Laurent series expansion of any useful
quantity involving ks and k,. In particular, we have access to the Laurent
series of IT°, which gives rise in the original physical variables to the rela-
tions (recall here that we consider a one-dimensional problem so the Fourier
multipliers II,, reduce in fact to 2 x 2 matrices):

VneN, Vji<0, Y M, (“ﬁ;l) —0.
m=0

Uj,
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Viewing the vector space E¥(z) as the kernel of a linear form, we may use
the Laurent expansion of s ! and rewrite equivalently the latter relations as

VneN, Vji<0, u},=> Funmt - (2.20)
m=0

Using the formulation (2.20), the new (though equivalent) way of writing
the transparent boundary conditions in (1.12) becomes

s+1
d a0 ulTY + a0 o ul T dar o ulty = ALFPTT n>0, =1,

o=0

n+s

s+1 ~ 1 ~ 1
u8+6+ — Ru,0 u?+s+ - Z Ry,n+s+1—m u11n + 9n+s+ , n 2 07
m=0
0 _ .
(ugy..,ui)=(f,.. ., 1), j=0.

(2.21)
For explicit schemes, K, ¢ is zero so the boundary condition in (2.21) takes
the form of a non-homogeneous Dirichlet boundary condition, whose source
term is computed thanks to the trace at j = 1 of the solution at earlier
times.

3. Solvability of the scheme with transparent boundary
conditions

From now on, we analyze the numerical scheme (1.12). We first prove
Lemma 1.8 which characterizes the sequence of source terms for which one
can construct a solution to the sequence of “convolution” equations (1.13).
Lemma 1.8 will provide with necessary and sufficient compatibility condi-
tions for solving (1.12).

Proof of Lemma 1.8. — The whole proof is based on the mere fact that
Py is a projector. Hence a vector y belongs to the range of Py if and only if

Poy=y.
Let us first assume that the sequence (y,) is such that there exists a
solution (z,) to (1.13). For n = 0, there holds yg € Im P, and therefore (1.14)

holds for n = 0. Let us assume by induction that (1.14) holds up to some
integer n. Then we can write

n
Yn+1 — ZPnJrlfmem :POanrl EII’II_PO7

m=0
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and consequently

Ynt+1 — Po Ynt1

n n
- § Pn+17m L — § PO Pn+17m Tm
m=0 m=0

- (Pn+1 - PO Pn+1)x0 + Z(Pn+1—m - PO Pn+1—m) Lm - (31)

m=1

We now use the equations satisfied by the P,,’s and write

(Py+1 — Po Pot1) ®o = Ppy1 Poxo + Z P, Pyi1-pTo
p=1

n
=FPot190+ Z P,Poi1_pxo.
p=1

We can therefore simplify (3.1) and obtain
Yn+1 — PoYnt1 — Pay1%o
= Z(Pn+1_m 7P0 Pn+1—m) Tm +ZPP Pn+1—p X - (32)
m=1

p=1

If n = 0, the work is over since the sums on the right hand side of (3.2)
vanish and we have obtained (1.14) for n+1 = 1. Assuming n > 1 from now

on, we substitute P,41_p, o in (3.2), p=1,...,n, for
n—p
Yn+1—p — Z Pn+1—p—k Tk 5
k=0

by using (1.13). Using the algebraic relations satisfied by the Py’s and some
manipulations on the indices, we end up with

n

Ynt1 — Poynt1 — Pni1yo = Z Py yni1p,
p=1

which is nothing but (1.14) for n + 1.
Let us now assume that the sequence (y,) satisfies the compatibility
conditions (1.14). Then one immediately sees that the sequence (x,) de-

fined by z, := y, for all n satisfies (1.13). The proof of Lemma 1.8 is thus
complete. O

It remains to use Lemma 1.8 for proving the solvability result of Propo-
sition 1.9.
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Proof of Proposition 1.9. — We first show that if there exists a solution
o (1.12), then it is necessarily unique. Of course, by linearity, this amounts
to showing that the only solution to

s+1

> QutT =0, n>0, ji>1,

n+s+1 8’1 ) (33)

Z Hn+s+17m = 07 nz 07
u?{*Hw )

(ud,...,u5) =(0,...,0), j1=>1—rp,
is zero. We prove this property by induction on the time level. Let us assume
that up to some level n > 0, there holds u® = - - = u"** = 0 (this property

clearly holds for n = 0 due to the initial data in (3.3)). Then u"T5+! € (2 is
a solution to

n+s+1 __ .
Qst1 U =0, 1>=1,
n+s+1
“p1. )
Ho . =0.
n+s.+1

Ya-ry, )
We apply a partial Fourier transform with respect to the tangential variables

j' € 7471, which yields, because Iy is a Fourier multiplier, see (2.16):

Qi (E) =0, ji=1,

up (e

Io(n) ; =0,

T*ﬁfl(ﬁ )

where the “one-dimensional” finite difference operator Qg 41 is defined
n (2.3).

In the explicit case (case (i) in Assumption 1.6), we compute Qg+1(n) =1,
and we have seen in the proof of Theorem 1.7 that the projector Ily(n)

reduces to
0 0
I (77) = (0 I, ) .

Hence we get u"+s+1(£ ) =0 for all j4 > 1 — ry, and applying the inverse

n+s+1

Fourier transform, we obtain u = 0. Uniqueness follows.

In the implicit case (case (ii) in Assumption 1.6), we know from the
index condition (1.5) that a sequence (wj, ), >1—r, solution to the recurrence
relation

Vi =1, QL (mw; =0, (3.4)
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belongs to ¢2 if and only if its “initial condition” (wp,,..., w1 )T belongs
to the stable subspace E®(co,n) of the matrix M(oo,n) whose expression
is given in (2.9). The matrix M(oco,n) is of course the companion matrix
that arises when one rewrites the recurrence (3.4) as a first order recurrence
relation for the augmented vector (wj,4p,—1,--.,Wj,—r ). . Moreover, we
know from the proof of Theorem 1.7 that the projector IIp(n), which is
the limit of II°(z,1) as z tends to infinity, is precisely the projection on
E* (00, n) with kernel E¥ (00, 17). Since the sequence u+*+1 belongs to £2([1—
n+s+1

r1,+00) x Z4~1), the partial Fourier transform (uf, (€))j1>1-r, belongs
to €2 for almost every &'. We therefore get (up;**(¢'),... uf2(€) =0

for almost every &', which yields u"***! = 0 by inverse Fourler transform.
Uniqueness of a solution to (1.12) follows by induction on n.

It remains to show that there exists a solution to (1.12), provided that the
necessary compatibility conditions described in Proposition 1.9 are satisfied.
We thus assume that the source terms ¢" in (1.12) satisfy (1.15) (for n >
s+1, g™ refers to the boundary forcing term in (1.12), and for 0 < n < s, g"
refers to the sequence constructed from the initial data as in the statement
of Proposition 1.9). Let us assume that up to some time level n + s, with

n > 0, we have constructed the sequences u°, ..., u""*, with

(..., u®) = (f°,...,f%), (initial data),

m
n’+s u(Pl, )
vn' =1,...,n, Z Il sk ; = g™+ (boundary conditions),
m
u(lfﬁ, -)
s+1

vo'=1,...,n,Vj>1, Z Qo u} n'+o-1 AtFj”/+S,(numerical scheme).

We wish to construct a sequence "5+ solution to

s
Qo uf T = At PPt N Qo ulte j1>1,
nts+1 -
Yp1, ) n+s “E'él, ) (35)
. _ 1 _ §
HO . — n+s+ Hn+s+1 m
nts+1

m
Ya—ry, ) Yi—ry, )

Let us first observe that, using Lemma 1.8, we already know that the se-
quence

m
n+s u(Pl, . )
1 _ 2 : .
n+9+ Hn+s+l m : )

- 298 —



Transparent numerical boundary conditions for evolution equations

belongs to the range of the projector Il (one can for instance reproduce
similar calculations as in the proof of Lemma 1.8 and prove that this sequence
belongs to the kernel of ITy—1I). We can therefore look for the solution u"*5+1
to (3.5) under the form u"*+1 = v + w, with

m
U(Pl, -) n+s u(i”h )
. s+1 .
= gn+b+ - Z Hn+s+17m : 5
m=0 m
U(1-ry,-) u(l—r1,<)

and for instance V() =0 if j1 > p1. We are then reduced to showing that,

for some sequence (F}) € ¢ whose expression is not useful, there exists a
sequence w € ¢2 solution to

QS-‘rle:Fja j1>17

W(py,-) (3.6)
W(i—ry,-)

For simplicity, we drop the tilde on the source term in (3.6). We construct
the partial Fourier transform of the solution w to (3.6) rather than w itself.
Namely, we are going to construct a solution to

Qt () w;, (&) =F; (&), j1>1,

wpy (&) (3.7)

Io(n) =0.

~

D1y (€)
Let us first deal with the explicit case. In that case, one simply has to set

~ A 07 lfjl <
Palk) = {F}l &), ifj>

apply inverse Fourier transform and obtain a solution w € ¢2 to (3.6).
We therefore focus on the implicit case. With the vector W; (&) =
(W), 4p1—1(€), ..., Wj—r, (€))7, the system (3.7) is equivalently rewritten
as

{le-i-l(g/) - M(OO, 77) le (S/) = Qoo,py (77)71 (F\jl (S/)7 0,... 7O)T s 12 1,
Wi(¢') € E*(co,m).
(3.8)
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The unique ¢? solution to this problem is written explicitly by using the
spectral projectors IIy(n) and I — IIp(n). We obtain the formula

Jji—1

Wi(€) = axp )™ Y (Mo ) (B, (€).0.....0)7
k=1
e ()Y (Mloom) (- To(m) T (B(€),0...0)",
k2j1

where the first line corresponds to the component of W;, on E*(c0,n) and
the second line to the component on E*(co,n). The latter formula defines a
solution to (3.8) and the last thing to prove is that it belongs to £2.

The matrix M(co,n) in (2.9) depends periodically and analytically on 7.
Moreover it has no eigenvalue on S! for any 1 so we have the bounds

1M (00, m) To(m))*|| < Cr*, - [[(M(c0,m) ™" (I — To(m))*|| < Cr*,

with ¢ > 0 and r € (0,1), uniformly with respect to n € R4, These
bounds express the exponential decay of the stable components of M and
of the inverse of the unstable components. By standard ¢! x ¢? convolution
bounds, we obtain

Yo L@ <C IR E)P,

Jizl 1zl

with a constant C that is uniform with respect to the frequency &'. This
means that the inverse Fourier transform of (the appropriate coordinate of)
(Wj, (&) provides with a sequence w € ¢? that is a solution to (3.6). The
proof of Proposition 1.9 is thus complete. ]

In the case d = 1, we can also get a solvability result for the reduction
of (1.3) to an interval when one enforces transparent numerical boundary
conditions at each end. Namely, we can reproduce the analysis of Section 2
when truncating the initial domain Z “on the right” rather than “on the left”.
Introducing some given integer J > p+r+2, the solution to (1.3) with initial
data fO,..., f° € £*(Z) vanishing outside of the interval [p + 1,J — r — 1]
satisfies (1.11) together with

um
no (G+p,-) _
VneN, VjizJ, Y M n, : =0, with II,, := 6,0 ] —II,.
m=0 u™m
(G4+1—mr,-)

The expression of the matrices ﬁn comes from the Laurent series expansion
of IT*(z) = I — II%(s). In particular, the restriction of (1.3) to the interval
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[1 —r,J 4+ p|] reads (recall that we consider the one-dimensional case here):

s+1
D QouftT = AtFjH, n20,j=1,...J,
o=0
n+s+1 UZL
. — +s+1

Z Hn+s+1—m . - g; ® ) n 2 07

m=0 ult (39)
n+s+1 “Ter

§ : T s+1

Hn+s+17m . = g?+6+ , N > Oa

m=0 uhy

0 _ 0 s
(up,...,uf) = (f,.--  f1), j=1—r,....J+p.

Up to compatibility conditions for the boundary source terms g;, g;* at the
left and right ends of the interval, which will take the form (1.15) (or a
similar one at the right end), the main issue for constructing the solution
to (3.9) is to prove existence for the linear problem:

P
Zaeﬁerl(At,Al')Uj%,[:Fj, j:1,...,J,
b=—7r

Up UJ+p
Ho( : >=gz7 (I—Ho)< : >=gr-
UL —p UJ+1—r

Since the problem is now finite dimensional, we are reduced to proving that
the only solution to the homogeneous problem with (F});j=1,...7 =0, g¢ =
gr = 0, is zero. The result is straightforward in the explicit case since the
recurrence relation reduces to u; = 0 for j = 1,...,J and because of the
expression of ITy and I — Iy, see Theorem 1.7. We thus turn to the implicit
case. With the notation of the proof of Theorem 1.7, the problem under
study reads

Uj+1:M(OO)Uj j=1,...,J,
with the endpoint conditions

OoU; =0, (I-TI)Uy41=0.

In the one-dimensional implicit case, Iy is the projector on the stable sub-
space of M(co) parallel to the unstable subspace. Both subspaces form a
direct sum of CP™" and are invariant by M(co). Hence we have U; € E“(00),
Uji1 € E*(00) and those conditions propagate to any j = 1,...,J + 1 by
the recurrence relation U;y1 = M(oco) U;. The only possibility for all these
conditions to hold is to have U; = 0 for all j, which shows unique solvability
for (3.9) and explains why all the problems considered in [8, 9, 18, 49, 50]
are indeed solvable. These examples are quickly reviewed in Section 5 below.
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4. Strong stability and semigroup estimate.
Proof of Theorem 1.12

Our goal in this Section is to prove Theorem 1.12. In the first two para-
graphs, we show that when the scheme (1.3) is non-glancing, then (1.12)
is strongly stable and furthermore satisfies the estimate (1.17). In the last
paragraph, we show that the non-glancing condition is necessary for strong
stability.

4.1. Strong stability under the non-glancing condition

Let us recall that from now on, we assume that each ratio At/Ax;, i =
1,...,dis constant, and that each operator @), depends on the discretization
parameters only through these ratios. In addition to Assumptions 1.1, 1.2
1.5 and 1.6, we also assume in all this paragraph that the scheme (1.3) is
non-glancing. We can then follow some of the analysis in [13] and use the
following result from [10].

THEOREM 4.1 (Block reduction of M). — Let Assumptions 1.1, 1.2, 1.5
and 1.6 be satisfied, and assume that the scheme (1.3) is non-glancing. Then
for all z € U and alln € R4™1, there exists an open neighborhood O of (z,m)
in C x R4 and there exists an invertible matriz T(z,m) that is holomor-

phic/analytic with respect to (z,m) € O such that:
M (z,m) 0
V(zm) €O, T(zyn) " M(zn)T(zmn) = :
0 My (z,m)
where the number L of diagonal blocks and the size vy of each block M, do

not depend on (z,m) € O, and where each block satisfies one of the following
three properties:

o there exists 6 > 0 such that for all (z,m) € O, My(z,m)* My(z,m) =
(1+6)1,

o there exists § > 0 such that for all (z,m) € O, My(z,n)* My(z,n) <
(1 - 6) I7

e vy =1, z and My(z,n) belong to S*, and z9.M(z,n)My(z,m) €
R\ {0}.

A Corollary of Theorem 4.1 is a (unique) continuation result for the stable
and unstable subspaces of M(z,n).
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COROLLARY 4.2. — Let Assumptions 1.1, 1.2, 1.5 and 1.6 be satisfied,
and assume that the scheme (1.3) is non-glancing. Then there exists 6 > 0
such that the stable and unstable subspaces E5, E* of M extend holomor-
phically/analaytically/periodically over {¢ € C,[¢| > 1 —2§} x R¥~1. In
particular, there holds

1
Z a—or sup 1L, (n)]| < +oo.
n>0 neRI—!

Moreover, for all z € C with |z| > 1—26 and n € R, the direct sum (2.7)
holds.

Since the direct sum (2.7) holds up to |z| = 1 (and even a little beyond
the unit circle), we can follow the theory in [25], see also [12] for a thor-
ough exposition, and try to prove strong stability for (1.12) by verifying the
so-called Uniform Kreiss—Lopatinskii condition (the main result in [25] is
to show that this algebraic condition is actually equivalent to strong sta-
bility). Verifying the Uniform Kreiss—Lopatinskii condition amounts to first
performing a Laplace-Fourier transform in the time and tangential space
variables, which reduces (1.12) to the recurrence relation

D1
Z agl(z,n)ijHI =F;, n=1,
f=mn (4.1)

Hs(zm)( : >=G-

Then the goal is to show that when |z| > 1, there is no non-trivial solution
to the homogeneous equation (4.1) (obtained with (F},) = 0, G = 0). The
solutions of interest are those that belong to ¢? when z belongs to U, and
those whose initial data (w,,,...,wi_, )T are obtained by a continuation
argument from U to its boundary S! when z € S'. For z € U, we can use
Lemma 2.1 and parametrize the set of £2 solutions of the recurrence relation

P1

Z a51(zan)wj1+fl =0, 5n=21,

li=—11
by the stable subspace E*(z,m) of M(z,77). Among all such vectors, it is
clear that the only one that satisfies the homogeneous numerical boundary
condition
Wp,
IT°(z,m) : =0, (4.2)
W1—rq

is the zero vector. In other words, we have just proved that the system (4.1)
has no non-zero solution when the source terms vanish and z € Y. Hence
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the so-called Godunov—Ryabenkii condition holds for (1.12) (non-existence
of unstable eigenvalues). Proving that the Uniform Kreiss—Lopatinskii condi-
tion holds amounts to showing the same “injectivity” property up to z € S!.
As a first step, let us observe that Corollary 4.2 shows that the spectral pro-
jector II® also extends holomorphically/analytically/periodically on a neigh-
borhood of U x R¥~1. It is therefore legitimate to consider the resolvent
equation (4.1) for z € S'. In that case, the only vector in the extended sta-
ble subspace(1?) Es (z,m) that satisfies the homogeneous numerical boundary
condition (4.2) is the zero vector. In other words, we have verified that the
Uniform Kreiss—Lopatinskii condition holds. Applying the main result of [25]
(more precisely, see [12] for the extension of the theory in [25] to the general
case that we consider here), the scheme (1.12) is strongly stable.

The above argument may look somehow trivial, but the subtle point is
that in the theory of [25], one assumes that the numerical boundary condi-
tions for the resolvent equation are “well-defined” for z € U and the difficult
part of the job is to extend the stable subspace up to the boundary S' of I/.
Here it is not even obvious that the numerical boundary conditions in (4.1)
are well-defined for z € U. As a matter of fact, the main result in [10] shows
that the spectral projector II® extends (even continuously) up to S! if and
only if the scheme (1.3) is non-glancing. When glancing (numerical) wave
packets occur, the spectral projector II° has a singularity at some point of
S!. This singular behavior will be one obstacle we shall have to circumvent
in the last paragraph of this Section.

4.2. Semigroup estimate

In this paragraph, we follow the analysis in [15, 14] and prove the valid-
ity of the stability estimate (1.17) when one considers non-zero initial data
in (1.12). We therefore assume that the scheme (1.3) is non-glancing and
that for all £ € R?, the roots to (1.9) are simple (the latter condition being
automatic for s = 0). Under such assumptions, we can apply the following
result from [14]:

THEOREM 4.3 (Existence of dissipative boundary conditions). — Let As-
sumptions 1.1, 1.2 and 1.5 be satisfied. Assume furthermore that for all
€ € RY, the s + 1 roots to (1.9) are simple. Then there exists a constant
C > 0 such that for any given nitial data f°,..., f5 € (2, there exists a

(12) Recall that for z € S!, initial data in ES (2,m) do not necessarily correspond to £2
solution of the recurrence relation but can be viewed as all the possible limits of such £2
solutions.
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sequence (V}')j,>1-r nen that satisfies

s+1
ZQUU;L+U:07 'I’LZO, j1>17
(v;-),...,vj):( 7...,fs) ji=z1—-r,

and
D1

supJv” s ™ D Y. At g < Cme”ml P00 *

n>s+1 j1=1—-r1

With the help of Theorem 4.3, we go back to the numerical scheme (1.12).
We tacitly assume again that the source terms in (1.12) satisfy the neces-
sary compatibility conditions for a solution to exist. We then decompose the
solution to (1.12) as u} = v + w}, where the sequence (v}) is given by
Theorem 4.3, and the remalnlng part (w?) satisfies

s+1
Y Qo w7 = AtFIT n=0,j>1,
n+s+1 Wipy, )
E Hn+s+1fm .
m=0 Wiiry, ) (4.3)
m
nts+1 Y1, )
1 _
- n+5+ § Hn+s+1 m : , N 2 0;
o™
(A=ry1,-)
0 _ :
(’UJJ,,’UJJS)—(O,,O), ]121*7'1-

The main point to keep in mind is that we have reduced to the case of van-
ishing initial data for (wf). Since the scheme (1.3) is non-glancing, we have
already seen that (1.12) is strongly stable and therefore satisfies the esti-
mate (1.16) (with the interior and boundary source terms as given in (4.3)).
Since we need now to estimate these source terms, we define

m

n+s+1 U(Pl, )
1 1 .
Vn>0, gtsth.=gntst E I s11-m
m
Ut—r1,-)

The bound given in Corollary 4.2 for the matrices II,,(n) implies that the
Fourier multipliers (IT,,) satisfy

> ML (e za-1y) < +00.

n=0
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Actually, the decay is even exponential with respect to n, but we shall only
make use of the fact that the norms of these operators belong to ¢!. We
use the above definition of the source term §g"**! and derive the estimates
(here v > 0 is a parameter and the constants C' below are independent of ~):

Yo At AN G R ga,

n>s+1

<O D At A g oy

n>s+1
) 2
“51, )
E At e—2'ynAt E Hn m
n>s+1 v(”firl, 9 2(z4-1)

<C Z Ate 27nat ”ganz(del)

n>s+1

Pp1

+ D0 AteTE AL R oy, I zeer

n=0 Ji=1l—r1

S
2 - A
SO MM oo T D Ate 200" a0

o=0 n>s+1

where we have first used the standard ¢! x ¢2 convolution estimate and then
the bound provided by Theorem 4.3 for the trace of (v}).

Since we have an estimate of the source terms in (4.3), we can use the
strong stability of (1.12) and obtain the following estimate for the solution

(w}) to (4.3):

ZAte—Z'ynAt |||w

n|”17r1,+oo

7At+1

p1
+ > D AT, e

nzs+1 ji=1-r1

S
2 ")/At+1 _ A 2
lelf"llll,rl,ﬂ,ﬁrf D AtePIAEM L

o=0 n>s+1

30 AteTnAtgnz b (44)
n>s+1
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The goal now is to combine (4.4) with the estimate of Theorem 4.3 in order
to derive the estimate (1.17) of Theorem 1.12 we are aiming at. Both (4.4)
and the estimate of Theorem 4.3 provide with an estimate for the traces
of (v}) and (wf) that is sufficient for deriving the estimate of the trace of
(u}) in (1.17). Unfortunately, this is not over yet since on the left hand side

of (4.4), we only control the norm
Y —2yn At nj2
—_— E Ate 7 ,
yAt+1 = ¢ flw ”|1—71,+oo )

and not the (stronger) semigroup norm

_ 2
2ynld |||wn”|1—r1,+oo :

sup e

neN
However, at this stage, the ezact same argument as in [14, Paragraph s3.1]
using the multiplier technique developed in that article provides with the
semigroup estimate of (w}'). This part of the argument in [14] is not restricted
to the “local” numerical boundary conditions considered in that paper but
applies as long as one already controls the trace of the solution to (4.3)
(which is provided here, as in [14], by the strong stability of (1.12)). Hence
we can improve the estimate (4.4) into

b1

sup e~ 27nAt |||wn|”?7h’+oo + Z Z Ate 27nal Hw&,~)||?2(zd—1)
neN n2s+1 ji=1-r;

S

2 - 2
<C Z‘||fa|”1—r1,+oo + Z Ate21mat |||Fn”|l,+oo

o=0 n>=s+1

yAt+1

+ Z Ate 278 g™ % gamry ¢ 5 (45)

n>=s+1

and combining (4.5) with the estimate for (v}') provided by Theorem 4.3, we
complete the proof of (1.17).

4.3. Necessity of the non-glancing condition

Our goal in this Paragraph is to show the last part of Theorem 1.12,
meaning that the non-glancing condition is necessary for strong stability
of (1.12). We therefore assume from now on that the scheme (1.3) is glanc-
ing and that strong stability holds for (1.12). Our goal will be to obtain a
contradiction.

By the analysis of [25], strong stability of (1.12) is equivalent to the
fulfillment of a uniform stability estimate for the solution to the resolvent
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equation (4.1). More precisely, since we have assumed that (1.12) is strongly
stable, then there exists a constant C' > 0 such that for all z € ¢/ and all
n € R for all (Fj,);,>1 € €2 and for all G € E*(z,n), the resolvent
equation (4.1) has a unique solution (wj,)j;>1-r, € ¢* and that solution
satisfies

2] -1 L 2]
|wj1|2 + |wj1|2 <C |‘Fj1|2 + |G|2
|| 2] —1

Jizl—ry Ji=1-r1 Jjizl

Let us be a little more specific and consider the resolvent equation (4.1) in
the particular case G = 0. Then using the companion matrix M in (2.5) to
rewrite the recurrence relation in (4.1), we can find an expression for the
solution to (4.1). In particular, there holds

wy, Fk/a‘pl (2777)
ko 0
wl—’!‘l k>1 0

Thanks to our strong stability assumption, we know that uniformly with
respect to (z,m) € U x R4™1, the vector W; defined in (4.6) satisfies

z
WP <0 Y IR (4.7
Jjizl

The inconvenient feature of (4.6) is that the source term, meaning the vector
to which we apply the matrix M(z, 1) *II%(z,7) on the right hand side,
should be proportional to the first vector of the canonical basis. However,
one can argue as in [12, Proposition 4] and show that the same estimate
as (4.7) holds for arbitrary source terms in CP1T71. More precisely, if strong
stability holds and under the assumptions of Theorem 1.12, there exists a
constant C' > 0 such that for all z € U with |z| < 2, for all n € R¢~! and for
all (Fj,)j,>1 € £2, the vector

Wy ==Y M(z,m) " 1(z,m) F, (4.8)
k>1

satisfies the estimate

z
Wik <e S E R (1.9)

[z] =1 -
Jjizl

Our goal now is to show that, if (1.3) is glancing, then the estimate (4.9)
breaks down for a convenient choice of the frequency z (that should be
sufficiently close to S') and of the source term (Fj,);,>1 € £2. Let us therefore
recall the following result from [10], which will be the starting point for our
construction of the source term (F;,)j,>1 € £% in (4.8).

=
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THEOREM 4.4 (Block reduction of M). — Let Assumptions 1.1, 1.2, 1.5
and 1.6 be satisfied, and assume that the scheme (1.3) is glancing. Then
there exists z € U and n € RI1, there exists an open neighborhood O
of (z,m) in C x R4~ and there exists an invertible matriz T(z,7n) that is
holomorphic/analytic with respect to (z,m) € O such that:

Vemeo, T Men Ten = (BET 0.

where the diagonal block My has size m x m, m > 2, and it satisfies

1 1 0 0
Mg(évﬂ)zﬁ O (1) , keS.
0o --- 0 1

Moreover the lower left coefficient v of 0.Mgy(z,m) is such that for all € C
with Re@ > 0, and for all complex number ¢ such that (™ = Evz0, then
Re( # 0.

In the terminology of [10], the block M is of the fourth type (the subscript
g here refers to “glancing”). In all what follows, we keep the tangential
frequency 1 in (4.8) fixed and equal to that n € R4~! given in Theorem 4.4.
We shall also choose z = z. := (1 4 €) 2z, with € > 0 small enough so that
(z¢,m) belongs to the neighborhood O of (z,n) given by Theorem 4.4. Since
7 is fixed, we forget to recall the 17-dependence of all quantities from now on.

The m first column vectors of the matrix 7'(z) in Theorem 4.4 are denoted
T1(2),...,Tm(2). They satisfy

M(z) (Ta(2) -+ Twm(2)) = (Tu(z) - Tn(2)) My(2).

At z = z, My(z) has the (only) eigenvalue x € S! with algebraic multiplicity
m. The geometric multiplicity is 1. For z € U close to z, we know from
Lemma 2.1 that M, (z) has no eigenvalue on S' for eigenvalues of M (z) are
also eigenvalues of M(z). Therefore the number p of stable eigenvalues of
M, (z) when z € U is close to z is constant. This number is denoted p from
now on. Its value is given in [11, Proposition 4.1]:

_m/2, if m is even,
) (m+1)/2, if mis odd.

The choice between +1 when m is odd depends on the lower left coefficient
v of 9;M,(z). The eigenvalues and eigenvectors of M,(z) have a Puiseux
expansion close to z, see [6]. Such expansions are computed as in [11, Propo-
sition 4.1] (see similar arguments for the continuous problem in [33, 41]).
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The expansions read
fi(z):@(1+C1w1/m+ﬁgw2/m+-~-+Ckwk/m+...),
r(z):r0—|—r1w1/m+r2w2/m+---+rkwk/m—|—...,

with w := (z — z)/z, and the vectors rg,...,r,,_1 form a basis of C™.
Moreover the first coefficient (3 in the expansion of x(z) is nonzero and can
be chosen to be real if m is odd. Independently of m, the number (; is such
that for any m-th root of unity w, the real part of (; w is nonzero.

Let us label the m-th roots of unity as wy,...,w,, and specify z = z. :=
(1+¢€)z, € > 0 small enough. Then the eigenvalues r¢(c), £ = 1,...,m, of
M,(2:) have the expansions

k() =k (14 ¢ wy El/m) +0(e*™),

and the associated eigenvectors read
m—1
ro(e) = Z rwh ™ L O(e).
k=0

The m-th roots of unity are labeled in such a way that xi(e),...,ku(e)
are the stable eigenvalues of M (2), and k,41(€),...,Km(e) are the unsta-
ble eigenvalues. To each eigenvector r¢(e) for M, (z.), there corresponds an
eigenvector

Te(e) == (Tl(ze) e Tm(zg)) re(e),
for the matrix M(z. ), with the same eigenvalue k(). In particular, 71, ..., 7,
are stable eigenvectors and 7,41, ..., Tm are unstable eigenvectors.

The goal is now to choose a source term (Fj,) of size ~ 1 in ¢? but
such that the projection on the unstable subspace of M(z.) is large and
proportional to some given unstable eigenvector. Namely, we first define

pt1 pt1
Fle) =Y ae)Tele) = (Ti(z) - Tm(z)) Y aule)re(e), (4.10)
=1 =1
where the coefficients a1 (¢), ..., au41(¢) are chosen such that
1o 1 a1 (e) 0
: = : . 4.11
] : . : (a.11)
w1 W1/ \@uri(€) gmH/m

With this definition of the coefficients ay(¢), and using the above Puiseux
expansions of the eigenvectors 7¢(g), we have

Fle)=(Tai(z) - Tul2))ru+o(1),
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so, for some positive constant ¢ > 0, we have
|F(e)l =c+o(1),

as € tends to zero. With z = 2z, we choose in (4.8) the source term

2 _1)1/2
Vi1, 7y den@F D
Ku+1(€)7
with the vector F(e) given in (4.10). This choice gives
Yo IFulP =1FEP = cto(1),

J1z1

and the corresponding vector W, in (4.8) reads

(IR () — 1)

Wi = —aui(e) 3 M(ze) ™ T €)

k>1 Kut1(e)F
B (|1 (o) —1)"
= o) 2, T g )
— al”rl(g) 77L+1(€) .

(K ()2 1)
The bound (4.9) then gives

o e)|? C
m

€
with C' > 0 uniform with respect to €. The conclusion follows from the
asymptotics of the quantities on the left hand side of this last inequality.
Namely, from our construction of the eigenvectors 7, and the Puiseux ex-
pansion of the eigenvalues (recall that the real part of {; w41 is non-zero
and therefore positive since £,1(¢) is an unstable eigenvalue), we have

(@ =L~ ee™ [ Tupa(e))® ~ e,

with ¢ a positive constant that does not depend on e. Eventually, the inverse
of the Vandermonde matrix in (4.11) has a nonzero lower right coefficient
(use (2.13)):
© g—H/m
ap4+1\€) =
" [T (

Wpt1 — We) .
In other words, we have shown that for a suitable constant C' > 0, and for
all € > 0 arbitrarily small, there holds

1< Certt)/m=1 4 o(@ut)/m=1y

Because of the already mentioned result of [11, Proposition 4.1], this forces m
to be odd and p to equal (m—1)/2 for otherwise we are led to a contradiction.
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It therefore remains to deal with the last possible case: m (> 3) is an odd
number, and p = (m — 1)/2. In particular, there are at least two unstable
eigenvalues for My (2.). The proof of Theorem 1.12 in this case is a slight
refinement of the above argument, which consists in first defining (compare
with (4.10)):

42

Fe) == Z ay(e) Te(e)
=1

with coefficients a1 (¢),. .., au42(e) defined by the relation
1o 1 a1 (e) 0
PR L
wh Wyuta) \out2(€) e—(u+1)/m

In that case, we have
IT(22) F(£) = 01 (&) T (€) + @ppa(e) Trrale)

which is a little less nice than before because the unstable part of F(e) has
components on two (mostly parallel) eigenvectors of M(z.) so there might
be some cancelation between those two components. We keep nevertheless
the same definition as above for the source term in (4.8), namely:

Vi=1, Fj:= 2 )L
121, = (|Hu+1(5)\ - ) ﬁ (e),

but this time with our new definition of F(e). We still have
Z |fj1|2 =c+o(1),
J1zl

but now the corresponding vector W, in (4.8) is given by

2y = _aule) T (e)

= (ren@F -1 o @F 1

ut2(€)
—F Tut2() -
Fut1(€) Kpsa(e) —1
We use again the explicit formula (2.13) for the inverse of a Vandermonde
matrix to derive

67(#+1)/m

ap41\E) =
) = o T o) T s — )

57(H+1)/m

Wyt2 — Wyut1) Hg:1(wu+2 —wk)’

Qut2(e) = (
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and the Puiseux expansion of the eigenvalues x, give

‘“u+1(5)|2 =1~ G (@1 + wpt) etlm,

K1 (8) Kpura(e) = 1~ (1 (@1 + Wug2) €/
Moreover, the eigenvectors 7,41(e) and 7,42(e) share the same finite non
zero limit as € tends to zero. Simplifying the previous expression of W, by the

non-zero quantity (i (w,4+2 —wy+1), we obtain that there exists a non-zero
vector W in CP "1 such that

1

(WM-H + WH-H) Hll::1(wu+1 - Wk)

32y (

1
(@1 + wps2) [Ty (W2 — Wk)>

Since 2 + 3 is larger than m, we shall obtain a contradiction as in the
previous simpler analysis provided that we can show that the quantity

N N
(@1 + wys1) H W1 — W) — (W1 + Wpt2) H Wpte —wk), (4.12)
k=1 k=1

is non-zero.

Let us recall a little the situation here. The wy, £ =1, ..., u are the m-th
roots of unity for which ky is a stable eigenvalue. This corresponds to those
m-th roots of unity for which {; wy has negative real part (recall that (; is
a non-zero real number). In particular, the set {w1,...,w,} is invariant by
complex conjugation. Furthermore, w,41 and w, s are any m-th roots of
unity for which (7 wy has positive real part. In particular, one can always
choose w42 as the complex conjugate of w,,11. In that case, (4.12) reduces
to showing

M 1

@t + 1) [ [ @1 — o) = 20557 [ [ (@1 — wi) #0,
k=1 k=1

and a sufficient condition for this to happen is

(Imwy41) Im <H(Wu+1 - wk)> #0. (4.13)

k=1

If ¢1 is negative, then necessarily m is of the form 3 +4M, M € N, and
w=1+2M. We then choose

M+1
4M+3

Wy41 = exp (2i7r
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and one can rather easily check that the condition (4.13) is satisfied. A
similar calculation yields (4.13) if (; is positive (in that case m is of the form
54+4M, M €N).

5. Examples
5.1. Numerical schemes for the transport equation

In this first Paragraph, the underlying partial differential equation we
consider is a one-dimensional transport equation:

O +ad,v=0,

with a # 0 a fixed velocity. We explain how the theory developed in this
article applies to two possible discretizations of that equation, namely the
Lax—Wendroff and leap-frog schemes, both of which being second order in
time and space (at least for sufficiently smooth solutions).

The Lax—Wendroff scheme. Given some time and space steps At, Ax,
and letting for simplicity p denote the dimensionless parameter

At
=— 0
1% Aza# ;

the Lax—Wendroff scheme reads:

n M n n M n ;
{uj+1—2(1+,u)uj1—|—(,u2—l)uj —|—§(1—,u)uj+1=O, neN, jeZ,

ub = f e ?(Z).
(5.1)
The scheme (5.1) fits into the framework of (1.3) with s =0, @, = I (the
scheme is explicit), and

a_1,0 = *%(1+H)a ago = p* -1, al’o:g(l—,u).

The stencil of the scheme (5.1) depends on whether |u| = 1. To avoid dealing
with particular cases, we therefore assume |u| # 1, and therefore p =r =1
in (5.1). Then it is a rather well-known fact, see e.g. [24], that the Lax—
Wendroff scheme satisfies the stability Assumption 1.2 if and only if || < 1.
Since s = 0, the stability estimate (1.6) is even satisfied with the constant 1
(the ¢2 norm of the solution to (5.1) is nonincreasing with respect to n). We
thus fix from now on a positive constant A such that A|a| < 1. The set A of
discretization parameters is

A = {(At,At/N), Ate(0,1]},
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and we consider the iteration (5.1) with p := A a. The coefficients in (5.1) are
therefore independent of the discretization parameters (At,Az) € A. Be-
cause a_j o and ap o are nonzero, both Assumptions 1.1 and Assumption 1.6
are satisfied. We have also seen that Assumption 1.2 is satisfied thanks to
our restriction on . The definition (1.10) reduces here to

a-1(z) =a-10#0, ai(z)=aio#0,
and therefore Assumption 1.5 is satisfied (the strong version of the non-
characteristic boundary assumption). We are now going to verify that the
Lax—Wendroff scheme is non-glancing. The amplification matrix A in (1.7)
reduces here to the complex number

VreC\{0}, AR)=51+pn -

=

(1—p)r+1—p.

We thus compute

VEER, JAESEP=1—4p>(1-p?) sin4§ < 1.

Therefore the only s € S for which A(x) has modulus 1 is k = 1, but
then A’(1) = —pu is nonzero. The Lax—Wendroff scheme (5.1) is therefore
non-glancing™?) and we can apply Theorem 1.12 when the computational
domain Z is truncated on one side with the transparent numerical boundary
conditions which we now make explicit.

We examine the transparent boundary condition at j = 0 associated
with (5.1). For convenience, we adopt here the formulation (2.20) using a
linear form for describing the unstable subspace E*(z) of the matrix M(z)
in (2.19). Let us recall that in (2.20), the coefficients %, , correspond to the
Laurent series of x !, where x,(z) € U is the unstable root to the equation

a_1(2) +ap(2) k+ai(z)x* =0.
For the Lax—Wendroff scheme (5.1), ,(2)~! satisfies the equation
VezeU, —p(l+p)re(z)2+2(z+p? =D ke(2) P+ pu(l—p)=0.

We plug the series Zn>1 Ku,n 2™ in the latter equation and identify induc-
tively the coefficients, which yields:

n—1

~ - 1 ~ -
V22, Runer = (0= @) Fun + 5 (L4 p) > Fum Fun-m, (5:2)

m=1

. ~ 1 ~ -
with Ray,1 = _§ H (1 - /’(‘) sy Ru,2 = (1 - /’LQ) R, -

(13) This is actually a consequence here of the fact that the scheme is dissipative of
order 4, see [24, Chapter 5].
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From the relation ks(2) ky(2) = —(1 + u)/(1 — u), we also get the Laurent
series expansion of kg:

Ksn 1+p
s = —, s,m T/ T w,n - 5.3
@ =X K= AR (53

The stable eigenvalue k(2) is used to write the transparent numerical bound-
ary condition at the right end j = J + 1 of the computational domain.

If one thus truncates the computation domain Z on both sides and there-
fore reduces to an interval [0, J + 1], the resulting numerical scheme reads

I

7
u?“ —3 (I+p)uf_ )+ (p*=1)u} + §(l—u)u?+1 =0, neN,
ji=1,...,J,
n
up ™t = Z Runti—m Uy’ , neN,
m=0
n
u?ii = Z Ksnt1—m UJ neN,
m=0

with coefficients Ky, n, £s,, defined in (5.2), (5.3), and some given initial con-
dition (uf,...,u%,,)" € R’*2. The above numerical scheme is rather easily
implemented thanks to the recursive formula for the coefficients &, , and
Ksn. But of course there are easier and efficient local strategies that are
based on absorbing boundary conditions and that may work quite as well,
see e.g. [17, 22].

The leap-frog scheme. Given some time and space steps At, Az, and
letting again for simplicity p denote the dimensionless parameter

the leap-frog scheme reads:

w4 p(ui —ul ) —ur =0, neN,jeZ,
(u,ul) = (f°,f') € (Z2).

The scheme (5.4) fits into the framework of (1.3) with s =1, Q2 = —Qo =1

(the scheme is explicit), and

(5.4)

a_11=—p, a,1=0, a1=p, p=r=1.

Assumptions 1.1 and 1.6 are thus satisfied. It is also a standard result that
the leap-frog scheme is ¢? stable if and only if |u| < 1, see [39]. In that
case, Assumption 1.2 is satisfied with a constant C' that only depends on p.
From the above expression of the coeflicients, we can also easily check that
Assumption 1.5 is satisfied.
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The amplification matrix A in (1.7) reads
(—ple—w) 1
A(k) = < 1 K
The eigenvalues of A(e'¢), £ € R, are

4+4/1 — p2 sin?€ —ip siné € St.

The derivative of these functions with respect to £ vanishes when & — 7/2
belongs to Z w, which means that the leap-frog scheme admits glancing wave
packets, which prevents from applying Theorem 1.12. We can nevertheless
derive the transparent boundary conditions by computing the roots ks(z) €
D and k,(2) € U to the equation

—pzkt (2 =1+ pze=0, zelU.

In particular, the inverse of the unstable root has the following Laurent series

expansion
-1 ~ —-n
Ku(2)70 = E Run 2 ",
n=1
with:
n—1
Vn = 27 Rumn+1 = Kun—1 + p E Rau,m Bu,n—m »
m=1
Ryl = —H, KRu,2 = 0.

The stable root ks(z) coincides with —k,(2)~1. We can therefore truncate
the computation domain Z and implement the numerical scheme

n+2 n+1 n+1 — —
witT —p(uiy el ) —uf =0, neN,j=1,...,J,
n
2 ~
u8+ = g Run+l—m 7", neN,
m=0
n
+2 _ §
/U/T}Jr]_ - Rsn+1—m UG/L ) ne Na
m=0
with any given couple of initial data (uf, ..., u% )7, (uf, ... ul, )T € R/F2

5.2. Numerical schemes for the heat equation

In this Paragraph, the underlying partial differential equation we consider
is the one-dimensional heat equation:

o —dd2v=0,
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with d > 0 the diffusion coefficient. We review our derivation of the trans-
parent boundary condition both for the (more than) classical explicit scheme
unt dAt _ dAt dAt

; Azu u?? 7 0, neN,jeZ,
x

= Ag2 T Ag2 T (5.5)
ul = f € *(2),

and for the implicit scheme based on the BDF2 quadrature rule (see [27]):

3 dAt\ .. dAAt ., dAE L., o 1
neN,jeZ,
(') = (f°, f) € £(2)*.
(5.6)

The scheme (5.5) is of first order in time and second order in space, while (5.6)
is second order in both time and space (again for sufficiently smooth solu-
tions).

Let us first deal with (5.5), which, in the framework of (1.3), corresponds
to s =0, Q1 = I (the scheme is explicit) and

dAt dAt
—m 5 ao’O(At, AJ)) =2 m .

We emphasize here the dependence of the coefficients on At and Ax, though
of course they only depend on the ratio At/Az?. The numerical scheme
satisfies Assumptions 1.1, 1.4 and 1.6 (it even satisfies the stronger Assump-
tion 1.5 though we shall not make much use of this fact). As far as the
stability Assumption 1.2 is concerned, it is satisfied if and only if there holds
dAt/Ax? < 1, which can be readily seen by applying the Fourier trans-
form [39] (see also [42] for an alternative explanation of this stability con-
dition based on Bernstein’s inequality). The admissible set of discretization
parameters is therefore

A = {(At,Az) € (0,1]* / dAt < Az}

a_1,0(At, Az) = a1,0(At, Az) :=

For the scheme (5.5), the derivation of the transparent boundary condi-
tions is based on the analysis of the polynomial equation:

a—1,0(At, Az) 4+ (z + aoo(At, Az)) k + a1 0(At, Az) k2 =0,
which, in view of the definition of the coeflicients ay ¢(At, Az), amounts to

dAt
2 -
k=17 =zk, ,u.—A—xQE(O,l].

For z € U, this equation has one root ks(z) € D and one root k,(z) € U,
both of which depend holomorphically on z. The Laurent series expansion
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of Ky (2)7t reads

/{u(z)*l = ZE“" z ",

n>=1
with:
n—1
Vn> 2a Ray,nt+1 = _2/~L’iu,n + u E Ru,m Ku,n—m »
m=1
~ _ ~ _ _2 2
Ru,1 = M Ruy,2 = we.

The stable root 4 (z) coincides with k() ™! so we use the convention s ,, :=
Ru,n in the numerical scheme just below. We can truncate the computation
domain Z in (5.5) and implement the numerical scheme

1 .
u?”' —p(ufy —2u}+uf,)=0, neN,j=1,...,J,
n
1 ~
ung = Zﬁu,nJrlfm u’in; ne N7
m=0
n
1
u?il = ZHS,n+1—m uy, neN,
m=0
with z := d At/Az? and given initial data (uf),...,u5,,)" € R/*2.

We now cousider the implicit scheme (5.6). Since the scheme is implicit,
we first need to determine whether it is well-defined, that is whether As-
sumption 1.1 is satisfied. We have

VAEC\{0}, @alw)=5+2u—plnts),

and it is therefore immediate to verify that 6/2\2 does not vanish on S'. Further-
more, 6/2\2 has exactly two zeroes that are real (recall ;> 0); one is located
in the interval (0,1) and the remaining one in (1, +00). (Actually, one is the
inverse of the other.) By the residue Theorem, the index condition (1.5) is
satisfied. Let us now verify Assumption 1.2. Following [19, 20], we are going
to use the so-called G-stability of the BDF2 quadrature rule, see [28, Chap-
ter V.6]. We mulitply the recurrence relation in (5.6) by Ax u}”z and sum
over j € Z. Using the identity

J 27 2 7
_ (u?+2)2 + (2 u;H—Q _ U?+1)2 _ (U?+1)2

—(2 u;-”l - u?)2 + (u?‘|r2 - Qu;-H'l + u?)Q,

4yn T2 (3 ut? — 2u;-’+1 + 1u”>
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and discrete integration by parts in j, we end up with

2 2 2
™20 o o+ 202 = e = T

1112
— 2w = e

1 n n n2 13 n 2
=7l 220 =38 =Du 22 <0.

00,400 00,400

In other words, the energy

2 2
En = |||un+1”|—oo,+oo + H|2un+1 - unm—oo,-‘roo?

is nonincreasing for solutions to (5.6), independently of 1 > 0, and this proves
that Assumption 1.2 is satisfied with all possible discretization parameters
(At, Az) (that is for A := (0,1]2, and the corresponding constant C' in (1.6)
is independent of (At, Az) € A). We also compute

a_1(z) = —pz*,  a(z) = —p2?,

so Assumptions 1.4 and 1.6 are satisfied. We can thus proceed with the
construction of transparent boundary conditions for (5.6). The equation of

interest reads
1 3 1
2 2 _
K —TZQ {<2+2u)z —2z+2} k+1=0.

When z belongs to U, it has one root k,(z) € U and one root ks(z) =
ku(2)7! € D. We determine the Laurent series expansion of r:

K
KJS(Z) = Z ZST’In :

n=0

Plugging this series in the polynomial equation satisfied by ks, we end up
with the recursive relations:

1/3
H§0—<2+2/L>H570+1:0, ks, € (0,1),
Y

3 2K
(2/435,0_2'u _2> Rs1 = _%,

3 9 B B n—1
Vn>2, (2@,0 - —2) Ko = — el g Benc2 N R
2p % 2p =

It should be noted that a crucial fact that we use here is that s, ¢ is a simple

root of the equation 6/2\2(11) = 0, which enables us indeed to determine the
sequence (ks ) inductively.
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Since the Laurent series expansion of r¢ and k! coincide, the truncation
of (5.6) on a finite interval [0, J + 1] reads

3+2dAt u”+2 dAt n+2 dAtum-z
Ax? A2 Ag2 I+
—2u@+1+1uﬂ:0 neN,j=1 J
] 2 ¥l ) ’.7 PR b
U’g+1 — KRs,0 U?Jrl = Z"{s,n+1fm uTa ne Na
ugii lisouT'l ZHS7"+1—MUT7 neN,

with the previous recursive definition for the y5,’s, and any couple of initial
conditions (uf),...,u5, )7, (ug,...,ul )" e R7F2

5.3. Numerical schemes for dispersive equations

The two-dimensional Schrodinger equation. We consider the two-
dimensional linear Schrodinger equation

1
i@tv+§AIv:0, (t,m)GRXRQ.

We consider the numerical scheme proposed in [18] that is based on a cen-
tered second order differentiation in space and the Crank—Nicolson quadra-
ture rule. This yields the numerical scheme:

uttl
- J1,J2 J1,J2 n+1 o, n+l n+1 n
At T IAS (“j1+1,j2 2uj Gy T U g T UG 4,
n n
—2u5, 5, + “jlfme)
1
n+1 _ n+1 n+1 n _ _
+ 4ALE% (uj17j2+1 2uj17j2 + J1,J2—1 + Ujy ja+1 2u jl »J2 + ujl j2*1> =0,

(5.7)

with some given initial condition u® € ¢2(Z?; C). For future use, we introduce
the positive parameters:

A At
= 4Ax2° Ha: YNGR

The scheme (5.7) fits into the framework of (1.3) withp; = ps =11 =19 =1,
and with the operators

Qui=il+pu (S1+S7" —21) + 2 (S2 + 831 —21),
Qo= —il+m (S1+S7"—21) +p2 (S +8;" —21).
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In particular, there holds

@:(ei”17ei”2) =i — 4, sin® % — 4 g sin® % ,

so that not only C/;)\l(e““,ei "2} is nonzero (that is @1 is an isomorphism
on ?), but Q1(-,e'") maps the unit circle S! into the upper half-plane
{¢ € C, Im¢ > 0}. Hence we can write

1 / aﬁlé\l(ﬁheim)
2im Jsu 6/2\1(11176“72)

where we have used the principal determination of the logarithm. Hence
Assumption 1.1 is satisfied. It is a rather standard property that (5.7) pre-
serves the ¢2 norm, so Assumption 1.2 is satisfied with the maximal set of
discretization parameters A := (0, 1]® (the constant C in (1.6) can be chosen
to be 1). With the definition (1.10), we compute (here n = 72 belongs to R
so we rather use the more explicit notation 7,):

1 —~ )
dky = 7in /Sl Oy (InQ1(k1,€"™)) dry =0,

a_1(z,m2) = a1(z,m2) = (2 + 1) pa

so Assumption 1.4 is satisfied (but Assumption 1.5 is not !). We can also
easily check that Assumption 1.6 is satisfied since a_; and a; have degree 1
in z for all n9. The derivation of transparent numerical boundary conditions
for (5.7) was performed in [18] so we shall not reproduce it here. Approxi-
mate (namely, absorbing) numerical boundary conditions for (5.7) are pro-
posed and studied in [1, 4, 16, 18]. We also refer to [1, 45] and references
therein for the construction of absorbing boundary conditions for the non-
linear Schrédinger equation.

The Airy equation. We are now going back to a one-dimensional prob-
lem and consider as in [49] the Airy equation

ov+02 v=0.

rxrx

The extension to a nonzero first order transport term is considered in [8] in
view of later dealing with the Korteweg - de Vries equation. For simplicity, we
restrict to this simple framework (U; = 0 and Uz = 1 in the notation of [8])
and explain how one of the schemes considered in [8] fits into our framework.
More precisely, we consider the so-called “rightside Crank—Nicolson” scheme
proposed in [38]:

7-Z+1—u-

n

1

J +1 +1 +1 +1
. — t3 xS(u§+2—3u§+1+3ug — uft]

u

ol — 33Ul +3ul — u;.zl) =0, (5.8)
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with some given initial condition u® € £2. The other scheme considered in [8]
is centered in space so the stability analysis is identical to the above one for
the discretized Schrodinger equation. With the notation

At

H= a0

the numerical scheme (5.8) fits into the framework of (1.3) with p =2, r =1,
and

Qri=T+pu(S>=38,+31-87Y, Qo:=—-T+pu(S*-38,+37I-S71).
In particular, there holds

@:(eig) =14 8y sin? g — 44 p sin€ sin® g .

Hence not only 62\1(ei€ ) is nonzero but its real part is not smaller than 1.
In particular, we can apply the same argument as above for the discretized
Schrédinger equation and use the principal determination of the logarithm
to show that Q; satisfies the index condition (1.5). It is also proved in [38]
that the scheme (5.8) is stable, that is, it satisfies Assumption 1.2 with all
possible discretization parameters, that is with A := (0,1]%. Since (5.8)
is based on the Crank—Nicolson quadrature rule, there is no difficulty in
verifying that Assumptions 1.4 and 1.6 are satisfied. Again Assumption 1.5
is not satisfied. We refer to [8] for a derivation of the transparent boundary
conditions for the scheme (5.8). In particular, we recover here in our general
framework the separation property for the roots x(z) ([8, Theorem 3.1]).
The analysis in [8] makes clear how, for this case with p = 2, one can
write transparent boundary conditions by using linear forms rather than
projectors. This requires in [8] using some suitable combinations of the two
unstable roots (named ¢2(z) and ¢3(z) here) in order to preserve holomorphy
with respect to z on U.

The linearized Benjamin—Bona—Mahony equation. We discuss
eventually the linearized Benjamin—-Bona—Mahony equation considered in
the recent work [9]. The partial differential equation under consideration
reads

O (u—ed2,u)+cOu=0,
with e > 0 and ¢ > 0 (the sign of ¢ is crucial in the “upwinding” procedure
below). One numerical scheme proposed in [9] is based on a centered differ-

ence for the dispersive part and on an upwind procedure for the transport
part. Then one applies the Crank—Nicolson quadrature rule to integrate in
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time. The resulting scheme reads:

e At
un-&-l — ( n+1l

n+1 n+1
j i T Az W 2w Uity —ugh + 2 *U?—l)
cAt
+ oA (uy“ — o — uy_l) =0, (5.9)

which fits into the framework of (1.3) with p =7 =1, and

Ql:_(eAt+cAt>S_1+<1+sAt+0At>I e At S

2Az?2  2Ax Az?2  2Ax 2 Ag2

In particular, one computes

Re Q1 (e'") = 1—1—22—2; sian—i— CA—A; sin? g >1
so not only Q7 is an isomorphism on ¢?(Z) but the index condition (1.5)
is satisfied (we use the same argument as for the discretization of the Airy
equation). Reproducing more or less the same computations as for (5.8), one
can also show that Assumption 1.2 is satisfied with all possible discretization
parameters, that is with A = (0, 1]2. From the above expression of 1, one
can also easily verify that Assumption 1.6 is satisfied.

)

We now compute

e At cAt e At
a—l(z):_(Z—l)m—(Z+1)2Ax, al(z):—(z—l)m,

so obviously a; does not vanish on U (but it vanishes on U). The only root
of a_1 belongs to D so Assumption 1.4 is satisfied (but not Assumption 1.5).
Hence the calculations made explicit in [9] also fit in the general framework
that we have discussed in this article.
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