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Miraculous cancellations for quantum SL,

Francis Bonaron (D

A Jean-Pierre Otal, en I’honneur de ses 3 X 4 X 5 ans

ABSTRACT. — In earlier work, Helen Wong and the author discovered certain
“miraculous cancellations” for the quantum trace map connecting the Kauffman
bracket skein algebra of a surface to its quantum Teichmiiller space, occurring when
the quantum parameter ¢ = 2" is a root of unity. The current paper is devoted to
giving a more representation theoretic interpretation of this phenomenon, in terms
of the quantum group Ug(sl2) and its dual Hopf algebra SLg.

RESUME. — Des travaux précédents de Helen Wong et de l'auteur ont mis en
évidence, quand le paramétre quantique ¢ = €277 est une racine de l'unité, des
« annulations miraculeuses » pour P'application de trace quantique qui relie I’algébre
d’écheveaux du crochet de Kauffman a I’espace de Teichmiiller quantique d’une sur-
face. L’article ci-dessous fournit une interprétation plus conceptuelle de ce phéno-
meéne, en termes de représentations du groupe quantique Ug(sl2) et de son algebre
de Hopf duale SLZ.

Introduction

The equation
(X+Yy)"=X"+Y" (0.1)
is (unfortunately) very familiar to some of our students, who find it conve-
nient to “simplify” computations. However, it is also well-known that this
relation does hold in some cases, for instance in a ring of characteristic n with
n prime, or when the variables X and Y satisfy the g-commutativity relation
that Y X = ¢XY with ¢ € C a primitive n—root of unity; see Section 1.

The structure of Equation (0.1) can be described by considering the two-
variable polynomial P(X,Y) = X+Y. Then (0.1) states that the polynomial
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P(X,Y)™, obtained by taking the n—th power of P(X,Y"), coincides with the
polynomial P(X"™,Y™) obtained by replacing the variables X, Y with their
powers X™, Y respectively.

Helen Wong and the author discovered similar identities in their study of
the Kauffman bracket skein algebra of a surface [6]. These relations involved
a 2—dimensional version of the operation of “taking the n—th power”, through
the Chebyshev polynomial 7T,,(t) € Z[t] defined by the property that

Trace A" = T, (Trace A)

for every 2-by-2 matrix A € SLy(C) with determinant 1. A typical con-
sequence of the miraculous cancellations discovered in [6] is that, when
Y X = ¢XY and ¢ is a primitive n-root of unity,

T,(X+Y+X H=X"+Y"+ X", (0.2)

which fits the pattern Tn(P(X, Y)) = P(X™Y") for the polynomial
P(X,Y) = X +Y + X' The arguments of [6] provide many examples
of such polynomials, involving several g—commuting variables.

In [6] these “Chebyshev cancellations” were used to connect, when ¢ is
a root of unity, irreducible representations of the Kauffman bracket skein
algebra S?(S) of a surface S to group homomorphisms m1(S) — SL2(C).
The skein algebra S?(S) is a purely topological object whose elements are
represented by framed links in the thickened surface S x [0, 1]. It draws its
origin from Witten’s interpretation [17, 18, 22] of the Jones polynomial knot
invariant within the framework of a topological quantum field theory, and
as a consequence it is closely connected to the quantum group U, (sls).

The arguments of [6] were often developed by trial and error. The purpose
of the current article is to put these constructions into a more conceptual
framework, where the connection with U,(slz) and SLy(C) appears more
clearly. Another goal is to emphasize the representation theoretic nature
of these phenomena, with the long term objective of generalizing them to
quantum knot invariants and skein algebras based on other quantum groups
Uq(g), such as the Ug(sl,)-based HOMFLY polynomial and skein algebra.

In addition to the fact that quantum groups are still an acquired taste for
many mathematicians, including the author, the connection between U, (sl2)
and SLy(C) is more intuitive if we replace U, (sl2) with its dual Hopf alge-
bra SL%, in the sense of [14, 15, 16, 19, 20]. This will enable us to express
our constructions solely in terms of 2-by-2 matrices with coefficients in an
arbitrary noncommutative algebra A; in [6], the algebra A was the quantum
Teichmiiller space of the surface. This point of view is sufficiently close to
SLs(C) that it should be relatively intuitive for those mathematicians who
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have a long track record in hyperbolic geometry, since PSLy(C) is the isom-
etry group of the hyperbolic space H3. This category includes the author
and Jean-Pierre Otal, and it is a pleasure to dedicate this article to him
as an acknowledgement of the great influence that he had on the author’s
work, either through their joint articles [1, 2, 3, 4] or through many informal
conversations.

We now state the main result of this article.
THEOREM 0.1. — Let Ay, Ao, ..., Ay be 2-by-2 matrices with coefficients
in an algebra A over C, such that:
(1) each A; is triangular of the form (% al:fl) or (Z ai(—)l) with bja; =

qa;b; for some nonzero number q € C — {0};
(2) a; and b; commute with a; and b; whenever i # j.

Then, if ¢> is a primitive n—root of unity,
T, (Trace A1 As ... Ay) = Trace Agn)A(Qn) o Afcn)
where each AE") 1s obtained from A; by replacing a; and b; with their powers

n 3
ai and bj

This statement is easier to understand if we illustrate it by an example.
Consider the product of five triangular matrices

() ) G () G )
0 a; 0 ay bs as 0 ay bs ag
where b;a; = qa;b;, and a; and b; commute with a; and b; whenever i # j.
Computing the product and taking the trace straightforwardly gives
Trace A = ajazaszaqsas + aiasasbsbs + a1babsasas + a1bobsbybs
+ albgaglallbs + b1a51b3a4a5 + b1a2_1b3b4b5
1 -1 —1_—1

-1 -1 -1 -1 _—1 -1, -1 -1 -1 -1 —
+biay az ay bs+ay ay bsbsag 4+ ay ay as ay ag .

Since Trace A has 10 terms and the Chebyshev polynomial T, (¢) has
degree n, one would expect T,,(Trace A) to have about 10™ terms. However,
when ¢? is a primitive n-root of unity, many cancellations occur and only
10 terms remain. In fact

T, (Trace A) = atabajayay + atajazbyby + aibybya)al + aTbybsby by
+aybyaz"ay by + blay "byajag + byay "bybiby
n, —m_—mn_—Nin —-—n_—ninin_—mn -n_-n_—m_—m_—n
+blay "az "ay by + a7 "ay "bsbiag " + a7 "ay ag Tay "ag

= Trace A™
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A at b} ay by ay 0 ay by ag 0
0 a" 0 a3" ) \b5 a3" 0 a;")\b¢ az"

is obtained from A by replacing each a;, b; with af', b}

When ¢ is transcendental, there are only very few cancellations and
Proposition 6.2 shows that T}, (Trace A) is a sum of exactly (5 + /24)" +
(5 — v/24)™ > 9.89" monomials. This explicit count is based on a positivity
result (Proposition 6.1) which may be of independent interest.

Similarly, the example of Equation (0.2) is provided by applying The-
orem 0.1 to the matrix A = (al bll) (a2 0 ), setting X = ajas and

= -1
0 a; b2 a,

Y = b1bs, and replacing q with /q.

The proof of Theorem 0.1 essentially has two parts. The first step is rep-
resentation theoretic, and connects T,,(Trace A) to the action of the matrix
A on the space A[X,Y]? of polynomials in g-commuting variables X and Y
and with coefficients in the algebra A. This is a relatively easy adaptation to
our context of a deep but classical result in the representation theory of the
quantum group Ugy(sly), the Clebsch-Gordan Decomposition. The author is
here grateful to the referee for pointing out the reference [9], where a differ-
ent proof of Corollary 4.12 can be found; see Remark 4.13. The second step
is a simple computation of traces for this action of A on A[X,Y]?, which is
much simpler than the original arguments of [6].

Among the hypotheses of Theorem 0.1, some are more natural than oth-
ers. The g—commutativity relations b;a; = qga;b; are essentially mandated by
the connection of the objects considered to the quantum group U,(sl;) and
its dual Hopf algebra SLI. Similarly, the requirement that the matrices A;
be triangular is deeply tied to the structure of the Lie group SLy(C) and
the quantum group U,(sly) (and their Borel subgroups/subalgebras). The
commutativity hypothesis that a; and b; commute with a; and b; whenever
i # j is less critical, and was introduced here to define Trace A1 Ao ... Ay € A
(and the product matrix A; Ay ... A, € SLL(A)) in a straightforward way.
In fact, it is possible to define such a trace without these commutativity
properties, but this requires using the cobraiding of the Hopf algebra SLI
as well as additional data that is reminiscent of the original topological con-
text. This was implicitly done in [5] for the Kauffman bracket skein algebra
of a surface, but a quick comparison between the formulas of [5, Lem. 21]
and [11, Cor. VIIL.7.2] should make it clear that these arguments can be
expanded to a more representation theoretic framework. The cancellations
of Theorem 0.1 then extend to this generalized setup, as in [6].
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1. The equation (X +Y)" = X"+ Y™

In spite of the first sentence of this article, most of our students do know
the Binomial Formula, which says that

(X+Y)"

= X"+ (T)Xn—ly_’_ +(Z>X7z—2y2 4ot (nn 1>XYn—1 +Y"

_ kZ:O (Z) xn—kyk

where (Z) is the binomial coefficient

<n> ~nn—-1)n-2)...n—k+2)(n—-k+1)
k) k(k—1)(k—2)...21 '

If we are working in a ring R with characteristic n and if n is prime
(which in particular occurs when R is a field), then n = 0 in R while
k(k—1)(k —2)...21 # 0 for every k < n. It follows that (}) = 0 whenever
0 < k < n, so that the Frobenius relation

X+Y)"=X"4+Y" (0.1)
holds in this case.

Note that the hypothesis that the characteristic n is prime is really nec-
essary. For instance, in the ring Z/4 of characteristic 4,

(X +Y)' =X 46XV 4+ YV £ X+ Y2

A less well-known occurrence of Equation (0.1) involves variables X and
Y that g—commute, in the sense that Y X = ¢XY for some ¢ € C. The
Quantum Binomial Formula (see for instance [11, §IV.2]) then states that

(X+1Y)"

n —
q q q

-y (Z) xn—kyk (1.1)
k=0 q
where (:)q is the quantum binomial coefficient

<n> _ ()g(n=1)g(n=2)g...(n—k+2)g(n—k+1),
q (k>q(k7_ 1>q(k_2)q~~-(2)q(1)q
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defined by the quantum integers

=1+q+q@+-+¢ L

L ¢ -1
(J)q = q—1

We state the following property as a lemma, as we will frequently need
to refer to it.

LEMMA 1.1. — If q is a primitive n—root of unity, in the sense that
q" =1 and ¢* # 1 whenever 0 < k < n, the quantum binomial coefficient
(Z)q is equal to O for every k with 0 < k < n.

Proof. — Since ¢ is a primitive n—root of unity, (n), = qq":11 = 0 while

(k)g = qqk%ll # 0 whenever 0 < k < n. The result follows. O

COROLLARY 1.2. — If YX = ¢qXY with ¢ € C a primitive n-root of
unity, the Frobenius relation

X+Y)"=X"4+Y" (0.1)
holds.

As in the characteristic n case, it is necessary that ¢ be a primitive n—
root of unity. For instance, when Y X = —XY, ¢ = —1 is a (non-primitive)
4-root of unity and (X +Y)* = X* +2X2Y2 4+ Y4 £ X4 + Y4

We will now discuss generalizations of Equation (0.1) arising from prop-
erties of the quantum group U,(sls). As indicated in the introduction, we
will express these properties in terms of 2-by-2 matrices with coefficients in
an algebra A.

Incidentally, all algebras considered in this article will be over C. Other
fields could be used, but the need for primitive n—roots of unity make this
convention more natural.

We begin with the classical case of the algebra A = C, and of the Lie
group SLy(C).

2. The classical action of SLy(C) on C[X,Y]

The special linear group of order 2 is the group

SL2(C) = {(2Y):a,b,c,d € C,ad — bc =1}
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of 2-by-2 matrices with determinant 1. It has a left action on the plane C?2,
and therefore a right action by precomposition on the algebra

C[X,Y] = {polynomial functions on C?}
= {polynomials D ito 2j=0 ai; XY a5 € C}
of polynomials in the variables X and Y. More precisely, the action of ( a Z) €
SL2(C) on C[X, Y] is such that
P(X,Y) (‘CL Z) = P(aX +bY,cX +dY) (2.1)

for every polynomial P(X,Y) € C[X,Y].
This defines a map
p: SL2(C) — Endc (C[X,Y])
from SL3(C) to the algebra of C-linear maps C[X,Y] — C[X,Y].
We collect a few elementary properties in the following lemma.
LEMMA 2.1.

(1) For every (2%) € SLa(C), p(2%) € Endc(C[X,Y]) is also an
algebra endomorphism of C[X,Y].

(2) The map p is valued in the group Autc (C[X,Y]) of linear au-
tomorphisms of C[X,Y], and induces a group antihomomorphism

p: SLa(C) — Autc (C[X,Y]), in the sense that

a b\ [(d UV a b a b
P\\e a)\e¢ a)) 7P\ a)°P\c d
for every (25), (Z,’ g:) € SLQ((C)
(3) IfC[X,Y], = {Ziﬂ-:n aijX'Y7;a;; € C} 2 C"*! denotes the vec-
tor space of homogeneous polynomials of degree n, the representation
p restricts to a finite-dimensional representation

pn: SLa(C) — Aute (C[X,Y],) = Aute(C™H1).

The order reversal in the second conclusion reflects the fact that SLa(C)
acts on C[X,Y] on the right. We could easily turn p into a group homo-
morphism by composing it with any of the standard antiautomorphisms of
SLa(C), suchas (2 1) = (24)" = (5 or (34) = (24) " = (£, ), and
many authors do this. For this reason, we will refer to p and its restrictions
pn as representations of SLy(C).

A classical property is that, up to isomorphism, the p,, form the collection
of all irreducible representations of SLy(C).
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3. The quantum plane and SLI(A)

For a nonzero number ¢ € C — {0}, the quantum plane is the alge-
bra C[X,Y]? defined by two generators X and Y, and by the relation
Y X = ¢XY. Namely, the elements of C[X,Y]? are polynomials P(X,Y) =
Dm0 > j—o@ij X" X7 that are multiplied using the relation Y X = ¢XV.

If we want to keep the property that the matrices (‘cl g) and (§ ) act as

algebra homomorphisms on C[X,Y]?, we need that
(X +dY)(aX +bY) =q(aX +bY)(cX +dY)
and (bX +dY)(aX +¢cY) = g(aX + c¢Y)(bX + dY)

to preserve the relation Y X = ¢XY. Identifying the coefficients of X2, XY
and Y2, this would require

ba = qab db = qbd bc = cb

3.1
ca = qac dec = qed ad — ¢ tbe = da — gbe (3:1)

which is clearly impossible if ¢ # 1 and a, b, ¢, d commute with each other.
This leads us to the following definition (see for instance [11, Chap. IV] for
more background).

Given an algebra A over C, let SL{(.A) denote the set of matrices (¢ 4)
where a, b, ¢, d € A satisfy the relations of (3.1), as well as

ad —q tbe = 1. (3.2)

More formally, let SLI be the algebra defined by generators a, b, ¢, d and
by the relations of (3.1) and (3.2). Then SLZ(A) can be interpreted as the
set of all algebra homomorphisms SLZ — A. The elements of SL%(A) are
called the A-points of SLi.

Unlike SL(C), the set SL(A) is far from being a group. It only comes
with a partially defined multiplication. Indeed, if (¢ ) and (‘C‘,/ g; ) € SLi(A),
the usual formula

a b\ (d U\  [ad +bd ab + bd (3.3)

c d)\cd d)  \cd +dd cb+dd ’
gives an element of SL(.A) only under additional hypotheses on the entries
of these matrices, for instance if a, b, ¢, d commute with a’, ¥, ¢/, d’. This

partially defined multiplication has an identity element (}¢) € SLi(A).
However, the operation of passing to the inverse somewhat misbehaves in

the sense that the formal inverse (¢ Z)_l = (_qd 7qb) of (24) € SLi(A)

¢ a
is an element of SLg_l(.A) = SLI(A°P) instead of SL(A); here A°P is the
opposite algebra of the algebra A, consisting of the vector space A endowed
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with the new multiplication *, defined by the property that a *,, b = ba
for every a, b € A. In general, the formula (3.3) gives a globally defined
multiplication SLy(A) ® SLy(B) — SL2(A®B) for any two algebras A and B.

In order to generalize to SLI(A) the action of SLy(C) on C[X,Y], we
introduce the guantum A-plane as the A-algebra A[X,Y]? = A®C[X,Y]4.
In practice the elements of A[X,Y]? are polynomials

PX,Y)=> > a;X'X’
=0 j=0
with coefficients a;; € A, and are algebraically manipulated using the rela-
tion YX = ¢qXY while the variables X and Y commute with all elements
of A.

The relations defining SLI(A) are specially designed that an A-point of
SLZ acts as an algebra homomorphism on the quantum A-plane A[X,Y]4,
by the same formula (2.1) as in the commutative plane. More precisely, if
End 4(A[X,Y]7) denotes the space of A-linear maps A[X,Y]? — A[X,Y]9,
we can define a map

p: SLi(A) — End4(A[X,Y]?)
such that

a b g 4 ;
p (C d) Z%X Y| = Zaij(ax +bY)!(cX 4 dY)’
1,] 2,7
for every polynomial }_, . ai; X'Y7 € A [X,Y].
The map p satisfies the following elementary properties.
LEmMmA 3.1.

(1) For every (2%) € SLi(A), the restriction C[X,Y]9 — A[X,Y] of
the A-linear map p (%) € End4(A[X,Y]9) is a Calgebra homo-
morphism.

(2) For each n, the map p (%) € Enda(A[X,Y]9) respects the space
A[X, Y2 = A® C[X,Y]% of homogeneous polynomials of degree n
in X and Y with coefficients in A. As a consequence, p induces by
restriction a map

pn: SLI(A) — End4(A[X,Y]9).
(3) If a, b, ¢, d commute with o', V', ¢, d' (so that the product (¢})

Y / N ’ ’
(o b)) = (Z:,Idbz, zg,_tsg,) € SLI(A) makes sense),

(o) (& ) =r (e w)orl )
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Remark 3.2. — The first conclusion of Lemma 3.1 can be rephrased by
saying that, for every P, @ € C[X,Y]?,

a b a b a b
p(¢ D=t De(t D@
in A[X,Y]?. However, note that this property does not always hold for P,

Q € A[X,Y]?, so that the A-linear map p (2Y) : A[X,Y]? - A[X,Y]? is
not necessarily an A-algebra homomorphism.

4. Traces and Chebyshev polynomials
4.1. Traces

Traces can misbehave in the noncommutative context. However, we are
interested in endomorphisms of A[X,Y]? = A ® C[X,Y]4, which have a
natural trace.

To emphasize the key property needed, let V be a finite dimensional
vector space over C, let A be an algebra over C, and consider an A-linear
map f € Enda(A® V). The trace of f is defined as

n
Trace f = Za“ cA
i=0
where, if eg,e1,...,e, is a basis for the C-vector space V', the coefficients
a;j € A are defined by the property that f(e;) = > i aije; in AQV for
every 7 =0,1,...,n

The usual commutative proof immediately extends to this context to give:

LEMMA 4.1. — The trace Trace f € A is independent of the choice of
the basis eg, eq,.. ., ey for the C-vector space V.

Note that this property would be false if we only required eg,eq,...,e,

to be a basis for the A-module A @ V = A+t1,

For practice, let us carry out a few elementary computations for the
representations py,: SLE(A) — End4 (A[X,Y]4) of Lemma 3.1.

For n = 1, consider (2%) € SLi(A) and its image p; (2}) €
End 4 (A[X Y1]{). The polynomials X, Y form a basis for C[X,Y]{. Since

p1(28)(X) = aX +bY and p; (¢4) (Y) = ¢X + dY we conclude that
Trace p1 (‘cl d) is equal to a + d, namely to what we have implicitly called
Trace ( 3) in the introduction.
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For n = 2, an elementary computation gives

pa (CCL Z) (X2) = (aX +bY)? = a2X2 4 (1+ ¢®)abXY + b*Y?
ps (CCL Z) (XY) = (aX +bY)(cX +dY) = acX? + (ad + gbe) XY + bdY>

P2 (‘c’ Z) (Y?) = (cX +dY)? =cAX? 4+ (14 ¢*)edXY + d*Y?
so that

Trace p2 <OCL Z) = a® + (ad + gbc) + d?
=a’+ad+da+d*—1
=(a+d)?-1

by remembering that da — gbc = 1 from the definition of SLZ(A).

For n = 3, a longer but similar first step gives that

Trace ps (Z Z)

=a®+ (a®d+ q(1 + ¢*)abe) + (a(1 + ¢*)bed + ad®) + d°
=a® + a’d + ada + ¢*ada — a — ¢*a + dad + ¢*dad — d — ¢>d + ad® + d°,

using again the property that da — qbc = 1.

Since gbc = da — 1 and bea = ¢%abe, we have that da? — a = ¢*ada — ¢?a.
Similarly, because dbc = ¢2bed, d?a — a = g*dad — ¢*d. Substituting these
values in our first expression for Trace p3 (‘; 2) gives

Trace p3 <Z Z) =a® + a®d + ada + da® + dad + d*a + ad® + d* — 2a — 2d

= (a+d)?—2(a+d).

In all three cases, we have been able to express the trace Trace p, (‘j Z)
as a polynomial in Trace (? fl) = a + d. We will see in Corollary 4.12 that
this is a general phenomenon. Part of the purpose in the above calculations
was to let the reader experience the fact that this property is not that easy
to check by bare-hand computations, which justifies the introduction of the
more theoretical constructions of Section 4.3 and Section 4.4 below.
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4.2. Chebyshev polynomials

We will encounter two types of Chebyshev polynomials. The (normalized)
Chebyshev polynomials of the first kind are the polynomials T, (t) € Z[t]
recursively defined by

Ty(t) =t (4.1)

The (normalized) Chebyshev polynomials of the second kind Sy (t) € Z[t]
are remarkably similar, and defined by

Sn+1 = tSn(t) - Sn—l(t)
Si(t) =t (4.2)
So(t) =1

In particular, in addition to Ty(t) = 2, So(t) = 1 and T3 (t) = S1(¢) = ¢,

Tg():t2—2 So(t) =t* -1
()_t3 Sa(t) =t> — 2t

Ty(t) = 4t2 +2 Sy(t) =t* -3t +1

Ts(t) = t5 5t° 4 5t Ss(t) =t — 4t + 3t

To(t) = t° — 6t* + 91 — 2 Se(t) =% —5t* + 612 — 1

LEMMA 4.2. — The two types of Chebyshev polynomials are related by
the property that

for everyn > 2

Proof. — This is an immediate consequence of the fact that the T, (t)
and S, (f) satisfy the same linear recurrence relation, and of the initial
conditions. 0

The following classical properties connect the Chebyshev polynomials
T, (t) and Sy () to the group SLy(C).

LEMMA 4.3. — For every A € SLy(C),

T, (Trace A) = Trace A"
Sn(Trace A) = Trace p,(A)

where p,: SLo(C) — End(C[X,Y],,) is the (n+ 1)-dimensional representa-
tion of Section 2.
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Proof. — From the Cayley—Hamilton Theorem (or inspection)
A? — (Trace A)A +1d = 0
for every A = (2%) € SLz(C). Multiplying both sides by A"~! and taking
the trace, we see that Trace A™ satisfies the same recurrence relation

Trace A" = (Trace A)(Trace A™) — Trace A" ™*

as T, (Trace A), as well as the same initial values for n = 0 and n = 1. Tt
follows that Trace A™ = T,,(Trace A) for every n.

For the property that S,,(Trace A) = Trace p,(A), which is not needed
in this article, we can just refer to the special case ¢ = 1 of Corollary 4.12
below. ]

Note the following closed form expression for the Chebyshev polynomial
T, (t) € Z]t].

LEMMA 4.4. N N
t+Vt2 —4 t—Vt2—4
o - (EE) ()

Proof. — Let A € SLy(C) be a matrix such that Trace A = ¢. If t* — 4 #

0, the characteristic polynomial A\?> — ¢\ + 1 of A has two distinct roots

thViR—d V2tz_4, which consequently are the eigenvalues of A. Then A™ has eigen-

values (&7 V2tz*4) and, by Lemma 4.3,
t+vE—1\  [(t-vE—1\"
T, (t) = Trace A" = trvr -2 +|l—] .
2 2
By continuity, the property also holds when 2 — 4 = 0. O

4.3. The Hopf algebras SL{ and U, (sls)

For most of the article, we are trying to keep the exposition at an elemen-
tary level in order to make the algebra more intuitive and to emphasize its
connection with geometry. However, we now need deeper algebraic concepts
and constructions, which will enable us to apply the well-known Clebsch—
Gordan Decomposition for U,(slz) (Theorem 4.8) to obtain a similar state-
ment (Proposition 4.11) for the set SLI(A) of 2-by-2 matrices that we are
interested in. We follow here the conventions of [11, Chap. VI-VII].

We already encountered the C-algebra SLI, defined by generators a, b,
¢, d and by the relations of (3.1)—(3.2). In particular, SLZ(A) is the set of
homomorphisms from SLJ to the algebra A.
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A better known object is the quantum group U,(slz), which is a de-
formation of the enveloping algebra of the Lie algebra sly(C) of SLy(C);
see [7, 8, 10, 12]. Recall that U,(sly) is defined by generators E, F, K, K~ !
and by the relations

KK 1=K 'K=1 KE = ¢°EK
K- K1 4.3
EF —FE = —— KF =q?FK (4.3)
a—q

This is a Hopf algebra, whose comultiplication A: Ug,(sly) — Ug(sly) ®
Uy(slz), counit : Uy(slz) — C and antipode map S: U,(sly) — U,(slz)
are respectively determined by the properties that

A(E)=EQK+1®FE e(E)=0 S(E)=—-EK™!
AF)=Fe1l+K'®F e(F)=0 S(F)=—-KF
AK)=K®K e(K)=1 S(K)=K™*

Similarly, SLZ is a Hopf algebra with comultiplication A: SLZ — SLI ®
SLZ, counit e: SLE — C and antipode S: SLI — SLZ given by

Ala)=a®a+bRc gla) =1 S(a) =
Ab)=a®b+b®d e(d) =0 S(b) =
Ale)=c®a+d®c e(e)=0 S(e) =
Ald)=c@b+d®d e(d)=1 S(d) = a.

When g = 1, the algebra SL; is just the algebra of regular (= polynomial)
functions SL2(C) — C on the algebraic group SLy(C). The comultiplication
A: SLy — SLy®SL} then is the algebra homomorphism induced by the
group multiplication SLy(C) x SLy(C) — SLy(C), the counit e: SLy — C is
induced by the map {*} — SL2(C) sending * to the identity (), and the
antipode §: SL} — SL is induced by (25) — (24)™"

Similarly, as ¢ — 1, the quantum group Uy(sly) converges to the en-
veloping algebra U(sly) of the Lie algebra of SLo(C), by consideration of

The relationship between SL and U, (slz) comes in the form of a linear
pairing
(+,): Ug(sh) ®SLY —  C

U®a — (U, a) (44)
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determined by the properties that
(E,a) =0 (E,b) =1 (E,c)=0 (E,d)=0
(F,a) =0 (F,0) =0 (F,ey =1 (F,d)y=0 (4.5)
(K,a)=q (K,b)=0 (K,c)=0 (K,d)y=q"'

and
(U,ap) =Y (U, a){U", B) (4.6)
(U)
({UV,a) => (U,a')(V,a") (4.7)

(a)
for every a, 8 € SLd and U, V € U, (sl2), using Sweedler’s notation that

AU) =) U @U" € Uy(sly) ® Uy(sla)
)
and A(a) = Z o ®a” € SLI®SLI
(@)
for the comultiplications of SLE and U,(slz). See Lemma 4.6 for an inter-

pretation of the formulas of (4.5), and see [8, 19, 20] and [11, §VIL.4] for
details.

In particular, the duality (-,-) induces a linear map §: SL — Ug(sly)*
from SLZ to the dual of U,(slz). We will need the following property.

LEMMA 4.5 (Takeuchi [20]). — The above duality map 6: SLE —
Uy (sla)* is injective.

This is analogous to the property that, because the Lie group SLo(C)
is connected, a regular function on SLo(C) is completely determined by its
derivatives and higher derivatives at the identity element.

In general, the representation theory of a Lie algebra is significantly easier
to analyze than that of the corresponding Lie group. The same phenomenon
in the quantum world is one of the reasons why Ug(slz) is more popular
than SLI.

In particular, there is an action o: Uy(sle) ® C[X,Y]? — C[X,Y]? of
Ug(slz) over the quantum plane C[X,Y]? by “quantum derivation”, defined
by the property that

O'(E® Xkyl) — [l]quJrlylfl O'(F ®Xle) _ [k]quflyH»l

4.8
O'(K ® Xk‘yl) — qklekyl ( )
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where [k], denotes the other type of quantum integer

E_ —k
q9 —q — _ - — _
[k]q: — :qk 1_|-qk 3++q k+3_|_q k+1 =q k+1(l€)q2.
q—4q
This action restricts to the space of homogeneous polynomials of degree
n, and gives an (n + 1)-dimensional representation

on: Ug(sly) = Endc (C[X, Y]‘jl)
for every n.

When ¢ is not a root of unity, the o,, essentially realize all irreducible
finite-dimensional representations of Ug(slz), up to isomorphism. To describe
all irreducible finite-dimensional representations of U,(slz), one just need
one more family of similar representations o/,, related to o, by a simple sign
twist. See for instance [11, §VI.2].

Similarly, the representation p: SLi(A) — End4(A[X,Y]?) of Section 3
comes from a coaction

7: C[X,Y]? — SLI®@C[X, Y]?
defined by the property that
T(PX,Y)=P@a@X+bRY,c X +d®Y)

for every polynomial P(X,Y) € C[X,Y]% Indeed, if A € SLi(A) is
considered as an algebra homomorphism A: SLI — A, then p(A) €
End 4 (A[X,Y]?) is clearly the A-linear extension of the C-linear map (A ®
Idcix,yje ) o 7: C[X, Y]7 — A[X,Y]7.

The following statement relates the duality (-,-) of (4.4) to the 2—-
dimensional representation o1 : Uy(sly) — Endc (C[X, Y]]).

LEMMA 4.6. — For every U € Ug(sly), the matriz of o1(U) €
Endc (C[X,Y]{) in the basis {X,Y} is

ww)= (e ).

where a, b, ¢, d are the generators of SLI.

Proof. — The property holds for U = E, F or K*! by inspection in (4.5),
since 01(E) = (9¢), o1(F) = (99) and o1(K) = (gq91> in the basis
{X,Y}. It then holds for any product of these generators by combining the
fact that oy is an algebra homomorphism, the compatibility of the duality
(-,-) with the multiplications and comultiplications given by (4.7), and the
definition of the comultiplication A: SLI — SL2 @ SL. ]

- 538 —



Miraculous cancellations for quantum SLo

We now show that the duality (-,-) connects the action of Ug,(sly) on
C[X,Y]4 to the coaction of SLZ.

To see this, we first rewrite the action o: Uy(sly) ® C[X,Y]? — C[X,Y]?
as a linear map ¥: C[X,Y]? — Uy(sly)* @ C[X, Y]

LEMMA 4.7. — The action ¥: C[X,Y]? — Uy(slh)* ® C[X,Y]9, coac-

tion 7: C[X,Y]? — SLI ®C[X,Y]? and duality map §: SL3 — Uy(sly)* are
related by the property that the diagram

P

//—\

C[X,Y]? — = SLY®C[X, V]! —— U, (sl)* ® C[X, Y]
T 0®ldcix,v)e

is commutative. Namely, ¥ = (6 ® Id¢;x,yja) 0 7.

Proof. — The property is equivalent to the commutativity of the diagram

U, (sly) ® C[X, Y]

Idm

U, (slp) ® SLI @C[X, Y4

(- )®Ideix,vya

To simplify the formulas, write ¢ = Idy, (s,) ®7 and ¢ = (-, - )®@Idc[x,y)a-
‘We need to prove that

C[X, Y]

Yop(U®P(X,Y)) =0(U®P(X,Y)) (4.9)
for every U € Ugy(sly) and P(X,Y) € C[X,Y]9.
We first consider the case where P(X,Y) = X. Then,

Yop(UX)=9p(U®a@X+URbRY)
= (U,a)X + (U, b)Y
=0 (U)(X)=0(U®X)

by Lemma 4.6. So, the property of (4.9) holds for P(X,Y) = X and every
U € Ugy(sly).

An almost identical argument shows that (4.9) holds for P(X,Y) =Y
and every U € Ug,(sly). As a consequence, (4.9) holds for every P(X,Y) €
C[X,Y]{ and U € U, (sly).
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We now claim that, if (4.9) holds for P(X,Y) and Q(X,Y) and every
U € Uy(sly), then it holds for the product P(X,Y)Q(X,Y) and every U €
Uq(ﬁ[g).

A fundamental property of the action o is that, in the terminology of [11
§V.6], it makes C[X,Y]? a module algebra over Uy(sly). This means that, in
addition to making C[X,Y]? a module over the algebra U,(sly), o satisfies
the “quantum product rule” that

(U P(X,Y)Q(X,Y)) => o(U'® P(X,Y))o(U" ® Q(X,Y)), (4.10)
W)

using Sweedler’s notation that A(U) = >_ ;) U' @ U”. See [11, §VIL3].
Now,
vop(U®P(X,Y)Q(X,Y))
=Y(U@Pa®X+bRY)Qa® X +bx®Y))
:Z V(U @Pa@X+b@Y)Y(U"2Qa®X +baY))
)

= Z (U@ P(X,Y))o(U" ® Q(X,Y))

(U®P (X,Y)Q(X,Y)),

where the second equality comes from (4.6), the third equality reflects our
hypothesis that P(X,Y’) and Q(X,Y) satisfy (4.9) for every U € Uy(sls),
and the fourth equality results from (4.10). This proves our claim that (4.9)
holds for P(X,Y)Q(X,Y) and for every U € Uy(sly).

This inductive step proves that (4.9) holds in all cases, and concludes the
proof of Lemma 4.7. O

4.4. The Clebsch—Gordan Decomposition for SLI and SL%(A)

A great feature of Hopf algebras is that their comultiplication A enables
one to take the tensor product of two representations.

For U, (slz), the Quantum Clebsch-Gordan Decomposition expresses the
action of Ug(sly) on the tensor product C[X, Y14, ® C[X, Y] as a direct sum

of (1rreduc1ble) representations over C[X,Y]? .~ with 0 <k <inf{m,n}.

We state here the result for the case we need, when m = 1. Recall that
the action of Ugy(sly) on C[X,Y]? restricts to an algebra homomorphism
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on: Ug(sly) = Endc (C[X,Y]4) for every n. Also, the tensor product

01 @ 0t Ug(sly) — Ende (C[X, V]! ® C[X, Y]7)
= Ende (C[X, Y)?) @ Endc (C[X, Y]9)
is defined by the property that
o1 ® 0, (U Zal )@ o, (U")
)
for every U € Uq(sl2), using Sweedler’s notation that A(U) = 3= U'®@U".
THEOREM 4.8 (Clebsch—-Gordan Decomposition for Uy(sly)). — When

q is not a k—root of unity with k < n, there exists a C—linear isomorphism
¢: CIX,Y]{®CIX,Y]: — C[X,Y]] ., &C[X,Y]!_, such that the diagram

CIX, Y)Y ® CX, Y4 71870(0) CIX,Y)! ® C[X, V]2

wl% giv

(C[X7 Y}Z_H @C[X’ Y]Z—l (C[X’ Y]?H—l @(C[Xv Y]i—l

ont1(U)Bon-1(U)

commutes for every U € Ug(sly).

See [12, 13, 21], and [11, §VIL.7] for a proof.
We now consider the coaction 7: C[X,Y]? — SLI®C[X,Y]4, and more
precisely its restriction 7,: C[X,Y]4 — SLI @C[X,Y]4.
Tensor products of coactions are much simpler to define, and
1 @7 (P®Q) =m(P)®7,(Q) € SL{®C[X,Y]{ ® C[X,Y]?
for every P € C[X,Y]{ and Q € C[X,Y]4.

We now use the duality (-,-) to deduce the following result from Theo-
rem 4.8.

PROPOSITION 4.9 (Clebsch—-Gordan Decomposition for SLd). — Suppose
that q is not a k—root of unity with k < n, and consider the C—linear isomor-
phism ¢: CIX,Y]{ @ C[X,Y]! — C[X,Y]!,, ®C[X,Y]]_, of Theorem 4.8.
Then, the diagram

ClX,Y])! ® C[X,Y]q DT SL{®C[X,Y]! ® C[X,Y]?

@i: :lIdSLg @

CIX, Y]l eCX, Y]] , ——SL{eC[X,Y]!, , & CIX,Y]_,

Tn+1DTn—1

commutes, in the sense that (Idg s ®p) o (11 @ Tn) = (Tnt1 B Tn-1) 0

— 541 —



Francis Bonahon

Proof. — To simplify the notation, set V; = C[X,Y]{. Then the commu-
tative diagram of Lemma 4.7 restricts for each k to a commutative diagram

PN
Vi ﬁD}sIQ)* ® Vi (4.11)

5®Idvk

where Xy is related to the action oy: Uy(sly) — Endce(Vy) by the property
that, for each U € Ugy(sly) and P € Vi, the element o, (U)(P) € Vj is
obtained by evaluating ¥ (P) € Uy(sla)* ® V, at U.

In the diagram

Vl ® Vn
(Pl \
T1&®Tn
Vg1 @ Vit SLi®Vi®V,
Tn+1DTn—1 Idg, ¢ ®¢
2 6®Idv1®vn
SLZ @(Vi41 @ Vie1) Uy(sl)* @1V,

X1:1‘11«%»165‘71—1 l
’ IdU (slg)* ®¢
q 2

Ug(sl2)* @ (Vi1 & Vio1)

(4.12)
we want to show that the left-hand parallelogram commutes. Here, 31 ®3,, is
defined to be related to the tensor product o1 ®0,,: Uy(sly) — Endc(Vi®V,,)
by the property that, for each U € U,(slz), Py € V1 and P, € V,,, the element
01Q0,(U)(PL®P,) € V1®V, is obtained by evaluating ¥, ® %, (P, ®P,) €
Uy(sle)* @ V1 ® V,, at U. The map X, 41 & X,,_1 is similarly associated to
the direct sum oy, 41 ® 0p—1: Uy(slz) = Ende(Vi41 & Vio1)-

Ynt1BZn-1

Because of the way 31 ® X, and ¥,,41 @ X,,_1 are respectively associated
to 01 ®0, and 0,41 B 0p,—1, Theorem 4.8 shows that the outer parallelogram
of (4.12) commutes, in the sense that

(Idu, (st2)* ®p) 0 (X1 @ Bp) = (Zpy1 @ Xp1) 0 0.

— 542 —



Miraculous cancellations for quantum SLo

The lower triangle

Vn+1 ©® anl

Wi

SLg ®(Vn+1 @ Vn—l)

§®Idvn+1 SVn—1

Uy(sl2)* @ (Vg1 ® Vip1)

of (4.12) commutes by an immediate application of (4.11).

Ynt1®X, 1

The commutativity of the upper triangle requires more thought, because
tensor products of actions of algebras are more complicated than direct sums.

LEMMA 4.10. — The diagram

J1Q%,
q *
Vi@V ——o> SL Vi © Vi — o> U (sh) @ Vi @ Vi
commutes.
Proof. — Because of the relationships between ¥; ® X, and the ac-

tion 01 ® o, and between the map 6: SLI — Uy(sly)* and the duality
(+,-): Uy(sly) ® SLE — C, it suffices to show that

01®0,(U)

Vi®Vy,

R SL% VI @V, T) Vi®V, (4.13)

commutes for every U € U,(slz). Here, for a vector space V, we shorten
the notation and write (U, ): SLI®V — V for the map that we previously
denoted by (U, ) ® Idy.

This property is an immediate consequence of the fact (4.6)—(4.7) that
(-,-) establishes a duality between multiplications and comultiplications.
Indeed, given two polynomials P, € V5 and P, € V,,,

1 @0, (U)(PL&P,) = o1(U')(P1) ® 0, (U")(P,)
)

= Z<U’,T1(P1)> ® <U//7Tn(Pn)>
U)
= <U7 7-1(P1) ® Tn(Pn)>

where the first equality reflects the definition of o1 ® o9, the second equality
comes from Lemma 4.7 (or (4.11)), and the third equality follows from (4.6).
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The proves the commutativity of (4.13), and therefore Lemma 4.10.

We are now ready to conclude the proof of Proposition 4.9. We proved
that, in the diagram (4.12), the outer parallelogram and the two upper and
lower triangles commute. By Lemma 4.5, the map ¢: SLE — U,(sly)* is
injective. It easily follows that the left-hand parallelogram

eV, SLiaVI ® V,

T1®Tn
l » lIdSLg ®¢
Tn+1DTn-1

Vn+1 ) anl —_—> SL2 ( n+1 ©® Vn 1)

commutes. This is exactly what we needed to prove. (|
),

After this long digression through the Hopf algebras SL3 and U,(sly
we now return to our original topic of interest, namely the set SLq(.A) of
A-points of SLI for some algebra A.

The representation p,,: SLI(A) — End4(A[X,Y]2) is related to the
coaction 7,: C[X,Y]? — SLI®C[X,Y]? by the property that, if an A-
point A € SLI(A) is considered as an algebra homomorphism A: SLI — A,

then p,(A) € End4(A[X,Y]?) is the A-linear extension of the C-linear map
(A @ Idgix v, ) or: C[X,Y]? — A[X,Y]L.

PROPOSITION 4.11. — When q is not a k—root of unity with k < n, the
representation

p1 @A pn: SLI(A) — Endg (A[X, Y]] @4 A[X,Y]2)

is isomorphic over C to the direct sum ppy1 ® pn—1 of the representations
pnt1: SLE(A) = End(A[X, Y], ) and p,—1: SLI(A) — End(A[X,Y]?_,).
Namely, there exists a C—linear isomorphism

¢: C[X,Y])! @c C[X,Y]? - C[X,Y)%,, & C[X,Y]?

n—1»

inducing an A-linear isomorphism

Td @cp: AX, V]I 04 AX, Y1 - AX, Y], , & AX, Y]

n—1»

such that the diagram

P1(A)®.apn(A)

AX, V)¢ @4 AIX, Y] AX, Y] @4 AIX, Y2
Ida ®C<Pi: ﬁlIdA Rce

XY X, Y
Pn+1(A)@Pn—1(A) 'A[ ]n+1 @ A[ ]n 1

commutes for every A € SLI(A).
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Proof. — This is an immediate consequence of Proposition 4.9 and of the
relationship between the coactions 7 : C[X, Y]] — SLI ®cC[X, Y]] and the
A-linear maps py(A) € End 4(A[X,Y]}). O

The fact that the isomorphism A[X,Y]{ ®4 A[X,Y]? — AX,Y]! &
A[X,Y]L_, between p; ® 4 pn, and pn41 @ pp—1 comes from a C-linear iso-
morphism C[X,Y]{ ®c C[X,Y]4 — C[X, Y]], ®C[X,Y]!_, will be crucial
for our consideration of traces in the next section.

4.5. The trace of p,(A) for A € SLi(A)

After the hard work of Section 4.3 and Section 4.4, we now have ap-
propriate tools to compute for A € SLZ(A) the trace of p,(A) in terms of
the trace of A. The few computations that we did at the end of Section 4.1
should convince the reader that this result would be hard to obtain without
the heavy machinery of Sections 4.3—4.4.

COROLLARY 4.12. — For every (¢ %) € SLi(A),
Trace p, (24) = Sn(a+d)
where Sy, is the n—th Chebyshev polynomial of the second kind.

Proof. — The property makes sense for all ¢, but we first restrict atten-
tion to the case where ¢ is not a root of unity in order to apply Proposi-
tion 4.11.

Consider A = (‘; Z) € SLI(A). By Proposition 4.11, the A-linear maps
p1(A)®4pn(A) and pp41(A)Bpn—1(A) are isomorphic over C. By Lemma 4.1,
they consequently have the same trace. Therefore,

(Trace p1 (A)) ( Trace p,(A)) = Trace (p1(A) @4 pn(A))
= Trace (pn+1(A) & pu_1(A4))
= Trace (pn41(A4)) + Trace (pn—1(4))

and Trace p,(A) therefore satisfies the same recurrence relation (4.1)—(4.2)
as the Chebyshev polynomials.

For n = 0, po(4) = Id4 and Tracepo(A) = 1. By definition of the
Chebyshev polynomial S, (¢) in (4.2), it follows that

Trace pp(A) = S, ( Trace p1 (A)).

We already computed Tracep;(A) in Section 4.1. If A = (%), then
p1(A) has matrix (§ 3) in the C-basis {X,Y} for A[X,Y]! = A C[X,Y]].
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(Note that this is the transpose matrix.) It follows that Trace p1(A4) = a+d,
which concludes our computation when ¢ is not a root of unity.

The case where ¢ is a root of unity follows from this generic case by con-
tinuity. To justify this continuity argument for an arbitrary algebra A, first
consider the case when A = SLZ, where we can make sense of continuity with
respect to ¢ (for instance by considering SL% as an algebra over Clg, ¢™1]).
The algebra SL2 admits a tautological SLd-point I € SLI(SL2), defined by
the identity algebra homomorphism I: SLZ — SLI. Then, Tracep,(I) =
Sy (Trace I) € SLY for every g by continuity from the case where g is not a
root of unity.

For a general algebra A and an A-point A € SL2(A), a little thought will
convince the reader that Trace p,(A) € A is the image of Trace p,,(I) € SLI
under the algebra homomorphism A: SL? — A; in particular, Trace A =
A(TraceI) by specialization to the case n = 1. Then,

Trace p, (A) = A( Trace p,,(I)) = A(S,(TraceI))
= S, (A(TraceI)) = S, (Trace A)

for every ¢, using the fact that A is an algebra homomorphism for the third
equality. O

Remark 4.13. — The author is grateful to the referee for pointing out the
reference [9], which provides a brute force proof of Corollary 4.12. The result
of [9] has the advantage of holding for the more general case of SLI(.A).

5. Miraculous cancellations

We now prove the main result of this article, namely Theorem 0.1 which
we rephrase as Theorem 5.1 below. Although we just encountered Chebyshev
polynomials Sy, (¢) of the second kind, the property involves the Chebyshev
polynomials T, (t) of the first kind.

Note that, if an A-point A = (2 4) € SLE(A) of SL{ is upper triangular,
namely is such that ¢ = 0, then necessarily d = a~! by the quantum deter-
minant relation ad — ¢~ tbc = 1 of Relation (3.2). As a consequence, A can
be written as A = (8 aél) with ba = qab. Similarly, any lower triangular
element of SLY(A) is of the form (¢ °,) with ba = gab.

bat

THEOREM 5.1. — Let Ay, As, ..., Ay € SLI(A) be A-points of SLE such
that:

(1) each A; is triangular of the form (% ab_—il) or (Zl agl) for some a;,
b, e A (wzth b;a; = qaibi);
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(2) a; and b; commute with a; and b; whenever i # j, so that we can
make sense of the product A1As ... A, € SLI(A).

Then, if ¢> is a primitive n—root of unity,

Tn(Trace A1Ay ... Ak,lAk) = Trace Agn)Aén) - A,(Cn_)lAl(Cn)

n ogn n n2
where, for each 1, AZ(-n) = (ai bin) or (Z agn) is the A-point of SLL

0 a;
obtained from A; = (% :ﬁ) or Z a21> by replacing a; and b; with their
powers a; and b, respectively.

Note that b}'a} = q”ga?b? since b;a; = qa;b;. Also, q”2 is equal to £1
since ¢>® = 1, and is always +1 when n is even.

Proof. — For notational convenience, we will reverse the indexing and
prove the equivalent statement that
T, ( Trace ApAg_1... A2A1) = Trace A;cn)Agi)l . Aén)A(ln). (5.1)

For this, we will use Lemma 4.2 and Corollary 4.12; so that
T, ( Trace Ay A1 ... A2A1)
= Sn(Trace ApAg_1... A2A1) — Sn,g(Trace ApAg_1... A2A1)
= Trace pp (AgAg—1 ... AsAy) — Trace pp_o(ArAg—1 ... A24;)
for the representations p,: SL%(A) — Enda (A[X,Y]%,) of Section 3.
We first compute these traces.
When A; is lower triangular, the image of X" “Y* € A[X,Y]% under
pn(A;) is
pn(A) (XY ) = py (5,0 ) (X"0Y) = (@:X)" (00X +a; 1Y)

u

n—u n—u u U—v u—v ,,—v v
—a" X Z<u>q2bi X"V Y

v=0

_ Z (u) q—v(u—v)a;zfufvb?van—vyv7
v=0 \"/¢?

using the Quantum Binomial Formula (1.1) of Section 1. In particular, if
we express pp,(4;) in the basis { X" *Y* u =0,1,...,n} for A[X,Y]?, the
entries of the corresponding matrix are

(u) —v(u—v) n—uU—vpu—v ifo<
q a; E ifo<u
pn(Ai)vu = { e

v (5.2)
Note that this matrix is upper triangular.

0 if v > u.
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Similarly, when A; is upper triangular,

n—uy u a; b; n—uy u n—u(,— u
pu(A) (XY ) = po (5 5) (X"7Y™) = (@iX +biY )" (a7 1Y)

(TL - u) qfu(vfu)a?—u—vbzz—anvKv
P

—\n—-v
and
0 ifo<u
Aoy = _ I .
Pn( z)w {(Z—Z)quu(UU)a? u vb;g ify > . (5 3)

In particular,

Trace p, (ApAk—1 ... A A7)
= Trace p, (A1) 0 pp(Az) 00 pn(Ar_1) o pn(Ag)
Y A e (A2)usn

u1,u2,..., up €{0,...,n}
s pn(Ak'*l)uk—luk pn(Ak)ukul (54)

and
Trace pn,Q(AkAk,1 N AQAl)
= Z Pr—2(A1) 0,0, pn—2(A2)v2v3 s

v1,02,...,05€{0,...,n—2}
s pn72(Ak:71)vk_1'uk pn72(Ak:)vk'U17 (55)
where the terms p,,(4;)yy are given by Equations (5.2) and (5.3).

We distinguish three types of terms in the sum of Equation (5.4), accord-
ing to the corresponding indices w1, us,...,u; € {0,...,n}:

(i) no wu; is equal to 0 or n;
(ii) some but not all u; are equal to 0 or n;
(iii) all u; are equal to 0 or n;

We begin with the first type.
LEMMA 5.2. — If no u; is equal to 0 or n, the term

Un(ulv ce 7uk) = pn(Al)ulug pn(A2)u2u3 cee ,On(Ak—l)uk,luk pn(Ak)ukul

of Equation (5.4) corresponding to ui,us,...,ur € {1,...,n—1} is equal to
the term
Un72(1)1, e ﬂ)k)

= pn72(A1)111U2 pn72(A2)v2113 oo pn(Akrfl)vk_l'uk pn72(Ak:)'ukv1
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of Equation (5.5) corresponding to the indices vy, va, ..., v € {0,...,n—2}
with v; = u; — 1.

Proof. — Set ug41 = uy and viy1 = v to introduce uniformity in the
notation.

If A; is lower triangular, Equation (5.2) gives

Uit1 —ug (u; —u; N—Ui41—Uq g Ui41—Usg . . .
A _ ) pa e b; if u; < wig
Pn( i)uiuz‘+1 -

0 if w; > wipq
while, using the property that v; = u; — 1,
pn—Q(A’i)vwiJrl
B {(u71+1_1)q2q_(ui—l)(ui+1_u1)a?ui+1uib;"i+1ui if u; < wigy

uifl
0 if u; > Ujq1-

Since (Z)q2 = (g2 (“_1)q2, it follows that

(v) 2 \v—1

(ui"‘l)qz Ui —Uig 1

pn(Ai)uiui+1 = (u) N q pn_Q(Ai)UiU'H»l
ilq

when A; is lower triangular.

Similarly, when A; is upper triangular,

pn(Al)uzU1+1
B {O if wy < i

n—u;t1 — i1 (Ug—Ui 1) VT Wid 1 — U g Uy — U4 1 : X X
( n—;i )qu i ( ¢ i )ai bz lf U; 2 u1+1-

and

p’n—Q(Ai)'Ui'Ui+l
{O if uy < ujg

(”*UHl*l) Qq*(“i-#l*l)(uifui+1)a:b_“i+1—uib;1i—“i+l if u; > Uig1,

n—u; —1 q
Therefore
(n - ui+1)q2 Uit1—Uj
(n — u) 2 4
i)q
=g 2 (i) 2 Wip1—ui
—q 2 () g2
(Uit1) g2

= uni_ui+lpn—2(f4i)vwi+1

pn(Ai)u717tqz+1 = pn—Q(Ai)UiUHl

pn72(Ai)vivi+1
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using the property that
q2n—2u _ 1 _ Cow q2u _ 1 —2u(

2 —1 q S 1 = 9

(n—u)q2: q2_1

U)qz
since ¢ = 1.

As a consequence, we get the same formula whether A; is upper or lower
triangular. Taking the product over all i,

k
Wit1)g? w—us

Un(ut, ... ,ug) = Up_a(vy,...,0x) H @q”’ it = Uy _o(v1, ..oy V),

y (ui)g2

i=1 q
where the second equality comes from the fact that ugy; = uq. This proves
Lemma 5.2. 0
LEMMA 5.3. — If some but not all indices u; are equal to O or n, the

term
Un(ulv cee 7”16) - pn(Al)ulug pn(A2)ugu3 s pn(Ak—l)uk,luk pn(Ak)ukul
of Equation (5.4) corresponding to uy,us, ..., ux € {0,...,n} is equal to 0.

Proof. — This is a consequence of Lemma 1.1, which says that, because
¢? is a primitive n-root of unity, the quantum binomial coefficient (Z)q2 is
equal to 0 for 0 < u < n.

For convenience, set ui41 = uy as in the proof of Lemma 5.2. By hypoth-
esis, there is then an index ¢ such that 0 < u; < n and u;41 = 0 or n.

Consider first the case when 0 < u; < n and u;41; = 0. If A; is lower
triangular, then p,(A4;)u,u., = 0 by Equation (5.2), and consequently
U, (ug,...,ug) = 0. Otherwise, Equation (5.3) gives

n —u; LU
pn(Ai)uiuiH = <n—ui>q2a? ulb? = 0

by Lemma 1.1. This proves that U, (u1,...,ur) = 0 in this case.

Similarly, if 0 < u; < n and u;41 = n, Equation (5.3) immediately shows

that Uy, (u1,...,ur) = 0 when A; is upper triangular, and otherwise gives
pn(Ai)UiuiJrl = q_ul(n_ul)ai u’b? Ui =
Us q?

by Lemma 1.1, again proving that U, (uq,...,ug) = 0. O
Lemmas 5.2 and 5.3 show that, when computing

T, (Trace A Ag—1 ... A2 A7)
= Trace Pn(AkAkfl . A2A1) — Trace pn,Q(AkAk,1 . A2A1)
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using the expressions of Equations (5.4)—(5.5), the only terms left are

Z pn(Al)uluz pn(A2)u2ua - ~Pn(Ak—1)uk71uk pn(Ak)ukm

U1, u2,..,uE €{0,n}

where
a? if U; = Uj41 = 0
by ifu; =0and uj41 =n
pn(Ai)uiui+1 = .
0 ifu; =nand u;41 =0
a; " fu; =uip1=n
if A; is lower triangular, and
a? if U; = Ujp1 = 0
(A1) 0 ifu; =0and uj41 =n
v by if u; =n and u;41 =0
ai_" ifui:ui_HZn

if A; is upper triangular.

As a consequence, comparing the general case to the case n =1,

T, (Trace AgAg—1 ... A3 A1) = Z p1 (Agn))ulu2 P1 (Agn))UZUS .
'U.I,UQ,.H,U)CE{O,l}
... P1 (Al(cnf)l)uk_luk P1 (Al(cn))uk.ul

— Trace py (A AU A5V A™)

a™ b? a’ 0 . . a; b;
where Al(-n) = ( N ain) or (b; afn) is obtained from A; = (0 aﬂ—l) or

(ZZ agl) by replacing a; and b; with a]' and b, respectively.

, the

We already observed that, for an A-point A = (¢4) € SLi(A
a
v ), so

matrix of p1(A) in the basis {X,Y} for C[X,Y]{ is the transpose (
that Trace p1(A4) = a + d = Trace A. It follows that

)
C
d
T, (Trace AgAg—1 ... A A1) = Trace p; (Agﬁn)A,(cnjl . A;n)Agn))

— Trace A A, Al A,

This is exactly the relation (5.1) that we wanted to prove, which concludes
the proof of Theorem 5.1. O
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6. A positivity property

Many fewer cancellations occur when ¢ is not a root of unity. This
can be precisely quantified by using a certain positivity property for
Tn(Trace A1As ... Ak).

Let A1 As ... A be a product of triangular matrices A; = <% ab—l) or
(Zl agl) € SLi(A) satisfying the hypotheses of Theorems 0.1 or 5.1, except
that we are not requiring ¢ to be a root of unity. Then, Trace A;A; ... Ag
can be written as a sum of monomials Hle c; with ¢; € {ai,bi,ai_l} and
therefore, for every polynomial P(t) € Z[t] with integer coefficients,
P(Trace A1 Ay, ..Ak) can be written as a sum of monomials of the form
+¢¢ Hle afibfi with integer powers £, «;, 8; € Z (with §; > 0).

The following result states that, when P(t) is one of the Chebyshev poly-
nomials S, (¢) or T, (t), the signs + can always be taken to be +.

PROPOSITION 6.1. — Under the hypotheses of Theorems 0.1 or 5.1 but
without any assumption on the parameter ¢ € C — {0}, the evaluations
Sn(Trace A1As. ..Ak) and Tn(Trace A1As . ..Ak) € A of the Chebyshev
polynomials can be written as a sum of positive monomials of the form
+q¢¢ Hle a?f‘bfi with integer powers &, «;, B; € 7.

Proof. — The case of S,,(t) is relatively simple. We computed

Sn(Trace A1As ... Ak) = Trace p, (4142 ... Ag)

in the course of the proof of Theorem 5.1. In particular, Equations (5.2)—
(5.4) show that, with no assumption on g, Trace p, (A1 A4z ... A) is a sum of
positive monomials +¢* Hle af"'bf ‘. Indeed, it is well-known (and also fol-
lows from the Quantum Binomial Formula (1.1)) that the quantum binomial
coefficients (Z),;? are polynomials in ¢? with nonnegative integer coefficients.

The proof for T, (t) is more elaborate. We want to show that, when com-
puting
Tn(Trace AjAs ... Ak) = Trace p, (A14s ... Ag) — Trace p,,—2(A145 ... Ag),
each monomial of Trace p,_2(A1As ... Ag) cancels out with a monomial of

Trace p, (A1 Az ... Ag); this can be seen as a weaker form of Lemma 5.2. For
this, we will give a different computation of Trace p,(A414s ... Ag).

This computation goes back to the principles underlying the Quantum
Binomial Formula. Let C(X,Y) be the free algebra generated by the set
{X,Y}. Namely, C(X,Y") consists of all formal polynomials P(X,Y) in non-
commutating variables X and Y, and these polynomials are multiplied with-
out simplifications. In particular, the quantum plane C[X, Y] is the quotient
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of C(X,Y) by the ideal generated by Y X — ¢XY, which gives a natural pro-
jection m: C(X,Y) — C[X, Y]

Similarly, consider A(X,Y) = A® C(X,Y), and the projection Id 4 @
which we will also denote as 7: A(X,Y) — A[X,Y]? for short.

Let A(X,Y), be the linear subspace of A(X,Y) consisting of all ho-
mogeneous polynomials of degree n. Namely, A(X,Y),, consists of all finite
sums

P(X.Y)=Y auZuiZus .. Zun

where the coefficients «,, are in A and where each variable Z,, is equal to
X or to Y. In particular, A(X,Y), is isomorphic to .A%" as an A-module.
For comparison, remember that A[X,Y]¢ is isomorphic to A"T1.
The representation p,: SLI(A) — End4 (A[X,Y]4) lifts to a represen-
tation p,: SLE(A) — Enda (A(X,Y),) defined by the property that
pn (28) (P(X,Y)) = P(aX +bY,cX +dY)
for every homogeneous polynomial P(X,Y) € A(X,Y) of degree n in the

noncommuting variables X and Y (and with coefficients in A).

To give a more combinatorial description of this action, note that
every element of A(X,Y), can be uniquely written as a sum of
monomials «Z1Z;...7Z, where « € A and each Z, € {X,Y}. Then,
ﬁn(ﬁg)(aZlZg...Zn) € A(X)Y), is the sum of all monomials
o' Z1Zh ... Z! obtained from aZyZs ... Z, by replacing each Z, with:

e either aX or bY, if Z, = X;
e either cX or dY,if Z, =Y,

(and pushing all coefficients of A to the front).

As a consequence,

ﬁn(AlAQ N Ak)(OéZ1Z2 e Zn)
= Pu(Ak) 0 pn(Ag-1) 0 o pp(Ar1)(@Z1Z2 ... Zy)
can be described as follows. Let M(aZ1Z5 ... Z,) be the set of all sequences

M = (Mi)i:O,l,...,k' of monomials M7 = OélZ“ZlQZM, € A<X, Y>n such
that
(].) MO = OlleQ . Zn,
(2) M; is obtained from M;_; by replacing each Z;_1), with
o a; X or ;Y if Z;_y), = X and A; = (%1 al;il );
o ai_lY if Zi—1yu =Y and A; = (ai bi );

0 at
i
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L aiX if Z(ifl)u = X and Al = (ZZ agl );
o b1X or ai_lY if Z(ifl)u =Y and Ai = (ZZ agl).

Then, as we expand p, (414 ... Ap)(«Z1Zs ... Z,) € A(X,Y),,, we see that
its decomposition into monomials is given by

ﬁn(AlAg...Ak)(OéZ1Z2...Zn) = Z M;,
MeM(a21Z2...Zn)
where M, is the last term of the sequence
M = (M;)i=o01,..k € M(aZ1Z5...2y).

As a consequence, if we use the same notation for the monomial
X wyv=X...XY...Ye A(X,Y), and for its image X" “Y* e A[X,Y]?
under the projection 7: A(X,Y), — A[X,Y]%,

pn(A1Ag . AR)(XUYY) = > 7(Mj).
MeM(Xn—uvYyw)

Finally, let M/'(X""“Y™") be the set of monomial sequences M €
M(X"4Y™) whose contribution m(Mjy) belongs to AX™ “Y™. For such
a monomial sequence M = (M;)i=01,.. &, let a(My) € A be the coeffi-
cient such that m(My) = a(My) X" “Y*. We can then compute the trace of
pn(A1As ... Ay) by using the basis { X" “Y*%; 4 =0,1,...,n} for C[X,Y]?
and A[X,Y]? = A® C[X,Y]%, which gives

Trace pp(A1As ... Ag) = Z Z a(My). (6.1)
u=0 MeM'(Xn—uyw)

Similarly

n—2

Trace p,_a(A1 4z ... Ap) = Y > alMy).  (6.2)
v=0 MeM’'(Xn—v-2Yv)

The expression (6.1) for Trace p,, (A1 Az ... Ai) was obtained by using the
basis {X"*Y*;u=0,1,...,n} for A[X,Y]%. For comparison with (6.2), it
is more convenient to use the other basis { X", Y"} U{X" " 2Y"XY;v =
0,1,...,n —2} for A[X,Y]4. This gives the expression

Trace p, (A1 Ay ... Ag) = Z a(My) + Z a(My)
MreMr(Xm) MreM/(Yn)

'y 3 M) (63)

v=0 M/eM/(X"~v=2YvXY)
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where, for M' = (M])i=0,1,... s € M'(X"7?72Y"XY'), the coefficient 3(M]) €
A is defined by the property that m(M}) = B(M;) X" *2Y*XY.

Note that, because of the commutativity and g—commutativity properties
of the quantities a;, b;, X, Y, all terms a(Mj,) and S(M},) in (6.2)—(6.3) are
positive monomials of the form +¢¢ Hle a?ibf ¢ with &, a;, 3; € Z and
Bi = 0.

We now compare (6.2) and (6.3). Every monomial sequence M =
(M;)iz01... x € M/(X"?72Y") gives rise to a monomial sequence M’ €
M/ (X"=72Y?XY) defined by the property that M] = M; XY for every i.
Indeed, rewriting

M = M;(a; X)(a;'Y)
shows that M’ = (M])i=o1,... x really satisfies the inductive property defining
M/(X"=*=2Y?XY). In addition, when M’ € M/(X"~"=2Y¥XY) is thus
associated to M € M/(X"v72Y"),

T(M}) = 1(MpXY) = n(Mp)7n(X)7(Y) = a( M) X" "Y' XY
so that S(M]) = a(Mj).
Therefore, when computing
Tn(Trace A1Ay ... Ak) = Trace p, (414 ... Ag) — Trace p,—2(A14s ... Ag),

every monomial o(M},) occurring in (6.2) cancels out with a monomial 5(M;,)
of (6.3). It follows that Tn(Trace A1As. ..Ak) is the sum of the remain-
ing coefficients a(My) and S(M],) of (6.3). We already observed that these
monomials are positive, which concludes the proof of Proposition 6.1. 0

Proposition 6.1 enables us to precisely determine the number of monomi-
als in T, ( Trace A1 Ay ... A;) under the hypothesis that there are no extra-
neous simplifications. This means that ¢ is transcendental and, since we can
always assume that the algebra A is generated by the entries a;, b; of the
matrices A;, that A is the algebra defined by the generators aiﬂ, b; and by
the relations that b;a; = ga;b; and that a;, b; commute with a;, b; whenever

i # j. In other words, A is the algebra ®f:1 Claf!, b;]e.

In this case, every element of A = ®f:1 (C[a;tl, b;]% has a unique decom-
position as a sum of monomials fo:l a?"bfi with £ € C, oy €Z, 5; € Z
and 3; > 0.

PROPOSITION 6.2. — Suppose that q is transcendental, and that A =
®f:1 Claf!, b;)?. Let triangular matrices A; = (%Z aé—il) or (Z: a91) €

SLL(A) be given for i = 1,2,....k, and consider the positive integer ty =
Trace AV AL . A where A = (11) if A; = (% ab_f1> and A”) = (19)
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if A; = (Z’ a91>. Then, for every n, Tn(TraceAlAg . ..Ak) is the sum of

ezactly
n

(to+B=2\ [(to—/B—1
To(to) = 5 + 5

positive monomials of the form +q¢ Hle a?ibfi with &, «;, B; € Z and
Bi = 0.

Proof. — We already proved in Proposition 6.1 that T;, ( Trace A1A2...Ak)
is a sum of monomials of the type indicated. The only issue is to count their
number.

Because of the positive signs, the number of these monomials can be
computed by letting ¢ and the a;, b; tend to 1. Under this limiting pro-
cess, Trace A1 A, ... Ay approaches tg, and the number of monomials in the
expansion for T;, ( Trace A1 A, . .. Ak) is therefore equal to T}, (to).

2
ma 4.4. O

The formula T, (to) = (%) + (Wi '%74> is provided by Lem-
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