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On reducibility of quantum harmonic oscillator on R?
with quasiperiodic in time potential *)

BENOIT GREBERT (1) AND ERIC PATUREL (2)

ABSTRACT. — We prove that a linear d-dimensional Schrédinger equation on R¢
with harmonic potential |z|2 and small ¢-quasiperiodic potential
i — Au+ |z?u+ eV (tw,z)u =0, =z € RY

reduces to an autonomous system for most values of the frequency vector w € R".
As a consequence any solution of such a linear PDE is almost periodic in time and
remains bounded in all Sobolev norms.

RESUME. — On montre que I’équation de Schrédinger d-dimensionnelle avec po-
tentiel harmonique |z|2, perturbée par un petit potentiel quasipériodique en temps
0 — Au+ |z)?u 4 eV (tw, z)u =0, 2 € R?
est réductible & un systeme autonome pour la plupart des valeurs du vecteur de

fréquences w € R™. En conséquence, toute solution d’une telle EDP linéaire est
presque-périodique en temps et toutes ses normes de Sobolev restent bornées.

1. Introduction

We consider the following linear Schrodinger equation in R?
iug(t, )+ (= A+ |z)?)u(t, z) + eV (wt, z)u(t,z) =0, teR, z R, (1.1)

Here € > 0 is a small parameter and the frequency vector w of forced os-
cillations is regarded as a parameter in D an open bounded subset of R™.
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The function V' is a real multiplicative potential, which is quasiperiodic in
time: namely V is a continuous function of (p,z) € T" x R% and V is H*
(see (1.3)) with s > d/2 with respect to the space variable x € R? and real
analytic with respect to the angle variable ¢ € T<.

We consider the previous equation as a linear non-autonomous equation
in the complex Hilbert space L?(R?) and we prove (see Theorem 2.3 below)
that it reduces to an autonomous system for most values of the frequency
vector w.

The general problem of reducibility for linear differential systems with
time quasi periodic coefficients, © = A(wt)z, goes back to Bogolyubov [8]
and Moser [21]. Then there is a large literature around reducibility of finite
dimensional systems by means of the KAM tools. In particular, the basic
local result states the following: Consider the non autonomous linear system

&= Apzx + eF(wt)x

where Ag and F(-) take values in gl(k,R), T" > ¢ — F(p) admits an
analytic extension to a strip in C™ and the imaginary part of the eigenvalues
of A satisfy certain non resonance conditions, then for ¢ small enough and
for w in a Cantor set of asymptotically full measure, this linear system is
reducible to a constant coefficients system. This result was then extended in
many different directions (see in particular [10], [17] and [19]).

Essentially our Theorem 2.3 is an infinite dimensional (i.e. & = +00)
version of this basic result.

Such kind of reducibility result for PDE using KAM machinery was first
obtained by Bambusi & Graffi (see [5]) for Schrodinger equation on R with
a z” potential, 3 being strictly larger than 2. Here we follow the more recent
approach developed by Eliasson & Kuksin (see [11]) for the Schrédinger
equation on the multidimensional torus. The one dimensional case (d = 1)
was considered in [15] as a consequence of a nonlinear KAM theorem. In
the present paper we extend [15] to the multidimensional linear Schrédinger
equation (1.1) by adapting the linear algebra tools.

All the previous mentioned articles as well as this present work concern
bounded linear perturbations. Recently several results have been obtained
for unbounded linear perturbations. In this case, the Hamiltonian vector
field of the perturbation is an unbounded operator. In [1], the authors use
pseudo-differential calculus to build a symplectic change of variable that
conjugates the original Hamiltonian system to a new one where the vec-
tor field of the perturbation is bounded. This allows to apply a standard
KAM procedure. This technics was used in [12] but also in [3] and [4] where
the author considers unbounded perturbations of the 1d quantum harmonic
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On reducibility of quantum harmonic oscillator on R%

oscillator. Actually this pseudo-differential approach seems to be restricted
to the one dimensional case. We also mention the very recent™) result [6]
concerning polynomial perturbations of the quantum harmonic oscillator in
d-dimensions:

iug(t, x) + (—A + |z[*)u(t, 2) + eW (wt, z, —iV)u(t,z) =0, teR, z R,
where W is a polynomial in (z, &) of degree at most two.
To state precisely our result we need some notations. Let
T=-A+|zf>=-A+a2 422+ - 422

be the d-dimensional quantum harmonic oscillator. Its spectrum is the sum
of d copies of the odd integers set, i.e. the spectrum of T equals

E={dd+2,d+4---}.
For j € & we denote the associated eigenspace EJ; whose dimension is
card {(i, iz, - ,ig) € (2N — 1) iy +ig+ - +ig =5} :=d; < j7

We denote {®;;,l =1,---,d;}, the basis of E; obtained by d-tensor product
of Hermite functions: ®;; = ¢;, ® ¢, ® - - ® @;, for some choice of i1 +is +
-+ +144 = j. Then setting

E:={(j,0) eExN|lL=1,--- ,d;}
(®4)ace is a basis of L2(R?) and denoting
wje =g for(j,l)e&
we have
TP =we®e, acé.
We define on £ an equivalence relation:
a~b = we=wp

and denote by [a] the equivalence class associated with a € £. We notice
that

card [a] < w1, (1.2)
For s > 0 an integer we define
4 x> 2°0° f € L2(RY),
H® =4 fe H(RYC) J . )
for any «, €N satisfying 0<|a|+|8]| < s

We note that, for any s > 0, H* is the form domain of 7° and the domain of
T5/? (see for instance [16, Proposition 1.6.6]) and that this allows to extend
the definition of H*® to real values of s > 0. Furthermore for s > d/2, H?® is
an algebra.

(1) Actually it was obtained after we finished the present work.
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To a function v € H® we associate the sequence £ of its Hermite coeffi-
cients by the formula u(x) = > ¢ {a®Pa(z). Then defining(?

ij|§a|2 < +oo} ,

acl

65 = {(5)@65

we have for s >0
u€H = el (1.4)
Then we endow both spaces with the norm

1/2
el = lill, = (Z w;|sa|2> .

ac&
If s is a positive integer, we will use the fact that the norms on H*® are
equivalently defined as ||T5/2<p||Lz(Rd) and 3 o< ja1181<s ||x°‘8ﬁ<p|\L2(Rd).

We finally introduce a regularity assumption on the potential V:

DEFINITION 1.1. — A potential V : T" x RY 3 (p,2) > V(p,z) € R is
s-admissible if T" 3 ¢ — V (i, ) is real analytic with value in H* with

520 ifd=1
s>2d—2) ifd>2.

In particular if V' is admissible then the map T" > ¢ — V(p,-) € H?
analytically extends to

T2 = {(a +b) € C*/27Z" | |b| < o}
for some o > 0. Now we can state our main Theorem:

THEOREM 1.2. — Assume that the potential V : T" x R4 3> (p,2) — R
is s-admissible (see Definition 1.1). Then, there exists o > 0 (depending
only on s and d) and £, > 0 such that for all 0 < € < e, there exists
D. C [0,2m)™ satisfying

meas(D \ D.) < %,
such that for all w € D., the linear Schrodinger equation
i0u + (—A + |z*)u + eV (tw, x)u = 0 (1.5)

reduces to a linear equation with constant coefficients in the energy space H!.
More precisely, for all 0 < & < &g, there exists ey such that for all0 < & < gq
there exists Do C [0,2m)" satisfying

meas(D \ D.) < €°,

/2

(2) Take care that our choice of the weight w}l
motivated by the relation (1.4).

instead of w, is non standard. It is
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and for w € D., there exist a linear isomorphism ¥(p) = U, .(¢) € L(H®),
for 0 < s’ < max(1,s), unitary on L?>(R?), which analytically depends on
¢ € Ty/o and a bounded Hermitian operator W = W, . € L(H®) such that
t — u(t,-) € H satisfies (1.5) if and only if t — v(t,-) = W(wt)u(t,-)
satisfies the linear autonomous equation

1000+ (—A + |2[))v +eWv=0.
Furthermore, for all 0 < s’ < max(1,s),
H\IJ(@)_Id||L(Hs’7Hs’+2ﬁ)v ||\IJ(90)71_Id||£(7.¢s”7.[s’+25) § 5176/60 v P e TZ/Z'

On the other hand, the infinite matriz (W2)apce of the operator W written
in the Hermite basis (W2 = [p. ®oW (®p)dz) is block diagonal, i.e.

Wb:0 if we # wp

and, denoting by [V de x)de the mean value of V' on the torus
T4, and by ([V]2 )a bee the correspondmg infinite matriz, we have
H a beg — H(([V]z)a,b€5) ||E(H§) < 81/27 (16)

where 11 is the projection on the diagonal blocks.

As a consequence of our reducibility result, we prove the following corol-
lary concerning the solutions of (1.1).

COROLLARY 1.3. — Assume that (¢, z) — V(p,x) is s-admissible (see
Definition 1.1). Let 1 < s’ < max(1,s) and let ug € H* . Then there exists
gg > 0 such that for all 0<e<egandw € D, there exists a unique solution
u € C(R; H*) of (1.5) such that u(0) = ug. Moreover, u is almost-periodic
in time and satisfies

(1 =eO)luollysr < lu@)llzer < (1 +eC)Juollyer, VEER, (1.7)
for some C' = C(s', s,d).
Another way to understand the result of Theorem 1.2 is in term of Flo-

quet operator (see [10] or [22]). Consider on L?(T") ® L?(R?) the Floquet
Hamiltonian operator

= 0
K:=iY wyz——A+|af +eV(p,a), (1.8)
el
then we have
COROLLARY 1.4. — Assume that (¢,z) — V(p, ) is s-admissible (see

Definition 1.1). There exists g > 0 such that for all0 < € < gg and w € D,
the spectrum of the Floquet operator K is pure point.
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Let us explain our general strategy of proof of Theorem 1.2.

In the phase space H® x H® endowed with the symplectic 2-form idu A du
equation (1.1) reads as the Hamiltonian system associated with the Hamil-
tonian function

H(u,u) = h(u,w) + eq(wt, u, u) (1.9)
where
)= [ (Fu + Jofuf?)do.
Rd
q(wt,u,u) = V(wt, z)|ul*dz.
R4
Decomposing u and u on the basis (®;;)(;)es of real valued functions,
uzzgaq)av ﬂZZ%‘I’a
a€cé a€cé

the phase space (u,u) € H® x H*® becomes the phase space (§,7) € Y
YV, ={(=(CeC? ac&)|¢ls < oo}

where

IS =D 1CalPu.

acé
We endow Y, with the symplectic structure ¢dé A dn. In this setting the

Hamiltonians read
h = Z waganaa
acl

q = (& Qwt)n)

where @) is the infinite matrix whose entries are
Qb (wt) = V(wt, 2)®q(z)Pp(x)dx (1.10)
Rd

defining a linear operator on ¢?(£,C) and (-,-) is the natural pairing on
C(E,C): (&) = Y ,ceafla (no complex conjugation). Therefore Theo-
rem 1.2 is equivalent to the reducibility problem for the Hamiltonian system
associated with the quadratic non autonomous Hamiltonian

S wakatta + (6, Qwt)n). (1.11)

acé

This reducibility is obtained by constructing a canonical change of vari-
ables close to identity that conjugates the Hamiltonian system associated
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with (1.11) to the Hamiltonian equation associated with an autonomous
Hamiltonian

Z wagana + 5<£a Qoo77>

acl
where Qo is block diagonal: (Qs )% = 0 for w, # wy. This last condition

means that, in the new variables, there is no interaction between modes of
different energies, and this leads to Corollary 1.3.

The proof of the reducibility theorem is based on the following analysis
already used in [5], [11], [15]: the non homogeneous Hamiltonian system

.a = —1 aSa — je (* t

bo = —twaba —ie (QUtK), (1.12)
Na = 1WaMq + 1€ (Q(Wt)n)a

is equivalent to the homogeneous system
éa = —1wq&q — i€ (tQ((P>€)a
Na = 1WaNa + i€ (Q(¢)N), a€é, (1.13)

Y =w.
Consequently the canonical change of variables is constructed applying a
KAM strategy to the Hamiltonian

H(ya ®, fa 77) =w-y+ Z wagana + €<£7 Q(<P)77>
ac&

in the extended phase space Ps = R™ x T™ x Y.

Remark 1.5. — We can also prove a similar reducibility result for the
Klein Gordon equation on the sphere S%, or for the beam equation on T¢, by
adapting the matrix space M g defined in Section 2 (see [14]). Nevertheless,
since we need a regularizing effect of the perturbation (8 > 0 in (2.2)), in
order to apply our method we cannot use it for NLS on compact domains.

Remark 1.6. — The resolution of the reducibility problem for a linear
Hamiltonian PDE leads naturally to a KAM result for the corresponding
nonlinear PDE. Actually the KAM procedure for nonlinear perturbations
consists, roughly speaking, in an iterative procedure where at each step one
linearizes the nonlinear equation around an approximate solution and one
reduces this linearized equation to a PDE with constant coefficients. This
approach is possible in the case of the Klein Gordon equation on the sphere
S% (see [14]) or in the one dimensional case (see [15]) with analytic regu-
larity in the space direction x: the extension to the d-dimensional quantum
harmonic oscillator, following the realms of this paper and [14], is the goal
of a forthcoming paper.
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Remark 1.7. — As a difference with [11] and [15], we work here in spaces
of finite regularity in the space variable x. This allows us to get a better
control of the inverse of block diagonal matrices, especially when the dimen-
sions of the blocks are unbounded. In return, working with finite regularity
in z forbids any loss of regularity during the KAM step which is applied
infinitely many times (this is classically bypassed in the analytic case with
a reduction of the analyticity strip).

Acknowledgement. The authors acknowledge the support from the
projects ANR-13-BS01-0010-03 and ANR-15-CE40-0001-02 of the Agence
Nationale de la Recherche, and Nicolas Depauw for fruitful discussions about
interpolation. The authors also thank the Centre Henri Lebesgue ANR-11-
LABX-0020-01 for creating an attractive mathematical environment

2. Reducibility theorem.

In this section we state an abstract reducibility theorem for quadratic
quasiperiodic in time Hamiltonians of the form

> Aabatla + (6 Q(wt)).

a€€

2.1. Setting

First we need to introduce some notations.

Linear space. Let s > 0, we consider the complex weighted £2-space

G={=(€C, acO¢]s < oo}

1% =D €alPwp.

a€é

where

Then we define
YVo=0xZ={C=(€C? ac&)]|(|ls <oo}

IS =D 1CalPu.

a€€

where®)

(3) We provide C2 with the euclidian norm, |Co| = |(€a,7a)| = v/ |€a|? + 142
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We provide the spaces Yy, s > 0, with the symplectic structure id€ A dn.
To any C'-smooth function defined on a domain @ C Y, we associate the
Hamiltonian equation

n=1iVef(&n)

where Vf =*(V¢f,V, f) is the gradient with respect to the scalar product
in Yy. For any C''-smooth functions, F, G, defined on a domain O C Y;, we
define the Poisson bracket

{g = _Zv’f]f(gvn)

oF 0G  0G OF
F =1 - .
(PG} =12, 5 on ~ 9%, oma

We will also consider the extended phase space

Ps =R"x T" x Y 3 (y,9,(&n))-
For any C'-smooth functions, F, G, defined on a domain O C Py, we define
the extended Poisson bracket (denoted by the same symbol)
OF 0G  0G OF
0q 00 0a Oy’

{F,G} =V, FV,G—V,GV F+iY_ (2.1)
acé

Infinite matrices. We denote by M, g the set of infinite matrices A :
E x & — C that satisfy

|Als 5 := sup (wawp)”? HA{Z]
a,be&

. s/2
<¢m+ |wa—wbl> <o (22)

min(wg, wp)

where AF;]] denotes the restriction of A to the block [a] x [b] and || - || denotes
the operator norm. Further we denote M = Mg o. We will also need the
space M 5 the following subspace of M, g: an infinite matrix A € M is in

M if
- s/2
min(wg, wp)+ |we —wp|
min(wq, wp)

S,
The following structural lemma is proved in Appendix:

|Als,p+ = sup (wawb)ﬁ(lﬂwa—wb\)HAW
a,beE [a]

< oQ0.

LEMMA 2.1. — Let 0 < 8 < 1 and s > 0 there exists a constant C' =
C(B,s) > 0 such that

(i) Let A€ Mg and B € M:B. Then AB and BA belong to M g
and
|ABls,5, |BAls,s < ClAls,|Bls 54
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(ii) Let A,B € M:‘)ﬁ. Then AB and BA belong to ./\/l::ﬁ and
|AB|s,+4, |BAls,p+ < C|Als,+4|Bls 8+
(iii) Let A€ Myp. Then for anyt > 1, A€ L(¢2,(%,) and
|AE]| - < C|A|s slIElle-
(iv) Let A e M:B Then A € L((2, 0% 455) for all 0 < s’ < 's and

[4& ]l +25 < ClAls plIE ] -
Moreover A € L(£3,02) and

1Ag]ls < ClA[s g lI€ ]l

Notice that in particular, for all 5 > 0, matrices in ./\/la' 5 define bounded
operator on ¢7 but, even for s large, we cannot insure that M, 5 C L(¢?).

Normal form.

DEFINITION 2.2. — A matriz Q : £ x &€ — C is in normal form, and
we denote Q € N'F, if

(i) Q is Hermitian, i.e. Q¢ = Qb

a’

(i) @ is block diagonal, i.e. Qf =0 for all wg # w.

Notice that a block diagonal matrix with bounded blocks in operator
norm defines a bounded operator on £2 and thus we have M sNNF C L({?).
To a matrix Q = (Q%) € L(¢%,(%,) we associate in a unique way a quadratic
form on Ys 3 (Ca)ace = (€as Ma)ace by the formula

a&n) =&Qn = Q.
a,beE

‘We notice for later use that

{a1,@2}(&,n) = —i(€, [Q1, Q2]n) (2.3)
where

[Q1, Q2] = Q1Q2 — Q201
is the commutator of the two matrices @1 and Q2. If Q € M, g then

Q oo )
sup |[(VeV,q)Y ’B M Wa, . (24
a,beps H( ¢ nQ)[a] (wawp)? \ \/min(we, wy) + [we — wy| (24)

Parameter. In all the paper w will play the role of a parameter belonging
to Dy = [0,27)". All the constructed functions will depend on w with C*
regularity. When a function is only defined on a Cantor subset of Dy the
regularity has to be understood in the Whitney sense.
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A class of quadratic Hamiltonians. Let s > 0, § > 0, D C Dy and
o > 0. We denote by M 5(D, o) the set of C! mappings

Dx Ty 3 (w,0) = Qw,p) € Mg

which is real analytic in ¢ € T, := {¢ € C"||S¢| < o}. This space is
equipped with the norm
D, j
Q5 = sup  [05Qw, )]s (2.5)
weD, j=0,1
[S¢l<o

In view of Lemma 2.1 (iii), to a matrix ) € M 3(D, o) we can associate the
quadratic form on Y;

q(&:mw, ) = (€, Q(w, ¥)n)

and we have

la(&miw, )l < QL5 1€ mIT for(€,m) €Y1, weD, peT,.  (26)

The subspace of M g(D, o) formed by Hamiltonians S such that S(w, ¢) €
Mj’ﬁ is denoted by M:ﬁ (D, o) and is equipped with the norm

[S}?,E; = sup |8Z;S(w790)|5,ﬁ+ .
weD, j=0,
IS¢l<o
The space of Hamiltonians N € M, 3(D, o) that are independent of ¢ will
be denoted by M, g(D) and is equipped with the norm
[N]og = sup X LN (w)]s,5-

weD, j=0,
Hamiltonian flow. To any S € Mj P with s > 0 and S > 0 we associate
the symplectic linear change of variable on Yj:

4t 1
(&m) = (7" 5¢,en).
It is well defined and invertible in £(Yy/) for all 0 < &' < max(1,s) as a
consequence of Lemma 2.1 (iv). We note that it corresponds to the flow at
time 1 generated by the quadratic Hamiltonian (£, 7n) — (£, Sn). Notice that
a necessary and sufficient condition for this flow to preserve the symmetry

1 = & (verified by any initial condition considered in this paper) is
ts=18, (2.7)
that is, S is a hermitian matrix.

When S also depends smoothly on ¢, T™ 3 ¢ — S(¢) € MZ[, we as-
sociate to S the symplectic linear change of variable on the extended phase
space Ps:

Ds(y, 0. 6,m) — (Jp et 5¢,e5n) (2.8)
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where 7 is the solution at time ¢ = 1 of the equation § = (e~*'5¢, V,,5eiSn)
with §(0) = y. We note that it corresponds to the flow at time 1 generated
by the Hamiltonian (y, ¢,&,n) — (£, S(¢)n). Concretely we will never cal-
culate g explicitly since the non homogeneous Hamiltonian system (1.12) is
equivalent to the system (1.13) where the variable conjugated to ¢ is not
required.

2.2. Hypothesis on the spectrum

Now we formulate our hypothesis on Ay, a € £:

HypoTHESIS H1 (Asymptotics). — We assume that there exists an ab-
solute constant cy > 0 such that
Ao ZCowa a €& (2.9)
and
[Aa — Ap| = colwg —wp| a,be & (2.10)
HyPOTHESIS H2 (second Melnikov condition in measure). — There exist

absolute constants a; > 0, ag > 0 and C' > 0 such that the following holds:
for each k > 0 and K > 1 there exists a closed subset D' = D'(k,K) C D
(where D is the initial set of vector frequencies) satisfying

meas(D \ D) < CK*' k*? (2.11)

such that for allw € D', all k € Z"™ with 0 < |k| < K and all a,b € £ we
have
[k w+Ag— | 2 6(1 + |wg — wp). (2.12)

2.3. The reducibility Theorem

Let us consider the non autonomous Hamiltonian
W66 =D Xaana + £, Q(wt)n) (2.13)
a€é
and the associated Hamiltonian system on Y

= —iNo& — ietQ(wt
E. ot - Qlutit (2.14)
1 = iNon + ieQ(wt)n
where Ny = diag(Aq |a € ).
THEOREM 2.3. — Fiz s 2 0, 0 > 0, § > 0. Assume that (\y)ece sat-
isfies Hypotheses A1, A2, and that Q € M, g(D,0). Fix 0 < § < §p :=

Then there exists e, > 0 and if 0 < € < g,, there exist

Bas
16(2+d+2Baz)(d+2B)
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(i) a Cantor set D. C D with Meas(D \ D.) < &°;
(ii) a C* family (in w € D.) of real analytic (in ¢ € T,/y) linear,
unitary and symplectic coordinate transformation on Yy:

Yo — Yo
{(5777) = Wu(9)(€,n) = (Mo ()€, Mus(9)n), w € Dey 9 € Topas
(iii) a C' family of quadratic autonomous Hamiltonians in normal form
Ho =(§, Nw)n), weD.,
where N(w) € N'F, in particular block diagonal (i.e. N° = 0 for
Wq # Wy), and is close to Ng = diag(A, |a € €): N(w)— Ny € M, g

and
[N(w) = Nolls,p <26 w € De; (2.15)

such that t — (£(t),n(t)) is a solution of (2.14) in Yy if and only if t —
W, (wt)((&(t),n(t ))) is a solution of the autonomous Hamiltonian system as-
sociated with H,,:

§ = —iN(w)¢
1 =iN(w)n

Furthermore U, () and ¥, (o)~ are bounded operators from Yy into itself

for all 0 < s’ < max(1,s) and they are close to identity:

1Mo (p) =1l gz, g2, s | Mo ()~ , <el T (2.16)

Id”z(e?, 2

s/+28

Remark 2.4. — Although ¥, () is defined on Yy, the normal form N (in
particular Ny) defines a quadratic form on Yy only when s > 1. Nevertheless
its flow is well defined and continuous from Yj into itself (cf. (3.7)). Fortu-
nately our change of variable ¥, (y) is always well defined on Y7 even when
Q € Mo s(D,o) (i.e. when s = 0). This is essentially a consequence of the
second part of Lemma 2.1 (iv).

Remark 2.5. — Notice that U, (¢) —Id € L(Y;, Ys195), L.e. it is a regu-
larizing operator.

Theorem 2.3 is proved in Section 4.

3. Applications to the quantum harmonic oscillator on R¢

In this section we prove Theorem 1.2 as a corollary of Theorem 2.3. We
use notations introduced in the introduction.
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3.1. Verification of the hypothesis

We first verify the hypothesis of Theorem 1.2:

LEMMA 3.1. — When A\, = w,, a € £, Hypothesis HI and H2 hold true
with co = 1/2 and D = [0, 1]".

Proof. — The asymptotics A1 are trivially verified with ¢g = 1. For 7 > n
we define the diophantine set

ﬁ, for all j € Z and k € Z" \ {0}}.

o) i= {uw € [0.20)" |+ >

A classical argument leads to

1
meas ([0,27)" \ G, (k)) < C’/{Z Tk
Since w, — wy, € Z, Hypothesis A2 is satisfied choosing

D=[0,1]", D =Gu(kK"™), a3 =n+ landay = 1.

< C(7)k.

LEMMA 3.2. — Let d > 1. Suppose that

s>0 ifd=1
s>2(d—2) ifd=2

and V € H?5. Then there exists 3(d, s) > 0 such that the matriz Q defined by

Q= [ Vio)ta)bila)ds
Rd
belongs to M g(q,s). Moreover, there exists C(d,s) > 0 such that
Qls,s <C(d,s) [V, -

As a consequence if V' is admissible (see Definition 1.1) then, defining

Q) = [ Vipa)@uarfa)de,
the mapping ¢ — Q(¢) belongs to M, g(Dy, o) for some ¢ > 0.
Proof. — First we notice that

b b
Q| = sw [@Puwv=  suwp
lull;llvll=1 Va€E,), [[Pal=1
U, €Ep), [[Ps]=1

V()P U, dx
Rd

)

where Ejq) (resp. Ep)) is the eigenspace of T' associated with the cluster [a]
(resp. [b]). Then we follow arguments developed in [2, Proposition 2| and
already used in the context of the harmonic oscillator in [13]. The basic idea
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lies in the following commutator lemma: Let A be a linear operator which
maps H? into itself and define the sequence of operators

AN = [T, AN—l], AO =A
then by [2, Lemma 7], we have for any a,b € & with w, # wy, for any
v, € E[a], U, € E[b] and any N >0

1 1

(AW, ¥)| < (ANT,, Uy)| = |Wpl|Loe |ANWallz -

Pr— T—

Let A be the operator given by the multiplication by the function V(z).
Then, by an induction argument,

Ay= > ConD* withCoy = > Papn@)DV
0<]al<N 0<|8I<2N —|a
and P, g n are polynomials of degree less than 2N — |a| — |5].
We first address the case d = 1, that we treat in the same way as in [15].

In this case, we have in [18] the following estimate on L norm of Hermite
eigenfunctions with ||¥y|z2 =1,

10| e < wy /12 (3.1)
On the other hand, for N > 0, we have
[ANYal L1
< ) Y Papn(@)DVD W

0<|a| <N 0<|8|<2N o

<C > > > [(x)Y DPV DU, || 1
0<[al <N 0<|B|<2N —|a] [4|<2N —|a| - 5]

<C ) > S @DV S @) DO, g

0<|a|<N 0<|BI<2N—a] |7|<2N 8| v I<a
S CVlan|[Wallw

where (2)® = L, (1 + |2;]?)®/? for a € N%. Moreover, since TU, = w, ¥,
and ||,z =1,
[l < Cull2 (32)
Therefore choosing N = s/2, we obtain
s/2
V)V

U, 0, Vdz| <
/]Rd b i w;/lQ (|wa —wy

If \Jw, < |w, — wp| this leads to

s/2 s/2
/ W0, Vde| < O < Vi > V.. (3.3)
R4 wb/ VWq + |wa — wb|
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On the other hand, if \/w, > |w, — wp| then SV e v Wa > 1 and since,

Hwa—wy] = 2

using (3.1),

/ v, U, Vdx
R4

(3.3) is still true providing that C is large enough. Exchanging a and b gives

_ L
<[l pos 19all g2 IV L2 < wy = (V] 2

s/2
2s/2 in(wg,
[ mvac) < c__ min{w,, w) i,
R max (we, wy)'/ min(we, wy) 4 [we —wp|
. s/2
e i, 1) Vi, (34
(wqwy)t/24 V/min(wa, wp) + |wg —wp| >

hence @ € M 1/24 and Q51724 < C(d,s)||V|s. The case s ¢ 2N comes
after a standard interpolation argument, the Stein-Weiss theorem (see e.g. [7,
Corollary 5.5.4]): indeed, fixing a, b and so = 2N, we may estimate the norm
of the linear form V — [, ¥, ¥;Vdz acting on H® for s = fs¢, 6 € [0,1],
using the direct estimate

!
/ U, U, Vdx| < ¢
Rd

< ronalVlee

and (3.4), and we get

’ - 950/2
C min(wg, wp)
= 1/24 Vloso -

(waws) Vmin(we, wp) + |wg — wy|

/ \Ifa\I/del‘
Rd

We now treat the case d > 2Takep>21fd—2and2<p<fif
d > 3. Using the Hélder inequality, we get, for 5+ 5 =1,

1
[(A¥,q, Up)| < wH‘I’bHLP”AN‘I’aHLQ-

<
|w

In [18], the LP? estimate on Hermite eigenfunctions (with ||¥p|r2 = 1)
gives

1Ty < 1wy, 7P

with B(p) = ?% if d =2 (and p > 10/3) and B(p ) = (i - %) > 0 if

3p

d > 2 and QSZIIS) < p < 4. Moreover, we may estimate ||AyV,||Lq, using
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Young inequality (with § + 1 = %)

[ANTalle < > > Papn(@)DPVDT, ] Lo
0<|a <N 0<|B|<2N —|a]

sgc( S @DV Y )

0<|a|<N/2 |y[<2N-p I [<a
0<|B|<2N—|af

+ Y 3 IH@”DﬁVUHDamamg>

N/2<|a|<N  |[7|<2N—|a|-[B]|
0<|BI<2N —|

< (W lewlWalljzw + [Vlisnsz sl Wally )
using the embedding H"(R?) — HY(R?) composed with the Sobolev em-
bedding H”(RY) < L"(R?), valid for v > d (3 — 1) = ¢ > 922 Hence, for

T P
s=2Nand v < & =2 ie s>2(d—2), we have

Lr

Cn 1
U, U, Vdz| < — ol o VI

/Rd, b wlf(lﬂ) |wa — wb|s/2 H H/2 H ”

Cn w4
= B®) |wg — wy|s/2 Vs
wy, a b
and thus
/ \I/a\I/deZE
Rd
! ; 1/2 s/2
CN~ min(wg, wp) v (3.5)
S (wawn) 72 \ min(wg, o)/ + [, — wp) - &

using the same trick as in the case d = 1. Now fixing p(d, s) satisfying all
the constraints 2 < p < 2L and p > 4?d (which is always possible since

d—2
44 o 24y and defining B(d,s) = B(p(d,s)) gives the result for an even
integer s satisfying s > 2(d — 2). In order to get the estimate for any real
number s > 2(d — 2), we interpolate: we take any even integer sq larger than
s, and define s = 0 and p = 400 in the case d = 2, and 57 = 2(d — 2),
p = 24 if d > 2. There exists § €]0,1] such that s = sy + (1 — 6)s;.

Moreover, following the last computations, we easily find
min(wg, wy)/?

51/2
U, ¥, Vde| < C Vs, - 3.6
[ vy <o (M )y, s

Hence, using [7, Corollary 5.5.4], (3.5) and (3.6), interpolation gives the
desired estimate for s; < s < sg. O
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3.2. Proof of Theorem 1.2 and Corollaries 1.3, 1.4

The Schrodinger equation (1.5) is a Hamiltonian system on H*® x H?®
(s = 1) governed by the Hamiltonian function (1.9). Expanding it on the
orthonormal basis (P, ).ce, it is equivalent to the Hamiltonian system on Yj
governed by (1.11) which reads as (2.14) with A, = w, and @ given by (1.10).
By Lemmas 3.1, 3.2, if V' is s-admissible, we can apply Theorem 2.3 to (1.11)
and this leads to Theorem 1.2. More precisely, in the new coordinates given
by Theorem 2.3, (§'(¢),n'(t)) = (M, (wt)€, M, (wt)n), the system (1.12) be-
comes autonomous and decomposes in blocks as follows (remark that since
N is in normal form we have N = N):

{Efa] = —Z'N[a]ffa] a e g

; (3.7)

Mg = iN[a]nfa] a€é.
In particular, the solution u(¢, ) of (1.5) corresponding to the initial datum
uo(x) = D ,ee £(0)a®a(x) € H! reads u(t,z) = 3, oo &(t)aPa(z) with

§(8) = Mo (wt)e™ N T, (0)€(0). (3:8)
In other words, let us define the transformation () € L(H®) by

¥ () (Z @%(m)) =Y (ML¥)E) @u(a).

ack acf
Then u(t, z) satisfies (1.5) if and only if v(t, ) = ¥(wt)u(t,-) satisfies
i0p0 + (A + |z[*)o + eW(v) =0,
where W is defined as follows:
W (Z @%) =3 (Nub), P
a€€ ack

Furthermore, remembering the construction of N, (see (4.36) and (4.25))
we get that

||Nw - (NO + Nl)” < 251 = 283/2
which leads to (1.6). This achieves the proof of Theorem 1.2.

To prove Corollary 1.3 let us explicit the formula (3.8). The exponential
map e~ "Vt decomposes on the finite dimensional blocks:

(e—iﬁt)[a] _ e—iﬁ[a]t

and W[a] diagonalizes in orthonormal basis:

PN Pl = diag(pee),  Pio' Pla) = Ia,
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where P, is some block matrix and p. are real numbers that, in view

of (2.15), satisty
5

|Ma_)\a|<07257 act.

Wq
Thus
=> &)
acé
where
&(t) = "My, (wt)PD(t) " PM,,(0)£(0) (3.9)
with

D(t) = diag(e™<*, c € &)
and P is the ¢2 unitary block diagonal map whose diagonal blocks are Py In
particular the solutions are all almost periodic in time with frequencies vector

(w, p). Furthermore, since ||P&||s = ||€]|s and M, () is close to identity (see
estimate (2.16)) we deduce (1.7).

Now it remains to prove Corollary 1.4. Defining, for any ¢ € £ the se-
quence 6¢ € £? as §¢ = 1 and 6¢ = 0 if a # ¢, then the function u(t, z) defined
as

u(t, ) = et Z w(Wt)P6%) ®q(x)
a€lc]
solves (1.5) if and only if u. + k - w is an eigenvalue of K defined in (1.8),
with associated eigenfunction
(0, ) — e*? Z 6)P3°) <I>a(x).
€ld

This shows that the spectrum of the Floquet operator (1.8) equals {p.+ k- w |
keZ™, ce &} and thus Corollary 1.4 is proved.

4. Proof of Theorem 2.3
4.1. General strategy

Let h be a Hamiltonian in normal form:

h(y, ¢, &) = w-y+ (&, N(w)n) (4.1)

with NV in normal form (see Definition 2.2). Notice that at the beginning of
the procedure N is diagonal,

N = Ny = diag(wg, a € &)
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and is independent of w. Let ¢ be a quadratic Hamiltonian of the form

q(§,m) = (& Qe)m)
and of size O(e).
We search for a quadratic hamiltonian x(p,&,n) = (£, S(¢)n) with S =

O(e) such that its time-one flow &g = ®L! transforms the Hamiltonian
h + ¢ into
(h+a(p)) o @s = hy + g1 (),

where hy is a new normal form, e-close to h, and the new perturbation ¢
is of size O(?).

As a consequence of the Hamiltonian structure we have (at least formally)
that

(h+a(p)) o @s =+ {h, x} + a() + O(?).

So to achieve the goal above we should solve the homological equation:

{h,x} = hy —h —q(p) + O(E?). (4.2)
or equivalently (see (2.1) and (2.3))
w-Vy,S—i[N,S] =Ny —N—Q+0O(?). (4.3)

Repeating iteratively the same procedure with h instead of h, we will con-
struct a change of variable ® such that

(h+4q(p)) 0 ® = hoo,

with hoo = w-y+ (€, Noo(w)n) in normal form. Note that we will be forced to
solve the homological equation, not only for the diagonal normal form Ny,
but for more general normal form Hamiltonians (4.1) with N close to Np.

4.2. Homological equation

In this section we will consider a homological equation of the form
w-V,S —i[N,S]+ Q = remainder (4.4)

with /N in normal form close to Ny and Q@ € M, 3. We will construct a
solution S € M:B'

PROPOSITION 4.1. — Let D C Dy. Let D 3 p +— N(w) € NF be a C!
mapping that verifies
. Co
H@ZJ(N(w) - NO)[a]H < Tl (4.5)
dwg
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forj=0,1,a € & andw € D. Let Q € Msp, 0 <k < ¢cy/2 and K > 1.
Then there exists a subset D' = D'(k, K) C D, satisfying

meas(D\ D) < CK" k2, (4.6)

and there exist C'-functions N : D' — My NNF, S :T? x D — M;ﬁ
hermitian and R : T} x D' — M g, analytic in ¢, such that

w-Vy8 —i[N,S]=N-Q+R (4.7)
and for all (p,w) € T2, x D', ¢’ <o, and j =0,1

K1+%67%(070')K

R(p.w)|, , < C sup [92Q(#)ls. (4.8)
| |5”B 1+35 (o — o) IS¢l<o ?
§=0,1
) Kd+1 .
025 (p,w <C———— sup |0 s s 4.9
250005, € Oy s [02Q(6 s (19)
§=0,1
01N @) < s 102Q(¢)]ss- (4.10)
8 |Sel<o
j=0,1
The constant C depends on n, d, s, 8 and |w|, 72 = d_f% and 1 =
max(a1,2 4+ d+n).
Proof. — Written in Fourier variables (w.r.t. ¢), (4.7) reads
iw -k S(k) —i[N, S(k)] = 6r.0N — Q(k) + R(k) (4.11)

where J, ; denotes the Kronecker symbol.

We decompose the equation into “components” on each product block
] x [t} i
L SP) (k) = —idroN{o) +iQp (k) —iR[) (k) (4.12)
where the operator L := L(k, [a], [b],w) is the linear operator, acting in the
space of complex [a] x [b]-matrices defined by

LM = (k-wI = Nygj(w))M + MNp)(w)

with N[a] = N[[aa]].
First we solve this equation when k£ = 0 and w, = wp by defining

Siel0) =0, R2(0) = 0andN {2 = Q[2](0).

Then we set N} = 0 for we # wp in such a way N € M, s NNF and

) [a]
satisfies

|N|s,ﬁ < ‘Q(O)ls,ﬁ'
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The estimates of the derivatives with respect to w are obtained by differen-
tiating the expressions for N

It remains to consider the case when k # 0 or w, # wp. The matrix N,
can be diagonalized in an orthonormal basis:

" Pla)Nia) Pra) = Dia)-

~

Then we denote S’[] = "Dy SF;]]P @\’F;]] = "Dy Q[b] Py and R’M =
P[Q]RMP[,)] and we notice for later use that ||M’[b]|| = HM H for M

S, @, R. In this new variables the homological equation (4.12) reads

N 5 P
(k-w = D) S (k) + 8 (k) Dy = iQ ) ()R (k). (4.13)
This equation can be solved term by term: let a,b € £, we set
R (k) =0 for |k| < K
. _ (4.14)
R/jf(k) = Qljf(k)v JE [a]7 te [b}v |k| > K7
and
S’F;]]( )=20 for |k| > K or for k =0 and w, = w,
. ; 4.15)
(o] _ t 5[0l . (
(S/[a](k))jf = m(Q a](k)) . in the other cases.

Here aj(w) and B¢(w) denote eigenvalues of Ni,j(w) and Npj(w), respec-
tively. Before the estimations of such matrices, first remark that with this
resolution, we ensure that

@), = @m), = EFw), = (F-w),

hence, if Q' verifies condition (2.7), then this is also the case for S’ hence
the flow induced by S preserves the symmetry n = &.

First notice that (4.14) classically leads to (see for instance [20])
e—%(U—J/)K

——— sup |Q(0)|sp, for|]Syp| <o’
o S Q) ol

[R(P)]s.8 = IR (¢)ls.p < C

In order to estimate S, we will use Lemma 4.3 stated at the end of this
section and proved in the appendix. We face the small divisors

k-w—a;(w)+ Be(w), je€lal, £e€]b]. (4.16)

To estimate them, we have to distinguish two cases, depending on whether
k = 0 or not.
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The case k = 0. — In that case, we know that w, # w, and we
use (4.5)() and (2.10) to get
Co Co
laj(w) = Be(w)| = colwa — wp| — 4w25 tw 25 K(L+ |wa — wpl).

This last estimate allows us to use Lemma 4.3 to conclude that
N 1~
1S(0)]p+ < C——1Q(0)|s - (4.17)
mHzﬁ

The case k # 0. — Using Hypothesis A2, for any 1 > 0, there is a set
Dy =D(2n, K),
meas(D \ D1) <
such that for all w € Dy and 0 < |k| < K
k- w = Aa(w) + Ao (w)| 2
By (4.5) this implies

CK* o
27’(1 + |wa - wb|)

Co Co
k-w = aj(w) + Be(w)| = 2n(1 + |wa — we) — w? W
(1 + |wa — ws])

if

Co %

Wy = Wq = ( ) .

2n

Let now w, < (;—O)ﬁ We note that |k -w — Ag(w) + Ap(w)| < 1 implies that
<1+(g ﬁ+cw<c@a%+MSmwm@ww%ﬂ—w

we get using condition (4.5),

De (k cw— (W) + Be(w) (IZI»‘ >1/2. (4.18)

Then we recall the following classical lemma:

LEMMA 4.2. — Let f :[0,1] = R a C'-map satisfying | f'(x)| = & for all
x €[0,1] and let k > 0 then

meas{x € [0,1]]|f(x)] < £} <

SN

Using (4.18) and the Lemma 4.2, we conclude that
|k-w—a;w)+ Be(w)] = k(14 |we —wp|) Vji€la], VEe[b] (4.19)

holds outside a set Fjq) 5,5 of measure < Cwlwi (1 + [wq — wp])k.

(1) We use that the modulus of the eigenvalues are controlled by the operator norm of
the matrix.
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|~

If I is the union of Fi4) 1,1 for [k| < K, [a], [b] € & such that w, < (52)%7,
wp < C’((;g)w + K) and |w, — wp| < CK, we have
Co 2%—1 d Co Tdﬁ
<o 0
meas(F)\C(Qn) ( ) ( +K> (277) Kk

1+d
< OK™Ma+2= 5"

Now we choose 7 such that
_df1 _ B
770‘2 =1 FK 1e77 — KgA+I+Bay
Then, as § < 1, n > k and we have
Ba
meas(F) < CK 2 arrhas
Let Dy = Dy U F, we have
Ba
meas(D \ D) < CK*n*2 4 CK"Hit2 o ibes < OKM K2

with 91 = max(a;,2+d+n), v2 = d-&-f%ﬂa' Further, by construction, for
all pe D3, 0< |k| < K,a,be & and j € [a], £ € [b] we have

(ks w) = aj(w) + Be(w)] = w1+ |wa — wp).

Hence using Lemma 4.3 and in view of (4.15), we get that 5'(k) € M:ﬁ and

|5 (k)|s,p1 < C . 0<|k|<K

Combining this last estimate with (4.17) we obtain a solution S satisfying
for any |Sp| < o’

|S(‘P)|s,ﬁ+ gc( Sup |Q(90)|s,5

The estimates for the derivatives with respect to p are obtained by dif-
ferentiating (4.12) which leads to

L(0,S]) (k,w)) = —(0uL)S|;) (k,w) + i0,QU) (k, w) — 0 By, (k, )

[a]
which is an equation of the same type as (4.12) for awgﬁ]](k,w) and

&U}A‘% (k,w) where zQ[ ](k w) is replaced by B[[ ]](k: w) = (8wL)§{Z]](k,w)+

i@wé[a]( ,w). This equation is solved by defining
&;g{fﬂ](k,w) = Xkj<x (k) Lk, [a], [b], )~ 13[[2%(]“ W),
OuR{ () = =X 815 1 (K) Blo) (ks 0) = Xpui> 1 ()3, Q00 ()
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Since
(0w L)S(k,w)ls.5 < CK +2(]100 Aol + 80))IS(k,w)s.5 < CK|S(k, )]s,
we obtain
|B(k,w)ls.s < CKx™F T KY?(1Q(K) 5.6 + 10.Q(K)]s,5)

and thus following the same strategy as in the resolution of (4.12) we get for
ISp| < o’

KdJrl
R (5w Qs+ sup 10,0 )
(o

P
B+2( |Sp|<o |Sp|<a

K1+5675(070')K <

I§J1+ﬁ(0' _ o-l)n

sup [Q(@)os+ sup |an<¢>|8,5)-

[S¢pl<o [S¢l<o

0. R(¢)]s.8 <

O

We end this section with the key Lemma which is an adaptation of Propo-
sition 2.2.4 in [9] (a similar Lemma is also proved in [14]):
LEMMA 4.3. — Let A € M and let B(k) defined for k € Z™ by
1
Bk), = —————— AL, telb 4.20
()j k‘w _,LL]"_/,L[ VR JE[G’L e[] ( )

where w € R™ and (pa)ace s a sequence of real numbers satisfying

1
|tte — we| < min (%,4) , forallae & (4.21)
for a given C,, > 0 and 6 > 0, and such that for all a,b € € and all |k| < K
|k w — pg + ] = £(1+ |we — wp)). (4.22)

Then B € M and there exists a constant C > 0 depending only on C,, |w|
and 0 such that

o

for alla,b e &, k| < K

K%
% |40

K135 (1 + |wg — wp))

The proof is based on the fact that the lemma is trivially true when
e = W, is constant on each block. It is given in Appendix B.

4.3. The KAM step

Theorem 2.3 is proved by an iterative KAM procedure. We begin with
the initial Hamiltonian H, = hg + qo where

ho(y, ©,&,m) = w -y + (& Nom), (4.23)

- 1001 —



Benoit Grébert and Eric Paturel

Ny = diag(w,, a € &), w € Dy and the quadratic perturbation go(¢,&,n) =
(&, Qo(w, p)n) with Qo = ¢Q € M, g(09,Dy) where g = o. Then we
construct iteratively the change of variables ®g _, the normal form h,, =
w -y + (¢, Npn) and the perturbation ¢, (p, &, nw) = (£, Qm(w, p)n) with
Qm € M g(0m,Dy,) as follows: assume that the construction is done up to
step m > 0 then

(1) using Proposition 4.1 we construct Sy, +1(w, ) solution of the ho-
mological equation for w € D, 41 and ¢ € T2

Om+1
W VeSmi1 — i[Nmy Smi1] + Qum = Noy + Ry (4.24)
with N, (w), R (w, @) defined for w € Dy,4q and ¢ € Ts,... by
Non(w) = (5151210 @ (0)) 1¢) e (4.25)
Ru(w,9) = Y Qulw, k)e*¢; (4.26)
k| > o,
(2) we define Qput1, Nypy1 for w € Dyyyq and p € Ty, by
Npt1=Np + Nom (4.27)

and

1
Qm+1 = Rm + / 6it37”+1 |:(]. — t)(Nm+1 — Nm + Rm+1)
0

FtQum, St e S rrdt . (4.28)

By construction, if @,, and N, are hermitian, so are R,,, Sp+1, by the
resolution of the homological equation, and also N,, 1 and Q1. Then we
define
hm+1 (ya ' 57 m; W) =w-y+ <£a Nm+l(w)n> ’
Sm+1(Y, 9,6, mw) = (€, Smir(w, 0)n) (4.29)
qm+1(y7 2 53 ;5 w) = <£a Qm+1(w7 50)77> .
Recall that ®% denotes the time ¢ flow associated with S (see (2.8)) and

P = &L For any regular Hamiltonian f we have, using the Taylor expansion
of g(t) = fo @y . betweent=0andt=1

1
f ° (I)Sm+1 = f + {f7 8m+1} +/O (1 - t){{f’ Sm-i-l}a Sm+1} o q)tSerldt'
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Therefore we get for w € D, 41

(hm + qm) o (I)Sm+1 = hm + {hma sm+1}

1
+/ (1 _t){{hm?sm+1}?sm+1}O(Dts7n+1dt
0

1
+ qm + / {Qma Sm+1} o ‘I),tgmﬂdt
0

=hp + <§> (]\me + Rm)n>

1
+ / {(X =) (N + R )n) +1Gm;s Smr1} © (I)fs‘m+1dt
0

= herl + dm+1
where for the last equality we used (2.3) and (2.8).

4.4. Iterative lemma

Following the general scheme (4.24)—(4.29) we have
(ho+ o) 0 @5 0 0®f = hm + (m
where ¢, (&,17) = (§,Qmn) with @, € M, 3(Dm,,0m) and by, = w -y +
(&, Npm) with N, in normal form. At step m the Fourier series are truncated

at order K,, and the small divisors are controlled by x,,,. Now we specify the
choice of all the parameters for m > 0 in term of &, which will control®

DmOm
(Qm] 2.

First we define g = ¢, 09 = 0 and for m > 1 we choose

-2
Om—1 — 0m = Crogm™ =,

-1

K, =2(0m-1 — Um)fl Ine, ",

K/m:E(s -1

where (C.)™' =235, ]% and ¢ > 0.

LEMMA 4.4, — Let 0 < & < 6 = gz
ond',d, n,s, 3,7, ar, az and hy such that, for 0 < & < e, and

There exists €, depending

5m:€(()3/2)m m =0,

we have the following: For all m > 1 there exist D,, C Dp_1, Sy €
M 34 Dy 0m), b = (w,y) + (§, Npun) where Ny, € M g(Dyy) is in nor-
mal form and there exists Qum € My g(Dum, 0m) such that for m > 1

() The norm [-}fg“"m is defined in (2.5).
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(i) The mapping
(- w, ) =B5 Y=Y, weDy, peT,, (4.30)

s a linear isomorphism linking the Hamiltonian at step m — 1 and
the Hamiltonian at step m, i.e.

(hmfl + mel) o ém = hm + dm-

(ii) we have the estimates

5’

f , foro € Ty, , w € Dy,

meas(Dp,_1 \ Dpy) < 29, (4.31)
[Nm—1]25 < em1, (4.32)
Q25 ™ < em, (4.33)

< (434)

™
s)—‘

|Pm (- w, @) — IdHL(YS,YSHﬁ)

The exponent o and v are given by the formulas v = 4(% +2) and o =

Bas
24+-d+2Bas *

Proof. — At step 1, hg = w -y + (£, Non) and thus hypothesis (4.5) is
trivially satisfied and we can apply Proposition 4.1 to construct Sy, N1, Ry
and D; such that for w € D,

W V81 —i[No,Si] = Ny — No — Qo + Ry.
Then, using (4.6), we have
meas(D \ D) < K k3 < 5%
for € = gg small enough. Using (4.9) we have for £y small enough

d+1
K1+ 1——1/5'

[SﬂDl’ol <C g0 < o

d
5,8+ EJ’_Q

Rq (O’Q —0'1)

with v = 4(% +2) and thus in view of (2.8) and assertion (iv) of Lemma 2.1

we get

[@1(+,w, ) —1d|| £v.v sy <07

Similarly using (4.8), (4.10) we have
[N1 — NoJZ% < &0,

and
Ry <eg” v’

for e = g¢ small enough. Thus using (4.28) we get
QU™ < CIRITE™ + (N = Mol + [R5 + [Qol 5™ IS1257"

s,8 =
2-u§'
< Ceg .
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Thus for ¢’ < ¢ and g¢ small enough

QP57 << =<

Now assume that we have verified Lemma 4.4 up to step m. We want to
perform the step m + 1. We have h,,, = w -y + (£, N;»n) and since

m—1
[N = NolZ5 < [N = NolZ5 4+ 4+ [N1 = NP4 < > e < 220,
=0

hypothesis (4.5) is satisfied and we can apply Proposition 4.1 to construct
Sma1s Nm+1, Rma1 and Dy,41 such that for w € Dy, qq

w - vapsm—&-l - i[Nnu Sm+1] = Nm+1 - Nm - Qm + Rm+1-
Then, using (4.6), we have
meas(Dy, \ Piny1) < CK,) k2% < e "5

for ¢ small enough. Using (4.9) we have for £y small enough

d+1
Dint1,0m41 Km+1 1—-3vé’
[Serl]s,g_;,_ < C B+ Em < Em 2 .

m+1 (O'nz 0'7n+1)n
Thus in view of (2.8) and assertion (iv) of Lemma 2.1 we get

[@ms1(w,0) = Id|l ceve vernn) < *°

Similarly using (4.8), (4.10) we have
[Nm-i-l - N }s g+1 < Em,

and

[R ]Dg+1,0m+1 < 62 vo’

for £y small enough. Thus using (4.28) we get

[Qerl] m+1,0m+1

< C[Rm+1]Dg+hom+l + C([ m+1 = N, ]s Tﬁnﬂ + []:'{771-&-1]£Tgn+1’Um+1
QT ) (S D T
< Cefn_”‘s/.
Thus for ¢’ < ¢, and ¢ small enough

[@m+1]s 5 Drtromis o €32 = ety O
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4.5. Transition to the limit and proof of Theorem 2.3

Let
D = ﬂm>0'Dm.
In view of (4.31), this is a Borel set satisfying

meas(D \ D’) Ze

m=0
Let us denote @4 (-, w,¢) = ®1(-,w,p) 0 0 Px(-,w, ). Due to (4.30),
it maps Y to Yy and due to (4.34) it satisfies for M < N and for w € D/,
ZBS T0/2

0 0.) — By (0@l € 30 S < 267
m=M

Therefore (P4 (-, w, ))n is a Cauchy sequence in L£(Ys, Ys125). Thus when
N — oo the maps @4 (-, w, ) converge to a limit mapping ®1_(-,w, ) €
L(Ys). Furthermore since the convergence is uniform on w € D’ and ¢ €
Ty /2, (W, ) — ®L (-, w, ) is analytic in ¢ and C! in w. Moreover, defining
§ = ad’/2 and taking 6y = o/ (4v), we get

1-58/60

1D ( w,0) = Tdll £(v.vs ) < 26077 < (4.35)

By construction, the map ®} (-, w,wt) conjugates the original Hamiltonian
system associated with

HO = Hw(t7£777) = <§a N077> + €<£a Q(W7Wt)77>

into the Hamiltonian system associated with

Hp(t,6,m) = (€, Num) + (€, Qum (w, wt)n).

By (4.33), @m — 0 when m — oo and by (4.32) N, — N when m — oo
where the operator

+oo
N=N(w)=No+ Y Ni (4.36)
k=1

is C! with respect to w and is in normal form, since this is the case for all
the Ni(w). Further for all w € D’ we have using (4.32)

IN (w) = Noll, 4 Zg < 2e.

Let us denote ¥, (¢) = ®. (-,w,¢). By construction,
V(o) = (Mu(p)& Mo (e)n)
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where

M,(p) = lim eS1(w.p) i (w,p)
Jj—+oo

Further, denoting the limiting Hamiltonian H,,(£,n) = (£, Nn), the sym-
plectic change of variables ¥, (wt) conjugates the original Hamiltonian sys-
tem associated with H,, into the Hamiltonian system associated with H,,.

This concludes the proof of Theorem 2.3.

Appendix A. Proof of Lemma 2.1

We start with two auxiliary lemmas
LEMMA A.1. — Let 5, k, £ € N\ {0} then

Norens) VnCE G,
V/min(j. ) + |j = k| /min(€k) + |£~ k[~ y/min(j,0) +|j — {|

9
Proof. — Without loss of generality we can assume j < /.

If k < j then |k — ¢| > |j — ¢| and thus

min(j, £) _ Vi S Vi
Vuin(G, O +j -0 Vi+li—0 7 Vi+lk—{
Vk min(k, /)

Z At k—d  JamE 0+ k-0
which leads to (A.1). The case ¢ < k is similar.
In the case j < k < ¢ inequality (A.1) is equivalent to
VENG+0=5) < (Vit+k—)(Vk+L—k)
and splitting £ — j = (£ — k) + (k — j) leads to
VE(E— k) < VG- R) + (k- ) — k)
which is true since vk — j < (VEk = V) (Vk+7) =k — 3. O

LEMMA A.2. — Let j € N then
1
) S )
B _
= kPt [k =)

for a constant C(3) > 0 depending only on > 0.
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Proof. — We note that

1 .
D T

Whereak:kiﬁ fork>1,a; =0for k <0and b, = 1+\k\ k € Z. We have
that b € (P for any 1 < p < 400 and that a € ¢4 for any ﬁ < q < +o0. Thus
by Young inequality a x b € ¢, for r such that ; + 5 =1+ i In particular

choosing ¢ = % and p = ﬁ we conclude that a xb € £. a

Proof of Lemma 2.1. — In this proof we extend the definition of the
weight wg, a € £, as follows: when j € £ we denote w; = j.

(i). — Leta,beé&
b]

(6] [c] [
[camiall < 4] 1=t
ce&
. s/2
< |A|S7B+|B|S,ﬂ mln(waawb) Z 1
(wqwy)? min(wg, ws) + |we — ws| oy w2 (1 + |wa — we|)
s/2
< ClA 5,641 Bls.p min(we, wp)
h (wawp)? Vmin(we, wp) + |we — wp|

where we used that by Lemma A.1

min(wg, wp)

vmin(wg, wy) + |we — wp|

min(wg, w,) min(we, wp)

\/mln Wa, We) + |Wa — we| v/min(we, wp) + |we — wp

and that by Lemma A.2, Y
on f.

(ii). — Similarly let a,b € £ and assume without loss of generality that

We < Wy
<3[4

ceé

- s/2
AL+ |Blose ( min (w,, w) )

(wqwp)? Vmin(we, wy) + [we — wp|
> 1

ceé

ceé m < C where C' Only depends

(o]
(AB) [a]

[b]
|5

we? (14 [wa = wel)(L+ Jwp — we)
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- s/2
2|A|S,B+|B|S,ﬁ+ min(we, wp)
= (wawp)P (1 + |we — wy)) min(wq, wp) + |we — wp|
1 1
> + )
2 2
( oy we? (1 + |wy — we|) oy w65(1+|wb—wc|)>
'wcgé(wa"rwb) wc2%(wa+wb)
. s/2
|Als,p+1Bls,8+ min(we, wy)
(wawy )P (1 + |wg — ws)) vmin(we, wy) + |we — wy|

(iii). — Let & € £, with ¢ > 1. We have

2
1Ag)2, < wy (ZuA“’]ug |)

acé be&

ey &g | mwawy)  \ O\
min(we, Wy
< ‘A|§./3 b . a
; % bezgwt/2+ﬁ t/2+p8 \/MHwa—wb\
2
\Z t+2ﬁz t+25‘A| /3||§||t

acé o beé

where we have used the Cauchy Schwarz inequality to get the last line.

(iv). — Let & € £2. We have

2
| AE|[2 55 < Zw:”ﬁ(Z ARl |>

acé beé
wi? [y 6|
TEMO 31§ 3FRc
acé \beé (1 + wa — wp|)
s/2\ 2
min wa,wb)
/1IN wa7wb + |wa wb|
< 2s+1‘A|26 Z ( Hwb f[b]”
X 5,8+
0+ e — )
wa<2wb

2
s g€ || min(w,, wy) 3 )
a 2+
beé PP fwg — wn))

Wq 22w
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+ |wa — wb\)

s 2 2

acé \pee W
where we used that s ;‘5+lwa*wl < /minw,, wp). Then we note
that
s/2
w
Z ﬁ || b g[b]” :U*U(a)
bee W (1 F [wa = wp])
. s/2— - 2 -
with u, = ||wZ/ ﬂg[b]H and v, = Wlwbl) Writing uf = sz/ E 1P w, hr

and using the Holder inequality we get for 5 + % =1

b < (Z s/ [b1||2>p/2<zw;’3”> m.

beé be€ beé

Choosing p = < 2 we have r = % and thus Bpr = 2 > 1. Therefore

T
u € ¢P. On the other hand, choosing ¢ = m > 1, we have v € ¢9. Since

1/p+1/q = 3/2 we conclude by Young inequality that uxv € ¢? and
[ux vl < Cllullg 0]l -

This leads to the first part of (iv) since ||lul/,, < C||{||s. Now we prove the
second assertion of (iv) in a similar way: let £ € £3, we have

1A€]3 < Z%(ZIIA[b]IHf |>2

acé bef
1/2) 1/2
2 wa” [lwy," "y |
acé \peg \WalWp) Wy, Wa — Wh

s/2\ 2
min(wq, wp)
V/min(we, wy) + [we — wy
1/2 ‘
< gHap [y €y
| 5.6+ Z < Z (wawp)? (1 + |wg — wy|)

acé beé

Wa L2wp
1/2 1-s)/2 2
s [ )
be? (wawb)ﬁw;/2_s/4(1 + |wg — wp))
Wq 22wy
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The last sum may be bounded above by (notice that |w, — wp| = wp)

1/2 1—s)/2
[
2 (wawy)Pwy, P (1w, — w)
wWe 22wy
1/2
Y €|
—s/4
v (wawy)Pw) T fwy — w1240/
we =2wy
1/2
Ly g
wh e w;/2+ﬁ/2(1 + wa — wy|)1/2+5/2 ’
. . . S cr o lwy %l
and this last sum is the convolution product v’ % v'(a), with uy = TR
b

which defines a ¢! sequence thanks to Cauchy Schwarz inequality, and vj, =
W, which defines a 2 sequence. Therefore, it is a £? sequence with

index a. We treat the first sum in the same way as before, and we obtain

IAEIIT < CIAR s lIE11E - 0

Appendix B. Proof of Lemma 4.3

Since we estimate the operator norm of B[[Z]]v we need to rewrite the
definition (4.20) in a operator way: denoting by Dj, the diagonal (square)
matrix with entries u;, for j € [a] and DE o) the diagonal (square) matrix

with entries k - w + p;, for j € [a], equation (4.20) reads

1Bla) ~ B Do = A (B1)
Then we distinguish 3 cases:
Case 1. — Suppose that a, b satisify
max(wq, wy) > K min(wg, wp)
take for instance w, > Kjwy. For j € [a] we have
hew gl 3w~ — Kl > 2 (B.2)
if K|w| < 1/4w,. In particular this holds true assuming
K > 4K|w|. (B.3)
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As a consequence if (B.3) is satisfied then Dfa] is invertible and “5* is an
upper bound for the operator norm of its inverse. Then (B.1) is equivalent to

! (B.4)

[b] / (6] —1 48]
Big = Diay BigDmy = Diap A -

Next consider the operator .f[é]x[b] acting on matrices of size [a] x [b] such

that
; —1

Bl )
f[tlzlx[b]( [a]) =Dl B D - (B-5)
Bl

[a]
H'galx[bl( w)H o [a]

hence, in operator norm, \|92”[a]x[b]|| < 1 if K > 4. Then the operator
Id —Z) .y is invertible and

|

We have

21 H Bl (B.6)

<Hm—fmx A

H Ale]

But in case 1, 1 + |w, — wb| <1+ w, < 2w, therefore

] < s 2

|| <8 fal||-

S+ |wg — wy

Case 2. — Suppose that a, b satisfy
max (W, wp) < K1 min(wg, wp) and max(w,,wy) > Ky .
Notice that these two conditions imply that
Ky
Ky

min(wg, wp) =

We define the square matrix l~)[a] = wa1[,), where 14 is the identity matrix.
Then

~ C
1Pta) = D] < =5 (B.8)
and equation (4.20) may be rewritten as
2 [b] D [0] bl _ Al
ZLalx (B[a]) — (Dia) = Dia)) Bigy + Big (D) = Dppy) = App» - (B9)
where we denote by £, 2, ;) the operator acting on matrices of size [a] x [b]
such that
b b
L (BH) (k- w+w, — wp) Bl (B.10)
This dilation is invertible and (4.22) then gives, in operator norm,
L2 {—m. B.11
(o) | < e -

- 1012 —



On reducibility of quantum harmonic oscillator on R%

This allows to write (B.9) as

B[[ﬂ (‘iﬂ[ilx[b])il Ha)x[b) (B[[Z]]) = ("?fz]x[b])il (AF;]]) ; (B.12)

Y — (D (] l .
where L%/[a]x[b] (B[a]) = (D[a] — D[ )B[a] B[a] (D[b] — D[b]) We have, thanks

o (4.21), in operator norm,

5
1 1 K
[ Hax o)l < Cu (wg + wg> <C, (K2> ) (B.13)
Then for
2
Ky > K, (Cf‘) , (B.14)
K
the operator Id — (.;Zi %)) Y Hq)x o) 18 invertible and from (B 12) we get
B = ||(1d —(L2 )" 4, _1 Z2 A[b]
]l = ]| (12~ [a]x[b]) axin) | || (LR
2 ‘(X@]x o) (48) H
Hence in this case
[P — |4l B.15
H ol = k(1 + |we — wy)) ' (B.15)
Case 3. — Suppose that a,b € L satisfy
max(wq, wp) < Ky min(wg, wpy) and max(w,, wy) < Ko .
In that case the size of the blocks are less than K¢ and we have
1 1
B=|————||4| < ————|AL B.16
= (k,w) +pj — 145 f<a(1+|wa—wb|)| il ( )

A majoration of the coefficients gives a poor majoration of the operator norm
of a matrix, but it is sufficient here:

Ky 1
— |A B.17
H 1 + |wa wb| H ( )
Collecting (B.7), (B.15) and (B.17) and taking into account (B.3), (B.14)
leads to the result. g
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