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Some Hardy-type estimates in realized homogeneous
Besov and Triebel-Lizorkin spaces (*)

MADANI Moussar ()

ABSTRACT. — We prove that the realized homogeneous Besov B3 ,(R™) and
Triebel-Lizorkin F' »o.»(R™) spaces are continuously embedded in the quasi-Banach
weighted Lebesgue spaces Ly (R™;|z|~P(s0—n/Po+n/P)dz) for pg < p and (n/po —
n)y < sg < n/po.

RESUME. — Nous monterons que les espaces homogenes réalisés de Besov
Ezg,p(R") et de Triebel-Lizorkin ff,?J’p(R") s’'injectent continiment dans les

espaces quasi-Banach de Lebesgue & poids Ly, (R"; || ~P(s0="/Po+7/P) dz) pour pg <
p et (n/po —n)y < so < n/po.

1. Introduction and main results

The homogeneous Besov spaces B;q(R") and the homogeneous Triebel-
Lizorkin spaces Fz‘f,q(R”) are quasi-Banach, defined as spaces of distributions
modulo polynomials (abbreviated in the sequel by B and F, respectively) in
the sense that ||f||B; L= Hf||Fp L= 0 if and only if f is a polynomial on R".
For this reason, we cannot, e.g., identify FIEJ’Q(R”) with L,(R™) (1 < p < 00)
since for any nonzero polynomial f it holds || f||, = +oo while [|[f]z | z0_ =0,
see [14, Prop. 5.2] (here and throughout this paper, [f]p denotes the gquiva—
lence class of the tempered distribution f modulo polynomials). However us-
ing the notion of realization, cf. [2], we obtain the realized spaces of B;q (R™)
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and F (R™), denoted by B3 ,(R™) and F'S ,(R"™), and endowed by the same
quasi-norms of B;, 4(R") and Fps, 4(R™), respectively. We will use the notation
A3 (R") for either B (R") or F; (R") and A3 (R") for either B} ,(R")
or F;q(R”), if there is no need to distinguish them. The spaces ﬁ;7q(R") are
subsets of the tempered distributions space &’(R™), where their definitions
depend on the polynomials of degree less than a parameter v which is given
by G. Bourdaud in, e.g., [4] (the value of v depends only on the 4-tuple

(n,s,p,q)). Also, for their definitions we need the notion of distributions
vanishing at infinity that we will recall.

DEFINITION 1.1. — We say that a distribution f € S'(R™) vanishes at
the infinity in the weak sense if limx_o f (A7(+)) = 0 in S'(R™). The set
of all such distributions is denoted by 50.

In Subsection 2.2 below, we give some properties of ﬁ;7q(R") and some

examples of distributions in 50. Note that some interesting properties of
these spaces can be found in, e.g., [2, 4, 14, 25]. For instance we have:

. FV%Q(R”) = L,(R™) (1 < p < o0); here Fvg’Q(R”) is defined by all
f € 8'(R") such that [f]p € F ,(R™) and f € Cy, see [14],

. ZZ,Q(R") is continuously embedded in the weighted space
Loo(R™; [2|"/P=#), if cither s —n/p € RT \Ng or s —n/p € N and
0<¢g<1(0<p<1in case of the F-space); here A;,q(R”) is de-
fined by all f € §'(R") such that [f]p € A‘;’q(R”), f e CcvY{(R"),
F@(0) = 0 for |o] < v and f® € C for |a] = v, where v =
[s—n/p]+1lifs—n/peRT\Npand v:=s—n/pif s—n/peN
and 0 < ¢ <1 (0 < p < 1in case of the F-space), where [s — n/p]
is the integer part of s —n/p, see [14].

In the sense of the last point, we want to show some inequalities of Hardy-
type in the particular case s < n/p, where under this restriction the realized
spaces are defined as:

B @)= {feS®): [flp e A, (®") and feCo},  (1D)
with || f|

ment:

5 = Ilf1»ll 4= - Then we essentially prove the following state-
p,q p,q

THEOREM 1.2. — Let 0 < p < co. Let s € R be such that

n n
(_@ cs< .
P 4 p
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Then there exists a constant ¢ > 0 such that the inequality

1/p
([ elis@pas) < clifinly, (12)
holds for all f € Bs ,(R™).

Our proof will be limited to the case p < 1, in which we will use some
properties in homogeneous Besov spaces B;’q(R") as a composition of func-
tions and a pointwise multiplication. We will also use an approximation with
the help of smooth functions. We will divided the proof into two parts with
respect to s > 1 and s < 1. Recall that the Hardy inequality on Slobodeckij
spaces By (R™) with 0 < s < 1 has a certain history, e.g., Grisvard [10,
Lem. 4.1], Lions and Magenes [12, §10], Triebel [19, 3.2.6], Schmeisser and
Triebel [16, §4.3].

However, the part of the proof when p > 1 will be omitted since it is
proved in [25, Prop. 7], also, we can easily obtain this case by applying the
inequality for weighted Lebesgue spaces of E. M. Stein and G. Weiss [18,
Thm. B*] and an approximation with smooth functions. On the other hand,
using the embedding properties of A;q(R"), we have an immediate conse-
quence of Theorem 1.2:

COROLLARY 1.3. — Let 0 < pg < p < 00. Let sg € R be such that

n n n o n
(—n) <s<— and pB:=s9——+—2=0.
Po n Po po P

(1) Then there exists a constant ¢ > 0 such that it holds

1/p )
(A,,Lml‘ﬁplf(x)lpdx> <cllflplls, . Y /feBp,®RY).  (13)

(2) Then there exists a constant ¢ > 0 such that it holds

([ wonseraz)” <

Remark 1.4. — Owing to the embedding proprieties again (see Subsec-
tion 2.1 below) the previous corollary holds also if we replace in (1.3) the

space B2 (R™) by B (R") with 0 < ¢ < p. Similarly in (1.4), that

Po,p Po.q

F _ (R™) can be replaced by Fv;g’q(R”) with 0 < ¢ < o0.

Po,0

g YPEFR (R, (14)

Po,00

Remark 1.5. — Observe that Theorem 1.2 cannot be true with only
functions in the homogeneous spaces B , (R™). In other words, the inequal-

ity (1.2) fails if the condition f € B3 (R") is replaced by [f]p € B (R").
Indeed, in that case we take the function f(z) := 1 (V 2 € R™) (or any
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nonzero polynomial), then the left-hand side of (1.2) is +oo, while
Ilflpllzs = 0, then we have a contradiction. Similarly for the inequali-

ties (1.3) and (1.4). In this context, we note that the same observation holds
for the spaces:

(1) B;;;”(R") and F;;IT(R"), which are defined by differences A}, see
Definition 3.3 and Remark 3.5 below.

(2) B;:g"“W(R”) and F;”;”’W(R”), which are defined by the Gauss—
Weierstrass semi-group of the heat equation, see Definition 3.4 below
or, e.g., [23, p. 59], see also Remark 3.5 below.

In the other direction, using Theorem 1.2 and Corollary 1.3 we easily
obtain their counterparts of the inhomogeneous Besov spaces B; ,(R") and
Triebel-Lizorkin spaces F;  (R™). Namely:

THEOREM 1.6. — Let pg,p, sg and B be real numbers given as in Corol-
lary 1.3.

(1) Then there exists a constant ¢ > 0 such that it holds

([ onseraz)” <

(2) Then there exists a constant ¢ > 0 such that it holds

B VIEBR,[RY). (L5

Po,p

1/p
([ i as) " <cliriplig... v1eF®). o)

Remark 1.7. — By Theorem 1.2 and Corollary 1.3 we have the previous
results given in [25, Prop. 7] and [26, Prop. 14] for p > 1. They also cover
the assertion in [22, §16.3, p. 238].

Notation and plan of the paper

All function spaces occurring in this work are defined on Euclidean space
R™ (n =1,2,...). We omit R” in notations. As usual, N denotes the set of
natural numbers, Ny := N U {0}, Z the set of integers and R the set of real
numbers. For a € R we put ay := max(0,a). The symbol — indicates a con-
tinuous embedding. If p € ]0, 00|, || f|l, denotes the quasi-norm of functions
fin L, If | -|"f € L, we write ||| -|" fll, := |||z|" f|lp- The symbol S denotes
the Schwartz space, and S’ its topological dual. For a function f € Lq, the
Fourier transform is defined by

~

FiO=F©) = [ e pade (veery),
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The operator F can be extended to the whole space S’ in the usual way.

We denote by P, the set of all polynomials on R™. The symbol S, will
be used for the set of all ¢ € S such that (u,p) = 0 for all u € Py, and
S’ denotes its topological dual, which can identified to the quotient space
S8’ /Poo. The mapping which takes any [f]p to the restriction of f to Seo
turns out to be an isomorphism from &’/Ps, onto S_.

Throughout this work, we fix a cut-off function denoted by p, a radial
C* function, such that 0 < p < 1, p(&) = 1 if |{] < 1 and p(¢) = 0 if
|€] = 3/2. We put (&) := p(&) — p(2€) for all £ € R™. Then + is supported
by the compact annulus 1/2 < |¢] < 3/2, and it holds

STH@i =1 (VEeR™\ {0}, (1.7)
JEL
2R+ y(277) =1 (VEER" VEeZ). (1.8)
j>k
For any j € Z, we introduce the pseudodifferential operators .S; := p(279D)
and @; := v(277D) by means of the formulas S;f(§) = p(277¢)f(§) and
Q;f(&) = (2798 f(€). It is clear that S; is defined on S’ and that Q; is
defined on S, since Q;f =0 (V j € Z) if and only if f is a polynomial. We
make use of the following convention:

If feS, weset@Q,f:=Q;f1 forall fi satisfying [f1]p = f.

Finally, the symbols ¢, c1,... denote positive constants which depend only
on the fixed parameters n, s, p,q, ...

This work is organized as follows. In Section 2 we collect definitions and
basic properties of the homogeneous spaces and their realized versions. Sec-
tion 3 is devoted to the proofs and some remarks.

2. Preparations
2.1. The Besov and Triebel-Lizorkin spaces

The Littlewood—Paley decomposition approach is the basic theory to de-
fine the Besov and Triebel-Lizorkin spaces, for this reason we recall the
convergence property of a such decomposition of a tempered distribution.
That is, using the partitions of unity (1.7) and (1.8), if f € Sy (S, respec-
tively), then f =37, Q;f in Soc (8L, respectively). Similarly, if f € S (&,
respectively) and k € Z, then f = Sif +> .., Q;f in S (&', respectively).
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DEFINITION 2.1. — Let s € R and 0 < ¢ < o0.

(i) Let 0 < p < oco. The homogeneous Besov space B;’q is the set of
f € 8. satisfying

1/q
£l = (Z@”‘nczmp)q) < co.

JEZ
(ii) Let 0 < p < oo. The homogeneous Triebel-Lizorkin space F;’q is the
set of f € 8L satisfying

1/q
<2(23j|62jf|)q>

JEL

< 0.

Hf”F;q = |

p

The spaces A;’ o are quasi-Banach for the above defined quasi-seminorms,
they do not depend on the chosen function p, cf. [9, Rem. 2.6] and [20,
Rem. 5.1.3/2]. Both spaces contain continuously S, and are embedded con-
tinuously in S/, and
) <= Fj, = B;max(p,q), Agm — A;qQ if g1 < qo,

(if) for 0 < ¢,7 < 00, s1 > s2 and 0 < p; < pa < oo such that
$1 —mn/p1 = sa —n/py it holds B;i,q < B2 <y B;jé,;”/m, Fs1 ooy

. . : P29 P1,9
S2 S1 S2
sz,;ﬁl and Fplyq - FLD2,T’

(i) 1)y, = A=l f]

We also have the estimates of Nikol’skij-type, see, e.g., [6, Prop. 4], [13,
Prop. 3.4] and [14, Props. 2.15, 2.17].

(i) sthmin(p,q

Az, for all f € A}, and all A > 0.

PROPOSITION 2.2. — Let s € R and p,q € )0, 00] (with p < oo in case of
the F-space). Let a,b be real numbers such that 0 < a < b. Let (u;);cz be a
sequence in 8" such that @} is supported by the compact annulus a2’ < [€] <
b2 and A = (3 ;c7(27°Juj]lp) )7 < 0o (A = [|(Z;ez(27%[ui )|, < o0
in case of the F-space).

(1) Then the series ;e u;j converges in S, to a limit u which belongs

to Ay . and satisfies ||ul

is < cA; the constant ¢ depends only on
p,q
n,s,p,q,a and b.
(ii) If in addition s > (n/p —n)4 (with s > (m -

the F—space), the same conclusion holds for a = 0.

n)4 in case of

The Fatou property given below is useful. The proof in [8, Thm. 2.6/1]
for the case of inhomogeneous spaces A7 = can be extended easily to homo-
geneous ones. See also [5, Prop. 14], [6, Prop. 7] and [13, Prop. 3.13].

— 44 —



Some Hardy-type estimates in realized homogeneous Besov and Triebel-Lizorkin spaces

PROPOSITION 2.3. — Let s € R and p,q € ]0,00] (with p < oo in case
of the F-space). Let f € S. . If there exists a bounded sequence (u)ken, N
A3, such that limy_, o up, = f in S, then

As . .
. < . .
fedyy and |[[flla, < climinfflu]s,

We refer to, e.g., [4, 7, 9, 11] for other properties of A$ | as characteri-

zations, equivalent quasi-norms, embeddings..etc.

s
p,q’

We now give the definition of the inhomogeneous Besov and Triebel-
Lizorkin spaces.

DEFINITION 2.4. — Let s € R and 0 < ¢ < o0.

(i) Let 0 < p < oo. The Besov space B;, , is the set of f € S satisfying

1/q
IflB;, == S0 fllp + (Z(QSjIIijllp)q> < 0.

j>1
(ii) Let 0 < p < oo. The Triebel-Lizorkin space Fy , is the set of f € &'
satisfying

< 0.

/]

Fs, = 1S fllp +

1/q
<Z(25ijf|)q>

Jj=z1

P

In connection with the homogeneous spaces A;)q, we have the following
assertion which is proved in, e.g., [21, Thm. 2.3.3, p. 98].

PROPOSITION 2.5. — Let 0 < p,q < oo (with p < oo in case of the F'-
space). Let s be a real such that s > (n/p —n)y. Then A is the set of all

f € Ly such that [flp € A3 . Moreover the expression ||f|, + [I[f1p |l 4
’ p,q
defines an equivalent quasi-norm in A .

2.2. The realized spaces

In this section we assume that s < n/p and begin by the definition of a
realization.

DEFINITION 2.6. — Let E be a vector subspace of S, endowed with a
quasi-norm which renders continuous the embedding E — S._. A realization
of E in S’ is a continuous linear mapping o : E — S’ such that [o(f)]p = f
for all f € E. The image set o(E) is called the realized space of E with
respect to o.
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In [4, §4] there exists an explication about realizations and their prop-
erties as the commutation with translations and dilations. Thus, we recall
an example of a realization given by the Littlewood—Paley decomposition.

For all f € A‘;,q, the series } ., Q;f converges in &’ to a limit denoted by

o(f) which belongs to Cy, see, e.g., [14, Prop. 2.15], (Cy is defined in Defini-
tion 1.1). The mapping o : A;q — &' defined in such a way is a translation
and dilation commuting realization of A;y o into §’. Such a realization of A;,’q
is unique, see, e.g., [4, Thms. 4.1, 4.2]. Also by [14, Thm. 1.2], we have

o(A5 V=43 . (2.1)
where the space Z;q is defined in (1.1). To prove (2.1), we take g € ng
ie, [g]p € A;q, then g and o([g]p) differ by a polynomial, and both the

functions ¢g and o([g]p) belong to 50, we conclude that they coincide since
it is easy to check that

Co N Pa = {0},
see, e.g., [2, p. 46]. Now, it is clear that without reference to the Littlewood—

Paley decomposition, A";,,q is well-defined and with ||- |

As is a quasi-Banach
p,q
space in §'.

We finish this subsection by some examples of functions in 6’0 and gz,q'

Examples 2.7. — (i) If f € L, with 1 < p < oo then f € Co.

(ii) Distributional derivatives of bounded functions belong to Co.

(iii) If f € Cp then f@ e .

(iv) Let f(z) := |z|? with —n < d ¢ 2Nj. The function f is not a
polynomial, locally integrable and [f]p € B;.?fg;‘/ P Indeed, f()\ﬁ) =
)\_”_df(ﬁ) in & for all A > 0, and fis a radiale function, that is to
say we can find a function g defined on RT such that f(ﬁ) = g(|¢));
as d ¢ 2Ny then there exists a constant ¢g # 0 (co = g(1)) such that

f(f) = ¢ol¢|7"~%. This implies ]-'A(Qkf)(f) = colé|T" 4y (27%¢) on

R™ \ {0}; we define ¥ € Soo by ¥(€) := col&] " "9y(£) and obtain
1Qxfl, = 2=k d+n/p)|j4p|,,. Now, if —n < d < 0 we deduce that

feByR”.
2.3. Some properties of the realized spaces

We recall some properties of B%;’q which will be useful when we deal with
the proof of Theorem 1.2. We limit ourselves to the case of the B-spaces

since all assertions given below are valid also for the F-spaces.
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PROPOSITION 2.8. — Let 0 <p <o00,0<g<ooand (n/p—n); <s<
n/p. Then the continuously embedding 'B;’q < L holds.

Proof. — See, e.g., [17]. O

PROPOSITION 2.9. — If0 < p,qg < 00 and 0 < s < n/p, then S is a
dense subspace of Efqu

Proof. — The proof given in [1, Prop. 12] in case Fv‘;,z can be easily

extended to obtain the case E;,q for any ¢. See also [4, Prop. 3.11] for the
same idea. O

PROPOSITION 2.10. — Let either 1 <p<ooandl1 <g< oo or0<p<

1and 0 < g < oo. Let 0 < s < n/p. Then the space Bp,q satzsﬁes the Fatou
property: there exists a constant ¢ > 0 such that every a bounded sequence

(fr)ken, in E;Q admits a subsequence (fx;)jen, such that f :=lim; . fx,
exists in 8’ and

I(f1pls,, < climint ||[fk,.]pusg,q .

Proof. — The case 1 < p < 0o and 1 < oo is given in [3, Thm. 3.1],
and the same proof can be extended to the case 0 < p<land0<qg< oo,

smce for 0 < p < 1 it holds that Bp’q = ( oosoon+n/p) if0<g<1 and

s _ (j—s—ntn/py, . hs s
Bp’q (beo o )" if ¢ > 1, where b7 , denotes the closure of S into Bp’q
and ¢ :=¢q/(¢g—1). O

Remark 2.11. — Some of the results, known for homogeneous Besov

spaces, do not extend to realized spaces in a trivial way. For instance, the
Riesz operator Z,, which is defined by Z.f(§) := [§|7"f(§) where r € R,

takes By , isomorphically into B;Jgr, however Z, BS — Byt is an open
question.

3. Proofs and some remarks

Proof of Theorem 1.2. —
Step 1: the case 1 <p < oo and 0 < s <n/p. — See [25].

Step 2: the case 0 < p < 1. — We first prove (1.2) with functions f in
S, where for simplicity we will split our investigation into two substeps
given with respect to cases s <1 and s > 1. In a third substep, we will show

the assertion with functions f in Efw
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Substep 2.1: the case nf/p —n < s < 1. — Let f € Sw. Let us choose a
number 7 such that n < p. We write |||z|~°fl|, = |[|z|~ 5’7|f|’7||1/n Then the
desired estimate (i.e., (1.2) with f € S4) follows easily by Step 1 and the fol-
lowing assertion concerning composition of functions in the inhomogeneous
Besov spaces:

LEMMA 3.1. — Let 0 < u,v < 00 and (n/u —n)y < r < 1. Then there
exists a constant ¢ > 0 such that the inequality

9P lzr, - <cllglelly,

holds, for all g € By, ,, and all 0 <n < 1.

v

Proof of Lemma 3.1. — 1In [15, Thm. 5.4.4, p. 365], with the assumptions

of this lemma on u,v,r,n and g, it has been proved that |||g|77||Brv/z , <
w/m,v/n

c||g||"£,u. Now, by Proposition 2.5 it holds

n
oplgre  <c(lglu+llglels; )" VoeB, (1)

In (3.1), we replace g by g(A(+)) for any A > 0. Using homogeneity properties
of L, B. , and B"" o dividing by A~ m1/u and letting A — 0o, we obtain

u/n,
the result O

Substep 2.2: the case 1 < s <n/p. — Assume that f € So. Let p; and
0 be such that

1<p; <o and O<5::£<1.

Y4
Let also s; be a parameter defined by

0<s1 <9, (3.2)
and will be fixed at the end of the computation. Then we write

— - —sd 1 8
el Fllp = ]~ =2 £

and apply both Step 1 with s1,p; and Lemma 3.1 with g(z) := x| *1/%f (2),
r:=s1/d,u =v:=pand 5 :=J, we obtain
_s sd4s 1 5 —s+s
2= Fllp < exllllzl =+ 1170l < eallle] =+ flp

We continue by using the following lemma concerning pointwise multipliers
in the homogeneous Besov spaces.

lep/é . (33)

LEMMA 3.2, — Let 0 < u < o0 and 0 < v < 0o0. Let r,t € R be such
that r < n/u and t > 0. Then there exists a constant ¢ > 0 such that the
inequality

lealellsy—: < ellllpl i Nielollsy |
n/u t

holds, for all p € So, and all g € S’ satisfying [g]p € B
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We need to introduce a family of locally integrable functions gq(z) :=

lz|=4, (Y z € R",0 < d < n); d will be chosen later on. We have g4 € Ez,/o%fd,
which has been observed before. We also need to introduce a parameter N
such that

N eN and %1—|—Nd<g. (3.4)

By applying N-times Lemma 3.2 to the last term in (3.3), with g := gq4,
90(33) = ‘x|_8+81/5+df($), u=v:=p t:=dandr := r; = 81/5—|—jd
(=1,2,...,N), we deduce

|7s+51/6+df]

1= fllp < exllgale g ro-allllz Pllggr/avs

S+81/5+2df]

< eallgalll -l Pl v

|7s+51/6+Ndf]

< ewllgalp gy lllz Pllgpajaeva

We again apply Lemma 3.2 with g(x) := || ~sTs1/0+Nd

need to satisfy the following condition:

and ¢ := f, then we

S1

0<s 5

Nd<n, (3.5)
and obtain
el flly < ellgalp I p-allolell goroerosssva [l

Finally the inequality (1.2) follows with functions f € S. Now for p € ]0, 1]
and s € [1,n/p[, we need to select p; € |1,00[, 81 €]0,p/p1], d € ]0,n[ and
N € N such that (3.4) and (3.5) are satisfied (recall that § := p/p;). The
inequality (3.4) is guaranteed by s < n/p and (3.5). Then taking (3.2) into
account, it suffices to see (3.5) which is equivalent to

s—n<%1+Nd<s.

To discuss this inequality we distinguish two cases: s > n and s < n. If
s < n, then the left-hand side is trivially satisfied and the right-hand side
follows from s1/6 < 1 < s and Nd small. If s > n, then we choose Nd such
that
51 S1
—n——<Nd<s——.

s—n—— S5
Observe, that the right-hand side is strictly positive. So we may choose
Nd > 0 in any case.
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Proof of Lemma 3.2. — Let us take ¢ € Sy and g € S’ such that
lg]p € B"/u ' By an Abel transform we have

> (Ske)(Qrg) + z_: (Sk9)(Qr+1%)
k=—j k=—j

= (559)(S;9) = (S—j9)(S—j-19), Vi>0. (3.6)

On the one hand, by [15, Lem. 4.2.1/1, p. 144], since ¢ is infinitely differen-
tiable, bounded with all its derivatives and g € §’, we obtain

hm (S]go)(S g)=pg in S§. (3.7)

On the other hand, we prove that
hm (S,J@)(Sﬂ 19)=0 in L. (3.8)

Indeed, we can write S_;g = Zkg—j Qry, cf. the beginning of Subsection 2.1,
and by the embedding B/~ ™" < B!, we get
1S-j-19l0e < lllglpllsze . D 2% < 2|lglplp. (VieZ),
k<—j

which yields
1(S—59)(S—j=19)llec < 27 [lllolllglpll 5=, »

where the positive constant ¢ is independent of ¢, g and j. The assertion (3.8)
is proved. Now (3.7) and (3.8), and by taking j — oo in (3.6) we obtain the
convergence in §’. Consequently, we have

lim < > (Skp)(@Qrg) + i (Skg)(QkH@)) =[pglp in SL.

J—00 . .
k=—j k=—j

For brevity, we put A;:= ,;__J(Skga)(ng) and B; *Zk— j(Skg)(QkHcp)
and let us define a sequence (u;);en, by u; := A; + B;. From above we have

lim;_, uj = [pg]p in S.. Also, the sequence (Uj)jeNo is bounded in B,’; L

Indeed, the functions F[(Sk¢)(Qrg)] and F[(Skg)(Qr+1¢)] are supported by
the ball |¢] < 3- 2%, then we can apply Proposition 2.2 and obtain

1/v
v
APl < e (Z (2 Sellocl|Qug ) )

kEZ

1/v
< CQ”[Q]’]D”BS,/;;ft (Z (Z o(r—n/u)(k—j) QleQjSDHu)U> ;

kez <k
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the constants c1, co are independent of ¢, g and j, see again Proposition 2.2.

Now, using the convolution inequality, see, e.g., [24, Lem. 3.8|, we have
1A Pl e < ellglpll g lelpll s, -

Also, since [|Skglloe < 2*|[g]pl| gn/u—r for all k € Z (recall the assumption
t > 0), then 1

1/v
I1Bilpll ;e < e (Z (2041 Skgllocl| Q1111 )

kEZ

< elllglpll grrw—llelplls, (V5 €No).

Hence H[U]]PHBT -« is bounded by c||[g ]7;||Bn/u [ ]p”BT uniformly with

respect to all j € NO Then we finish by applying Prop051t10n 2.3. ]
Substep 2.3. — Summarizing, we have shown
lal = flly < elllflpll, (7 f€8x). (3.9)

Assume now f € E;,p. We take a sequence (f;)ien, in Seo such that f; — f
in E;J). Then, in the one hand using (3.9) with f;, it holds

Il ™ fillp < elllfilpllps (V1€ No). (3.10)

On the other hand, by Proposition 2.8 we get f; — f in L'°¢. Then, classically
there exits a subsequence (f1, )ren, of (fi)ien, such that

| ftesn]P — [flk]pHB;p <27% and f;, — f almost everywhere.

Let Q be a compact set in R™. There exists a constant ¢ = ¢(€2) > 0 such
that, if we fix an integer & and apply the Fatou’s lemma to the sequence
(If1ey; — Jun])jen, on ©Q, we obtain

/ 1) = fu@)lde < climint / i, @) — fi ()]

Again by Proposition 2.8, we get

j—1
/ |flk+1 flk( )‘dl‘ < cl||[flk+j]P_ [flk] Bs S 62 Z 2k < C32_k7

m=0
with constants ¢y, co, c3 are independent of j and k. Since 2 is arbitrary,
then limg_,o fi, = f in the sense of dlstrlbutlons The sequence (flk)keNo

is a Cauchy in Bpp, then by the embedding Bpp — &’ we obtain f
limy 00 f1, in &', a fortiori in the distribution functions space D’. It follows
that f = f.
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Applying Proposition 2.10 to the sequence (fi, ., — fi,)jen, (K is fixed in
Np), and arguing as above, we obtain

H[.ﬂp - [flk] <y h]rgg.}f H[flk+j]73 - [flk] < 052_ka

the constants ¢4 and c¢5 are independent of k. Now, using (3.10) with the
subsequence (f, )ken,, then, for an arbitrary € > 0, there exists an integer
k. € Ny such that it holds

1™ fullp < csll[f]]

On the other hand, since 0 < p < 1, then the elementary inequality
|[f1. (@) P = [f(@)|P] < |fi.(z) (x)|p (Vx € R™)

gives pointwise convergence of |f;, |P to | f|? almost everywhere.

s +es2 P <alllflpllp, +e (VR k). (311)

Thus, by applying the Fatou’s lemma in (3.11) to the sequence (| fi, |?)k>k.
with the measure |z|™*Pdz, it follows |||z|~*f|l, < csl|[f]pllg: + € for all
p,p

fe E‘;,p. By arbitrariness of e, we deduce the estimate (1.2). The proof of
Theorem 1.2 is complete. (|

Proof of Corollary 1.3. — TFirst observe that (n/po — n)+ < so < n/po
implies (n/p —n); < B < n/p. This guarantees the application of Theo-
rem 1.2 in the two cases. Now, 1nequahtles (1.3) and (1. 4) follow immediately

by using the embeddings BSO » and FSO — Bp p» Tespectively.  [J
Proof of Theorem 1.6. — With assumptions, we first note that A

Co Indeed, if 1 < p < oo, the assertion follows by L, — CO, however 1f
0 < p <1, then A 5.q < L1 since s > n/p—n, and again we conclude by L; —

Co. Now, inequalities (1.5) and (1.6) are consequences of Proposition 2.5 and
Corollary 1.3. O

We turn to Remark 1.5 and first introduce two notations. For any ar-
bitrary function f and h € R™ we set Al f = f(-+h) — f and AP f =
A}l(AZ‘_lf) where m = 2,3,... We denote by W, the semi-group of the
heat equation defined on S’ by V[//f\f(ﬁ) = e*t‘EPf(f), see, e.g., [20, p. 183].

DEFINITION 3.3. — Let 0 < ¢ < 00. Let s € R and m € N be such that
0<s<m.

(i) Let 0 < p < oo. We denote by By the space of f € S such that

o s q dh
By T </ (‘h| HA f” ) |h"> <00
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(ii) Let 0 < p < oo. We denote by I, the space of f € S, such that

(/ (1hl- S|Amf|)q|dh>l/q ,,

DEFINITION 3.4. — Let 0 < ¢ < 00. Let s € R and m € Ny be such that
s < 2m.

< 0.

1l gm == ‘

(i) Let 0 < p < oo. We denote by B;ZZT’W the space of f € S, such
that

© at 1/q
I g0 = ( | erapwa,) ) < c0.

ii) Let 0 < p < oo. We denote by FsmW the space o e S/ such
p,q e3¢}

that
1/q
m—s m dt
FomW 1= H (/0 t /2|8 W f|)q >
p

Remarks 3.5. — (1) Clearly that A7*f = 0 if and only if f is a
polynomial of degree less than m, and 0]"W, f = W, A™ f = 0 (where
A is the Laplacian in R™) if, e.g., f is a polynomial of degree less

/]

< 00.

than 2m; in that case, we have HfHB}i’Z" = || fl| gs.m.w = 0. Similar
P, P,q
to the spaces F;;” and FS m W
(2) We can prove that || - || o and -1l fre:m are equivalent quasi-norms

ofB;)q and F i (n/p— n)+ <s<m and G < 8 < m, respec-
tively. Thus in the right-hand side of (1.2)—(1.4), it is possible to use

the quasi-seminorms | [f]p | s or ||[f]p |z instead of | [f]p 4,

with the needed assumptions on the parameters n, s, p and q.
(3) It seems interesting to extend the point 2. to B;:;"’W and F;’;’“W.
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