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Non-explosion criteria for rough differential equations
driven by unbounded vector fields *)

ISMAEL BAILLEUL (V) AND REMI CATELLIER (?)

ABSTRACT. — We give in this note a simple treatment of the non-explosion prob-
lem for rough differential equations driven by unbounded vector fields and weak
geometric rough paths of arbitrary roughness.

RESUME. — On traite de fagon simple dans cette note du probléme de la non ex-
plosion des solutions d’équations différentielles rugueuses conduites par des champs
de vecteurs non bornés et un p-rough path faiblement géométrique, pour p quel-
conque.

1. Introduction

Although rough paths theory has now been explored for twenty years,
a few elementary questions are still begging for a definite answer. We rec-
ommend [1, 18, 24] for gentle introductions to rough differential equations,
from different points of view. We consider the existence problem for the local
time and occupation time of solutions to rough differential equations as the
main open problem, in relation with reflection problems. At a more funda-
mental level, the question of global in time existence of solutions of a rough
differential equation
dZt :F(Zt)dxt7 (11)
under relaxed boundedness assumptions on the vector fields F = (Vi,...,V;)
has not been clarified so far. We recall in Appendix A what needs to be known
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about weakly geometric rough paths. Given a weak geometric p-rough path
X defined on some time interval [0, 7], the preceding equation is known to
have a solution defined on the whole of [0,7] if the driving vector fields
V; are C}, for some regularity exponent v > p; see for instance T. Lyons’
seminal paper [23] or the lecture notes [24]. One would ideally like to relax
these boundedness assumptions to some linear growth assumption, but the
following elementary counter-examples of Gubinelli and Lejay [22] shows that
this is not sufficient. Consider the dynamics (1.1) on R?, with F = (V;, V2),
and vector fields Vj(z,y) = (zsin(y),z) and Va(z,y) = 0, driven by the
non-geometric pure area rough path X; = 1+#(1®1). Writing z; = (x¢,y¢),
one sees that z is actually the solution of the ordinatry differential equation

4 = (d0,9:) = (zesin(y)® + a7 cos(yr), e sin(yr)).

The solution started from an initial condition of the form (a,0), with a
positive, has constant null y-component and has an exploding xz-component
since @y = x?.

The non-explosion problem was explored in a number of works for dif-
ferential equations driven by p-rough paths, for 2 < p < 3, especially in
the works of Davie [14] and Lejay [21, 22]. Davie provides essentially the
sharpest result in the regime 2 < p < 3.

o To make it simple, assume F is C? and has linear growth: |F(m)‘ <
|z|. Theorem 6.1 (a) in [14] provides a non-explosion criterion in
terms of the growth rate of D?F

|D?F(z)| < h(|x]).

There is no explosion if A(r) < L, and

~ r?

[ ()T
h(r) o

Davie’s criterion is shown to be sharp in the class of all p-rough
paths, 2 < p < 3, with an example of a rough differential equa-
tion where explosion can happen for some appropriate choice of
a non-weak geometric rough path in case the criterion is not sat-
isfied (see [14, Section 6]). The limit case for Davie’s criterion is
h(r) = @. We essentially recover that bound.

e Lejay [21] works with Banach space valued weak geometric p-rough
paths, with 2 < p < 3. In the setting where the vector fields V;
are C2 with bounded derivates and are required to have growth
rate |V;(z)| < g(|z|), he shows non-explosion of solutions to equa-
tion (1.1) under the condition that ), ﬁ diverges. The limit case

is g(r) ~ r.
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e The analysis of Friz and Victoir [20, Exercice 10.56], gives a criterion
comparable to ours, with an erronous proof. They use a pattern of
proof that is implemented in a linear setting and cannot work in a
nonlinear framework as it bears heavily on a scaling argument (see
the proof of Theorem 10.53). One can see part of the present work
as a correct or alternative proof of their statement.

We identify in the sequel a vector field V on R? with the first order
differential operator f +— (Df)(V). For a tuple I = (iy,...,ix) € {1,..., 0},
and vector fields V7,..., Vs, we define the differential operators

VI = ‘/il ""/’ika and ‘/[I] = [‘/iu"'v[‘/ikflv‘/ik]]a

under proper regularity assumptions on the V;. (Note that the operator Vi
is actually of order one, so V| is a vector field.) The local increment z; — 2,
of a solution z to the rough differential equation (1.1) is known to be well-
approximated by the time 1 value of the ordinary differential equation

[p]
= > ALV u (@), (12)
k

k=1r¢c{1,...,0}

where Ay = logXys, and 0 < r < 1 (see [3] or [6] for instance). The
following simplified version of our main result, Theorem 2.3, actually gives
a non-explosion result in terms of growth assumptions on the vector fields
Viy) that appear in the approximate dynamics (1.2). Pick an arbitrary p > 1
and a weak geometric p-rough path X.

THEOREM 1.1. — Take F = (Vi,...,Vy). There is no explosion for the
solutions of the rough differential equation (1.1) if the functions V;, ---V; 1d
have linear growth and are C? with bounded derivatives, for any 1 < n < [p)
and any tuple (i1,...,i,) € [1,€]".

In the case where 2 < p < 3, the assumption of the previous theorem is
implied be the weaker but more understandable criterion

1
2 3

|D2F| v |D3F| < T Tl

for a multiplicative implicit constant independent of 2 € R?. Note that The-
orem 2.3 is sharper than that statement as it involves the vector fields Vp
(recall [22, Example 3]). We mention here that we have been careful on the
growth rate of the different quantities but that one can optimize the regular-
ity assumptions that are made on the vector fields V; to get slightly sharper
results. This explains the discrepancy between Davie’s optimal criterion in
the case 2 < p < 3 and our result. We leave the proof of these refinements to
the reader. Note also here that one can replace R? by a Banach space and
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give versions of the statements involving infinite dimensional rough paths,
to the price of using slightly different notations, such as in [2]. There is no
difference between the finite and the infinite dimensional settings for the
explosion problem.

Our main result, Theorem 2.3, holds for dynamics (1.1) with a drift and
time-dependent vector fields. It is proved in Section 2 on the basis of some
intermediate technical estimates whose proof is given in Section 3. Theo-
rem 2.3 holds for Holder p-rough paths. A similar statement holds for more
general continuous rough paths, with finite p-variation, such as proved in
Section 4 with other corollaries and extensions. We note that B. Driver has
proven similar results to what is proved here in his very recent works [16, 17],
independently of the present work.

Notation. — We gather here a number of notations that are used through-
out the paper.

e Given a positive finite time horizon T, we denote by Ar the simplex
{(t,s) €[0,T)? : 0<s<t< T}

e We give in the Appendix A a quick introduction to the notion of
weak geometric rough paths. We refer to the reader to Lyons’ seminal
article [23] or any textbook or lectures notes on rough paths [1, 5,
20, 24, 25] for more than the basics on rough paths theory and
mention here that we work throughout with finite dimensional weak
geometric Holder p-rough paths X = 1& X' @---@ X!, with values
in QBE’):]O(RZ)@ say, and norm

1
7

| Xi,
IX]:= max  sup .
1<i<[p] 0<s<t<T |t — 5|7

Note that if A = (O OA' DB A[p]) is the logarithm of the rough
path X, we have for all 0 < s <t < T, alli e {1,...,[p|},

|AL] i IX)E — s]»

e Last, we use the notation a < b to mean that a is smaller than a
constant times b, for some universal numerical constant.

ol

2. Solution flows to rough differential equations

Pick o € [0,1]. A finite dimensional-valued function f defined on R? is
said to have a-growth if

/()]

S CA i B TS
A I L
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Furthermore for o € [0,1] and ¢ > 1 we write
f € a,b(Rd; Rd)

if f has a-growth and f is C® with bounded derivatives. Note that
bp(RERY) = Cj.

Let Vo and Vi,...,Vy: [0,T] x R? — R? be time-dependent vector fields
on R%.

AsSUMPTION 1 (Space regularity and growth). — For any 1 < n < [p]
and for any tuple I € {1,...,0}",

e the vector fields Vo(s,-) and Vip(s,-) lie in Ci’b, uniformly in time,
o for all indices 1 < ky,...,k, < [p] with > k; < [p], and all tuples
Iy, € {1,...,0}%, the functions

Vo(s, Wit,_ij(s,) -+ Vieg(s, ) 1d and Vigy(s,-) -+ Viny(s,-) Id

are C?

b uniformly in time.

One can trade in the above assumption some growth condition on the
V; against some growth condition on its derivatives; this is the rationale for
introducing the notion of a-growth.

ASSUMPTION 2 (Time regularity and growth). — There exists some reg-
ularity exponents Ky = 1H§]7p and Ko > M with the following properties.
e One has
Vo(t,z) — Vo(s,x
2€B(0,R) 0<s<t<T |t — s|m
o Foralll<n<|[p| and 1 < ky,... ky < [p], with >, k; < [p], for

all tuples I; € {1,...,d}*, we have

Vi () - Vi () (@) = Vi (s,-) - Vi (s, ) ()|
sup sup
2€B(0,R) 0<s<t<T |t — s|%>

S 1+ R)“.

We assume that the derivative in x of the Viy, i(t,-) -+ Viz,1(t,-) also satisfies
the previous estimate.

Let X be an Rf-valued weak geometric Holder p-rough path. Set A;, :=
log X;s, for all 0 < s < ¢t < T, and denote by ps the time 1 map of the
ordinary differential equation

Yr = (t = s)Vo (s, yr( +Z Z APV (5,90 () (2.1)

k=1r1¢g{1,..,0}*
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that associates to = the value at time 1 of the solution path to that equation
with initial condition x. Note that Assumption 1 ensures that (2.1) is well-
defined up to time 1. Following [3], we define a solution flow to the rough
differential equation

depy = Vo(t, pr)dt + F(t, 0¢)dXs, (2.2)

where F := (V1,...,Vp), as a flow locally well-approximated by p. Here,
we take advantage in this definition of some variant of the definition of [3]
introduced by Cass and Weidner in [9]. For a parameter a, the notation C,
stands for a constant depending only on a.

DEFINITION 2.1. — A flow ¢ : Ap x R — R? is said to be a solution
flow to the rough differential equation (2.2) if there exists an exponent n > 1
independent of X, such that one can associate to any positive radius R two
positive constants Cr x and ex such that one has

sup |pus(2) — pes(@)| < Crx |t — s, (2.3)
z€B(0,R)

whenever |t — s| < ex.

Note that we require the flow to be globally defined in time and space,
unlike local flows of possibly exploding ordinary, or rough, differential equa-
tions. The latter are only defined on an open set of R, x R? depending on
X. This definition differs from the corresponding definition in [3] in the fact
that er is required to be independent of X. We first state a local in time
existence result for the flow, in the spirit of [3].

THEOREM 2.2. — Let the vector fields Vo and (Vi,...,Vy) satisfy As-
sumption 1 and Assumption 2.

o There exists a positive constant a; such that for all R > 0, and all
(t,s) € Ap with

|t — 8|7 (1 4+ R)FT (14 X)) < a1, (2.4)

there is a unique flow ¢ : [s,t]? x B(0, R) — R? satisfying the esti-
mate (2.3) with

1
)= Mp* . and Crx = ax(1+ R)*(1+ |X|)"*,

for some universal positive constant as. One writes p(X) to empha-
size the dependence of ¢ on X.

e Given a weak geometric rough path X and (s,t) € Ar and R
such that condition (2.4) holds, then ¢(X') is well-defined on [s,t] x
B(0, R) for X" sufficiently close to X, and ¢(X') converges to o(X)
in L™ ([s,t] x B(0,R)) as X' tends to X.
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One says that ¢ depends continuously on X in the topology of uniform
convergence on bounded sets. As you can see from the statement of Theo-
rem 2.2, the quantity |t — s| is only required in that case to be smaller than
a constant depending on X and R, unlike what is required from a solution
defined globally in time. The proof of Theorem 2.2 mimics the proof of the
analogue local in time result proved in [3]. As the proof of latter contains
typos that makes reading it hard, we give in Section 3 a self-contained proof
of this result.

THEOREM 2.3. — Let Vy and (Vi,...,Vy) satisfy Assumption 1 and As-
sumption 2. There exists a unique global in time solution flow ¢ to the rough
differential equation (2.2).

e One can choose in the defining relation (2.3) for a solution flow

1+ - a
= J, EX = C1 (1 + HXH) p’ CR,X = 82(1 + R) (1 + ||)(||)[p}+1

for some universal positive constants cy,co.

e One has for all f € CIEP]H and all |t — s| < ex the estimate

sup
z€B(0,R)

fosot,s(m—{f() (t—s5)Vo(s f+Z Z Xf!vf f}()

k=1 1¢{o0,..
o +1
S g (1 + R0 (14 ||X||) e

When f =1d, one can replace (1+ R)*(PITD by (1+R)* and | f|
by 1 in the previous bound.

o The map that associates @ to X is continuous from the set of weak
geometric Holder p-rough paths into the set of continuous flows en-
dowed with the topology of uniform convergence on bounded sets.

o Finally, there exists two positive universal constants cs, cq such that
setting

[p]+1
P

n
Cb

N = [es (14 X)),
one has for all (t,s) € Ar,

1
1 -
1—|—R<(1+C4t_spiva) _1>’ ZfOé<1
sup fpnale) —a 5 4 e
zeB(0,R P
€B(0,R) (1+R)|t75|p€C4N|t 5|p zfa:1

The non-trivial part of the proof consists in proving that one can patch
together the local flows contructed in Theorem 2.2 and define a globally
well-defined flow. As this requires a careful track of a number of quantities,
we provide a proof of the technical results in Section 3. Since it is the main
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contribution of this work, we also give a proof of this theorem using some
results of lemmas and propositions of Section 3.

Note that in a probabilistic context, the bound of Theorem 2.3 is not
optimal. Indeed, in a Gaussian-process framework, the homogeneous Holder-
norm of the rough path enjoys Gaussian tails. Hence, when p > 2 one can not
integrate the bound of Theorem 2.3. Following Cass, Litterer and Lyons [7],
one could instead work with p-variation norms and local accumulated vari-
ation. This is what we are doing in Subsection 4.3 and Theorem 4.4. Never-
theless, the main difficulty of the problem of non-explosion comes from the
growth of the vector fields, regardless of which norm is used to measure the
size of the rough path. If one seeks for a almost sure bound, Holder-rough
path bounds are good enough. We present here a full proof in this setting
and refer to Section 4.3 for the general case using p-variation bounds.

Proof of Theorem 2.3. — Fix (s,t) € Ap. Forn > 0 and 0 < k < 27
set tp = k27"(t — s) + s and pup, = [z, 47, -0 fugn ¢n. Here is the

major input for the proof of the statement. Proposition 3.8 below states the
existence of universal positive constants ¢; < 1 and ¢ such that for

jt—slv (1+X]) <

we have for all n > 0 the estimate

. 1-+(p] +1 a
sup | (@) = s (2)] < ealt = 5|0 (LX) 4 R (25)
z€B(0,R)

An elementary Gronwall type bound proved in Lemma 3.1 also gives the
estimate

ltes] < R+ co(1+ R).

Putting those two bounds together, one gets the existence of a positive con-
stant ¢ such that one has

pepep 00 pupey ||L°°(B(O,R)) SR+e(l+R)%,

k k—1

for all 0 < k£ < 2" — 1. Let n = n(R) be the least integer such that
ai

2775 (14 R)FF [t — o7 (1+ |X])) € —————.
(4 RFT e =l (14 IXI) < e

This is the smallest integer such that for all the intervals (t},}, ) satisfy
the assumption of Theorem 2.2, with starting point i 0«0 pyrin ()
and xz € B(0, R). Then, we have for all mg,...,mon_1 € N,

i

maon _q

[p]+1
trt .

1+0e]
g, OOl s Salt=s| 7 (1+R)* (1+[1X])

Le>=(B(0,R))
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Sending successively man_1,...,mg to co and using the continuity of ¢ with
respect to its R%valued argument gives

1+(p]
p

e, ez, , 0 0@y — sl < calt—s| 77" (L+R)* (1+ XN (2.6)

Set, for x € B(0, R),
Prs(T) 1= pap ., 00 prngn ().
Splitting the intervals (7}, ;) into dyadic sub-intervals, one shows that for
all u € [s,t] of the form u = k27N (¢ — 5) + s, one has
Pt © Pu,s(T) = Pr,s(x).
Finally, since the map

(z,5,t) = pin_ 4n()

k+1""k
is a continuous for all 0 < k& < 2™ — 1, so is . This proves the first item of
Theorem 2.3.

The second item is a byproduct of the bound of Equation (2.3) and
Corollary 3.5 below. The third item of the statement is straightforward given
that ¢ is constructed from patching together local solution flows.

Choose finally a positive constant cg big enough such that setting

N = [03(1 + ||X|\)”},

one has =* <ex and (1+ HX||)N_% < 1. Define also

1

t; N(t —5)+s,
and Ry := 0 and
R;:= sup |gptis(a:) — x|,
z€B(0,R)

for 1 <7 < N. Note that

[p] i
1+ [X| s 1
CItH»l_ti‘,HXH Z(Nl |th|P 5|t75|1)’

i=1 P
for a universal positive multiplicative factor. We thus have
Pr.s(T) — T = Prya, 4 (Sﬁti_ls(ff)) T Htitia (Sﬁti_ls(ff))
+ fitete s (P15 (®)) = @15 (@)
+ ¢ty s(z) — 2,
and there is an absolute positive constant K such that

1
R <Ri1+K(A+R+R;_ 1)t —s|7;
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the bounds on () — = given in the statement follows from that
relation. |

As a corollary of Theorem 2.3, one proves in Theorem 4.5 the differen-
tiability of the solution flow with respect to some parameters. This theorem
will be of crucial importance in the forthcoming work [4]; we state it here in
a readily usable form.

ASSUMPTION 3. — Let A be a Banach, parameter space and let U be a
bounded open subset of A. Let (V;)ogigce be time and parameter-dependent
vector fields on RY with the following reqularity properties.

o There exists some erponents ki > H[;# and Ko > [%], such that
we have for all integers B1, B2 with 0 < By + B2 < [p] + 1,

D2 D) = D2 DV 51 ) _

su 00
p ‘t _ S|K:1 + b
0<s<t<T

e Foralll < i< ¥, and all integers 1, B2 with 0 < S + B2 < [p] + 2,
we have

||D51D£2‘/i(t7 ) ) - Dnggz‘/i(Sa Tyt )||Loo(]Rd><U)
sup <
0<s<I<T |t — 5|2

“+00

Refer to Definition 4.3 in Section 4.3 for the definition of the local accu-
mulation Ng of X (which is a quantity linked to the p-variation norm of X,
defined in the same section).

THEOREM 2.4. — Let X be a RY valued weak geometric Hélder p-rough
path and suppose that Vo, Vi, ...,V satisfy Assumptions 3. Let p(a,-) stand
for alla € U for the solution flow to the equation

dy(a,-) = Vo(t, a,o(a, - ))dt + o(t, a,o(a, - ))dXt. (2.7)
Then for all 1 < s <t < T, the function (a,x) — @is(a, ) is differentiable
and

o for \t—sﬁ(l—&— IX[) $1, and a € U,

sup | Dagprs(a, )| < [t — s[5 (14 [X][)
rERE

e there exists positive constants 8 and ¢ such that one has

sup | Dars(a,2)| S [t — |7 (1 + || X)) eNe
rERD

forall0 <s<t<T.
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3. Complete proof of Theorem 2.2

The structure of the proof is simple. One first proves C? estimates on the
time r map of the ordinary differential equation (2.1), this is the content of
Lemma 3.1. Building on a Taylor formula given in Lemma 3.3, and quan-
tified in Lemma 3.4 and Corollary 3.5, one shows in Proposition 3.7 that
the p’s defined what could be called a “local approzimate flow”, after [3].
We then follow the construction recipe of a flow from an approximate flow
given in [3], by patching together the local flows. The crucial global in time
existence result is obtained as a consequence of a Gréonwall type argument,
as can be expected from the fact that, in their simplest form, the growth
assumptions of Theorem 2.3 mean that all the vector fields appearing in
the approximate dynamics have a-growth. Readers familiar with [3] can go
directly to Section 4.

Recall the definition of y, as the solution of the ordinary differential
equation (2.1) defining pss. The first step in the analysis consists in getting
some local in space C? estimate on y,.(-) —Id, with y,.(-) seen as a function
of the initial condition z in (2.1). Set

[p] ,
Cle—stixi == |t = s| + Y [t = 5|7 |X||"
i=1
LEMMA 3.1. — Assume Vy and (Vi,...,Vy) satisfy the space regularity
Assumption 1, and pick (s,t) € Ap with |t — |% (1+[IX]|) < 1. Then

o Jyr(@) —a| S (14 |2)) " Cleeapx)»
o |Dy,(z) —1d| S Cpy—gpxi1»
o |D?y,(2)] < Clsp,ix-

The maps y,(+) are thus C}, uniformly in r € [0, 1].

Proof. — Apply repeatedly Gronwall lemma. We only prove the estimate
for y,(x) —x and leave the remaining details to the reader. It suffices to write

[p]
ve(2) =zl < (t=9)[Vols,2) [+ D A [Vin(s, )]
k=1r1e{1,....0}*
+ (t— 8)/
0

(s, yu(x)) — VO(S,m)‘du
+Z Z |Afsl|/ ‘VI] s, Yu( Vm(s,z)‘du

k=1r1e{1,..
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sc<|t—s,||xn)<1+x| /\yu —xdu)

to get the conclusion from Grénwall lemma, using the fact that Cj,_g x| S

1, for |t — s|% (1+[X]]) < 1. The derivative equations satisfied by Dy, and
D?y, are used to get the estimates of the statement on these quantities,

using once again that the condition of the statement imposes to C' to be of
order 1. g

Remark 3.2. — Would Assumption 1 require in addition that the vector
fields Vo (s,-) and Vip(s,-) were C’ZJ227 uniformly in 0 < s < T, we would
then have the estimate

sup | Dy (2)] S Clomsp x)»
2<k<n+2

under the assumption that |t — s|% (1+[X]) <1

The second step of the analysis is an elementary explicit Taylor expansion;
see [3] for the model situation. Given 1 < n < [p], set

A} = {(rn,...,rl) ef0,1)" ¢ rp <rpo1 < <r1}

and

T p] = {(11,...,1n) e{l..df xox LA Y ke < [p]};

indices k,, above are non-null.

LEMMA 3.3. — Assume Vo and (Vi,...,Vy) satisfy the space regularity
Assumption 1. For any 1 < n < [p] and any vector space valued function f
on R? of class C™ we have the Taylor formula

Fes(2)) = f(@) + (t = 5)(Vo(s, ) f) ()

n

#3052 TL Ak (Vg Vi 1))

Ji,p] m=1

n

+> 11 A/ {50 Vi) F) (91, (@)

I, [py m=1 =
= (Viz(s:) - Vi (s, ) ) @) b
+en! (@)
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where

S S [T s

=1 Ty )
<[ Vs Wing )+ Vin (5,0 )) s )
A

n

DIEDY HA’“"“W/ (Ving(5v) -+ Vi () (o, () .

Ji-1.[p]
ky4--+ki >[p]+

Proof. — The proof is done by induction, and relies on the following fact.
For all u € [0,1] and all g € C1(R%; R?), we have

o)~ o) = (¢~ 5) [ (Vals)g) )
b A [ e de) ) du

1<k<[p]
Ie{1,...,03*

this is step 1 of the induction. For step 2, apply step 1 successively to g = f
and u = 1, then g = (Vig(s,-)f) and u = r. This gives

f(Mts(-T)) — f(z)
1
= (=) (Vs ) )@ + (1= 5) [ {(1()7) ) = (Voo ) ) far
+ Y AL (Vig(s,) ) (@)

1<k<[p]
Ie{1,....0}*

+ ) t—sAfSI// (Vo(s, - )Viny(s,-) f) (yry) dradry

1<k<[p]
Ie{1,....0}*

+ Z kﬁ” / / 12] ‘/[11]( )f) (yrg)dTQdTL

1<k, ka<[p] m= 1
Le{l,.. 03"
Iye{1,...,0}%2
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The last term of the right hand side can be decomposed into

5 Z H AT (Vi) (s, Vi (5, ).) (@)

Py H Aol / { (Ve (s, ) Vina(5:)0) ()

Ja,[p) m=1 Af

- (th](‘s? . )Vv[ll](sa ' )f) (x)}d"?drl

+ Z H Akm7 " / ‘/[Iz]( )Vv[h](sf)f) (yrz)dr2dr1;

ki4ko>[p]+1m=1
J1,1]

this proves step 2 of the induction. The n to (n + 1) induction step is done
similarly, and left to the reader. O

Given f € Cp (Rd,Rd), set

£l = [£O)|+ sup ||DFf|
ke{1 }

yeeey

AssumMpPTION H. — A function g € C™ (Rd,Rd) is said to satisfy this
assumption if for all 1 < ky,..., k, < [p] with Y-_, k; < [pl, and all tuples
Iy, € {1,... £}* the functions

VO(S’ ' )‘/[Infl](‘S? ) : ‘/[Il](s7 : )g and V[In](sa ) ’ V[Il](sv : )g
are C2 ,, uniformly in s € [0,T).

LEMMA 3.4. — Assume Assumption 1 holds, and pick a function f €
1
Cp (R R?), for some 2 < n < [p]. Given (s, t) € Ag with [t—s|» (1+]|X]]) <
1, we have

n, na [ +1 1+[p]
sup  [eps! ()] SIflln(1+ R)™ (1 + X)) (t—s) 7,
z€B(0,R)

for all positive radius R.

o If furthermore D" f exists and is a bounded function, then
1+(p]
p

71 no +1
p D2l S 1l (14 ) (14 X)) e~ s)
e

o If finally f satisfies Assumption H, then the previous bound on
Doed holds with (14 R)™ in place of (14 R)™.
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Proof. — Write dr for dr;...dr; on A}, and recall that

@) = =) [ {00 ) = (ol ) @) far

n—1 1 7
K Im
+y G2 (=5 IT A%
i=1 Ji,p) m=1

Wi o) Ving (50 Yo

S ONED SR P | Vit Vs ar

1=2 j'i—l,[p] m=1 1
ki4-4ki >[p]+1
(3.1)

Recall also that C|,_| x| < 1 under the assumption of the statement.

As we have for all positive radius R, and all points z,y € B(0, R), the
estimate

’%(87 : )f(([?) - %(‘97 : )f(y)| < ||f||n(1 + R)a|m - yl

uniformly in 0 < s < T, it follows from Lemma 3.1 that
1
(=) [ {00600 - Was )1) @) }ar

St = 8) Crespxg (1 + R)>.

Note that if Vy(s,-)f is globally Lipschitz continuous one can replace (1 +
R)2® above by (1+ R)*.

We estimate the size of the spatial derivative of the first term in the above
decomposition of £/2/ writing

6= [ (D0V3(6:21) 0r(0)) D) ~ D(¥als,)1) (1))
< ’(t —3) /01 d?“(D(VQ(S, ) f) (x)) (Dyr(m) - Id) ’
+ \(t - ) / a4r (D(Vals,)1) (9r(2)) - D(Va(s: ) ) &) ) Do o)

SUFlnlt = "5 (1 + R)> (1+ X))

Once again, one can replace (1 + R)2* by (1+ R)® if f satisfies Assump-
tion H.

- 735 —



Ismael Bailleul and Remi Catellier

The two other terms in the decomposition (3.1) of £/ are estimated in
the same way. Remark that

D ‘(%(57')‘/[17:](‘9")""/[11](87 ) )( )‘ N Hf” (1+R) (D
z€B(0,R)

and that
sup_ | D(Vo(s, WVina(s, )~ Vi (5, 1) @)] £ 1 lwsr (14 RV,

©€B(0,R)
One can replace in the previous bounds the first term (1 + R)(+De by
(14 R)® and the second term (1+ R)(TDe by 1 if f satisfies Assumption H.
So

nl

Z@l Z tf H Af:;nJm/;Hl(VO(Sa')V[Ii](sv') to ‘/[11](57')]0) (yTiJrl) dr

m=1

i, [p]
l no
Sl (E = )5 (14 B)™ (14 |X])™

and
n—1 1 i
doq 2 (=) [T A
i=1 " 3, [ m=1

o L LB Vi) Ving 5:)7) s ()} P ()

1
S s (= )5 (14 R)™ (1 +[|X])) ™

Once again, if the function f satisfies Assumption H, one can replace (1 +
R)™ by (14 R)“ in the first bound and (1+ R)™® by 1 in the second bound.

The analysis of the last term in the right hand side of the decomposi-
tion (3.1) for /2% is a bit trickier since greater powers of || X|| can pop out.
Indeed, one has

> LA [ {Vats) e Vi) f ) dr
=2 m=1 1

—1,[p]
kit-+k; >[p]+1

[p]
[ —+1 [p]+3 na
S Il Z(1+\|X||)p lt—s|"»" (1+R)

=1

But recall that \t—s\%(l—i—HXH) < 1, so we have (1—|—||X||) |t—s| < 1.
Hence for all i € {1, ..., [p]}; this gives the expected upper bound. The same
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idea is used for the spatial derivatives. Once again, one can replace (14 R)™*
by (1 + R)® if the function f satisfies Assumption H. a

COROLLARY 3.5. — We have

sup
z€B(0,R)

fopes(w) — {f(w) + (t = s)Vo(s,- ) f(x)

[p]
+> > Xffvz<s,~>f}<x>

k=1T1€{0,...,03*

[p]+1
D

@ +1
S lppen (1 4+ RYXEHED (14 )P e —

forall f € C’p]ﬂ, and 1 < k < [p]. We also have

[p]
uts<w>—<x+<t—sm<svx>+z > Xf;’vms,x))

sup
x€B(0,R) k=17¢{0,...,0}"
< [p]+1 [pl+1
S A+ R)™ (14 X[t = s
and
sup |Dps(z) — (Id + (t — s)DVy(s, )
z€B(0,R)

[p]
> XfvaI(s,x)>|

k=1r1€/o0,...,0}"

+1
S A+ R (14 [IX[) P e — o)

[p]+1
P

Proof. — We only have to bound the sum over J,, [, of the terms

[T Ak [ (Vo) Vg )5) wn,)

= (Vir(s:) - Vi (s, )6) (@)

for n = [p], thanks to Lemmas 3.3 and 3.4. We have ky = --- = kp) = 1, on
Jp),[p]- As we know that we have

|(Vits,)1) (@) = (Vils, ) 1) w)] S (U RW £yl — ol
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for all T € {1,.. .,d}[p], and all z,y € B(0, R), it follows that

Z , (Atls>[p] /A;z{(VI[P] (5’)w1(5a)f)(yrn)

— (Vi (s,) - Vi (,)) (x)} dr

[p]

<(1+R) [p]+i

k=1
< (14 R (4 — g)

1+,

p] (1 + ||X||)[[)]+1

The first estimate of the corollary follows then from the fact that exp(Ass) =
X:s. The two other estimates are consequences of the fact that the identity
map satisfies Assumption 1 and Assumption H. a

Remark 3.6. — As in Remark 3.2, one can require that Vy and V[ are
more regular, and ask

e For all 1 < ky,...,k, < [p], with >, k; < [p], and all I, €
{1,...,¢}% the functions

Vo(s, Wiz, (s,-) - Vi (s, ) and Vi, 1(s,-) -+ Vi (s, )

are C’I?’L" with a-growth, uniformly in time.

Under that stronger regularity assumption, we have for all 2 < k < n + 1,

sup
z€B(0,R)

[p]
Dkuts(x)—{(t—s)DkVo(s,x)—i—Z > ths’IDkVI(s,x)H

I=11€{0,....)7

[p]+1
P

+1
S+ R (14X P e -

The next proposition shows that p satisfies a localized version of an ap-
proxzimate flow; see [3].

PROPOSITION 3.7. — Given 0 < s < u < t < T, with (t — s)%(l +
||X||)[p] < 1, we have

SUp | e © frus (%) — s (@) V | D (s © s ) () — D (paes) ()]
z€B(0,R)

1+(p]

S+ R (1+ XN e — s
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Proof. — First, remark that
[t © Pus () = pus (@ ) (t—u)Vo (U fus (T ))

+Z ZHA Vi )+ Ving () b (s ()

p) M= 1

+ Etu (ﬂus( ))7

t

where &;,(z) 1= e""(z) + &), (z) and

{ (Vi 1d)(s, yr, ) — (Vi Id)(s,:c)} dr,

g@) = S HA“k /

I€{l,...,dy m=1 Alpl

for any 0 < a < b <T. As we also have

:uuS(x) - :utS(x)
= —(t —u)Vo(s,x)

7

+ZZ.Z{H HA " Viaao )+ Vina(o ) (@)

,L_’ [p] m=1

+ Eus () + Es(2),

this gives

ftu © Pus (T) — pigs ()
= (t - u) (VO (u, Hus (1')) -W (S, Mays (1‘)))
(6= ) (Vo (s, 1us () = Vo (5.))

[p] ; .
" Z il Z { H Ayt + ]:[1 At — Hl A??”IM}

(Virg(s,+) -+ Viny (s, ) 1d) ()
[p]

+ZZ'ZHA (Vi )+ Vi () 1) (s (1))

31 [p]m 1

— (Virg () Vi (5,7 10) (o))}
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[p]

+Zﬂ 5] Al Vs, ) - Ving (5,2 14) (s ()

Ji,p) m=1
— (Vs )+ Vi (5, 1) )
+ Etu (,uus (I)) + Eus (JC) + €15 (IE)
= (1) +-+ (6),

The bounds of the statement can be read on that decomposition; we give the
details for (psy, 0 pus)(2) and live the details of the estimate for its derivative
to the reader.

It follows from Assumption 2 on the time regularity of Vy and
‘/Y[Ii] . ‘/[]1] Id that

(D] + @) S 1+ R)" ((t—u)(u—s) + (1 XD (= )P (- 5)2)

+

S+ Rt —s)5 (14]x])?.

Lemma 3.4 takes care of the remainder terms (6). By using Lemma 3.1 and
the fact that Vj is Lipschitz continuous in space, uniformly in time, one gets

1 o 1+[p] a
)] S t—w)(u—s)5 (1+]|XIN) P 1+ R)™ < (t—s)"7" (1+ XN (1 +R).
To estimate the terms (3) and (5), set

9(s,+) = Vir)(s,-) -+~ Viry (s,-) 1d..

We start by doing a Taylor expansion of g(s,uts(x)) using Lemma 3.3,

to the order n = [p] — >5_, k;j. As g(s,-) satisfies Assumption H as a
consequence of Assumption 1, one can use Lemma 3.4 to get the expected
bounds, using the fact that X, X;., = X;s and exp(A) = X. Details of
these algebraic computations can be found in the proof of the corresponding

statement in [3]. O

Remark. — One has similar local bounds for higher derivatives of i, o
lys — s in the setting of Remark 3.6.

Write here part of the conclusion of Proposition 3.7 under the form

+1 1+[p]
sup ‘Nt’uoﬂu,S(x)_Nt,S(x)’ <Co(1+R)" (1+||XH)p] t—s|77,
z€B(0,R)

for some positive constant Cy. Given n > 1, and 0 < s < t < T, set
ty == k27"(t — s) + s. Pick g such that

1+[p]—

27 (142e) <1
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and
Co

1t+[p]l—p

1-2" P (1 + 260)

L>

PROPOSITION 3.8. — For all0 < s <t < T with
1
Li|t—s|» (1 + ||XH) < gg,

and all positive radius R, we have

1+[p] a +1
SB[, o omipeg (0)—puela)| < Lt=s] 7 (1) (LX) 7

Proof. — The proof is done by induction on n. Note first that we can
take L enough to have £ < 1 and Cj;_| x| < €o- Proposition 3.7 provides
the initialisation of the induction. Assume step n of the induction has been
proved and set

l+s et
= lon
2

u =

so the statement of the proposition holds on the intervals (s,u) and (u,t).
We have

‘(“t;‘ft;‘ﬁl O-+++-0 “t;‘+1tg+l)(x)’

N

X ’(/“Lt;flt”*ll ©--0 Nt?“tg“)(@ - :“uS(x)’ + |:uu5(m)‘

on _
<L - A+ R (14 X))+ R
+ Cle—sxy (1 + R)*

< R+2(1+ R)%¢o.

and

sup  |Dpga(2)] < 14 2¢0,
z€B(0,R)

by Lemma 3.1. Furthermore we have

+1 +1 O---0 +1,n4+1(T) — X
Nt;n+1t;n+1,1 ,U'tll ty ( ) MtS( )

= n+1l ,n+1 O---0 n+l ,n+l — [¢] n+l,n4+1 O +++ 0O n+1l,n+1 X
(Mt2n+1t2n+171 Mt2"+1t2” Ntu) ('utw ton q ’utl 2 >( )

+ i © (Hyngrpner 00 ppnngnen ) () = fhe © s (@)

+ Mt © ,uus(x) - ,Uts(m)'

- 741 —



Ismael Bailleul and Remi Catellier
We thus have for all © € B(0, R), the estimate

n4+1 ,n+41 O---0 n+1,m+1(T) — X

Mt2n+1tzn+1,1 Hyniyn () — pus( )’
1+[p]
P

t—s [pl+1

gL‘ (1+R+250(1+R)“)a(1+||X||)

1+(p]

t—s

+(142e0)L(1+R)~ (1 + x]) ™+

1+(p]

+Co‘t—8| P

o [pl+1
(1+R)™ (1 + X)) ™,
from which the induction step follows given our choice of ¢y and L. O

The same bound for the derivative of the approximate flow requires a
bound on |t — s| that depends on (1 4+ R)“, such as described here.

PROPOSITION 3.9. — One can find a positive constant €1 < 1 such that
for 0 < s <t <T with

Colt — 8|7 (1 + R) T (1 + [|X]|) < ey,

we have, for all positive radius R,

up Dz, o0 pugeg)(2) — Do) )]
|z|<R

1+(p]
< Lit—s|7»

(14 R)™(1 + X[ P

Proof. — The proof is a variation on the theme of the proof of Proposi-
tion 3.8. We provide the details for the reader’s convenience, and keep the
s+t

notation u for #3=. We proceed here as well by induction and loot at the “n

to n 4+ 1” induction step of the proof.

D(,utn+1 gt O--+0 /”Lt;”rlthrl) ((E) — D/J,ts(il')

on+1"9n+1_1
= D( n+l ,n+1 O---0 n+1 n+1) — D ( n+l,n+1 O-+-0 n+1 'n,+1) X
{ Mt2n+1t2n+171 Pzt e Ftu g \ Pyt tyntt Hyntign (z)

X D(“t;‘ilt;ﬂl o:-:0 /Lt?+1tg+1)(£c)

2m—1

+ {(D.utu) ((Ht;,jltnﬂ -0 Mtﬁltgﬂ)(m)) — Dy (Hus(x))}

X D(Mt;;-l gntl 00 Mt;’+1,tg+1) (:17)

+ DMtu (,uus(a;)) (D(Mt;rlt;;ril O:++-0 Mt;‘+lt8+l)(x) — D,Uus (aj))
+ D(Mtu o /Lus)(x) - -D,U/ts ((L‘)
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We know from the induction step and the R-dependent assumption on u — s
that

_14[p)
‘D(/},t;j%;;dl O:-+0 /l‘t1‘+1tg+1> (l‘) — D,U,us(l‘)’ < €1 2 N
and
D(,utn+1tn+1 0---0 ,ut;l+1t8+1> (x)’ <1+ 2¢4.

2m—1

We also have from Proposition 3.8

’(,utn+1tn+1l 0---0 ,ut?Jrlthrl) (.13)’ < (1 + 261) (1 + R) —1,

n

and Lemma 3.1 gives us a uniform control on the Lipschitz size of the .
We thus have

‘D(/.Lthrl 1 O---0 Mt;‘+lt"+1> ($) — Dﬂts(x)‘

ont+1lont1_ 4

1+[P] (

< L(1+2¢y) + XN (14 Ry

]
FL2 e (1+251) @+ XN @+ r)e
+L(1+51)2 @+ XN+ Ry
1 «
+Co (1+||xn)‘”]+ (1+R)
< (C’ +b ((1+25) +51(1+251)+(1+€1)))
1+(p]
x| 2 (14 R (1+ X[
An adequate choice of e; closes the induction step, given the definition
of L. g
Remark 3.10. — In the improved regularity conditions on the vector

fields stated in Remark 3.6, we have for all 2 < k < n + 1 and for all
Colt — s|7 (1+ R)T07 (14 X)) < e,

one have

sup ’Dk( 2, O"'O/‘t?tg)(x)_kas(x>‘

’!'L’VL
|2|<R tontyn o

[p]
<L| S (L4 R (14 X))

With all these preliminary results at hand, we are now in a position to
give a proof of our local well-posedness result, Theorem 2.2.

Proof of Theorem 2.2. — We treat existence and uniqueness one after
the other. We keep the above notations, and set, in addition,

n o _
Mis = Mgty OO Hepep-
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Local in time existence. — For all x € B(0, R),
n+1 n
His (.1?) - /’[’ts(x)
gn
= +1 +1 O-+-0 +1 +1 O +1 +1 O 141 +1
2 (megitiemin, o o, © (g, © g ag)
=1

— n+1 yn+1 O--+0 n+1 ,n+1 O ( n+1 n+1))
'u’tzrn+1 t2n+1,1 Mt2k+3t2k+2 Mtk+1 ok

o 'ut;'t?q O-:++0 ‘Utibtg (1‘) (32)
It follows from Proposition 3.9 that the maps

n+1l ,n+1 O::+0 n+1 yn+1
'utzn+1t2n+1,1 'ut2k+3t2k+2

are Lipschitz continuous, uniformly in n, with a Lipschitz constant that
depends neither on X nor on R. Furthermore, thanks to Proposition 3.8,

[iten OO fynn ()| < R+ 261 (1 + R)“.

Finally, Proposition 3.7 tells us that

_plpli-p 1+(p]
i (@) = pi (@) 27"t sl

(1+R)™ (1+ XN, (3.3)

The sequence pj, is thus uniformly convergent on the ball B(0, R) to a limit,
continuous, function denoted by ¢;s; it satisfies the estimate

1+(p] o +1
sup [ us(@) — s (@)| Sl —s| 770 (14 R)* (14 |X[|) 7T
z€B(0,R)

Finally, for all dyadic points a € [s,t] and all x € B(0,R), we have by
construction

©ta(T) 0 Pas(T) = @rs().

As X is an Holder continuous rough path, the function (x;s,t) — us(2),
from B(0,R) x {0 < s < t < T} to R%, is continuous. The continuity of
¢ as a function of (z;s,t) follows in a straightforward way; its continuous
dependence on X is a consequence of the continuous dependence of p with
respect to X. Note however that ¢, is only defined at that stage for s and
t close enough.

Uniqueness. — Let ¢ stand for another solution flow, with associated
constants £x and C'g x, and exponent 77 > 1. Take R and (s, t) satisfying the
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conditions of Proposition 3.9, with |t — s| < Crx. Then

|ots(x) — Yis(z)| < figs (2) — s ()

i () = pus (@) +

< |ui(@) = o))
2" —1
30 (g, o mupaip,,) o g (3.4)
k=0

= (Higaig, oy ) ‘ﬁtzﬂt:) o Puzap_, 00 Yupe (2)

S |ui (@) = pus(@)| +277070,

Local uniqueness follows from that estimate. We have used here the fact that
the uj, are Lipschitz continuous, uniformly in n, and that

sup |¢t,s - /fft,s(x)’ S aR,X ‘t - S|ﬁ' 0
z€B(0,R)

4. Corollaries and extensions

We emphasize in the Section 4.1 and Section 4.2 two consequences on
solutions to rough differential equations of the above results/computations.
Young and mixed rough/Young equations are considered in Section 4.1, and
differentiability of the solution flow with respect to parameters is considered
in Section 4.2. The estimates on the derivative flow we get there will be used
in the forthcoming work [4] on limit theorems for systems of mean field rough
differential equations. We worked so far in with weak geometric Holder p-
rough paths; one can actually work with general rough paths, controlled by
arbitrary controls [23]. A non-explosion criterion with quantitative estimates
is provided in Section 4.3 in this more general setting.

4.1. Young and mixed rough-Young differential equations

The proofs of Theorems 2.2 and 2.3 do not use the fact the drift term
is driven only by time. Instead we treat the signal ¢ — ¢ as a Lipschitz
path, and deal with it using Young differential calculus techniques. A direct
counterpart of this approach is a loss of regularity in the coefficients, either
in time and space. A real reward of this approach, which does not modify
the proof but requires only more notations, is an extension of the results to
a mixed rough-Young differential equation.
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Let Vo and F=(V4, ..., Vp) be given; let another family G:=(Wy,...,W,,)
of vector fields on B be given. A solution flow to the mixed rough-Young
differential equation is defined as in Definition 2.1, with the ’approximate
flow’ uss defined as the time 1 map of the ordinary differential equation

Y = Vo(s,y,) (t — s) +ZYtSW S, Yr +Z Z Af;"/[iﬁ(s,yr).
k= re{1,..

The constants € and C that appear in the defining estimate (2.3) are now
allowed to depend on R, X and Y.

COROLLARY 4.1. — Let X be an Rf-valued weak geometric Hélder p-
rough path andY be an R™-valued %—Hb'lde'r path, with %Jr% >1andp > 2.
Assume (Vo, F) and (W;,F) satisfy Assumption 1 and Assumption 2 for all
1 < i < m. Assume furthermore that there exists a positive exponent k such
that k + % > 1, and

Wi(t,xz) — W;(s,x
sup sup | (&) n( ){ < (1+ R)“.
£E€B(0,R) 0<s<t<T [t — s

Then the rough differential equation
ngt = V()(t, QOt)dt + G(t, Qﬁt) d}ft + F(t, QD) dXt,

has a unique global in time solution flow.

On can choose the constants ex,y and Cg x,y such that

(t—s5)i (1L+[Y])+(t—s)5 (1L+]X]) S 1,
and
Crxy = (1+R)* (1+ Y] + |X])) (1 + X])®

and

N e masc{ [(L+ V)], [(1+ X7}

The proof is left to the reader since it is a direct modification of Section 3,
with more notations.

2. Derivative flow

Rough differential equations
dee = Vo(t, o)dt + F(t, ) dX; (4.1)
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generate flows of diffeomorphisms under appropriate regularity conditions on
the driving vector fields. The pair (¢, Dg), made up of ¢ and its differential,
also satisfies an equation, with ’triangular’ structure

d(Dg) = DVy(t, ¢¢) Dy dt + DF(t, ;) Dy dX;.

One can find results on derivative flows in the book [20] of Friz and Victoir,
Chapter 11; see also the interesting works [12] and [11] of Coutin and Lejay.
One gets another proof of the differentiability of the flow with respect to the
initial point as a direct byproduct of the results of Section 2. Pick p > 2.

ASSUMPTION 4. — Let Vy and Vi, ..., V; be a set of time dependent vec-
tor fields on B such that there exists two exponents with ki > %,
Ko + % > 1, such that

and

||‘/0(t7 ) - %(57 : )HCS"'”

ocadber e s -
and each V; satisfies the estimate
) Vi g
0<s<b<T [t — s|"2 oo

THEOREM 4.2. — Let X be a weak geometric Holder p-rough path and
Vo, Vi, ..., Vi) which satisfy Assumption 4. Let ¢ stand for the solution flow
to the rough differential equation (4.1). Then each @i is of class C™, has
linear growth and bounded derivatives, namely ;s € Cﬁb. Furthermore for a

suitable positive constant €3, independent of X, and |t — s|% (1+I1X])) <es.
we have

1+[p] +1
10" 1 = D s o, S = 1755 (14 X)) ™,
for all 0 < k < n. Finally there exists some positive constants cy,...,Cn,

independent of X, such that for all 0 < s <t < T, and every 1 < k < n, we
have
1
sup [ios(z) — 2| < [t = s|¥ (1+[|X]])
z€eRd
and )
sup |Dk<pts(:1c) — Dkgos’s(x)‘ N s|%(3c’“‘t_“"‘;]\[7
z€R4

where N = [c(l + \|X||)_p]

Proof. — We work here with @ = 0, so we know from the above com-
1
putations that for [t — s|? (1 + [|X]|) < 1, and all 0 < k < (n + 1), we

have
1+[p]

1D (s = pes) (@) o S 1= s (11X (4.2)
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This implies that for all 0 < k < n the function DE o is Lipschitz continuous,
1+[p]
with Lipschitz constant not greater than a constant multiple of |t —s| B (1—|—
||X||)[p]+1. It follows from this fact and the proof of Theorems 2.2 and 2.3
that there exists some maps Af’s, such that D*u, converges uniformly to
Afys as n goes to oo. One then needs to prove that the A* are indeed the
k-th derivative of ¢ and get the bounds of the statement. Note that the small

time bounds are direct consequences of equation (4.2) and Remark 3.2 once
we know that the D¥u? converge.

We have

1 o1t
pis@th) = D D () b = / AAD* i (b +) - (1= N)h)*h,
o<k ©J0

where h/ = (h,...,h). Hence, thanks to Remark 3.10, for all |t — s\% (1+
———

J times

[X]]) <1, the maps D7 are bounded, uniformly in n, and

1+(p]

n 1 n ] {]+1
pslw4n) = > =D () B S [t —s| 7 (14 [|X[) P A
0<i<k

The previous bound allows us to send n to co, and to get, as a consequence,
that A¥, = DFy,,. The construction of the global in time flow and its deriva-
tives is done by gluing all these local flows, as above.

We now turn to the global bounds. As previously let IV be the least integer

1 1
such that T» N~ 7 (1+[|X||) < 1, where the implicit multiplicative constant is
chosen such that all the previous bounds hold. Setting ¢; := ﬁ(t —5)+s, one

can use the local in time bounds on some time interval of length (t;41 — ;).
‘We have

@tis(x) =X = Pt (gpti—ls(x)) — Mt (gpti—ls('x))
+ Htit;—q (@tifw(x)) - thifw(x)
+ Qﬁti_ls(x) - Z.

; ots RO — o X
Hence, if one sets R) := sup, |y, s(z) — x|, one has

RO RO +Clt—s|v Silt—s|7.
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Similarly, we have

Dgptis(m) —Id= (Dgptiti—l (gpti—ls(‘r)) = Mt (gpti—ls('r))>Dg0ti—1S(x)

+ (D/’[’titi—l (Soti—ls(m)) - Id) D‘lpti—ls(x)
+ Dwti—ls(l‘) —1d.

Again,given the choice of N, one have can use all the local bounds on ¢,
Dy, and p and Dy, and setting R} := sup, |D<pti,s(x) —1d |, one has

1 1
RIS Clt—s|v + R (1+]t —s])7,
and 1
sup| Do ¢ () — 1d| < |t — s[pecli=sI" N,

One obtains the bounds for the higher order derivatives using Faa di Bruno
formula. |

4.3. Finite p-variation rough paths

It is well-known the global bound for the differential of the flow, or the
global bound for the flow for vector field with linear-growth, is not good [7],
[19], [18]. Indeed, in the setting of weak geometric Holder p-rough paths,
N ~ (1+[X]|)", and for a Gaussian rough path X, the quantity ||X|| only
has Gaussian tail and E[eCHX“p] = +oo for any p > 2 and any positive
constant c. To derive some moment bounds of solutions of rough differential
equations, one need more advanced tools; we recall them here for the reader’s
convenience.

DEFINITION. — A weak geometric continuous rough path with finite p-
variation is a continuous [p]-level weak geometric rough path such that

1

[p] P
i B
HXH[O,T],pfvar = Z sup Z |th’s| 7 < 400
i—1 ™ partition of [0,T] (to,tre)En
Set
w(t, s) = ||X] ﬁ7t]7p_var,

If X is a weak geometric continuous rough path with finite p-variation
then w is a control; it is in particular increasing in its two variables, super-
additive and continuous on the diagonal. Note also that a weak geometric
Holder p-rough path is always of finite p-variation since

w(t,s) <[t —s|(1+[X])".
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The advantage of using the p-variation norm instead of the Hoélder norm is
related to integrability properties for random rough paths.

DEFINITION 4.3. — Given 8 > 0 define T(’)B =0 and
Tgl —inf{t € [/7,T): w(r’,t) > B} AT.

The quantity Ng := sup{i > 0 : Tf < T} is called the local accumulated
variation of X.

The following result combines results from Friz and Victoir [20] and Cass,
Litterer and Lyons [7]

THEOREM. — Let 8> 0, p > 2 and let X be a centered Gaussian process
defined over some finite interval [0, T]. Suppose that the covariance function
is of finite p-two dimensional variation for some p € (1,2). Then for any
p € (2p,4), X can be lifted as a level-[p] weakly geometric continuous finite

1

p-variation rough path, and for B > 0, the process NBE has a Gaussian tails,
namely there exists a constant p > 0 such that

2
E [exp ([LNBP):| < +o0.

In particular, for p € (2p,4), and for any constant C > 0,
E[exp (CNg)] S 1.

Friz and Riedel gave in [19] what is now the classical proof of this re-
sult, based on Borell’s isoperimetric inequality in Gaussian spaces. Cass and
Ogrodnik [8] use heat kernel estimates as a substitute to isoperimetry to
prove a similar result for Markovian rough paths. Compare the following
definition to definition 2.1.

DEFINITION. — A flow ¢ : Ap x R? — R? is said to be a solution flow to
the rough differential equation (2.2) if there exists an exponent nn > 1 such
that one can associate to any positive radius R two positive constants Cr
and €, independent of X, such that one has

sup s (x) — s ()| < Crwl(t, s)", (4.3)
z€B(0,R)

whenever w(t,s) < e.

THEOREM 4.4. — Let X be a weak geometric continuous rough path with
finite p-variation. Let Vo and (Vi,..., Vi) satisfy Assumption 1 and Assump-
tion 2. There exists a unique global in time solution flow ¢ to the rough
differential equation (2.2).
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e One can choose n = Pl ¢ = d Cr =c3(1 4+ R)®
n=—"",e=c an r = c2(1+ R)®, for some
positive universal constants c1,ca, in the defining identity (4.3).
e One has for all f € C’l[)p]+1 and all w(t, s) < € the estimate

sup
z€B(0,R)

foprs(z) - {f(:r) +(t—8)Vol(s,-)f

[p]
D XfoVI(Sw)f}(x)

k=1r1¢g{0,...,0}*

[p]+1

5 Hf”q[)p]ﬂ(l + R)a([l’]-ﬁ-l)w(t, S)T.

When f =1d, one can replace (1+ R)*(PIFD by (1+R)* and | fllep
by 1 in the previous bound.

o The map that associates ¢ to X is continuous from the set of weak
geometric continuous rough paths with finite p-variation into the set
of continuous flows endowed with the topology of uniform conver-
gence on bounded sets.

o Finally, there exists B > 0 and c3 > 0 such that one has for all
(tv 8) € AT»

sup |<pts(x) - x|
z€B(0,R)

(((1 + R)l7 + C4w(t,s)zlvNﬁl_”> R 1+ R)) , dfa<1

(1+R)w(t7s)%e%N3, ifa=1.

~

One gets back Theorem 2.3 when X is an Hélder p-rough path, with N
replaced by Ng.

Proof. — The proof follows exactly the same steps as the proofs of The-
orems 2.2 and Theorem 2.3. We give here the main changes and leave the
computations to the reader.

First, there is no loss of generality in assuming that |t — s| < w(t, s);
replace if necessary w(t, s) by |t — s| + w(t, s). Set

[p]

Clt,5,X) == > w(t,s).
k=1
One can replace the constant Cp,_,, x| by C(t,s,X) in Lemma 3.1 and
Remark 3.2 as soon as w(t,s) < 1; this ensures that C(t,s,X) < 1. Lem-
ma 3.3 remains the same as it relies only on algebraic manipulations. In
Lemma 3.4, one has to assume that w(t,s,X) < 1, and one can replace
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[¢] [z]
(1+ ||X||)[p]+1|t - s|1+Tp in the estimates by w(ts)HTp (recall |t — s <

w(t, s)). The same replacement is done in Corollary 3.5 and Remark 3.6.
Finally, using the inequality |t — s| < w(¢,s) and the fact that the real-
valued functions u — w(t,u) and v — w(u, s) are increasing, one can also

[p] [p]
replace (1 + |\X\|)[p]+l|t - 3\% by w(t, s)% in Proposition 3.7.

The proofs of Proposition 3.8 and Proposition 3.9 are a bit different, but
the spirit is the same. The main difference is that one cannot say immediately
that w(t,£2) < lw(t,s). But given (t,s) € Ar, there exists u € (s,t)
such that w(t,u) = w(u, s) < Fw(t,s). Consider any sequence of embedded
partitions (7™),en = ((t?)i€{0x~<-7n})neN with mesh going to 0. One proves
by induction the existence of constants 0 < § < 1 and L > 0 such that for
w(t,s) < B, one has for all k£ < n,

[p]+1
SUp | g 00 g () ut,s@c)\ <L +R)w(t,s)7
z€B(0,R)
Let the integer 0 < i9 < n be such that t"+1 < t" . One closes the

n+1

induction and proves the following bound for alln e N by taklng u=1t; "5,

using the fact that

(tz)flf) +w(@, ') — 0.

7 0 n—00

The same trick holds for the proof of Proposition 3.9, assuming that
w(t,s)(1+ R) =0 < .

One can again replace in Proposition 3.8, Propositino 3.9 and Remark 3.10

[p]+1 1+[p]
(LX) - (t,s) "7

For the proof of the local existence, one can proceed as in Lemma 2.1
of [15], and as in the proof of Theorem 2.2. Let ((t?)ie{ov“wn})neN be the

sequence of dyadic partitions. Remark that since w is superadditive, there
exists ¢ such that w(t}, ,,t}' ;) < (2” — 1)"tw(t, s). Define the partition

— — Y — n o ._ n
T = {S—to, S <ty < < —t}and set M"s = pi's — pe.s,
and

M = pyn 4n OO0 yn  yn O [iyn 4n L O Han gm0 fap gm — fits.

t,s 2nvon 1 i+2° 41 ir1ot 10t 1sto H

We have

— no

M — Mt,s - {Mt;mtgn 1 TRt © (Mt1+17tn O pep e 1)

— g, g, OO puan gm0 (pen an 1)}

O e, e, © Hap i ().
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The induction hypothesis and the bound w(t, s)(1 + R) ™ < j3, then give

iR R)aw(s,t)”T“

Repeating this operation until we get the trivial partition of [s, t] we see that

| M7, — MP| S (20 -1)”

on

n __ k
Mt,s = E Pt,s>
k=0

with

[p]+1 [p)+1
[k o(@) S 1+ Ry w(t, )™ (2" = k)™
Here we crucially use the fact that the composition of the flows are globally
Lipschitz continuous, uniformly in n. Hence M™ converges uniformly to a
limit ¢ s — p4,s and

sup |ipt,s(w) — pr,s ()]
z€B(0,R)

[z] [e]
1+ R)“ ZZ 5 wts i < (1+ R)%w(t, s) ol
20

The remainder of the proof follows easily from the proof of Theorem 2.2
and Theorem 2.3. Indeed, by construction, ¢ is a flow for all dyadic points,
and then by continuity for all points, and thanks to the continuity of p with
respect to X, ¢ is continuous with respect to X.

Note also that thanks to the superadditivity property of the control, one
has

2" —1

[p]+1 [TJH
> w(th,t) P S max  w(th, ) “w(t,s),
=0 1€{0,...,27—1}

and since w is continuous on the diagonal, the above sum goes to 0 as n goes
to infinity. Local uniqueness of the flow follows (see Equation (3.4)).

The proof of global existence is similar to the proof of Theorem (2.3).
Use the sequence of times (7/°);cn from definition 4.3. We have

‘Prf7s(l‘) —Tr= 907'[57{11 (QOT{ile(x)) B uﬂ-ﬁﬂ'ﬁfl (wT’iﬁfls(x))
t il (200 (@) =0 (@)
+ @r,f,ls(x) - T

Define R; := sup,cp(o,r) l¢.s,(z) — x| and Ry = 0. The fourth item of the
statement follows then from the induction relation

[p]
Ri < Ria+w(r 72 )" (14 R+ R)* + C(xf 72 X)(1+ R+ Ri_1)*.
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Since w(r’, 77 ) < 3, one has C(v, 77 |, X) S w(r’, 7 )%, hence

70 i—1 i =1 i 'i—1

Ri—Rioy < (L4 R+ Ri)*(w(rl 72 )5 +w(rl wf )F).

300 ti—1

When o =1 one end up with the following bound:

=

R; S Ri_1+ (1 + R)w(t, S)

When a < 1, one ends up with

1—a 4
1=1

N 1
Ry S (((1+R)1a+1 Z(w(n, Ti—1) e +w(7;, Ti_l)%)) e —(1—|—R)> )

By using Jensen formula, one finally has the bound

N

[p]+1
M (i riea) 7+ w(n,miea)¥) S N Fw(t,5)7,
i=1
which ends the proof. |
THEOREM 4.5. — Let p > 2 and X be a weak geometric continuous

finite p-variation rough path and let (Vy, ..., Vy) which satisfies Assumption
4. Let ¢ stands for the solution flow to the rough differential equation (4.1).
Then each @5 is of class C™, has linear growth and bounded derivatives,
Pts € Cﬁb. Furthermore for a suitable positive constant €3, independent of
X, and w(t,s) < e3, we have

1+(p]

HDk(Pts_DkutsHOOfsw(t75) Py

for all 0 < k < n. Finally there exists f > 0 and some positive constants
C1,-..,Cn, independent of X, such that for all 0 < s <t < T, and every
1 <k < n, we have

1
sup |<pt5(x) — x’ Sw(t,s)» Ng
rER4

and

sup ’DkSDtS(x) - Dk¢s,8(x)| S w(t, 3)%€ckNB~
zeR?

Proof. — We refer to the proof of Theorem 4.2. The first bound of the
theorem is a direct application of Theorem 4.4 with o = 0. For the existence
of derivatives and the associated bounds, one can mimic the proof of Theo-
rem 4.2 by replacing |t — s|% (1+ ||X||)p by w(t, s). The proof of the global
bound is done in the same way as the proof of Theorem 4.4. ]
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Appendix A. Weakly geometric rough paths in a Nutshell

As first proved by T. Lyons in [23], in order to solve stochastic differen-
tial equation in a pathwise way, the knowledge of the path of a Brownian
motion is not enough (see [24, Section 1.5] for a more precise statement).
The solution proposed by Lyons to deal with this problem, which is at the
heart of the rough path theory, is to consider the path together with its
iterated integrals as a priori data. A weakly geometric rough path is then
an idealization of a truncated sequence of iterated integrals for paths which
are not differentiable.

To give a hint of the algebraic and analytical properties of iterated inte-
grals, focus first on a smooth path x and its first iterated integral. Namely
let x: [0,7] — R*, be a smooth path, and define for (¢,s) € Ar,

t t t

X} = / &pdr =z, — s and X2, = / Xis®irdr = / (zr —x5) @y dr.
S S S

From this definition, one can extract three interesting properties.

(a) Regularity:

| X

1
k
t,s

sup sup
ke{1,2} 0<s<t<T |t — 8]

(b) Chen’s relation (see [10]): for all 0 < s<u <t < T
X = Xiis + Xus ® Xpy + X7,

tu

< +o00,

(c) Geometric property:
1

The first property comes from the fact that the path x is Lipchitz continuous
on [0,7]. The second property comes from the construction of X? as the
iterated integral of . The last property comes from the chain rule. It clarifies
the matter to set the scene in a precise algebrai setting in order to generalized
these properties to higher iterated integrals.

A.1. Truncated tensor algebra and free nilpotent groups

Let N > 2 to be fixed from now. Let us define ™) the truncated tensor

algebra as
N

T(N) _ @(RZ)(@k'

k=0
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The space T™Y) is an algebra when defining
at+b=(a"+0"...,a" +0V)
and

k
ab= (¢, ... ) with & = Zai ® bF e,

=0

One can also define the Lie bracket between a and b by
[a,b] = ab — ba.

Having this Lie bracket, it is straightforward to define the N-step free nilpo-
tent algebra as

where F0 = {0}, F! =R and F"*! = [R’, F""]. Finally, one can define

N aF (_1)j+1 _
exp(a Z o and log(b) = Z ——(1-b),
§=0 =7
such that
GN = exp(g")

is a Lie group, called the N-step free nilpotent group. Note also that for all
a c GV, log(a) € g" is well defined. Let e = (ey,...,es) be the canonical
basis of Rf. For all k € {0,..., N} and for all I = (iy,...,i) € {1,...,£}*
let us define

e =e; ®@---®e; and e = [eil, [€i0s " [€ip 1 €] ”
Then (er)reqa,... 3+ is a basis of (RH®k and for all a = (a°,...,a™) € TV,
ok — Z a e,
Ie{1,...,.0}*
where ¥/ € R. Furthemore, in the same manner ifb € g™, b= (0,b',...,b"),

then for all k € {1,..., N},

bk = Z bk’me[[]

TE{1,. 0}
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A.2. Weakly geometric rough paths

One has now all the tools to define properly weakly geometric rough
paths. It is possible to transcript properties (a), (b) and (c) into the setting
of truncated tensor algebra, when considering X = (1, X!, X?) as a path
from Ar to T(®). Property (b) can be written as X;; = XX, whereas
property (c) translates itself into X € G? (which is precisely the reason
G of the introduction of the N step free-nilpotent group). However, the
paths we have in mind are only Hoélder continuous with Holder exponent
% < % (think to the Brownian motion). Even by using the theory of Young
integrals (see [26]), it is not possible to define a generalization of the previous
construction for non smooth paths. Furthermore, property (a) is less obvious
is such a context. The solution proposed by Lyons is to reverse the problem
and consider that the iterated integrals are given. Furthermore as seen in
Section 3, it is crucial to have the first [p] iterated integrals to solve rough
differential equations. This leads to the following definition:

DEFINITION A.1. — Let p > 2. A weak geometric Holder p-rough path
X is a path from Ar to the [p]-step free nilpotent group G which enjoys
several propeties:

(a) Regularity:
XE|*
IX]l:=  sup sup |t76|2 < 400.
ke{l,..[p} (t,9)€Ar |t — s|P
(b) Chen’s relation: for all0 < s<u<t<T

th = Xus Xtu .

Note that since X € GPl, there exists a unique A = (0, A", ..., A[Pl) such
that exp(A) = X, called the logarithm of X. Since A = log(X) and the
logarithm in 7P)) is polynomial, one has furthermore for all (¢,s) € Ar,

k k L
|AL | < [IX°[E — s[>

The fact that X lies in G[P! is the generalization of the chain rule, whereas
Chen’s relation is the generalization of the definition of iterated integrals.
Finally, we complete this section by giving the following example of weakly
geometric rough paths, proved first by Coutin and Qian in [13].

THEOREM. — Let % > H > i and £ = 2 and let p > % Let BH be a
RY-fractional Brownian motion of Hurst parameter H. Then there exists a
weak geometric Holder p-rough path BY € GIP such that Bg’l =BH - BH,
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Furthermore when H = %, B = B? is a standard (-dimensional Brownian
t . .
(B — Bs) ® odB,., where the stochastic integral is in

S

the Stratonovitch sense.
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