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Local Class Field Theory via Lubin-Tate Theory)

TERUYOSHI YOSHIDA (D

ABSTRACT. — We give a self-contained exposition of local class field the-
ory, via Lubin-Tate theory and the Hasse-Arf theorem, refining the argu-
ments of Iwasawa [9].

RESUME. — Nous présentons une démonstration complete de la théorie
du corps de classes locale via la théorie de Lubin-Tate et le théoreme de
Hasse-Arf, en raffinant des arguments d’Iwasawa [9].

1. Introduction

We prove local class field theory via Lubin-Tate theory and the Hasse-
Arf theorem. The only prerequisites are Galois theory (including cyclotomic
extensions, finite fields and infinite extensions) and some basic commuta-
tive algebra summarized in Appendix I. We have tried to make the paper
self-contained, to the extent of repeating proofs of standard results on local
fields and avoiding topological arguments using compactness. Our argument
is close to Iwasawa [9], but the main innovation here is to use the relative
Lubin-Tate groups of de Shalit [5] to prove the base change property (The-
orem 5.15) directly, without proving the local Kronecker-Weber theorem
first.

THEOREM A (Local Class Field Theory). —

(i) For any local field K, there is a unique homomorphism Arty : K* —
Gal(K®* /K), characterized by the two properties :

(a) If 7 is a uniformizer of K, then Artg (m)|xw = Frobg.

(*) Recu le 05/06/2006, accepté le 07/07/2008

(1) Harvard University, Department of Mathematics, 1 Oxford Street, Cambridge, MA
02138, USA
yoshida@math.harvard.edu
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(b) If K'/K is a finite abelian extension, then Artgx (N /i (K'™))|x =
id.

Moreover, Aty is an isomorphism onto Wi .= {0 | o|xu € Frob%(} C
Gal(K**/K).

(ii) If K'/K is finite separable, then Artg: ()| gar = Artg (Ngo /i (2)) for
allz € K, and Artg induces an isomorphism K> /Ny /i (K') =,
Gal((K' N K*)/K).

Notation. — The cardinality of a finite set X is denoted by |X|. A ring
means a commutative ring with a unit, unless stated otherwise. For a ring
A, we write A* for its group of units. For a field F', we usually (implicitly) fix
its algebraic closure F' and separable closure F*°P, and regard any algebraic
(resp. separable) extension of F' as a subfield of F' (resp. F*P). For a finite
separable extension F'/F, we denote the norm map by Np//p : F'* — F*.
We denote the maximal abelian extension of F in F by F2P.

For a positive integer n not divisible by charF', the splitting field of
X™ — 1 over F is denoted by F(u,,) (cyclotomic extension), which is an
abelian extension such that its Galois group naturally injects into (Z/(n))*.
We denote the set of roots of X™ —1 by p,,. For € F*, we write (z) for the
subgroup zZ := {z% | a € Z} of F* generated by z. We denote a finite field
consisting of g elements by F,. For each n > 1, we have Fyn = Fy(pyn_1)

in F,. The Galois group Gal(F,/F,) is isomorphic to Z := lim Z/(n), the

profinite completion of Z, by sending the g-th power Frobenius map x — x4
to 1.

2. Local fields and complete extensions

2.1. Complete discrete valuation fields (see Appendix I)

Let K be the fraction field of a CDVR O := Ok (the ring of integers of K)
with maximal ideal p := px, such that its residue field k := O/p is a perfect
field. A generator of p is called a uniformizer of K. We denote its valuation
by v = vk : K* — Z.If K'/K is a finite separable extension, then K’ is the
fraction field of a CDVR Ok, namely the integral closure of O in K’, and
the residue field k' of K’ is a finite extension of k. The ramification index
e = e(K’'/K) and the residue degree f = f(K'/K) of K'/K are defined by
POk =95 and [k’ : k] = f. Then [K': K| = ef, and vg/|gx = e- vk by
definition. below) : If K”//K’ is another finite separable extension, clearly
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e(K"/K) = e(K"/K")e(K'/K) and f(K"/K) = f(K"/K")f(K'/K). We
say K'/K is unramified if e = 1, and totally ramified if f = 1. By the
multiplicativity of e and f, any intermediate extension of an unramified
(resp. a totally ramified) extension is again unramified (resp. totally rami-
fied). Now for any finite separable K'/K, if F is the Galois closure of K’,

then as the action of Gal(F/K) preserves Op and hence also vg, we have
vk (N (@) = ﬁUF(NK’/K(x)) = %UF(I) = %UK’(SC) =

F(K'/K)vg: (x) for all z € K", i.e. we have vg o Ng/ /i = f - vir.

For any separable extension E/K (not necessarily finite) in K®°P  the
ring of integers Op of E is defined as the integral closure of O in E. If
E = Uk K', where K'/K are finite separable, then Op = Uy, Or. As
pi C pr» whenever K’ C K", we have an ideal pg := |Jg, i+ of Op, and
Of =Ug Ok = O \ pg. Therefore O is a local ring with the maximal
ideal pg, and E = |J K’ = Frac(Op).

DEFINITION 2.1. — We call a separable extension E /K unramified (resp.
totally ramified) if it is a union of unramified (resp. totally ramified) finite
extensions of K. We say E/K is finitely ramified if E is a finite extension
of an unramified extension of K.

LEMMA 2.2. — Let E C K*°P be finitely ramified over K.

(i) The ring of integers O is a DVR.
(ii) If E'/E is finite separable, then E'E = E' and ENE' = E.

(iti) ENK*P = E. (Hence E = E' = E = E' for E,E'/K finitely
ramified.)

Proof.— (i) : If E/K is unramified, then py = pOp- for all finite inter-
mediate K'/K, therefore pp = pOg and Of is a DVR. If F’ is finite over
E, then Op is the integral closure of the DVR Op in E’, hence a DVR. (ii)
follows from Proposition 7.1(ii). (ii) implies (iii). O

2.2. Local fields and their complete extensions

In the rest of the article, we fix a prime p, and let K denote a local field, i.e.
a complete discrete valuation field whose residue field & is a finite field IF; of
characteristic p. Then charK = 0 or p, and if charK = 0, then K is a finite
extension of the p-adic field Q. Finite unramified extensions of local fields
are classified using the following lemma (see Appendix I for its proof) :

LEMMA 2.3. — (Hensel’s lemma) Let n > 1 with (p,n) = 1. Then u,, C
k <= p, C K.
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Forn > 1, let K, := K(p,n_1) and kj, be its residue field. Then K, /K
is unramified (Proposition 7.2), and Fg» C k,, by the above lemma. As
Gal(K,/K) = Gal(k,/F,) shows that an element of Gal(k,/F,) is deter-
mined by its action on p,._;, we have k, = Fgn and [K,, : K] = n. Con-
versely, if K'/K is unramified of degree n, then the residue field of K’ is
Fyn, hence p oy C K’ by the above lemma, and we see K’ = K, by com-
paring the degrees. As K, C K, for n | n’, the union K" :={J, ., K,, is
an infinite Galois extension of K (the mazimal unramified extension of K),
and by the above isomorphism :

~o~

Gal(K"/K) — lim Gal(F,» /F,) = Gal(F,/F,) — Z.

The arithmetic Frobenius ¢ € Gal(K" /K) is defined as the element which
reduces modp to the g-th power Frobenius map of F,, and its inverse is
denoted by Frobgx := ¢! (geometric Frobenius). Unramified extensions
of K are none other than subfields of K", hence always abelian over K.
If E'/K is a separable extension, then F’ and F := E’ N K" have the
same residue fields. When E’/K is Galois, we define its Weil group by
W(E'/K) := {0 € Gal(E'/K) | o|g € Frob%}, which is an extension of
W(E/K) (a quotient group of Z) by Gal(E'/E). If E/K is finite, then
W(E'/K) = Gal(E'/K).

DEFINITION 2.4. — We call the completion L = E of a finitely ramified
(§2.1) extension E of K a complete extension of K (if E/K is finite, then
L =E). Then O = @E is a CDVR with the mazimal ideal p;, = ppOy.
The complete extensions correspond bijectively to finitely ramified exten-
sions E/K by Lemma 2.2(iii). When E/K is unramified, we call L = FE a
complete unramified extension of K.

__ The K :=Kwisa complete unramified extension of K, and we write
0:=0z, pi=p 7 We consider every complete unramified extension L/K
as a subfield of [A(,A in which case p;, = pOr, and a uniformizer of L is also
a uniformizer of K. Let L’A = E’ be a complete extension of K, and set
E:= E'NnK"™. Then L = FE is a complete unramified extension of K, and
L', E’,E, L all have the same residue fields, i.e. L'/ L is totally ramified. We
consider every complete extension L' /K as a subfield of K5 via L C K.

DEFINITION 2.5. — Let L' be a totally ramified extension of a complete
unramified extension L/K. When L' /L is finite, we say L' is Galois over K
if for alli € Z, the ¢* = Froby' € Aut(L/K) extends to [L' : L] distinct ele-
ments of Aut(L'/K). In general, we say L’ is Galois over K if it is a union
of finite extensions of L which are Galois over K. In this case we define
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the Weil group of L'/K by W(L'/K) := {0 € Aut(L'/K) | 0|1 € Frob%(},
which is an extension of W(L/K) (a quotient group of Z) by Gal(L'/L).
When L = K, define v =vg : W(L'/K) — Z by o|1, = Frob’").

This terminology coincides with the usual one when L/K is finite. When
L' = E' for finitely ramified Galois E'/K, then every o € Gal(E'/K)
induces O-automorphisms of Op: and Op//p%, for all m > 1, hence of
Op = @E/. Therefore it extends to a K-automorphism of L', and we
have a canonical injection Gal(E'/K) — Aut(L'/K). Therefore, as a to-
tally ramified extension of L = E for B = E' N K, we see that L' is
Galois over K (because [L' : L] = [E' : E] by Lemma 2.2(ii)), and canoni-
cally W(E'/K) 2 W (L'/K). By passing to the limit, this last isomorphism
extends to the case where L' = E'L with a general Galois extension E’/K.

3. Formal groups and Lubin-Tate groups

3.1. Formal groups

Let A be a ring, not the zero ring. In the formal power series ring of one
variable A[[X]] := lim A[X]/(X™) over A, the ideal (X) C A[[X]], consisting

of all the elements with constant term equal to 0, is a monoid under the
composition fo g := f(g(X)) with X as the identity. For f € (X), there
exists an f~! satisfying fo f~!' = f~1o f = X if and only if the coefficient
of X in f belongs to A*. Also, we use similar notation for f € (X) C A[[X]]
and a power series of several variables F' € A[[X1, ..., X,]] with no constant
term :

foF := f(F(X1,...,X,)), Fof:=F(f(X1),...,f(X,) € A[[X1,...,X.]l.

DEFINITION 3.1. — A formal group over A is a formal power series of
two variables F(X,Y) € A[[X,Y]] which satisfies the following :

(i) F(X,Y)=X+Y (moddeg?2),
(ii) F(F(X,Y).Z) = F(X,F(Y,2)),
(ii)) F(X,Y)=F(Y,X).
Precisely speaking, these are commutative formal groups of dimension

1. The basic examples are the additive group G,(X,Y) := X +Y and the
multiplicative group G,,(X,Y) =X +Y + XY.

Let F be a formal group over a ring A. If we let f(X) := F(X,0),
we have f(X) = X (moddeg?2) by (i), hence f~! exists. By (ii), we have
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fof=f, hence we get f(X) = X by composing with f~!. Similarly we
have F(0,Y) =Y, hence F does not have a term containing only X or Y,
apart from the linear terms X +Y". Therefore we can solve FI(X,Y) = 0 with
respect to Y and get a unique ip(X) € A[[X]] satisfying F(X,ir(X)) = 0.
If we define the addition +F on the ideal (X) C A[[X]] by

f+rg:=F(f(X),9(X)),

then (X) becomes an abelian group with 0 as the identity and i o f as the
inverse of f.

DEFINITION 3.2. — Let F,G be formal groups over A. A power series
f(X) € (X) C A[[X]] is called a homomorphism from F to G if it satisfies

foF=Gof, ie [f(F(X)Y))=G(f(X) f(Y)),

and we write f : F — G. Two homomorphisms compose via the composition
of power series, with f(X) = X as the identity id : F — F. If f=1 exists,
it defines f~': G — F and fo f~' = f~Yo f =id. In this case f is called

)

an isomorphism and we write f : F — G.

The set Homy (F, G) of all homomorphisms from F' to G is an abelian
group under +¢. Moreover, End4(F) := Homa(F, F)) is a (not necessarily
commutative) ring with +5 as the addition and o as the multiplication.

3.2. Lubin-Tate groups

We return to the notation of §2.2, i.e. K is a local field with the ring of
integers O and its maximal ideal p, and O/p = F, where ¢ is a power of
p. Let L be a complete unramified extension of K (§2.2). As pr, = pOyr, we
write modp for modpOy,. Let ¢ be the arithmetic Frobenius, extended to a
K-automorphism of L. For a € L and i € Z, we write a® := ¢'(a). For a

power series F' over Op, we define F' 2 by applying ¢* to all coefficients of
F.If F is a formal group over Op, so is F¥".

DEFINITION 3.3. — For uniformizers w,n'of L, set ©% , := {0 € O |
0¢/0 = «'/x}. It is an additive group. If 0 € ©% , and 0' € ©L, _,,, then
00" € ©L ... We have O C ©%  (actually we will see O = O by Lemma
5.2(i)).

LEMMA 3.4. — Let7 be a uniformizer of L, and let f € O[[X]] satisfy :
f(X)=7X (moddeg2), f(X)=X9 (mod p). (3.2.1)
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Let 7', f' be another such pair. Assume that 61,...,0; € @ﬁm,. Then there
is a unique F € Op[[X1,...,Xy]] satisfying the following :

F=0,X,+--+6,X; (moddeg?2), foF=F¢of.

Proof.— 1t suffices to show that for each m > 1, there is a unique
polynomial F, of degree < m that satisfies the conditions mod deg(m + 1).
The case m = 1 is assumed, and suppose we have F,,, and let G,,41 =
f'oF, —Ffof. Thenas G4 = Fl — F2(X{,...,X%) =0 (mod p), its
coefficients are divisible by 7’. Now we show that a homogeneous polynomial
H, 1 = Fny1 — Fy, of degree m + 1 is uniquely determined. We need
froFp—Fy of =Gmur+(f'oHymp—H,y, 1 0f) = Gy + (0 Hyppy1 —
7™ H? ) (mod deg(m+2)) to vanish. For any monomial of degree m+1,
if we let 7’3 be its coefficient in G,,11, and « its coefficient in H,,11, then
7B+ ma — 7 a® = 0, hence v = —3 — Y2, (AL /) Iretet T gt
O

PROPOSITION 3.5. — Let f, f' € OL[[X]] be as above, with linear coef-
ficients 7,7 respectively.

(i) There exists a wunique formal group Fy over Op such that
€ Homop, (Fy, F?). (We call F; the Lubin-Tate group associated
L\ fs Ly f g
to f.)
ii) There is a unique map [ ¢ : OL , — (X) c OL[[X]] such that :
(ii) q p s O«

[0]5.5/(X) = 0X (moddeg2),  f'ol[f]yy =[0]7, o f.

It sat'jsﬁes [a}f’f/—'_Ff' [el}f’f, = [9+9,]f,f,’ [9/]f/’f//0[9]f’f/ = [09’]]6’]”/,
(i) We have [H]f,f’ € Homp, (Ff, Ff/) for all 6 @ﬁ’ﬂ./.

Proof.— (i) : Lemma 3.4 for 7 = #', f = f, t =2, 6 = 0, =1
gives a unique Fy € Or[[X,Y]] with Fy = X +Y (moddeg2) and f o
Fy = F}p o f. As Fy(Y, X) enjoys the same property, Fy(X,Y) = F¢(Y, X).
Similarly, F(F¢(X,Y),Z) and F¢(X, F¢(Y, Z)) both satisfy the conditions
of the lemma for ¢ = 3 and 6; = 0, = 03 = 1, hence are equal. Thus F} is
a formal group and f € Homo, (Fy, Ff). (i) : Lemma 3.4 for t = 1 gives
[0]7, 7. The properties characterizing [0 + 6']7 - (resp. [06'] s s) are shared
by [0]7,p +r,, (0], (vesp. (0], 0 [0]f,4:) because :

Fo([0]+r, 107) = (Fel0))+ry, (F0107]) = (0] +rg [0'))of = ([0)+r, [0])of
(resp.f" o ([6] o [6]) = [6']7 o f" 0 [0]) = [0']7 o [6]7 o f = ([6'] o [6])7 o f ).
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(iii) : For [0] := [A],5+, we have [f] o Fy = Fy o [0], because the equalities :
fro([0]eFy)=[0]%c foFy=([0]cFf)of=([0]oFf)?cf,

['o(Fp o)) = Ffo f o0 = (Ffol0]) o f = (Fyo[0)* o f,

show that both sides satisfy the conditions of Lemma 3.4 for 7 = 7/, t =
2, 01 =6, =0. O

EXAMPLE 3.6. — If K = Qp, m = p and f = (1 + X)? — 1, then

~

Fy =G, =X+Y +XY.
COROLLARY 3.7. —

(i) The map [-]f := []5,f : O — Endo, (Fy) is an injective ring homo-
morphism. (Hence (Fy,[]¢) is a formal O-module.)

(i) If 0 € ©F% = ©L . NOF, then 05,5 is an isomorphism with the

!

inverse (07 ¢.

EXAMPLE 3.8. — We have w € ©% ., and [r]j o = f : Fy — F} for
f satisfying (3.2.1), by uniqueness. (Also note that F}p = Fye and [Q]f,f, =

[0€] po. e by uniqueness.)

DEFINITION 3.9. — Generalizing FExample 3.8, define f,, := fﬁpmf1 o
cwwo fPo f e Op[[X]] form =1, and set fo(X) := X. Then, by Example
3.8 and Proposition 3.5(ii) :

m—1

fm =¥ ]fvam*{fvzm 0--:0 [Wsp]fso,fsﬂ o[rlg e = [mmlf g (Ym = 0),

where we define m, € Or by T, = H;n:?)l 7" and Ty = 1.
4. Lubin-Tate extensions and Artin maps

4.1. Lubin-Tate extensions
Here we fix a complete unramified extension L of K.

DEFINITION 4.1. — Let f € Op[X] be a monic polynomial satisfying
(8.2.1) for a uniformizer = of L. For m > 1, let L be the splitting field of
fm € OL[X] (Definition 3.9) over L, and let py ,,, := {a € L'} | fin () = O}

EXAMPLE 4.2. — In Ezample 3.6, we have fn,(X) = [p"]s(X) =1+

X =1, py, ={C—1[( € pym} and LY = L(p,m) for all m = 0.
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LEMMA 4.3. — Letm > 1 and f € Op[X] as above, and set L' := Ly
and [-] := []y.

(i) The extension L'/L is separable and i ., C pr. (In particular, we
can substitute the elements of py ., into power series over Op, (see
Appendiz 1).)

(i) For x € K* with v(x) =m and « € prser :

a€py, == [r](a) =0 < [a](a) =0 (Va €p™).

Proof.— (i) : The separability of L’/L is automatic when charK = 0,
and in general it follows from Proposition 8.1 in the Appendix II (which in
turn follows from Proposition 4.4(i) when charK = 0). Now p; ., C O as
fm is @ monic in O[X]. If @ € OF,, then f,,(a), being = a?” (modpyz/),
will also be in Of,. Thus Ky C pro. (i) @ By Definition 3.9, we have
[x] = [2/7m] pem O fin. As [x/7p] is invertible, we see the first equivalence.
The second one follows by p™ = (z). 0

PROPOSITION 4.4. — Let m > 1 and f € Op[X] as above, with the
linear coefficient .

(i) The set py ,, is an O-module by +p, and []f. For any a € ,u}(’m =
Hfom \ K s m—1, the following is an isomorphism of O-modules :

O/p™ 3 amodp™ +—— a]s() € py -
(it) If a € pj,,, then L} = L(a), NL}n/L(—a) = 7" and a is a
uniformizer of L'". The L’]Z"‘/L is totally ramified Galois extension of
degree |p [ =q" (g —1).

(ii) We have canonical isomorphisms of abelian groups :

1R

prm : Gal(L}' /L) = Auto(py,,) — (O/p™)".

(a = [u]f(a), Ya € py,,) — u mod p™

Proof.— We write + := +p, and L' := L. (i) : Lemma 4.3(ii) shows
that s, is an O-module by +, [-], killed by p™. The stated O-homomor-
phism is injective as [a]() # 0 for some a € p™~! by Lemma 4.3(ii), hence
surjective as |O/p™| = ¢™ = deg fi. = [y ,| (Thus |p;,,| = ¢™ and
hence pu, is the set of all roots of f,,/ fm—1.) (ii) : We have py ., C L()
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by (i), hence L’ = L(«) and L'/L is Galois. Now the constant term of
fin)fm—1 reads " = Haeuﬁm(_a)’ and taking the vy, of both sides
shows e(L'/L) = Y vp/(—a) > |pf,,| by Lemma 4.3(i). But |uf, | =
deg(fm/fm—1) = [L' : L] 2 e(L'/L), hence all are equalities and f,,/ fm—1 is
irreducible. (iii) : As 4+, [-] have coefficients in O, for all o € Gal(L’/L), we
have o(a +5 ') = o(a) +5 (/) and o([a](a)) = [a](o()), i.e. Gal(L'/L)
acts on py ., by O-homomorphisms. Hence we have a group homomor-
phism pg ., : Gal(L'/L) — Auto(py,,,)- This is injective as L' = L', and
Auto(py,,) = (O/p™)* by (i). It is surjective as |Gal(L'/L)| = [L" : L] =
[(O/p™)*| by (ii). O

4.2. Artin map

In this subsection we use the notation ( ) := ( )‘/’i and u})m = ) m
for all ¢ € Z. We extend Definition 3.9 to define n; € L* for all j € Z by
requiring ;4 = 7r§3)77j for all j,j' € Z, i.e. m; := (w:;)(j) for j < 0. Then
v (m;) = j for all j € Z.

LEMMA 4.5. — If0 € ©F
m; € O

then 01) /0 = /7 for all j € Z. Also,

m,mw(@) "

Proof.— Using 5., /w01 = (x/m) (' /m)) = (/m;)(0%/0)) =
(mh /m;) (09 /1)), argue by induction in both directions. Take 7' = 7%
and 0 = 7 for the second claim. |

LEMMA 4.6. — Let f,f' € Op[X] be as above with linear coejﬁcients
m, 7', respectively. If 6 € GL %, (see Corollary 3.7(ii)), then for all m > 1,
it gives an isomorphism [9] 015,57 ¢ Bpm — Ky gy of O-modules, and
L’}l = L’JP,.

Proof.— The [0] maps p;,,, to 4, because f;, o[0] = (0] o f,. Tt is
an O-homomorphism by Proposition 3.5(ii),(iii), and is an isomorphism as

[0=1] gives its inverse. As [0], [0~'] € OL[[X]], we have pf ., = [0] (s ) C
L% and py ., C LY, thus L' = L%, ]

PROPOSITION 4.7. — Let m > 1 and f € Or[X] as above, with the
linear coefficient .

(i) The L?”‘ is Galois over K, and the following map is bijective for any
X
aE PG,
K> /(14p™) 3 xmod 1+p™ +— [x7;]; ri) (@) € Huj)x (v(z) = —j).

JEZ
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(i) Let L = K. The pf.m of Proposition 4.4(2'2'1') extend to isomorphisms :
prm: WK /K) — K*/(14p™).

(o) on K, o [zm;](@), Yoo € pg o) —— @ mod 1—|—pm (v(z) = —7)

Setting KLT Upst Kf , we get pg : W(KLT/K — K* by pass-
ing to the lzmzt

Proof.— (i) : If v(z) = —j, then a7, € @ ") by Lemma 4.5, hence

(7] pm = Ngszn by Lemma 4.6. As [mrj] is O-linear, v=1(—4)/(1 +
p’”) >z [zmjl(a) € N?Zﬁ is bijective for each j. As L(a) = L} =
by Proposition 4.4(ii) and Lemma 4.6, the ¢/ € Aut(L/K) extends

(4),x

fom
Let 0 € W(Km/K) with o]z = ¢/ If a € K then o(a) € u(zn )
hence (@) = [ij]( ) for a unique # mod 1+ p™ by (i). This holds for all
0 € ug,, because o([a](a)) = [ (o(a)) = [a] s [em)() = [am;][a] ()
for all a € O (this shows the compatibility of py ., for varying m). The map
pf.m is a group homomorphism because if 7(a) = [y7;/](a), then o7(a) =
o(lym)(@) = lymy|Vlem)(@) = yri) - wml(@) = [oy - myap)(@). 1t is
bijective because it restricts to Gal(K}'/K) = (O/p™)* = O* /(1 +p™)
by Proposition 4.4(iii) and the quotient W (K /K) = Frob% is mapped onto
K*/O* =Z,ie vopsm,m=u. O

f(])

to L by a — o for each o’ € p hence L}" is Galois over K. (ii):

PROPOSITION 4.8. — The map ¢ : O 3 6 — 69/0 € O is sur-
jective. In particular, for any pair of uniformizers w, 7' of K, we have
K X
®7r il # @

Proof.— As O = lim(O/p™)* = limO* /(1 +p™) and (1 4+ p™) C

1+p™, it suffices to show for every u € O and all m > 1, there is 0,,, € O
with z/;( m) = u (mod p™) and 0,11 = 60, (mod p ) We get 61 because
0 — 1h(0) = 7" s surjective on ((’3/@X ~ F;. Suppose we have 6,,, and
let u/t(6m) = 1+ ax™ for a uniformizer m of K. Then there is 8 € O
with 32 — 8 = o ( mod p) because 3 — 39 — 3 = 3* — 3 is surjective on
O/p =F,, and O yq := Opy (1 + f7™) willdo. O

COROLLARY 4.9. — The I? and py.m, hence also IA{LT and py, of Propo-
sition 4. 7(22) do not depend on f (We will drop the subscmpt f and write
Km, Prms KLT and p.)
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Proof.— For f, f with linear coefficients 7, 7', take 6 € @I{”X and [0] :

Hfom =, Ky, by Proposition 4.8. Lemma 4.6 shows [A(}” = IA(}'}. Ifo(a) =
[em](a) for o € W(K'/K), then o([0)(a)) = [0 [zm;)(a) = [27][6](e)
by Lemma 4.5, hence pf . = pf/ m.

DEFINITION 4.10. — For any f € Op[X] with L/K finite, set K™ :=
K" L. Then K™ /K is finitely ramified, and Galois by Proposition 4.7(i).
By Lemma 2.2, the completion of K™ is KLY = K™ and K™ = K™NK*P,
thus independent of f. Setting K'T := Upst K™ = KT n K*°P  we have

W(KY/K) =~ W(KY /K) by the remark after Definition 2.5. We call a
finite extension of K a Lubin-Tate extension if it is contained in K'T.

We call the inverse of p the Artin map of K and write Artg : K* —
W(KY /K). We have v o Artg = v.

5. Galois Groups, Norm Groups and the Base Change

5.1. Galois groups

Now let L = K,,/K be the finite unramified extension of degree n.

PrOPOSITION 5.1. — Let 0 € Gf;rx, for m,7’ € L. Then 0 € O] <=
NL/K(’”—) :NL/K(’ITI).

Proof. — Lemma 4.5 for j = n shows ¢/ = Ny g (m') /Ny K (), so
use Lemma 5.2(i). O

LEMMA 5.2. —

(i) Forn > 1, the fized field of ©™ in K is K,.
(i) If L = K, then N = Ny i surjects onto v~ (nZ) C K*.

Proof.— (i) : As a set of representatives of @/ﬁ =~ F,, we can take
C:={0}Ul, 51 #gn_1 by Lemma 2.3. Then o™ acts on C, and its fixed set
is C,, = {0} Upyn_y C Ky Now take a uniformizer 7 of K, and consider
the m-adic expansion in K with respect to C (see Appendix I). If z =
sz(x) a;m* for a; € C, then 2" =3, afnﬁi, hence z¥" =z <= a; €
Cn (Vi) <= z € K,. (ii) : For a uniformizer 7 of K, we have v=!(nZ) =
O* x (™) and N(7) = «", hence it suffices to show that N : O — O~
is surjective. We have 0% = IEHOX/(l +p™), Of & 1511(9;/(1 + p7),
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and N(1+ p") C 1+ p™, because N(1 +p7) C (1+p7)NO =1+p™.
Therefore it suffices to show that, for every x € O* and all m > 1, there is
um € OF satisfying N(u,,) = 2 (mod p™) and up41 = up, (mod p™). We
get uy by the surjectivity of the norm map (Or/pr)* — (O/p)* induced
by N. Suppose we have u,,, and let /N (u,,) = 1 + an™. Then there is
B € Or, whose trace = « (mod p) because the trace map Oy /py, — O/p is
surjective, and w41 1= up (1 4+ B7™) will do. O

DEFINITION 5.3. — Letx € K* with v(x) =n > 0. Take a uniformizer
7 of L = K, with Ny /i (m) = x by Lemma 5.2(ii), and a monic f € Op[X]
satisfying (3.2.1) for w. Then for m > 1, the fields L'} depend only on z by
Proposition 5.1 and Lemma 4.6, so we denote them by K" := L}”, and set
K™ = U, =1 K, which are totally ramified over L.

PROPOSITION 5.4. — Forz € K* with v(x) =n > 0, the element o :=
Artg(z) € W(KY/K) is characterized by v(o) = v(x) and o
For all m > 1, the Artin map induces the isomorphism K*/((1 4 p™) x
(z)) — Gal(KI"/K).

Kram — ld,
T

Proof.— The o acts as Frob% on L, and m, = x implies [z7_,] =
[1] =id on gy ,,, hence o fixes K3*™. This characterizes o because K" =
KWK Tt also shows that Artx (or p,,!) descends to the claimed map,
which is bijective because it restricts to (O/p™)* = Gal(K2*/L) and induces
K*/(0* x (z)) = Gal(L/K) on the quotients, as v o Artx = v. O

5.2. Coleman operator and norm groups

As above, let f € Op[X] be a monic polynomial satisfying (3.2.1) for a
uniformizer 7 of L = K, and set x := Ny, /i (7). We write + for +p, and
My, for p . (we will not see roots of unity here), so K" = L(p,,).

LEMMA 5.5. — Let g € Op[[X]].

(i) If g(a) =0 for all « € py, then g =g’ - f for some g’ € O[[X]].
(ii) For h € Op[[X]] and m > 1, we have ho f =0 (mod p™) = h =
0 (mod p™).

(111) If (X +5 a) = g(X) for all « € py, then g = ho f for a unique
h € OL[[X]].

Proof.— (i) : For a € py, if g(X) = > .2y a; X", g(a) = 0 then if we let
bi =Y oo airjr10? € Op for each i > 0, then g(X) = (X —a) > o biX?
in (’)L/[[jX]]. As f is separable (by Proposition 8.1, or Proposition 4.4(i)
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when charK = 0), repeating this, we get g(X) = f(X) - ¢/(X), and as
g, f € OL[[X]], also ¢’ has coefficients in LN Or = Op. (ii) : f m = 1,
then ho f = h(X9) (mod p) proves the claim. Use induction for m > 1. If
ho f = n™g, then by induction h = 7™~ 1.1/, thus A'o f = wg but them =1
case implies A’ = 0 (mod p). (iii) : If g(X 4+ o) = g(X) for all € py,
then we can write g(X) — ¢(0) = ¢g1(X) - f(X) by (i). Now as f(X +; ) =
f(X) 4+5e fla) = f(X), we have ¢1(X +; ) = ¢1(X). Repeating this
procedure and setting go := ¢ and ¢;(X) — ¢:(0) = gi+1(X) - f(X), we get

g(X) = >°2,9i(0) - f(X)?, hence h(X) := Y77 9:(0) X" gives g = ho f.
Uniqueness follows from (ii), which implies ho f =0 = h = 0. O

DEFINITION 5.6 (COLEMAN [4], DE SHALIT [5]) For g € O[[X]], co-
efficients of the product Haeul 9(X +5 a) are Op-polynomials in the sym-
metric functions of py, hence they lie in Op,. Therefore by Lemma 5.5(iii),
we get a unique N(g) € Or[[X]] satisfying :

N(g)o f(X) = [ 9(X +sa). (5.2.1)
acpy

Clearly N(g192) = N(g1)N(g2). Also, we set N°(g) := g and

-1

N™(g) == (N"H(N(g)? )" (m>1).

If we write N = Ny (called the Coleman operator), this means N™ =

Nf¢m,—1 O"'ONproNf.

LEMMA 5.7. — Form=>1, we have N™(g)o fm(X) = [loep  9(X+sa).

Proof.— The case m = 1 is the definition. Use induction on m. Fix
a set C of representatives of w,,/p, as O-modules, and extend ¢ to a
¢ € Gal(K?"/K) (Proposition 4.7(i)). Then :

IT sx+s) =11 I] 9xX +rB+5a)= ] Ng)o f(X +£8),

aEfL,, BeC acp, peC

and f(X 45 B8) = f(X) 47 f(B), but as C 3 B f(B)? ' € pp_y is a
bijection,

RHS= [ N@(F(X) -+ a¥) = ( [I Mo (' x Hfo‘))(p

acp,, aC,,

equals (N™1 (N(g)‘/’_l) ofm,l(f“’_l(X)))w = N™(g)o fm(X) by inductive
hypothesis. O
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LEMMA 5.8. —

(i) N(g) = g% (mod p). In particular, N(Op[[X]]*) C OL[[X]]*.
(ii) Form > 1, if g=1 (mod p™), then N(g) =1 (mod p™T1).
(iii) If g € OL[[X]]* and m > 1, then N™(g)/N™ 1(9)¥ =1 (mod p™).

Proof.— (i) : As f(X) = X7 (mod p), LHS of (5.2.1) = N(g)(X?) (mod p).
On the other hand, if we write L’ = K}, then p; C py/, hence g(X +a) =
g(X) (mod prs) for all @ € p,. Therefore RHS of (5.2.1) = ¢g(X)? =
g%(X?) (mod pyr/), and we see N(g) = g% (mod p). (ii) : Iif we let g = 1+7™h
and L' = K}, then

N(g)o f= H (1+7™h(X +5a)) = (1 —|—7Tmh(X))q (mod p™'pr)
acp,
=1+ gr™h(X)+---7™h(X)! =1 (mod p™pr),
hence (N(g) — 1) o f = 0 (mod p™pyr/), and as it belongs to OL[[X]] we
have (N(g) —1) o f =0 (mod p™*1). Therefore, by Lemma 5.5(ii), we get

N(g) —1=0 (mod p™*+1). (iii) : As N(g)/g¥ =1 (mod p) from (i), apply
(ii) to this m — 1 times. O

DEFINITION 5.9. — For a finite separable extension K'/K, we denote
the image N/ /i (K'™) of the norm map Ng/ /i : K™ — K* by N(K'/K).
For any separable extension E/K, define N(E/K) =\, N(K'/K) where
K’ runs through all the finite extensions in E.

PROPOSITION 5.10. — N(K7'/K) = (1+p™) x (x) for allm > 1.

Proof.— Write L' = KI* and take a € p.X. By Proposition 4.4(ii) we
have L' = O, x (—=a) and Ny g(—a) = NL/K(WWHI) = z, hence it
suffices to show Ny, (OF,) = 14p™. First we show N,/ x(Of,) C 14+p™.
By the following Lemma 5.11, any u € OF, can be written as u = g(a), g €
Or[[X])*. For i > 0, set u; :== N*(g)(0). Then by Lemma 5.7 we have u; =
Haeui g(a), hence Ny p(u) = Haeu,ﬁ g(a@) = U /Upm—1. Lemma 5.8(iii)
shows that w,,/uf,_; € 1+ p7*. Hence N x(u) = Npjx(tUm/tm-1) =
Npji(um/uh 1) € Npjg(1+4p7T') C 14p™. The other inclusion (not used in
the sequel) is seen as follows : as K is the fixed field of Artx ((1+p™) X (z))
by Proposition 5.4, if '/xz € 1+ p™ then KJ* = K. Therefore 2/ €
N(K™/K) = N(K™/K) and 1 +p™ C N(K™/K). O

LEMMA 5.11. — If L'/L is totally ramified and « is a uniformizer of
L/, then OL/ = OL[CV].
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Proof.—If [L' : L] = n and = = Z?:_Ol a;at (a; € L), then vy (x) =
min;{vy (a;a")}, as v (a;o") are all distinct. Thus (i) = 0 = a; = 0 (Vi),
(ii) z € Op & a; € Op, (Vi). By (i), the set {1,a,a?...,a" 1} is a basis of
L’ over L. This and (ii) imply O C Ogla]. O

COROLLARY 5.12. — If E/L is totally ramified and E contains K™,
then N(E/K) = (z).

Proof.— Proposition 5.10 and ,,.,(1 +p™) = {1} imply N(E/K) C
N(KP™/K) C (z), and N(E/K) contains an element with valuation [L : K]
by the following lemma. O

LEMMA 5.13. — Let P = P, := vzl(l) be the set of all uniformizers of
a local field L, and E/L a totally ramified extension. Then N(E/L)¥ =
N(E/L)N P is non-empty.

Proof.— If L' /L is finite totally ramified, then N(L'/L)” # 0 as Ny,
maps Pp into P. For a uniformizer m of L, we have P = 7 - Of =
lim P/(1+p7"), where the quotient is taken by the multiplicative action. As

Npp(1+p7) C 1+p7 for all m > 1, the Ny, /p, is the lim of N,,, = Nk
P /(1+p7) — Pp/(14p7). We show N(L'/L)” = lim(ImN,,) as subsets
of P.If m = (my,)m € lim(ImN,,), then there is 7/ € lim N,," (7, ) as the lim

of non-empty finite sets is non-empty, and N(n’) = 7. Converse is clear. Now

for general E/L, every finite L'/L contained in E is totally ramified, and

if L', 1" C E then L'L"” C E and ImNE 1" C ImNE NImNL". Hence the

intersection (1, ImNE' in the finite set P/(1+p’*), where L’ runs through

all finite extensions in E, is non-empty. Thus lim(ﬂ ImN,ﬁ/) # (, and it is
L/

contained in lim(ImN%') = N(L'/L) for all L/, hence in N(E/L)". O

5.3. Base change and LCFT for Lubin-Tate extensions

PROPOSITION 5.14. — For ¢ € W(K*P/K) with v(o) > 0, let
E, C K*P be its fized field. Then N(E,/K) = (Art ™ (o] gur)).

Proof. — Let © := Art™'(o|ur). By Proposition 5.4, we have K*™ C
E,, and E, N K" is the unramified extension of K of degree v(o) = v(z).

Hence Corollary 5.12 applies. g
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THEOREM 5.15. — (Base change) For a finite separable K' /K, we have
KT ¢ K™ and the following commutes, i.e. for all x' € K'* we have
AftK/ ($/)|KLT = AI’tK(NK//K(Z'/))

K 2 Gal(KT/KY)
NK//K J{ l res
K* AU Gal(KUT/K)

Proof. — Take = € prr N K'*, and extend Artg/(z) € W(K'™'/K') to
o € W(K*P/K'"). By Proposition 5.14, we have (Ng//k (x)) = Ng+/k ((z)) =
Ny k(N(E,/K')) = N(E,/K) = (Artg(o|gur)). As vg(o|gir) =
J(K'/K)vg: (o) = f(K'/K)vg: (z) = vk (Ngr /i (7)), we obtain Nk g (x) =
Arti! (0| grr). Therefore o| gur = Artr (Ngr )k (z)) depends only on o /rr,
which shows KT ¢ K'MT and the commutativity, as pxs N K’¥ generates
K'*. O

COROLLARY 5.16. — (LCFT minus Local Kronecker-Weber)
(i) There is a unique homomorphism Artg : K* — Gal(K"T/K) satis-
fying :
(a) if  is a uniformizer of K, then Artg ()

(b) if K'/K is a Lubin-Tate extension, then Artx (N(K'/K))|k =
id.

xu = Frobg, and

Moreover, the Arty is an isomorphism onto W (KT /K) C Gal(K'T/K).

(ii) If K'/K is finite separable, then K'' C KT and Artg: (z)|gr =
Artg (Ngr /g (x)) for all x € K'™. The Artg induces K*/N(K'/K)

=, Gal((K' N K1) /K).

Proof.— (i) : The map Arty satisfies (a) by definition, and (b) by The-
orem 5.15. Conversely, if Art’, satisfies these, then for any uniformizer 7 of
K, (b) and Proposition 4.4(ii) imply Art ()| grm = id. This and (a) show
Artl(m) = Artg(mw) by Proposition 5.4. As K* is generated by the uni-
formizers, we get Arty = Artg. The last claim was seen in Definition 4.10.
(ii) : The first part is Theorem 5.15, and Artx induces K*/N(K'/K) =
W(KYT/K)/Im(W (K'YT /K")). This is isomorphic to Gal((K' N K'T)/K),
as W(K'T/K) surjects onto Gal((K' N K'T)/K) and W (K'"T/K’) is the
inverse image of W(K'T'/K) under Gal(K'*T/K’) — Gal(K"'/K). O

Above proof of (i) shows that we only need totally ramified Lubin-Tate
extensions for the characterization of Artg. The classical theorems of LCFT

— 427 —



Teruyoshi Yoshida

for Lubin-Tate extensions (instead of abelian extensions) follow easily from
Corollary 5.16, for example :

(i) For any finite K'/K, we have N(K'/K) = N((K' n K*T)/K)) and
[K*: N(K'/K)] < [K' : K]. Equality holds if and only if K'/K is
Lubin-Tate.

(ii) If K'/K is finite and K"/ K is Lubin-Tate, then N(K'/K) C N(K"/K)
<= K" C K'. If both are Lubin-Tate, then N(K"/K)/N(K'/K) =
Gal(K’/K”) by AI‘tKI.

(iii) If K', K" /K are Lubin-Tate extensions, then :
N(K'K"/K) = N(K'/K) N\ N(K" /K),
N(K'nK")/K)=N(K'/K)N(K"/K).

(iv) (Ezistence theorem) For any finite index subgroup H C K* contain-

ing 14 p™ for some m, there is a unique Lubin-Tate extension K'/K
such that N(K'/K) = H.

6. The Local Kronecker-Weber theorem

We finish the proof of Theorem A by proving the local Kronecker-Weber
theorem, i.e. K¥' = K?P. This follows easily from the Hasse-Arf theorem
(Gold [7] or Iwasawa [9], §7.4; see also Lubin [10], Rosen [13]). We first prove
the Hasse-Arf theorem following Sen [14].

6.1. Ramification groups

Let K'/K be a finite totally ramified Galois extension of local fields, and
set G := Gal(K'/K). For a uniformizer 7 of K', we have Og, = O[r] by
Lemma 5.11. We write v := vgs and ¢ = |O/p| = |Ok/ /pK/|.

DEFINITION 6.1. — Let i(0) := v(o(mw) — ), where we set i(id) = oo.
Forn >0, define Gy, :={c € G|i(oc) >n} ={c€G|o(n)/mel+pk}.
Then G = Gy as K'/K is totally ramified, and G,, = {id} for sufficiently
large n. They are normal subgroups of G, independent of the choice of ,
because G, = {o € G | v(o(a) —a) > n for all a € Ok} is the kernel of the
group homomorphism G > 0 — olo,, mod pit' € Aut(Ox: /pith).

PROPOSITION 6.2. — Forn € Zsg, we have the following injective group

homomorphisms, independent of the choice of © (they show that G is super-
soluble) :

o : Go/G1 3 0+ o(n)/m mod prr € (Ok+/pr)* = Fx,

0, : Gp/Gry1 > 0 (o(m)/m) — 1 mod piit € pit /prdt = F, (n>1).
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Proof. — The maps are well-defined and injective by definition of G,,. For
a different uniformizer 7’ = ur with u € Oy, , we have o(7') /7’ = (o(7)/7)-
(o(u)/u), and if ¢ € G, then o(u) = u (mod p7tt), hence o(u)/u € 1+p7tt,
hence the maps 6, do not depend on the choice of 7. For o,7 € G,, if
u = 7(m)/m, then o7(m) /7 = (o(m)/7) - (7(7)/7) - (0(u)/u), and as u € O,

we have o(u)/u € 14 p’itt, therefore 6, are group homomorphisms. O

COROLLARY 6.3. — IfG is abelian and G,, # Gp41, theneg := |Go/G1|
divides n.

Proof.— Let 7 € G, and 0 € G. We compute 0,,(c70~!) using 7’ =
o Ym). If 7(7') = 7'(1 + a) for a € p%,, then 6,(1) = a mod pnJrl
by definition. Then oro~(7) = or(7’) = o(x'(1 + a)) = 7(1 + o(a)),

hence 0,,(c70~!) = o(a) mod piit. If we write a = br" for b € O
and o(7) = ur for u € Of,, then o(a) = U(b)o(ﬂ')" = o(b)u™n", and
as o(b) = b mod pg, we have o(a) = bu"7" = u"a (mod p%ii*). There-

fore 0,,(cto™') = u"a mod pitt. If G is abehan then oro~! = 7, hence

a = u"a mod p?(fl. If G,, # Gyy1, we can choose T € G,, with 0,,(1) # 0,
ie.a€pl \pikit. Also, choose o € G which generates Go/G1, i.e. Op(c) =
u mod p has order ey in (O /px:)*. Then a = u”a (mod p/it') implies
eo | n. O

LEMMA 6.4. — For o € Gy, we have v(3} 7" 0 o'(a)) > v() for all
a€ K.
Proof.— Replacing a by ax for x € K*, we can assume o € Ok . Let

(c0—1)(e) := o(a)—a. Then o € Gy implies v((a—l)p_l(a)) > >v((o—
1)(«)) > v(«). The claim follows by ZZ 0 0(a) = (0 —1)P"!(a) (mod pa),
which follows from (—1)’p — 1i = 1 (mod p). This is seen from y ©_ L X =
(XP-1)/(X -1) = ()(—1)7)—1 in F,[X]. O

LEMMA 6.5. — Let 0 € G1. For each n € Z, there exists « € K'* such
that v(a) = n and v(o(a) — a) = n+i(c™). Moreover, any = € K'* can be
written as a sum r = Zf:v(m) Zn (see Appendiz I) where each x,, satisfies
above two properties for n if x, # 0.

Proof.— For the first part, if n > 0, then let o = HZ o o'(m) for a
uniformizer 7 of K’ (set &« = 1 for n = 0). Then clearly v(«a) = n, and
o(a)/a=c"™(r)/m, thus v(o(a) —a) = v(a)+v((c(a)/a)—1) = n—l—z(a”).
Also, o' satisfies the properties for —n. For the second part, note that
C := {0} Up,_; is a complete set of representatives for O+ mod px, and
o acts trivially on C' as C' C K. Hence we can write x = ZZO:U(J;) CrnOly,
where ¢, € C and «,, is the a we constructed above. Thus z,, := ¢, «,, has
the required properties if ¢,, # 0. (]
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PROPOSITION 6.6 (SEN [14]). — Leto € G, and [(o)| = p™ form > 1

(by Proposition 6.2). Let H, := G, N {0) forn > 1 and i; := i(c?") for
j =20 (and i;j := oo for j = m). Then :

(1) ij_1 <ij if j <m. Also, H, = (opj> if and only if i;_1 < n <.

(ii) (%) = iy,(a) for a > 1, where v, :=vg, .
(iii) ij_1 = i; (mod p), where oo is understood to be congruent to any
integer.
Proof.— (i) : Lemma 6.4 for a = o? ' (7) — 7 shows ij—1 < ij. We

have (o?') C H, if and only if o” € H,, i.e. i; > n. As all subgroups of
(o) are of the form (o?”), we have (o) D H, < (0¥ ') ¢ H,, < ij—1 < n.
(i) : This is co = oo if p™ | a. If j 1= v,(a) < m, then H;,_1 = (o?") and
H;, = (a?""") by (i), therefore o® € Hi, 1\ H;;,i.e. i(c®) = i;. (iii) : We can
assume i; < 00, and use induction on j. The assertion is empty when j = 0.
Let 7 = 1, and assume the Inductive Hypothesis (the assertion of (iii) for
j—1). We first prove the Claim : the i;_1 and n+i(c™) forn € Z, vy(n) < j
are all distinct from each other. As vp(n) < j — 1, the Inductive Hypothesis
shows i(0") = iy, (n) = ij—1 (mod pUrMF1) e vy(ij_1 —i(c™)) > vp(n),

hence ij_1 # n+i(o™). Now assume n+i(c"”) = n/+i(a™ ). I v,(n) # vy(n'),
then v,(n — n') = min{v,(n), v,(n')}, but the Inductive Hypothesis shows
v, (i(a™) —i(o™)) > min{w,(n), v,(n)}, which is impossible. Hence v, (n) =
v,(n'), therefore i(6™) = i(c™) and n = n/. Thus the Claim is proven. Now
applying the Inductive Hypothesisto o? € G1, we have i;_1 = i; (mod p?~1).
Let s :=14;_1 —1; and assume v,(s) = j — 1, to see it leads to contradiction.
The first part of Lemma 6.5 for o? shows that thereis x € K'* with v(z) = s
and v(o?(z) — ) = s+i((0P)%) = s+i; = i;_1. Letting y := -7~ o'(x), we
have v(y) > v(z) = s by Lemma 6.4 and v(o(y) —y) = v(oP(x )fa:) =1j_1.
Now expand y = >~ o(y) Yn 8 in Lemma 6.5 : v(o(yn) — yn) =n +i(0")
if y, # 0. Let z := o(y) — y. Then v(z) = ;-1 and z = Zzozv(y) Zn,
where z, 1= o(yn) — yn, hence v(z,) = n + i(0™) whenever z, # 0. The
Claim shows v(z — Up(n < zn) < dj-1. fop(n) > j and 2z, # 0, then
v(zn) = n+i(0") = ntij > v(y) +i; > ij_1, hence v(3, ()55 %) > ij-1,
a contradiction. O

COROLLARY 6.7. — Assume G = Z/p™7Z. Then there exist ng,ny,...,
N —1 E Z>1 such that, for 1 <j<m—1, we have |G| = p™ =7 if and only

Zfz lp <n < Zl:O nlp
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6.2. The Hasse-Arf theorem

Let G = Gal(K'/K) with K’/K totally ramified as before, and let G > H
with G/H = Gal(K"/K). For 0 € G, let ¢ = 0 H € G/H be its image.

LEMMA 6.8. — For all 0 € G, we have i(F) = |—}I‘ Y orenilor).

Proof.— For @ = id, we understand the equality as co = co. Let & # id,
and take uniformizers 7’ and 7" of K’ and K" respectively, so that Oy, =
O[r'] and Og» = Olr"] by Lemma 5.11. As i(5) = vgr(a(x"”) — 7") =
ﬁ ~vg (@ (") = 7"), if we let a = o(n”) — 7" and b = [[ cy(oT(n’) —
7'), it suffices to show vg/(a) = vk (b). Let the minimal polynomial of
7' over Ogn be f = [[.cy(X — 7(n')) € Ogn[X]. Applying o, we get
f7 =Ilen(X —o7(x’)), where f7 € Ok~ |[X] is obtained by applying &
to the coefficients of f. Hence f7 (') =[],y (7" — o7 (') = £b. First we
prove a | b. As Ok = O[n"], we have a | 7(x) — x for any x € Ok, hence
a | f7 — f, therefore a | fo(7') — f(7') = +b. Now we prove b | a. Write
7" = g(n’) for g € O[X]. The polynomial g(X) — 7" € Og~[X] has 7’ as a
root, hence divisible by f in Ok [X]. Applying &, we have f° | g(X)—o(n")
in Okr[X], hence g(r') — o(n"") = —a is divisible by f7(n’) = =+b. O

PROPOSITION 6.9 (Herbrand). — Define ¢g(n) = —1 + |%|ZT€H
min{i(7),n + 1} for n € Ryo. Also, for n € Ryg, define G, = {0 €
G |ilo) 2n+1}, de. Gy = G ifi € Zso and n € (i — 1,i]. Then
GnH/H = (G/H)g,(n) for alln € Ryg.

Proof.— For ¢ € G/H, replace o by the element in ¢ H which has
the maximal value of ¢, and let i(c) = m. Let 7 € H. If i(7) > m, then
i(o7) = m, hence i(o7) = m. If i(7) < m, then i(7) > min{i(o7),i(c71)},
hence i(o7) = (7). Therefore i(c7) = min{i(7),m}. Now the Lemma 6.8
gives i(7) = ¢ (m — 1) + 1. Therefore, as ¢y is increasing, for n € Ry we
have 7 € G,H/H <— m>n+1 < i) > ¢g(n)+1 < 7 ¢
(G/H)ch(") : 0

LEMMA 6.10. — Let ¢pg(n) == -1+ \_é'l > reqmin{i(r),n +1} forn €
R-o. Then :

(i) ¢c(0) =0, ¢c(n) = & iy Gil forn € Zz1.
(i) ¢c = ¢g/m © du on Ryo.
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n—1

Proof.— (i) : Zmin{i(r),n—i—l} = Z( Z (z'—i—l)) + Z (n+

TEG =0 7€G;\Git1 TGy
n

1) =) IGi.

=0

(ii) : As ¢(0) = 0 and ¢ is continuous and piecewise linear, we only need
to compare the derivatives of both sides at n € (i — 1,1) for ¢ € Z~. For
LHS it is |Gn|/|G], and for RES it is ((G/H) gyym)|/IG/H|) - (|Hal/H1) =
|G, H/H||H,|/|G| = |Gn|/|G| by Proposition 6.9 and G,,/H, = Gy/(H N
Gn,)2G,H/H. O

THEOREM 6.11 (Hasse-Arf). — If G is abelian, n € Zso and G, #
Grny1, then ¢g(n) € Zxo.

Proof.— First assume G = G;. Then G = @!_, Z/p™ Z by Proposition
6.2, and we proceed by induction on j. When j = 1,i.e. G £ Z/p™Z, if G,, #
Gpy1 thenn = Zgzo n;p® for some 0 < j < m—1 by Corollary 6.7, in which
case ¢g(n) = p}n (no-p™+mnip-p™ L+ 4 n;p’ - p™I) € Z>o by Lemma
6.10(i). For j > 1, if G,, # Gp41 we can find H with G/H = Z/p™Z, and
G,H/H # G,+1H/H. We have ¢ (n) € Z>o by inductive hypothesis, and
(G/H) gy (n) # (G/H) gy (n+1) = (G/H) gy, (n)+1 by Proposition 6.9. As G/H
is cyclic, we see ¢g,/p(¢m(n)) € Zzo, which is ¢g(n) by Lemma 6.10(ii).
Now when G # Gy, set H = Gy and |G/H| = eo. As ¢g/m(n) = n/eg for
n € Ry by definition, by Lemma 6.10(ii) it suffices to show eg | ¢z (n) when
n € Zso and Gy, # Gpy1 (we know ¢pr(n) € Zso). If n =0 then ¢ (0) = 0.
Let n > 0. For any ¢ € Z>; (where H; = G;) with H; # H, 11, we have eq | i
by Corollary 6.3, hence eg | Y., |H;|. As eg and |H| are coprime, we have
eo | ¢ (n) by Lemma 6.10(i). O

DEFINITION 6.12. — For m € Ryg, set G™ = G¢—1(m) (the upper
G
numbering).

COROLLARY 6.13. —

(i) If G> H, then G™H/H = (G/H)™ for all m € Ryg.

(ii) Let K'/K and K" /K be two Galois extensions with K'K" /| K totally
ramified. If Gal(K'/K)™ = Gal(K"/K)™ = {id} for m € Ry, then
Gal(K'K" /K)™ = {id}.

(iii) Let G be abelian. Then |G /G™| divides (¢ — 1)g™ ™! for m € Zo.

Proof.— (i) : By Proposition 6.9 and Lemma 6.10(ii), we compute
GmH/H = G¢51(m)H/H = (G/H)¢H(¢(—;l(m)) = (G/H)%}H(m) = (G/H)™.
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(i) : If G = Gal(K'K"/K) and G/H = Gal(K"/K), then G™H/H =
(G/H)™ = {id} shows G™ C H = Gal(K'K"/K"). Similarly G™ C
Gal(K'K"/K'), hence G™ = {id}. (iii) : If n — 1 < ¢5'(m) < n for
n € Zsg, then G™ = G,,. Consider G; for integers 1 < i < n. Then, by
Theorem 6.11, G;—; # G; can only happen when ¢g(i — 1) € Z, and as
0 < ¢g(i — 1) € ¢pg(n — 1) < m, at most m — 1 times for ¢ > 1. By
Proposition 6.2, |G;_1/G;| divides ¢ — 1 when ¢ = 1 and ¢ when ¢ > 1.
([

6.3. The Local Kronecker-Weber theorem

PROPOSITION 6.14. — Let x € K* withv(z) =n > 0. Let L = K,, and
K as in Definition 5.3. Then we have Gal(K2*/L)™ = {id} for allm > 1
(see Definition 6.12).

Proof.— Let K = L'} and « € pj . For o € Gal(K;"/L) \ {id}, we
have i(o) = v(o(a) —a) by Proposition 4 4(11) where v = vgm. If py (o) =
u mod p™ € (O/p™)* (see Proposition 4.4(iii)), then o(a) = [u] (). For
o #id, set 3 := [u—1]f(a). ff v (u—1) =i for 0 <i < m, then § € py,, ,
by Lemma 4.3(ii). Hence §3 is a uniformizer of K~¢ by Proposition 4.4(ii),
which shows v(8) = ¢*. Now o(a) = [ulf(a) = a+f B =a+ B (mod ap),
hence i(0) = v(o(a) — a) = v(ﬁ) = ¢'. Thus for G = Gal(K!*/L) and
1 < i < m, we have \G |—|pfm(1—|—p)\—qm iforg ' —1<n<qg —1.

Thus ¢G( =1 )* Tal sG] = T (it (@ =g ) = m
and G™ = —1 ={id}. O

THEOREM 6.15. — (Local Kronecker-Weber theorem) Every finite abelian
extension of a local field K is a Lubin-Tate extension, i.e. K¥T = Kb,

Proof.— Take a ¢ € W(K"'/K) with v(¢) = n > 0, and let L =
K,. Extend o arbitrarily to o € W(K?*"/K), and let E, C K be its
fixed field. Then E, N K" = L and E,/L is totally ramified Galois. Now
Gal(K*/E,) = Z with o — 1 by the definition of E,. On the other
hand, Gal(K"™E,/E,) = Gal(K™/L) = Z by o ~— 1, as o|gw = Froby,.
Therefore Gal(Kab/E ) & Gal(KWE,/E,), i.e. K?® = KWE,. Now set
x := Art; ' (o). Then K'*™ C E, by Proposition 5.4. As KT = KU Kram,
it suffices to show E, C K™, Let K'/L be any finite Galois extension con-
tained in E,. It is totally ramiﬁed, and Gal(K'/L)™ = {id} for a large m.
Then we have Gal(K'K2"/L)™ = {id} by Proposition 6.14 and Corollary
6.13(ii), hence [K'K™ : L] | (¢ — 1)¢™~! = [K™ : L] by Corollary 6.13(iii),
thus K’ C K. O
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7. Appendix I : Basic facts on DVR

Here we gather some facts on DVR that are used in this article. The
proofs omitted here can be found in Atiyah-Macdonald [1] and the Chapters
I, II of Serre [15]. A ring A is called a discrete valuation ring (DVR) if it
is a local ring (i.e. has a unique maximal ideal), a PID and not a field.
Let A be a DVR with the maximal ideal P, and let K be its fraction field.
A generator of P is called a uniformizer of A. Each uniformizer 7 gives a
following isomorphism of abelian groups :

A XZ> (u,b) — u -7t € K*.

The second projection (valuation) vi : K* — Z does not depend on 7, and
setting v (0) := oo, we have A = {z € K | vg(z) 20} and P = {z € K |
() > 0}.

The completion of A is defined as A= lgn A/P™, which is also a DVR
with the maximal ideal P := PA. If K = Frac(A), then K=K ®a Ais
the fraction field of A which is called the completion of K. The canonical
map A — Ais always injective (hence K C K ), and if it is an isomorphism
we call A a complete discrete valuation ring (CDVR). For example, the ring
of p-adic integers Z, = liinZ/(pm) is a CDVR with (p) as its maximal

ideal, and its fraction field Q, is the p-adic field. A completion of a DVR
is a CDVR, and A/P™ =, Zl/ﬁm If A is a DVR, choosing a complete set
of representatives C' for A mod P and elements z,, € A with v(z,) = n
for all n > 0, we can write any element of A = lim A/P™ uniquely as

(Z?;OI Cnyn mod Pm)m with ¢, € C. (Incidentally, this shows that if
|C| < oo then |[A/P™| = |C|™.) We write this element as >~ ¢ 2y, (when
x, = 7" for a uniformizer 7, this is called a m-adic expansion). Choosing

x, € K with v(z,) = n for all n € Z, any x € K can be written as
Y+ Zv(m)<n<0 CnTy, for some y € A, hence as x = Z;.zo:v(z) CnLn,-

If A is a CDVR, then we can substitute x1,...,z, € P into any power
series F' € A[[X1,...,X,]] with coefficients in A to get F(z1,...,2,) € A.
This is defined using A[[Xq,...,X,]] = lim(A[Xl, ooy Xp)/(deg m)) and

m

A= 1lim A/P™, by taking the limit of :

AlXy,...,X,]/(degm) > F mod degm +— F(z1,...,2,) mod P™ € A/P™.
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Let A be a DVR, K its fraction field, L a separable extension of K of
degree n, and B the integral closure of A in L, so that L. &2 B ®,4 K and
L = Frac(B). Then B is a finitely generated A-module, and as A is a PID,
it is a free A-module of rank n = [L : K]. Also, B is a Dedekind domain, i.e.
1-dimensional integrally closed noetherian domain. If PB = []7_; Q5" is the

prime ideal decomposition of the ideal PB of B generated by the elements
of P, then @1, ..., Q4 are all the maximal ideals of B. Let B; := lim B/Q}"

m
for 1 <1i < g. As B is a finite free A-module, the functor B® 4 and inverse
limits commute, hence the following canonical maps are isomorphisms :

Bos A= Be (lma/P") %IEnB/(PB)m%IEnﬁB/ gf[

m m m =1

PROPOSITION 7.1. —

(i) If A is a CDVR, then so is B.

(i) If B is also a DVR, then the completwn L of L is zsomorphzc to
L®xk K (i.e. it is the composite field LK), and LN K = K in L.

Proof.— (1) : B2 B®gy Aand Bis a domain, hence g =1 and B & B.
(i) : B4 A~ Bgives LOg K 2 L@k (K®4A) 2 Log(BRyA) =
L®pB=L. Nowlet K’ := LNK and [K’ : K] = m. As K'/K is separable,
let K = K[X]/(f) with deg f = m. Assume m > 1. As f has aroot in K’ C
L, we have L ® x K’ = L[ X|/(f) & L x L’ with an L-algebra L’; but then
Z = L®K]? = (L®KK/)®K/I? = (LXL/)(X)K/I? = (L®K1K)X(L/®K/f?),
a contradiction because L is a field. ]

Assume g = 1 and Q = @7 in the following. As Q N A = P, the field
kg := B/Q is an extension of kp := A/P, and as B is a finitely generated
A-module, kg /kp is finite. The ramification index e and residue degree f
are defined by PB = Q° and f = [kg : kp|. As vector spaces over kp, we
have B/PB = (kg)© (use Q-adic expansion), and the dimension of RHS is
ef, and the dimension of LHS is the rank of B as an A-module, which is n.
Therefore n = ef. Assume moreover that L/K is Galois and kp is perfect.
We say L/K is unramified if e = 1 and totally ramified when f = 1. An
element of Gal(L/K) induces an automorphism of B which maps @ onto
itself, hence we have a group homomorphism :

Gal(L/K) 5 0 — o|g mod Q € Aut(kq/kp).

We can show that kg/kp is Galois and the homomorphism is surjective.
As |Gal(kg/kp)| = f, the order of the kernel is e. The following gives an
unramified example :
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PROPOSITION 7.2. — Let L = K(,,) (and g = 1). If charkp fn, then
L/K is unramified.

Proof.— We show that the above homomorphism is injective. As any
element of Gal(K (u,,)/K) is determined by the image of a generator ¢ € B*
of w,,, it suffices to show that if ¢* = ¢ (mod Q) then ¢* = ¢/. As (' —¢/ € Q
implies (‘=7 — 1 € Q, we only need to show ¢ —1 ¢ Q for 1 <i <n— 1.
Substituting X = 1 to the identity []/=} (X = (X" - 1)/(X 1) =
Xnol 4 xn=2 4. —&-X—i—l,wegetHi:l(l—Cl):n,andasn§éQwe
have []7,' (1 — ¢?) # 0 in the field kg, hence ¢* — 1 ¢ Q. O

Proof of Lemma 2.3.— (<) follows from (* = ¢/ (mod p) = (' =
¢’, which we showed in the proof of Proposition 7.2. We show (=). As
there is a generator of u, in k = O/p, take its representative (; € O. As
0 = 1En O/p™, it is enough to construct ¢, € O for each m > 1 such

that ¢ = 1 (mod p™) and (pni1 = (n (mod p™). If we have (,, let
(" =1+ ar™ (mod p™th). Setting (mi1 = Gn + B7™, we need (7, =
o+ 8™ =1+ (a+n¢ 1 B)7™ (mod p™F1t) to be = 1 mod p™H,
hence 8 = —a/n¢?%~! will do. O

8. Appendix II : Separability of f,,

Here we prove the separability of f,, of Definition 4.1 directly. It is used
in the proof of Lemma 4.3(i) only when charK = p. On the other hand, it
follows from Proposition 4.4(i) when char K = 0.

PROPOSITION 8.1. — ForVm >0, f,, € Op[X] is separable.

Proof.— Lemma 8.3 will show that f,(a) = 0 = f/ (a) # 0 for all
a€ L. ]

LEMMA 8.2. — Let O be an Op-algebra, and f € Or[X] as above.

(i) Let O" be a domain and o € O'. If a ¢ O, then f'(a) # 0.

(ii) Let O be a domain and integral over Or, and f(a) = 8 fora,B € O'.
Ifa € O, then (a) B#0, and (b) if B | 7 in O, then B € O'*.

Proof.— (1) : As w | ¢ in O, we have f'(X) = 7(1 + Xg(X)) with
g € Op[X], hence if a ¢ O'*, then 1+ ag(a) # 0 and f/'(«) # 0. (ii) :
As 0 = f(a) = o" + wg(a) with g € OL[X], we have 8 — mg(a) € O if
a € O As 7 ¢ O because Oy is integrally closed, we have 8 # 0. If
m = B/, then 3(1 — f'g(a)) € O'*, hence § € O'*. |
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LEMMA 8.3. — Let a € L, and let Opla] be the O -subalgebra of L
generated by o.

(i) If fi(o) & Opla]* for all0 < i< m—1, then f] (o) # 0.
(i1) If fm(a) =0, then fi(a) ¢ Orla]™ for all0 <i<m —1.

Proof.— (i) : The claim is empty when m = 0 as fj(X) = 1. We prove
by induction on m : assume it is true for m — 1. As f,_1(a) ¢ Ola]*, by
Lemma 8.2(i), we have (f¢" ) (fm—1(a)) # 0. By the induction hypothesis,
we have f],_;(a) # 0. Hence f} (a) # 0. (ii) : If f;(a) =0, then fj(e) =0
for Vj > i, so we can assume f;(«) # 0 for 0 < ¢ < m — 1. Then we have
al f(@)] | fme1(a) | 7¢" " in Ola], which is finite, hence integral, over
O, as « is a root of a monic f,, € Op[X]. Now assume f;(a) € Ola]* for
some . If i # m — 1, then fi11(@) | 7, hence fiy1(a) € Ola]”* by Lemma
8.2(ii). Therefore f,,—1(a) € Olal*, but then f,,(a) # 0 by Lemma 8.2(ii),
a contradiction. O

9. Remarks on the literature

The “relative” Lubin-Tate groups treated in §3, §4 and §5 are due to
de Shalit [5], although proofs are omitted there. The exposition is based on
Iwasawa [9], with two notable differences. Firstly, in Iwasawa [9] the norm
operator N is treated only for the “classical” Lubin-Tate groups, which
proves the base change theorem for totally ramified extensions (and the
part (i) of Theorem A), and then appeals to the local Kronecker-Weber
theorem to prove the base change in the unramified case. Here we provided
a uniform proof by using the norm operator in the general setting. Secondly,
we separated the “geometric” (§3, §4) and “arithmetic” (§5) parts of the
theory by defining the Artin map through an arbitrary Lubin-Tate group
over O, in the spirit of Carayol [2]. In §6 we combined Sen [14] with the
standard material from Serre [15], Chapter IV. Throughout this article we
avoided the use of topological rings/fields, and instead used the language of
commutative algebra, which might be a somewhat new way of exposition.
Needless to say, there are many other important approaches to local class
field theory, see e.g. [3], [6], [8], [12], [15], and [16].
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