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Discrete coagulation-fragmentation system with
transport and diffusion®

STEPHANE BrRuLL(®)

ABSTRACT. — We prove the existence of solutions to two infinite sys-
tems of equations obtained by adding a transport term to the classical
discrete coagulation-fragmentation system and in a second case by adding
transport and spacial diffusion. In both case, the particles have the same
velocity as the fluid and in the second case the diffusion coefficients are
equal. First a truncated system in size is solved and after we pass to the
limit by using compactness properties.

RESUME. — On démontre 'existence de solutions pour deux systémes
infinis d’équations de coagulation-fragmentation. Dans un premier cas,
on rajoute un terme de transport au systéme classique de coagulation-
fragmentation et dans un second cas on rajoute un terme de transport et
un terme de diffusion. Dans les deux cas les particules possédent la méme
vitesse que le fluide et dans le second cas les coefficients de diffusion sont
égaux. On résout dans un premier temps un probléme tronqué en taille
puis on passe a la limite en utilisant des lemmes de compacité.

1. Introduction

Coagulation and fragmentation processes describe the mecanism by
which clusters can coalesce with other clusters to form a larger cluster and
can fragment to form two smaller pieces. The clusters are usually identified
to their size which can be a positive number in the case of a continous model
or an integer in the case of a discrete model. In this paper, only discrete
models will be considered. ¢;(t, z) will denote the concentration of clusters
containing ¢ particles (i-mers, denoted by P; in the sequel) at time ¢ and
position x. ¢ will be called the size variable. More precisely, the coagulation
corresponds to the chemical reaction

P+ P — Pj.

(*) Recu le 2 mars 2007, accepté le 10 avril 2008
(1) ANLA, University of Toulon, avenue de I'université, 83957 La Garde, France.
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Stéphane Brull

Two clusters of size ¢ and j will give a bigger cluster of size i+ 7. The velocity
of this reaction is equal to a;jcicj, where (a;;)q j)en-xN+ is called the
coagulation kernel. The fragmentation corresponds to the inverse reaction

P — P+ P

One cluster containing ¢ 4 j particles gives two clusters containing respec-
tively ¢ and j particles. The velocity of this reaction is equal to b; jciy;,
where (i ;)@ j)eN-xn- is called the fragmentation kernel.

When the two equations are in competition, we obtain the equilibrium

The velocity v; ; of this reaction is v; ; = a; jcic; — b jcivj. As a math-
ematical point of view, this problem has been widely studied in ([1], [2],

[31)-

In the same time, these particles are in a mouving fluid and the Fick
law reads ([9], [1])

Orei + div(j;) = Qi(c), (1.1)

where j; is the flux due to the motion of the clusters of size i. The flux is
decomposed into two terms as j; = u;c; — d;Ve;. u; is the velocity of the
clusters of size 7 and d; is the velocity of diffusion of the particles of size 1.

The term u;c; is due to the displacement of the fluid and the term d;Ve;
is due to the diffusion of the particles in the fluid. These two terms depend
on the geometry and on the velocity of the flow.

If the fluid is viscous enough, the diffusion term of the flux is prepon-
derant compared to the term due to the transport, (1.1) becomes

8tC7; - d(Z)ACZ = QZ(C)

This case has been investigated in ([6], [7], [10]). An existence theorem is
proved in ([7]) when the diffusion coefficients d(i) are equal and in ([6]),
the asymptotic behaviour of the solutions in time is studied. In ([11]) an
existence theorem is established when the size variable is continous.

When the transport term is preponderant compared to the diffusion
term, one obtains

Oc; + div(uc;) = Qi(c). (1.2)
This case has been studied in ([4], [8]) for continous models.
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Discrete coagulation-fragmentation system with transport and diffusion

When both phenomena are comparable, the equation (1.1) reads
Oe; + div(uc;) — d(i)Ac; = Q;(c). (1.3)

Qi(c) is a source term coming from the velocity of the reaction defined by

i—1 oo o] i—1
Qi(c) = arikehCik +2) briCivk —2 Y akickCi — B i kci(1.4)
k=1 k=1 k=1 k=1

i—1
The term Z ay,i—kCrCi—) accounts the formation of clusters F; by coales-

k=1
oo

cence of two smaller clusters. 2 Z br,ici+1 represents the gain of clusters F;

k=1
oo

by fragmentation of larger clusters. 2 Z ay ickc; accounts the depletion of
k=1
i—1
clusters P; by coagulation with another cluster, and Z by, i—rc; Tepresents
k=1
the fragmentation of clusters P; into two smaller clusters.

In this paper, we will assume that the coefficients a; ; and b; j fulfill the
conditions

ik = ar; >0, b =br; >0, ajp = o(k) b = o(k),
Qi bi
sup —— < 00, sup
K k

< 00. (1.5)

u(t,x) is the velocity of the fluid in which are the clusters. All the clus-
ters are supposed to have the velocity of the fluid which is assumed to be
incompressible.

This paper is organized as follows. The second section is devoted to the
case 1.2. An existence theorem is proved when all the clusters have the
velocity of the fluid. The third section deals with the case 1.3 where an
existence theorem is established.

— 441 —



Stéphane Brull
2. The case of pure transport

2.1. Setting of the problem

Consider the equation for any i € N*,
Orei(t, ) + div(uc;)(t, x) = Qi(c)(t,x), t > 0, € RP, (2.6)
ci(0,z) = &(x), = € RP. (2.7)

where @); has been defined in (1.4). We will consider weak solutions to the
problem (2.6-2.7) in the following sense

DEFINITION 2.1. — (¢;);en- 1S a weak solution to the problem (2.6-2.7)
if for any i € N*, ¢; € C°(Ry. x RP) and

_/ 2 (z)p (Oxdx_/]R+/RD“Czt$)sz0d8dx
/}R+ /RD (t,x 8t<pdsdxf/ Qi(c)(t, ) (t, x)dzds,

for each ¢ € C*(Ry x RP) with compact support in R, x RP.

In this section the main result is,

THEOREM 2.2. — Assume that the coefficients a; , and b; , satisfy the
assumptions (1.5), that the initial data satifies for any i € N*

“+oo
20, ) € C'(RP), (i,2) — Opc)(z) € L®(RP xN), p” = ic) € L*(RP),

=1

and that the velocity u € C*(Ry x RP) is bounded, fulfills the incompress-
ibility condition div(u) =0, and is such that O,u is bounded.

Then, the system (2.6-2.7) has a weak solution (¢;);en in the sense of
Definition 2.1.

As in ([7]-[14]), we shall proceed into two steps. First, a truncated prob-
lem in size will be solved by a fix point argument and in a second step we
will pass to the limit.

2.2. Resolution of a truncated problem

Let N € N be given. In this part, the sizes greater than N are neglected
by considering the following problem for i € {1--- N}.

orelN (t, ) + div(uc ) (t,x) = (GY — PN) (™) (t,2), t>0, x € RP, (2.8)
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Discrete coagulation-fragmentation system with transport and diffusion

e (0;2) = &)™ (), x € RP, (2.9)
where
C?vN = if i<N c?’N =0 else
i—1 N—i
GY(c) = Zak,i—kckci—k +2 Z bricirk and PN (c) = v (¢)e; (2.10)
k=1 k=1
with

1—1 N—1i
N _ be : 2 o
v, = ki—k T+ Ak iChi-
k=1 k=1

PROPOSITION 2.3. — Under the hypotheses of Theorem 2.2, the system
(2.8-2.9) possesses a unique solution on Ry x RP.

The solution of the truncated problem (2.8-2.9) will be the fix point of
a mapping I'. First, the following Lemma whose proof is given in ([7]) will
be used.

LEMMA 2.4. — For all N-uple {c.....cx} such that, for all i, ¢; > 0, it
holds that
vNe)=0, GN(e)=0, |[vN|<Ax sup ¢ + By,
i=1..N

?

|G (c)| < (sup ¢})?An + By sup c;'.
i=1.N i=1.N

Consider Yy the solution to the Cauchy problem

dy,
d—tN = ANYZ 4+ ByYy (2.11)
Yn(0)=Ry t>0 (2.12)

Let Tn be the time of existence of the solution and T' €]0, Tv[. Consider
the space

E = {ce [C°0;T] x RPN N (L>=([0,T] x R))N:¢ > 0;
lle(t, Ilipe ray~y < Yn(t),t € [0,T]}.

Consider the following iteration
Opdi T (t, o) + u(t, ). Vaed T () = [GN(dD) — v(d)d (¢ 2), (2.13)
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i (0, x) = ¢} (2).
(2.14)
Let T be the map defining this iteration.

LEMMA 2.5. — For the same assumptions as for Lemma 2.4, E is stable
by T.

Proof of Lemma 2.5. — The system (2.8-2.9) is solved on a caracteristic.
Consider the vector field X (s, t, x) satisfying

0s X (s,t,x) = wu(s,X(s,t,x)), (2.15)
X(t,t,x) = «=x. (2.16)

Then, the solution to the system (2.8-2.9) writes for any ¢ € {1--- N}.

¢
e (s, X(s,t,2)) ZC?(X(OJ,%))WL/ (G (™) =1 eY](s, X (s,t, 2))ds.
0
(2.17)
So, by considering the quantity
ar (X (7.t @) exo / vN (@) (s, X (s5,t,))ds ),
0
the solution to the system (2.13-2.14) reads for any i € {1--- N}
t
APt x) =Y (X (0, :v))exp(—/ vN(d™) (s, X (s,t,x))ds
0
¢ ¢
+/ eXp(—/ v, (d")(0, X (0,t,2))do))G} (d}' (s, X (s, t, ))ds. (2.18)
0 s

Then, by contmulty of d7, dnJrl is also continous. Moreover, the nonneg-

ativity of ¢ and GV (d”) 1mphes according to (2.18) the nonnegativity of
dr*t. On the other hand, as v/ > 0, (2.18) leads to

t
d?“(t,x) < (X(0,t,x)) +/ GN(d™) (s, X (s,t,x))ds.
0
But, as d” € E and by using Lemma 2.4, it holds that
dPH(t, o) < S(X(0,t, ) / —YN( )ds.

So, finally, we get that d?**(¢,2) < YN (t). O
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We are going to show that this map is a contraction for the norm

llelll = sup_e™“V?[l[e(s, )|l [poe Ry~
s€[0,T]

where wy is a constant which shall be chosen big enough so that I' is a
contraction and whose the choice shall be precized during the proof of the
following Lemma.

LEMMA 2.6. — There is a nonnegative constant wy depending only on
N such that the mapping I is a contraction from E into itself for the norm

Proof of lemma 2.6. — By considering two consecutive terms of the it-
eration (2.13-2.14) and by substracting them, it holds that

el —d}(t, @) ult, 2).Vx (df T —di) (8, @)+ (d]) (¢, 2) (df =) (2, 2)

=[G (d") = GF (" )](t, @) + d}'(t, ) (1 (d7 1) = 1Y (@) (¢, ).
So, (A7 —dp)(t,x) writes

(d Y — dr)(t,z) = /0 (G (d") = GY(d"H)](r, X (7, t,2))dr

+/ di' (r, X (7, t,2) [ (d"71) = 1Y (d)] (7, X (7,8, 2))
0

exp(f/ v (d™) (s, X (s,t,x))dsdr.

According to the expression of G and P}V, there exists a nonnegative
constant C(N,T) such that

G () = GY ()] < C(N,T) e = dll iz oy
[P () = PN (d)] < C(N, T)|lc — dl|pr= oy - (2.19)

So,

—wnt

n n mn n— 1-
(7™ = d)||| < C(N, T)|||d} — dj 1|||[—w I
N

Hence, by choosing wy big enough such that k& = %]Z\\]]T) < 1, the result is
proved. (Il
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For the proof of Proposition 2.3, the following Lemma will be used

N
LEMMA 2.7. — For G and PN defined in (2.10), it holds that Z[szV (c)—
i=1
iPN (c)] = 0.
For the proof, see ([7]). O

Proof of Proposition 2.3. — From previously, (d),cn is a converging
sequence in F and I' is a contraction. Therefore the problem (2.8-2.9) has
a unique solution on [0, 7] x R? for T' €]0; T|.

In order to get a global solution on R, x R, consider
N “+o00
=i, p=) ic (2.20)
i=1 i=1
which represents total mass of particles which react.

Multiply in (2.8-2.9), the equation number ¢ by ¢, sum on ¢ until N and
use Lemma 2.7, leads to

oep™ (t, ) + ult, ). VIpN( z) =0, (2.21)
N0, z) = pi'( Z ic? (2.22)

So, by considering the vector field X (s,t,z) defined by the system (2.15-
2.16), it holds that

0< oV (t,2) = o (X(0,6,2)) < po(X(0,£,2)) < [P0l pmry.  (2:23)
Hence, (Vi € {1;N}), ¢y <|[|p°|| 1 ®p). Next, we choose Ry = ||po|l 1 (®p)
and we solve the equation (2.6) for any ¢ € {1....N} on [T,2T] with the

Cauchy data equal to ¢;(7), ). Then, a reiteration of this process gives global
existence of the solution on Ry x RP. O

2.3. Solution of the problem

The aim is now to pass to the limit when N tends to 400 in the system
(2.8-2.9).

PROPOSITION 2.8. — For any compact set [0;T] x K of Ry x RP and
for any i € N, the sequence (cN)nen is strongly compact in C°([0;T] x K).
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Proof of Proposition 2.8.— In order to apply the Ascoli theorem, we
shall control 8tcfv and arcfv . Consider Bp the closed ball of RP with a
radius equal to R > 0. Hence, by differentiating the relation (2.17) with
respect to the space variable x;, it holds that

(913.(0?[)((‘,,.%') = (9)([0?()((0,@33))}
+ /0azj[va(c)](s,X(s,t,x))aij(&t,x)ds. (2.24)

Now, in order to estimate 0;X(s,t,z) and 9,X(s,t,x), let us show the
following Lemma.

LEMMA 2.9. — Ifu € C! is bounded on [0; T xR and if O, u is bounded
on [0;T] x RP then 8,X and 0;X are bounded on [0;T]? x RP.

Proof of Lemma 2.9. — By integrating (2.15), X writes
X(s,t,x)=x+ / u(o, X(o,t,z))do. (2.25)
t

So by differentiating (2.25) with respect to the space variable z and by using
that d,u is bounded on [0, 7] x RP there exists M > 0 such that

t
10:X (s,t,2)] <1+ M(/ 0. X (0, ¢, z)|dor).

So, according to the Gronwall lemma, 0, X (s,t,z) is bounded on [0; T]? x
RP. Analogously, the same result holds for 9; X (s,t, ). O

End of the proof Proposition 2.8.— In order to control the term 9, Q;
consider the quantity

i—1 N
0,[GN (V)] = Zak,,.,k(azc;y N eV o k) 425 bridnc . (2.26)
k=1 k=1
A bound on ¢ independent of N is first researched in L>((0,7); RP).
N o]
As p) = Zic? and pg = Zicg, with pg € L(RP), it holds that
i=1 i=1
e <)o) lL=®py < llpoll L= @py < Mo. (2.27)
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i—1
Now, let us control the term Z ar,i—kOzch (t,2)clN (¢, x) of the right-hand
k=1
side of the equation (2.26).
i1 -1
kyi—k ;
S sl ()l )| < 3 P el ()~ Bl (0, 2)
k=1 k=1

From assumption (1.5), there is A > 0 such that

ke{1,i—1} ' — k
Hence,
i—1 i—1
’ Zak7i_k8IckN(t,x)ciI\ik(t,a:)‘ < Asup sup |9qch (t,z) Z(z — k)N,
=1 ieN zeRP b—1

But, by definition of p"V, it comes that

i—1
136 B < .
k=1
Then (2.23) leads to
i—1
1> = k)eyl < llpllpee ro)-
k=1

Therefore, by using (2.27), we get the estimate

i—1
‘ Zak’i,kawc,iv(t,x)cﬁk(t,m)‘ < AMO(sup sup \8Icfv(t,sc)|).
=1 ieN zeRP

where Mj is a nonnegative constant. In the same way, we obtain

i—1
| Zak’i,kazcﬁk(t, z)el (t,2)| < AMy(sup sup |9.c (t,z)|),
k=1 ieN zeRP

| Z br 10 (e (t,2))| < B(sup sup [9.¢ (t,2)]),
1eN zeRP

where B is a constant independent of the variables k, i, ¢, x. So finally, there
exists a constant C' independent of the variables ¢, x, ¢, N such that

0. (G (eM)](t,2)| < C(bup sup |Ouci (t,2))).

ieN
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The same result holds for PV (¢V). So,

t
sup (|8 [c (¢, 2)][| L (rr) < C+a/ sup |18 [c] (s, 2)][| L (rr)ds,
zeRP 0 zeRP

where a and C' are nonnegative constants independent of the variables
t,z, N. From the Gronwall lemma, it holds that

(Vi € N*), (Vt € [0;T]), |0z (t, 2)|| oo D) < Ce™.

By reasonning in the same way, we can prove that d;cl is also controled.
Then, by using the Ascoli Theorem, the sequence (cfv )NeN is strongly com-
pact in C°([0;T] x Bp) for any i. O

Proof of Theorem 2.2.— By using a diagonal process, there is a subse-
quence ¢®™) of ¢ such that (Vi € N), ¢/™) is converging to a continous
function ¢; uniformly on all compact set of the form [0; T x Bg. By arguing
as in ([7]), it holds that GN (") (resp. PN (cY)) converges to G;(c) (resp.
P;(c)) uniformly on [0;T] x Bg. So, we can pass to the limit in the weak
form of (2.6-2.7). O

3. The case of transport and diffusion

3.1. Setting of the problem

In this section, consider the problem

Oei(t, x) + div(ue;) (t, ) — Aci(t, x) = Qi(c)(t, ) (3.28)
ci(0;z) = A(x), 2 € Q, (3.29)
%(t,a) =0 t>0, 0€099Q, (3.30)

on

where ) is an open bounded set of class C' with 9Q as boundary and
where Q(c); has been defined in (1.4). It corresponds to the case (1.3) when
the diffusion coefficients d(i) are taken equal to one. The solutions of the
problem (3.28-3.29-3.30) will be considered in the following sense.

DEFINITION 3.1. — (¢;);eN 15 a weak solution to the problem (3.28-5.29-
3.80) if for any i € N* and any T > 0, ¢; € L*([0,T] x ) and

*/RD c?(:r)ga(O,o:)d;z:/R+ /RD ci(t, 2)Opp(t, w)dx
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—/ / ci(s,x)u - Vyp(s,x)deds — / Vici(s,z) - Vap(s, x)dxds
R, JRD R, JRP

= / Qi(c)o(s, z)dxds
R, JRD

for all o € C*(Ry x RP) with compact support in R, x RP.
The main result of this part is

THEOREM 3.2. — Let Q be an open and bounded set of class C*. As-
sume that the kinetic coefficients (a)(; jyen-xn+ and (b)(; jyeN«xN= satisfy
the assumptions (1.5), that the initial data satisfies

“+o0
>0, ieN*, ) € ’(Ry x Q), p° =) ic) € L™(Q).
i=1
and that the wvelocity of the fluid uw € HY(Ry; HE(2) N L>(Q)) fulfills the

incompressibility condition div(u) = 0.

Therefore the system (3.28-3.29-3.30) has a weak solution on Ry x RP
in the sense of Definition 3.1.

As previously, we shall proceed into two parts. First, we shall solve a
truncated problem and after we will pass to the limit.

3.2. Resolution of a truncated problem

Let N € N be given. The sizes greater than N are removed, by consid-
ering the following problem for any i € {1--- N},

e +u- Vol — AcY = Qi(cN), (3.31)
NOjz)=N(@) ieN, t>0, zeq, (3.32)
0

a—ncfv(t,a) =0, t>0, o€ (3.33)

PRrOPOSITION 3.3. — Under the assumptions of Theorem 3.2, the prob-
lem (3.31-3.32-8.33) has a unique solution defined on R, x RP.

Consider the following iteration for any ¢ € {1--- N},
Oyt = AP +u(t,x) - Vodi T+ (d)di T = G (d), (3.34)

A 05 2) = & (2), (3.35)
(%d;’“(t, 0)=0,t>0, o€ (3.36)

Let S be the mapping defining this iteration.
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Discrete coagulation-fragmentation system with transport and diffusion
LEMMA 3.4. — If for any i € {1...N}, ¢; = 0, then S(c); =0
Proof of Lemma 3.4.— Cousider ¢; > 0 and put d; = S(c);. Consider
f € C1(R) such that f is nondecreasing on ]0; +oo[ and f(t) = 0fort € R_.

Multiply the equation (3.34) satisfied by d; by f(—d;) and integrate on
[0;¢] x Q leads to (Vt € [0;T)),

/ / (8,d; 5) dedt— / / Ad; f(—d;)dzds+ /0 t /Q u-Vyd; f(—d;)dadt
+ /O t /Q vN(e)d; f / / GN(e 3)dads. (3.37)

But, from the Green formula and by using (3.36), it holds that

/ /Ad f(—d;)dxdt = /Ot/QVzdi-wa(—di)dxdt.

Let F' be the primitive function of f such that F'(0) = 0. So, F' is nonde-
creasing on |0; +o0o[ and is identically 0 on ] — 0o; 0]. Hence, we get

/0 t/Q wj(5,2)0y, dy(s, ) f(—dy) (5, ) dods = — /0 t/Q wy(5,2)0s, F(—d;)(s, @) dsda,

So, by using the Green formula, it comes that

/uj(s,x)awjdi(s,x)f(—di)(s,x)dxds = /u](s o)F(—=d;)(s,0)do
Q
+ / gZ]F (s,z)dx.

But, as u € H}(Q) and div(u) = 0, we get

t
/ /u-dei F(=d;)dzdt = 0.
0 JQ

So, (3.37) gives the inequality,

/QF(—di)(x,v)dx—/ F(=d;)(0, 0 d:z:+/0 /f OIVadi[2dadt

// z) (—=d) f(—d;)(s,x)dzds < 0. (3.38)
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But, as d;(0;2) = ¢ (x), F is identically 0 on ] — oc0; 0] and F(—d)(0;z) = 0.
Moreover, v¥(c) and K (z) = zf(x) are nonnegative quantities. So,

t

/ /VN(—d)(s,w)(—d)f(—d)(s,x)dxds > 0.
0 Ja

f being nondecreasing f'(—d;) > 0, we get from (3.38),

/ F(—di)(t, 2)dz < 0.
Q

F(—d;) being nonnegative, we obtain that F(—d;) is zero a.e. F(—d;) being
continous, F(—d;) is zero on [0;T] x RP. So, by definition of ', d > 0 on
[0;T] x Q. O

A bound in L*° on the sequence d} is now researched. It is given by the
following lemma.

LEMMA 3.5. — Let d = S(c). Then for any i € {1, N}, d; satisfies

t
ls(t, Mz < 1w + / An(le(s, ) oy )?
+  Buwlle(s, )|lL=(@yv]ds. (3.39)

Proof of lemma 3.5. — Let us put

£(t) = / A (e, Y e (@y)? + B e, )l e sy ds.

Consider now a function G such that G € C'(R), G is nondecreasing on
]0; +00], (Vs < 0), G(s) = 0. Let us put K; = ||c)|| (), H(s) = [, G(o)do.
For any i € {1, N}, introduce the function ¢; defined by

pi(t) = /QH(di(f7iU) - K; _/0 f(s)ds)dx.

For any i € {1,N} ¢; satisfies ¢;(0) = 0, ¢; € C1(]0;+oc[;R) ¢; = 0.
Derive ¢; with respect to the time variable t leads to

i(t) = /QG[di(t,x) - K; 7/0 f(8)ds](0ed;(t, x) — f(t))dz.

As vN(d?)d! > 0, it holds that

D
Ord;(t, ) — f(t) < Adi(t,x) = > u;(t, 2)0n,di(t, ).

=1
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So, we get

/G (ha) — Ki — f( Vds)Ad; (t, z)dz

t
—Z / wy(t, 2)0y, di(t, 2)G(di(t, x) — K; — / F(5)ds)dz.(3.40)
=ie 0
The definition of H implies that

az].H(di(t, z)— K — /Ot f(s)ds) = 0., di(t,2)G (di(t,2) — K — /Ot f(s)ds).

By using the Green formula, u € Hg () and div(u) = 0, it comes that

S t
;Luj(t,x)axjH[di(t,x)—K_/O f(s)ds]dz =

Moreover from the Green formula, it holds that
t
/ G(d;(t,x) — K; —/ f(s)ds)Ad;(t, z)dx
Q 0
t
_ / IVodi(t,2) PG (di(t, 2) — K — / f(s)ds)dz
Q 0

So, G’ being nondecreasing, (3.40) leads to

wi(t) < —/Q|dei(t,z)|2G’((di(t,x) - K _/0 f(s)ds)dx < 0.

Hence, ; is nonincreasing on R,. As, ¢; is nonnegative and satisfies
©vi(0) = 0, ¢; yields 0 everywhere. So, by definition of H, (3.39) holds.
(|

We shall use an analogous method as in the previous part. Consider the
Cauchy problem

dY;
DY _ Anvi+ By, (3.41)

YN(O) =Ry, t>0. (342)

Let Ty be the time of existence of Yy and consider T € [0; Tiv]. Define the
space

E = {ce (L>([0,T] x R))Y;c > 0 [le(t, )|z @ayy < Yiv(t),t € 0,T]}.
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LEMMA 3.6. — FE is stable by S.
Proof of Lemma 3.6. — Let ¢ € E and d = S(c). From Lemma 3.4, for
any ¢ € {1..N}, d; 2 0. As c € E, for any i € {1,N}, ¢;(t,z) < Yn(?).

Then, from the maximum principle applied to the equation (3.34), it holds
that

t
[di(t, )| Lo 0y < HC?IILoo(er/O [An(lle(s, )l v )+ B lle(s, )| Lo @y v ]ds.

As ¢ € E, the equation (3.41) leads to

bdYy (t)
dt

st Y ey < 1 ey + / (s)ds.

By choosing Rg > ||| (q), the result follows. O
F is equipped with the norm

llelll = sup |e™**[le(s, )llz2 (o

s€|0;

and the constant wpy will be chosen so that S is a contraction for this norm.

LEMMA 3.7. — There is a constant wy depending only on N such that
S is a contraction from E into itself for the norm ||| |||

Proof Lemma 3.7.— Substract two consecutive terms of the iteration,
multiply the last equation by (d?"** — d)(¢,x) and integrate on [0,7T] x Q
leads to

t t
//(d;’“—d?)&t(dz’-‘“—d?)dxds—// (APt —dM)A(dP T —d?)dxds
0/ 0/Q

t t

+//(d?“—d?)u~Vx(d?+1—d?)dxds+// v (d)(dPT —d)dads
0J/Q 0JQ
t
— [ [t -anicy -Gy @ ldads
0J/Q
t
+ / / d? (di —d) [N (dm ) =N ()| deds. (3.43)
0/Q

But, as d}"1(0,z) = d(0,x) = ¢)(x), it holds that

¢ 1
/ /(d?“ — dM)O(dPT — dM) (s, x)dxds = — / (dP —dM)2(t, ) da.
0 Q 2 Q
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The Green formula implies
- [ - st - @) ade = [ (9 - 4P
Q Q

On the other hand, by using again the Green formula, u(t,-) € H}(Q) and
div(u) = 0, it comes that

t
/ / w- Vi (di —d) (it — d)dadt = 0.

From (3.43), we get that

/ / dn+1 )(s,x)]2dxdt+ %/Q(d;wrl _d?)2(t7x)dx
_ /O /Q (2 — d2) (s, 2)[GN (@) — G (@Y (s, @)dads

! T d™Y (s, )N (dY = v (dD)(s. x2)dxds.
*AA%“i dr) (s, @)™ (@) = v (d")] (s, 0)dad

Which leads to the inequality
L / (@ — a2t / / (@ — an) G (@) — GN (& (s, @) dwds
/ / dr (i —d) (s, 2) [N (d™ ) — v (dM)](s, v)dxds.

According to (2.19) and as d}(t,z) < Yn(t), we get

/ (dPth —dm)2(t,2)da

C(N,T / / sup [[d} — d?fl\](&x)[d? —d" (s, )dxds.
Qje{1..N}

The Young inequality gives that

mn mn N T mn mn—
/Q(di“ —dM3(t,z)dr < / /Q sup [|d} —di](s,x)) dads

JE{1..N}
(N,T)
7’/ /([d?—d?fl](s,x)fdﬂcds.
2 0o Jo

From the Gronwall Lemma, it holds that

/Q(d?“ — d2(t,2)de < C(N, T)( / /Q sup (|47 — d2Y|2(s, z))dsd.

JE€{1..N}
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Multiply the last inequality by e~ leads to

s 1 —ewnt
e_th/(d,?Jrl _ d?)Q(t,l')d.T < e—thC(N, T)ie
Q

wN

sup €7WNS/ sup (d} — d)?(s, x)dx.
s€[0;T] Qi€l.N

2C(N,T
So, by putting k = M

WN
the result holds. O

and by choosing wy big enough so that k < 1,

Proof of Proposition 3.3.— From lemma 3.7, for any ¢ € {1---N},
(d?)nen is a Cauchy sequence in E and so converges in E to the fixed point
of S. Moreover, S being a contraction, this solution is unique on [0; 7] x €.
In order to get a global solution in time, we shall proceed as in section 2 by
considering p and p defined in (2.20). pV is solution to

oipN (t,x) — ApN (t,x) +u(t,z) - Vap™ (t,2) =0, (3.44)
N
N(0;2) = pi'( ch zeRP, (3.45)
op™
a—n(t,a) =0, tel0;T], o€ (3.46)

The maximum principle proved in Lemma 3.5 yields

P () <190 lse < llpolloe < Mo. (3.47)

We obtain by definition of ¢V, ¢N(¢,z) < ||pols- Next, we choose Ry =
llpollse and we solve (3.31) on [T, 2T, with the Cauchy data at t = T equal
to ¢;(T,.). Then, a reiteration of this process gives global existence and
uniqueness of the solution on R, x RP. g

3.3. Solution of the problem
In order to pass to the limit in the truncated problem, we need to ob-
tain compactness on the sequence of approximations. This is given by the

following proposition.

PROPOSITION 3.8. — For any i € N and for any T > 0, the sequence
(cN)nen s strongly compact in L2([0;T]; L*(2)).

First, let us show that
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LEMMA 3.9. — For i € N* and for any T > 0, cV is bounded in
L*([0;T); H'(9)).

Proof of Lemma 3.9.— Multiply equation (3.31) by ¢ (¢,z) and inte-
grate on [0; 7] x Q leads to

T T
/ iciv(t, x)dtdz + / / u- Vel (t,x)e (t, z)dtdx
alo dt aJo
T T
—/ / AcN (t,z)clN (t, x)dtdr = / / QN (cN)(t,x)cN (t, x)dtda. (3.48)
o Jo e Jo

The boundary condition (3.33) gives
—/ Acl (t, )N (t, x)dtdx :/ Ve |?(t, x)dx,
Q Q
Use the Green formula together with v € H}(Q) and div(u) = 0 leads to
N
> / (uj (t, )0, [(cN)?)(t, 2)da = 0. (3.49)
j=179
From (3.3), we get that

T
N 2
/Q [N (T, 2)2dz + /0 Ve (¢, 2)|2dadt

T
012 N AN
</§;(Ci (2)) d:v—i—/Q/O ¢ Q) (t,x)dtdz. (3.50)

On the other hand, as ¢ (t,2) < ||pollec < Mo, it comes that

// Nt 2)QN (M) (t, z)|dtdx < MO// QN (c™)(t, z)|dtdz.

By using the assumptions 1.5 of Theorem 3.2, we get a L* bound on

QN (V). So

/ /\vzc (t x)\zdxdt</ﬂ( (z))%dx + Mo M, T mes(S)

and fQ ))2dx being also bounded, the result holds. O

Proof of Proposition 3.8.— We shall apply the Aubin-Simon Lemma
([13]). From Lemma 3.9, ¢ is bounded in L2([0; T]; H*(9)). It remains to
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show that 9;¢Y is bounded in L([0; T]; H=1(Q)). Let ¢ € C°(Q). Multiply
(3.31) by ¢ and integrate on 2 leads to

[ ol a)e@in= [ (GY = PYIM et + [ A (ta)pla)da

Q
— /Q u(t,z) - Vel (t,2)p(z)d. (3.51)

© being compactly supported, the Green formula gives that

/ Acl (t,x)p(x)dx = f/ Vel (t,x) - Vop(z)de.
Q Q

From the Cauchy-Schwartz inequality, it comes that
| ac¥taplade < ([ 9 (o) de)t el o
Q Q
On the other hand, from the Green formula,
Z/u] (t,x 81701 (t,x) Z/ (t, )0, (u;(t, v)p(x))dz.(3.52)

But, as O, (1 (t, 2)p(x)) = Oy, (156, 2))¢(x) + s, (9(2)) (1) (t, ) and as
dw( ) = 0, the equation (3.52) reads

Z/ujtxa Nt x)p Z/ (t, )0y, (¢(x)) (uy) (L, z)da.

From (3.47), we get (V(t,z) € [0;T] x RP N (t,2) < My. So,

D D
1> [ i)l ot < MY [ Gyt 2l o
j=1"¢ j=1"9

[GN — PN](cV) being bounded in L>([0;7T] x ), there is a nonnegative

constant M; independant with respect to the quantities ¢, x,7 and N such
that

| [GfV—PiN](CN)(t,x) )dz| < Myy/mes(Q)]|¢ll (o

Hence, from (3.51), it holds that

\/@c (t,z)p(z)dz| < (/ IVocNt,2)[2dz)?
Q

D

N / (uy(t,2))?d) | gl 01 s
j=1

Mls/mes(Q)HgoHHl(Q).
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By using the density of C°(Q) in H}(Q), the previous inequality holds for
any ¢ € H}(Q). So,

T T
/ 10N (6, ) | @t < Mo / il g gt
0 0

T
+ /(/ VN |2dz)? dt + TMy/mes(Q).
0 Q

From the Cauchy-Schwartz inequality, it holds that
T
| 19ac Pyt < VI [1oiran o,
0 )

T
/ lull o dt < lull 2oz VT-
0

But, ¢ being bounded in L%(0,T; H(?)), 0;cl¥ is then bounded in

LY(0,T; H-1(€2)). So, from Aubin-Simon Lemma ([13]), ¢ is strongly com-
pact in L?(0,7T; L3(Q)). O

Proof of Theorem 3.2. — From a diagonal process there is a subsequence
of () yen (still denoted (c¥) yen) such that (VT > 0), (Vi € N*) ¥ — ¢;
in L2([0; T] x RP) strongly. By arguing as in ([7]), we can prove that G (¢V)
(resp. P;(c"V)) converges to G;(c) (resp. P;(c)) in L?. So we can pass to the
limit in the weak form of (3.31, 3.32, 3.33).
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