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The Reidemeister-Turaev torsion of standard Spin¢

structures on Seifert fibered 3-manifolds

Yuva Kopa®

ABSTRACT. — The Reidemeister-Turaev torsion is an invariant of 3-
manifolds equipped with Spin® structures. Here, a Spin® structure of a
3-manifold is a homology class of non-singular vector fields on it. Each
Seifert fibered 3-manifold has a standard Spin® structure, which is repre-
sented as a non-singular vector field the set of whose orbits give a Seifert fi-
bration. We provide an algorithm for computing the Reidemeister-Turaev
torsion of the standard Spin€ structure on a Seifert fibered 3-manifold.
The machinery used to compute the torsion is that of punctured Heegaard
diagrams.

RESUME. — La torsion de Reidemeister-Turaev est un invariant des
3-variétés avec structure Spin€. Ici, une structure Spin® d’une 3-variété
est une classe d’homologie de champ de vecteurs sans singularités sur
elle. Chaque variété de Seifert a une structure Spin®¢ standard, qui est
représentée comme un champ de vecteurs sans singularités dont I’ensemble
des orbites donne une fibration de Seifert. Nous fournissons un algorithme
pour calculer la torsion de Reidemeister-Turaev de la structure Spin€
standard sur une variété de Seifert. La technique utilisée pour calculer
la torsion est celle des diagrammes de Heegaard percés.
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Introduction

The Reidemeister-Turaev torsion is an invariant of 3-manifolds equipped
with Spin® structures. This invariant is defined by Turaev [15] as a refine-
ment of the Reidemeister torsion, which is one of the most classical invariant
of 3-manifolds. Here a Spin€ structure is a homology class of non-singular
vector fields on the ambient 3-manifold. On the other hand, a branched
standard spine of a 3-manifold is a transversely oriented branched surface
in the 3-manifold on which the 3-manifold collapses. When the ambient 3-
manifold is closed, we require that the collape is performed after removing
an open 3-ball from it. A branched standard spine of a 3-manifold carries a
non-singular vector field, hence a Spin® structure. The computation of the
Reidemeister-Turaev torsion using branched standard spines is first intro-
duced in [3] for the case with non-empty boundary and then in [1] for the
closed case. In [6], the author developed the method via Heegaard splittings
compatible with the branched standard spines. In [7], the author introduced
a Heegaard-type diagram, which we call a punctured Heegaard diagram, to
present a branched standard spine and this diagram allows to compute the
Reidemeister-Turaev torsion quite easily. In the case of closed 3-manifolds,
a punctured Heegaard diagram is exactly a Heegaard diagram with a special
connected component of the complement of the slopes; see Section 1.5.

In this paper, we focus on the Reidemeister-Turaev torsions of Spin®
structures on Seifert fibered 3-manifolds. We recall that each Seifert fibered
3-manifold has a standard Spin® structure, which is represented by a non-
singular vector field everywhere tangent to the Seifert fibration. We develop
a method for constructing punctured Heegaard diagrams of Seifert fibered
3-manifolds equipped with standard Spin® structures and then explain how
to compute their Reidemeister-Turaev torsions. In fact, such a punctured
Heegaard diagram is produced by small elementary pieces.

The theory of Heegaard diagrams and that of surgery presentations are
the most common way to present 3-manifolds and our method bases on
the former one. We remark that an algorithm for computing Reidemeister-
Turaev torsions of any 3-manifold equipped with any Spin® structure has
been described in [11, 19] by means of surgery presentations on links in S2,
and in some cases, it is much easier to compute the invariant using their
methods.

In the final section, we observe that the Reidemeister-Turaev torsions of
the standard Spin® structures of a Seifert fibered 3-manifold take particu-
larly simple forms within the set of the Reidemeister-Turaev torsions of all
Spin® structures on the manifold.
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Notation. — Let X be a subset of a given topological space or a manifold
Y. Throughout this paper, we will denote the interior of X by Int X, the
closure of X by X. We will use Nbd(X;Y) to denote a regular neighborhood
of X in Y. If the ambient space Y is clear from the context, we simply denote
it by Nbd(X). By 3-manifold, we always mean a connected, compact and
oriented one, with or without boundary, unless otherwise mentioned.

1. Preliminaries

1.1. Spin® structures

Let M be a closed smooth 3-manifold. Two non-singular vector fields
Vi and Vo on M are said to be homologous if there exists a closed 3-ball
B C M such that the restrictions of V; and Vs to M\ Int B are homotopic as
non-singular vector fields. A Spin® structure is a homology class [V] of non-
singular vector fields V. We denote by Spin®(M) the set of Spin® structure
on M. The action of Hy(M) to Spin°(M) is defined through Reeb surgery;
see [19, 11] for details.

1.2. Review of the Reidemeister-Turaev torsion

Let E be an n-dimensional vector space over the field C of complex
numbers. For two ordered bases b = (b1,...,b,) and ¢ = (¢1,...,¢,) of E|
we write [b/c|] = det(a;;) € C*, where b; = 377, aj;c;. The bases b and ¢
are said to be equivalent if [b/c] = 1.

O Om—1 O 0-1 . .

Let C = (03C,, = Cp_1 — -+ = C1=3Cy — 0) be a finite di-
mensional chain complex over C. For each 0 < i < m, set B; = Im 9;,
Z; = Ker 0;_1 and H; = Z;/B;. The chain complex is said to be acyclic
if H; = 0 for all 4. Suppose that C is acyclic and C; is endowed with a
distinguished basis ¢; for each i. Choose an ordered set of vectors b; in C;
for each 0 < ¢ < m such that 9;_1(b;) forms a basis of B;_;. By the above
construction, 9;(b;+1) and b; are combined to be a new basis 9;(b;41)b; of
C;. With this notation, the torsion of C' is defined by

m

7(C) = [[[0i(bis1)bi/c:] Y

=0

i+1

e C*.

Let M be a compact connected orientable smooth manifold of arbitrary
dimension. Let X be a CW-decomposition of M, X — X be its maximal
abelian covering. We can equip X with the CW-structure naturally induced
by that of X, and then we regard C,(X) as a left Z[r; (X, ¥)]-module via
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the monodromy. Let {e¥} be the set of all oriented k-cells in X, and {é¥} be
a family of their lifts to X. Give an orientation with each of these cells and
order the cells {éF}, for each k, in an arbitrary way. Then this family gives
an ordered Z[H; (X)]-basis of Cy(X). In this way, we can regard C,(X) as
an ordered, based chain complex.

Let ¢ : Z[H1(X)] — C be a ring homomorphism. If the based chain com-
plex CY(X) = C®, C.(X) over C is acyclic, the (p-twisted) Reidemeister
torsion of M is defined as

TH(M) = 7(CZ(X)) € C/ £ o(Hy (M)).

Otherwise, set 7#(M) = 0 € C. The Reidemeister torsion is a topological
invariant of smooth manifolds; see e.g. [11, 18, 19].

Let M be a smooth 3-manifold and let X be its CW-decomposition. A
family of cells of X is said to be fundamental if over each cell of X exactly
one cell of this family lies. When we choose a fundamental family {é¥} of
cells of X and orient and order these cells in arbitrary way, this family
becomes a free Z[H;(X)]-basis of Cyx(X). (ie. Cx(X) = @, Z[H,(X)]eF).
In this way, we can regard C, (X ) as a chain complex equipped with basis.

A Spin® structure [V] on M determines a fundamental family of cells
of X , and hence the Reidemeister torsion is refined to be an invariant
T?(M,[V]) € C/ £ 1 of Spin® structures on M; see [15, 16, 18, 19]. In
[1, 3, 6, 7], this construction is described via the notion of branched stan-
dard spine.

Let M be a Seifert fibered 3-manifold. In this paper, all Seifert fibered
3-manifolds are assumed to be closed orientable ones having orientable base
surfaces. Recall that a Seifert fibered 3-manifold is said to be large if its
base surface is different from a sphere with less than four singular points.

We call a non-singular vector field (a Spin® structure, respectively) on a
Seifert fibered 3-manifold standard if it is everywhere tangential to a Seifert
fibration. In [14], Taniguchi, Tsuboi and Yamashita introduced an algorithm
to obtain a branched spine of a standard vector field on an arbitrary closed
Seifert fibered 3-manifold with the Seifert invariants (g;b; (p1,q1), (P2, ¢2),
..oy (Pr,yqr)), where g is the genus of the base surface, b is its obstruction
class, and (p1,q1), (p2,42), - - -, (pr,qr) are the types of its singular fibers. It
is well-known that a large Seifert fibered 3-manifold except the one with
the Seifert invariants (0;4; (2,1),(2,1), (2, —1),(2,—1)) has a unique (up to
isotopy) Seifert fibration; see e.g. [5].
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1.3. Branched spines

Let N be a compact orientable 3-manifold. A branched surface P C N
is a union of finitely many compact smooth surfaces glued together to form
a compact subspace locally modeled on one of the three possibilities in
Figure 1.

v

Figure 1. — Local pictures of a branched surface.

We note that the general definition of branched surface allows more sheets
than just two on one side and one on the other side, but we only consider
this situation (which is generic and stable, i.e. corresponds to an open dense
set in the space of branched surfaces).

The branch locus S(P) of P is the set of points none of whose neighbor-
hoods in P is a disk. S(P) is a collection of smooth immersed curves in P.
Let V(P) be the set of double points of S(P). We associate with every com-
ponent of S(P)\ V(P) a vector (in P) pointing in the locally one-sheeted
direction, as shown in Figure 2. We call a component of P\ S(P) a region
of P. Let R be a region of P. If all branch directions along R point out
from R, then P\ R is still a branched surface, see Figure 2 (i).

Figure 2. — (i) Removable region; (ii) A regular neighborhood of a branched surface.

One can regard Nbd(P) as an interval bundle over P as drawn in Figu-
re 2 (ii). The boundary ONbd(P) decomposes into two parts: the union
O Nbd(P) of endpoints of the fibers, and the rest 9,Nbd(P). In this paper,
all branched surfaces are assumed to be transversely oriented, that is, P
is equipped with a global orientation on the 1-foliation of Nbd(P) whose
leaves are fibers of Nbd(P). Refer to [4, 12] for more details about branched
surfaces.

A branched surface P C N is called a branched spine of N if N collapses
onto P. A branched spine P is naturally stratified as V(P) C S(P) C P. A
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branched spine P is said to be standard if this stratification induces a CW
decomposition of P, that is, there is no circle components in S(P) and all
regions are disks. See [2] for a precise definition. If P is a branched spine of
a compact 3-manifold N with N = S2, then P is also called a branched
spine of the closed 3-manifold M obtained from N by attaching a 3-ball to
the unique 2-sphere boundary. A branched spine of a closed 3-manifold is
called a flow-spine if 9,Nbd(P) is a single annulus.

In [2], Benedetti and Petronio proved that every orientable 3-manifold
admits a branched standard spine and it naturally encodes a homotopy class
of so-called concave traversing fields on the ambient manifold. We require
that the flow intersects P in the same direction as the fixed transverse
orientation. In the case where P is a flow-spine of a closed oriented 3-
manifold M, one can extend the concave traversing field, whose orbits are
the I-fibers of a regular neighborhood of the spine, to the whole of M.

1.4. Oriented, based Heegaard diagrams

Throughout the paper, we only consider closed orientable 3-manifolds.

By a Heegaard diagram we mean a triple (Sg; o, ), where

1. S, is a closed, connected, orientable surface of genus g € N;

2. a=U{,a; and 8 = Jj_, B; are compact, mutually transverse 1-
manifolds on Sy, each consisting of g components; and

3. both S\Int Nbd(«; S) and S\Int Nbd(S; S) are 2-spheres with 2gholes.

A Heegaard diagram gives rise to a closed 3-manifold Mg, .4 5) by adding
2-handles Hy,, ..., Hy, and Hpg,,..., Hg, to Sy x [~1,1] along the curves
ap X {—=1},...,agx{—1} and B; x {1}, ..., By x {1}, respectively, and then
adding 3-handles along the resulting 2-sphere boundary components. We
will denote the core disk of H,, (Hpg,, respectively) (fairly extended in such
a way that its boundary is on Sy) by D, (Dg,, respectively) for 1 <i < g.
When we consider (and draw in R?) a Heegaard diagram, we always equip
the surface S, with the positive normal w, (z € S;) pointing toward the o
side, and with the orientation (u,, v,), U, v, € T,,Sy, such that (u,, v,, wy)
gives the right-hand orientation on R3.

A Heegaard diagram is said to be oriented if the 1-manifolds o and
are oriented. A Heegaard diagram (S,; o, §) with a fixed point b; € §; \
for each B; is said to be based. A Heegaard diagram (Sg; @, 3) is said to be
standard if every connected component of Sy \ (v U ) is an open ball. It
is clear that we can make any Heegaard diagram standard up to isotopy of
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8. In this paper, all Heegaard diagrams are assumed to be standard. We
often denote an oriented, based Heegaard diagram by (Sg;d, E, {be}]_1).
The set {y1,72,...,74} of pairwise disjoint, simple, closed, oriented curves
on Sy is called a dual system of j if each ; intersects §8; transversely once
at the point b; in the positive direction shown in Figure 3, where (u,,v,) is
compatible with the fixed orientation of Sy, and v; N 3; = 0 when i # j.

Figure 3. — The positive intersection with a dual loop.

1.5. Punctured Heegaard diagrams

Let (Sg; @, B) be a Heegaard diagram. A disk component D of S\ (aUf)
is called a joining disk if it satisfies the following (see Figure 4):

1. 0D is a simple loop, where the closure is taken in the surface Sy; and

2. 0D Na; (0D N B;, respectively) is a single connected arc for all 1 <
J<g

Figure 4. — A punctured Heegaard diagram of genus 3.

We call a Heegaard diagram (Sg; o, 5) with joining disk D a punctured
Heegaard diagram and denote it by (Sg;, 8; D). Given a punctured Hee-
gaard diagram (Sg; o, 5; D), we may equip the polyhedron

g g
Sg @] (U Dai> U (U D@) C M(Sy;oc,ﬁ)
=1 =1
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a structure of branched surface in such a way that the disk D is a removable
region. Moreover, for this branch structure

g g
P(Syi0,8:0) = <5g U (U Da,-,> U (U D51>> \Int D C Mg, .05
i=1 i=1

becomes an transversely-oriented flow-spine of Mg, . 5). We denote by
VP(syiappy & vector field on Mg .q 5,p) obtained by extending the con-
cave traversing field on a regular neighborhood of P(s, . s;p), see Section
1.3. We note that such a vector field VP(Sg;a,B;D) is uniquely defined up to
homotopy.

Each punctured Heegaard diagram (Sg; a, §) defines an oriented, based
Heegaard diagram as in the following way.

e Since each of the slopes o and 3 appears on 9D exactly as a single arc,
the orientation of 9D determines orientations of all of these slopes.
Here, we consider that D inherits the orientation from S, and we use
“outernormal first” convention.

e For eagh 1 < ¢ < g, take a base point b; on the interior of the arc
B; NOD.

Let (S,; &, B; {br}{_,) be an oriented, based Heegaard diagram and set
M = Ms,.a,p)- Let p be a point on «;. Then we define the normal vector
n, € 1,5, of a; at p in such a way that (n,,a,) is coherent with the
fixed orientation of Sy, where a, € T,a; is coherent with the orientation
of a;. Then «; determines an element x; € m(M,*) and (; determines
rj = ri(z1,...,x4) € m1(M,*) starting at the point b; and following the
oriented loop f;, for each 4,57 = 1,...,9. Namely, we use the convention
such that at each point p € a; N 3; we read z; (x; 7!, respectively) when the
normal vector n, € T,S; of o; at p is coherent (not coherent, respectively)
with the orientation of 3; at p.

Moreover, if we choose a dual system v = (J?_, v of 3, v; determines
yj € m1 (M, *) in the same manner. Let p : Z[m (M, )] — Z[H1(M)] be the
canonical projection and denote [z] = p(z) for z € (M, *).

Before stating a formula of the Reidemeister-Turaev torion, we recall the
notion of Foz’s free differential calclus. Suppose G is a group presented by

(1,22, ..., Tn | 71,72, ..., Tm). For each 1 < i < n, the Fox’s free differential
calculus with respect to x; is a map % : G — ZG defined by

oxj o Ox; ! sl d(uwv)  Ou " ov

8xi oW 8.%1' oo ’ 8.%1 B 8$i 6$i’

where d;; is the Kronecker delta.
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PROPOSITION 1.1. — Let (Sq, ., 8) be a punctured Heegaard diagram
and set M = M((S,,®, B)). Let (Sy; @, 3 {b;}) be an oriented, based Hee-
gaard diagram defined by (S, «, B). Let the twisted chain complex C¥ (M)
be acyclic. Then there exist two integers k,l € {1,...,n} such that

det By,
D)~ Dol — 1)
or;

where By, is the (k,1)-minor of the matric (gp ({%D) , namely
* 1<i,5<g
the matriz obtained by removing k-th row and I-th column from the ma-
triz (cp ([SZJD> . Here, if By =0, we set det By = 1.
: 1<i,j<g

eC*/+1,

T (Ma [V(Sg;aﬁ;D)]) =

The above proposition is obtained in [7]. Indeed, this is obtained from the
fact that the presentation matrices of the boundary operators 9, : C¥ (M) —
C3 (M), 01 : C3 (M) — C{(M) and 9y : C7 (M) — Cg (M) with respect to
the bases on {C7 (M)}?_, determined by the given oriented, based Heegaard
diagram are

B

PlY2]) — T

: ’ (90 <|:a—xi:|)>1<i7j<g
e(lygl) — 1

and (@([z1]) =1 @([z2]) =1 - o([zg]) = 1),

respectively. See also Theorem 1.2 in [19] and Section 2.1 of [18] for more
basic facts on the computation of the Reidemeister torsion.

1.6. BW-decompositions and DS-diagrams

In this subsection, we review the notion of BW-decomposition of the
boundary of a compact 3-mannifold. See [2, Section 3.3] for more details.

Let P be a flow-spine of a closed 3-manifold M. Let N be a regular
neighborhood of P. Recall that AN = S2. Then the collapsing N \, P
induced a retraction 7 such that N is the mapping cylinder of 7|sy : ON —
P. This map satisfies the following.

1. 7=1(S(P)) N ON is a trivalent graph;

2. For # € P, ¢$~1(x) consists of 2, 3 or 4 points according as = €
P\S(P),ze€ S(P)\V(P) or z € V(P); and

3. There exists a circle e in 7= 1(S(P)) N IN such that
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(a) ON \ e is the disjoint union of B and W (this is called a Black
and White (or simply B-W) decomposition);

(b) Every component of e has B on one side and W on the other
side;

(c) 7 maps e\ 7~ H(V(P)) bijectively onto S(P)\ V(P); and

(d) w maps B (W, respectively) bijectively onto P.

The left-hand side of Figure 5 depicts the B-W decomposition of ON.
In the figure, the arrows show the concave traversing field on N defined
by the branched spine P. We remark that the curve e consists of the con-
cave points on the boundary. The right-hand side shows the trivalent graph
77 1(S(P)) N ON. In the figure, the arrow shows the retraction 7 induced
by the collapsing.

The concave traversing field

Figure 5. — The B-W decomposition of ON.

The above description provides a way to present the flow-spine P by a
3-regular graph G = 7~ }(S(P)) N ON C ON = S? and the pairing on S?
given by 7. This presentation is called a DS-diagram.

2. The Reidemeister-Tureav torsions
of the standard Spin® structures

In this section, we introduce an algorithmic method for computing the
Reidemeister-Turaev torsion of a Seifert fibered 3-manifolds with a standard
Spin€ structure. The input datum is Seifert invariants.

2.1. Construction of punctured Heegaard diagrams of standard
Spin® structures

In this subsection, we introduce a way to produce a punctured Hee-
gaard diagram of a standard Spin® structure of a Seifert fibered 3-manifold.
The construction bases on the fact that each Seifert fibered 3-manifold
decomposes into finite copies of the pieces (trice-punctured sphere) x S*,
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(once-punctured torus) x S' and a fibered torus by cutting along tori on
which the fibers are tangential. That is, we define the pieces of a punctured
Heegaard diagram corresponding to this decomposition and the required
punctured Heegaar diagram is obtained by gluing them together.

Let Hg, Hr, Hz, Hy and Hg be the pieces of a punctured Heegaard
diagram shown in Figure 6. In the figure, the curves a are bold and the
curves 3 are thin. In the figure, the holes D~ and D% are identified in such
a way that the indices of the vertices match, hence Hg, Hy, Hy and Hf
are diagrams on tori with two holes while H¢ is a diagram on a torus with
a single hole.

)

Il

Hy,

Figure 6. — The pieces Hy,, Hp, Hf’ HE and H¢o
of a punctured Heegaard diagram.

We use the following notation for a continued fraction

1
la1,az,... 6y = ——F——
a1+0«2+ 1
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For a pair (p, ¢) of relatively prime natural numbers such that p > ¢, we
define a word w(p, q) of the letters L and R as follows:

)= | LU BSRLE Lo R Lo (i s odd)
WP 9) =\ paipaxpas... Ran-2[an-1 Ran (if n is even),

where a1, aqg, ..., a, are natural numbers with ¢/p = a1, az, ..., an, 1].

Given a word w(p,q), where q/p = [a1,as,...,a,,1], we construct a
piece of punctured Heegaard diagram H(, ,), which corresponds to a fibered
solid torus of type (p,q), in the following way. We first take a; copies of
the diagram Hjy. We identify the boundary circle OF of the diagram H¢
with the boundary circle 91 of the first diagram Hjy in such a way that
the numbers 1,2, 3,4 on the both boundary circles match. Also we identify
the boundary circle OF of the i-th diagram Hj with the boundary circle
OI of the (i + 1)-th in such a way that the numbers 1,2,3,4 on the both
boundary circles match, for each i = 1,2,...,a; —1. Now we have a diagram
on the genus 1 4 a; surface with one boundary component, which is OF of
the a;-th Hy. Next, we take ay copies of the diagram Hp. We identify the
boundary circle OF of the above a;-th diagram Hj with the boundary circle
I of the first diagram Hpg. Then we indentify the boundary OF of the j-
th diagram Hp with the boundary circle 91 of the j + 1-th one for each
j =1,2,...,a9 — 1. Continuing this process, we finally get a diagram by
gluing 1 + Z?:l a; pieces of Hy, Hr and H¢ as shown in Figure 7.

\\ \

ay copies of Hy,

o o

ay copies of Hp

Figure 7. — The piece H(, 4 of a punctured Heegaard diagram.
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We denote the resulting piece of a punctured Heegaard diagram by
Hp,q)-

We define H,, (b € Z) to be another piece of a punctured Heegaard
diagram constructed following the same argument using the word LR,
where R™ = R™" when n is negative.

Let Hg and Hp be the pieces of a punctured Heegaard diagram shown
in Figure 8 and 9, respectively. These pieces correspond to either thrice-
punctured sphere) xS and (once-punctured torus)xS?!, respectively. Again,
we consider that the curves « are bold and the curves § are thin in the figure.

Figure 9. — The piece Hp of a punctured Heegaard diagram.
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Let g be a non-negative integer and b be an integer. Let (p1, 1), (p2, ¢2),
.« (pr,qr) be pairs of relatively prime integers such that 1 < p; and 0 <
g <p;(i=1,2,...,r).Foreachi =1,2,...,r, let ¢, be an integer satisfying
¢, =1 (mod p); and 0 < ¢} < p;.

Assume that g + 7 > 2. Prepare g +r — 1 copies HY, HZ,... ,HgH*l
of the piece Hg and g copies H}, H%,..., H% of the piece Hr. We recall
that the piece Hg is a diagram on a pair of pants. First, we identify the
boundary circle 0F3 of Hg with the boundary circle 9F; of H ?‘1 in such a
way that the numbers 1,2, 3,4 on the both boundary circles match. Now we
have a diagram on the 2-sphere with (g + 7 + 1) holes. Then we attach the
totally g+r+1 boundary circles of the diagrams Hy, H), (1=1,2,...,7)
and H}., H, ..., HY to the g+ r + 1 boundary circles of the above diagram
in such a way that the numbers 1,2, 3,4 on the boundary circles match. If
g+7r < 2, we use just only a single Hg and we attach the copies of H¢ to all
the remaining boundary circles of Hg. We denote the resulting punctured
Heegaard diagram by H(g::(p1,q1),(p2.q2),,(prar))

THEOREM 2.1. — The punctured Heegaard diagram H (g.b.(p,,q1),(p2,42),...,
(pr, qr)) corresponds to the Seifert fibered 3-manifold with the Seifert invari-
ants (g;b; (p1,q1), (P2,42), - - -, (Dr, @) with a standard Spin® structure.

Proof. — The idea of the proof is to construct the pieces of the punc-
tured Heegaard diagram corresponding to the pieces of the DS-diagram
constructed in [14] following the proof of Theorem 5.5 in [7].

Let 7w, B, W and e be as described in Section 1.6. Set A = Nbd(e; ONbd(P)).
Recall that e has the B part on one side and the W one on the other side.
The key idea is to draw a simple closed curve C' in A such that

1. C is isotopic to e in A;
2. CNe# 0 and C intersects e transversely; and
3. Cna Y S(P)) ce\n YV (P)).

Let Hy, be a piece of DS-diagram (on the annulus) shown in Figure 10
(1). This diagram was constructed in [14]. The curve e lies horizontally in
the middle part of the diagram and it separates the diagram into B-part,
on the upper side, and W-part, on the lower side.

Then the intersection CNH g is depicted by the two bold curves in Figure
10 (ii). The curves C' N Hp cut the annulus into two disks, the under piece
of which corresponds to the joining disk. We note that the D~ shown in the
figure is identified via the projection m with DT. Figure 10 (iii) illustrates
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the same diagram as (i) but after smoothing the corners. Now we get a
piece Hy, of a punctured Heegaard diagram as shown in Figure 11 by gluing
the two disks DT and D~.

3 9 3 2

(iii)

Figure 10. — From H to Hp,.

Figure 11. — The piece Hj, of a punctured Heegaard diagram.

We can apply the same argument for the other pieces shown in [14].
Consequently, we get the assertion. O

Forgetting the joining disk of the diagram H(g.p:(p1,41),(p2,02),...(prsar))s
one has a Heegaard diagram of the Seifert fibered 3-manifold with the
Seifert invariants (g; b; (p1,q1), (p2,42);---,(Pr,qr)). We note that each
piece Hy, 4 of the Heegaard diagram H(gp:(p,.q1),(p2,q2),....(prsqr)) COTTE-
sponding to a singular fiber of type (p;, ;) can be destabilized so that it is
a diagram on the torus with a single hole.

2.2. Algorithm

Let M be a Seifert fibered 3-manifold with the Seifert invariants (g; b;
(P1,q1), (P2, G2), - - > (Prs @r))- Set (Sg; @, B, D) = H(s(g:bi(p1,01).(p2.42) o (pr0))
Let ¢ : Z[H1(M(s;a,8;0))] — C be a ring homomorphism. We can calculate
the Reidemeister-Turaev torsion of the standard Spin® structure of M in
the following algorithmic way (cf. [7]):
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Step 1 Orient o and 3, and take base points of 5 following the rule pre-
scribed in Section 1.

Step 2 Get a presentation (x1,...,24 | 71,...,74) of m(M,*) using the
punctured Heegaard diagram (S;c«,8; D) as in the rule of Section
1.5.

Step 3 Find an arbitrary dual system « of 8 in the diagram (S;a, ;D)
and relate a word y; of x1,...,z4 to each loop ~; in 7 as explained
in Section 1.5.

Step 4 If there exist two integers k,l € {1,..., g} such that all of det By,
©([y]) — 1 and ¢([y;]) — 1 are nonzero, then we have

det Bk,l
(e(lzr]) = De(lul) = 1)

(M, V) = + eC*/+1,

where By, is the (k,[)-minor of the matrix (go (BZJD>1 due
K <i,J<g

to Proposition 1.1. If there are not such integers k and [, then it turns
out that the twisted chain complex C'¥(M) is not acyclic, hence we
have 7%(M,Vs) = 0 by definition.

We remark that due to [8] and [17], the above also gives a purely com-
binatorial algorithm to compute the Seiberg-Witten invariant of a standard
Spin€ structure for a Seifert fibered 3-manifold with positive first Betti num-
ber.

3. Examples and observations

3.1. Lens spaces

Recall that the Reidemeister torsion of lens spaces is first computed
in [13] by the pioneer of the invariant. Using the algorithm in Section 2.2
for a lens space L(p,q), a presentation of m1(L(p,q)) corresponding to a
standard Spin® structure is (z | aP) after simplifying the generators and
relators. Then for a representation ¢ : Hi(L(p,q);Z) — C*, [x] — ¢, we
have 7% (L(p, q), [Vst]) = £1/(¢ — 1)(¢" — 1); see [7] for more details of this
computation. We remark that even for lens spaces, finding the combinato-
rial Euler structures (see [18, 19]) corresponding to their standard Spin®
structures is not straightforward without punctured Heegaard diagrams.
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Let us focus on the lens space L(11,1). The set of the Reidemeister-
Turaev torsions of the Spin® structures of L(11,1) is

{i(CEiI)Q eC*/+1 ’ 0<i<11}.

In this set, only the two values +1/(¢ — 1)? and £¢?/(¢ — 1)? can be mod-
ified so that the numerator is £1 and the denominator are the form of
(¢™ —1)(¢™2 — 1) for some my,mp € Z. In fact, we have +¢2/(¢ —1)? =
+1/(¢t% — 1)2. Here we note that the value 1/(¢ — 1)? is the torsion of
the Spin® structure derived from the standard Seifert fibration of (L(11, 1))
and £¢2/(¢ — 1)? is that of the Spin® structure derived from the standard
Seifert fibration of (L(11,10)).

(S (S
o [ ]

7/¢-1) e o (t/(C—1)?
¢/C-1)e 0 /(¢ 1)
¢/l 0¢/(C— 1P =1/(¢P ~ 1)?
¢UNC-1)e 0(/(¢C—1)?
O
(¢~ 12

Figure 12. — The set of Spin® structures on L(11,1) and their Reidemeister-Turaev
torsions (the signs + are omitted). The white dots are the standard Spin® structures.

Next, consider the lens space L(11,2). For this manifold, the set of the
Reidemeister-Turaev torsions of the Spin® structures is

Ci
{i« D 1)

In this set, exactly the four values £1/(¢ — 1)(¢® — 1), £¢/(¢ — 1)(¢® - 1),
+¢/(¢ —1)(¢% — 1) and £¢7/(¢ — 1)(¢® — 1) can be modified so that the
numerator is +1 and the denominator are the form of (¢% — 1)(¢® — 1) for
some a,b € Z. In fact, we have £¢/(¢ —1)(¢® — 1) = £1/(¢° — 1)(¢*° - 1),
LCS/(C (O — 1) = £1/(¢ — (= 1) and £¢7/(C — (- 1) =
£1/(¢° = (¢ = D).

eCX/il’ 0<i<11}.
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CHE=DCE =1 =1/(¢ )4*1) C/C=1(¢" =)

C/C=1(" =1) =1/ =1)(¢" =)o e (/(C 1" 1)
-1 -1 e o (M/(C—1)(¢° =)
C/C-1)(—1)e 0 (?/(C—1)(¢ =)
¢C-1(P=1)e o¢/(¢C T ) =1/(¢" ()

Figure 13. — The set of Spin® structures on L(11,2) and their Reidemeister-Turaev
torsions (the signs £ are omitted). The white dots are the standard Spin® structures.

Observation 3.1. — The Reidemeister-Turaev torsion of a Spin® struc-
ture of a lens space is of the form £1/(¢™* — 1)(¢"™? — 1) with my,my € Z
if and only if the Spin®¢ structure is standard.

3.2. The product space S, x S!

Let S, be a closed orientable surface of genus g > 1 and consider the
Seifert fibered 3-manifold S, x S', whose Seifert invariants are (g;0;0).
Using the algorithm in Section 2.2 for Sy x S, we get a Spin® structure Vy,
on S, x S' and a presentation of m1(S, x S') corresponding to the Spin®
structure is

g

—1, -1 T
(@1, @9,y wag,y | wiywy i = 1,2, 20, [ [ (i1 wimai 1 Mea ™)),
i=1

and its abelianization is
Hu(S, % 5 (@z ) ) 20l

Let ¢ : Z[H1(Sy x S*;Z)] — C* be a ring homomorphism such that
each of {; = ¢([z;]) and ¢ = ¢([y]) has an infinite order. Then we have

T9(Sg x S, [Var]) = £(¢ - 1)*72

The set of the Reidemeister-Turaev torsions of the Spin® structures of

ngSlis
{ﬂ;jl- (¢ -1 e/ £ il,...,igg,z’EZ}.
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. o o ((¢C—1)%72 o °
° ° o (¢—1)%? ° °
o ° o (H(¢C—1)%2 ° °
o o o (C— 1) ¢ =)ot o [

a Spin® structure derived from a Spin structure

(] [ ] [ [ ] [ ]
(R (Ve
[ ] [ ] [ [ ] [ ]

Figure 14. — The set of Spin® structures on Sg x S! and their Reidemeister-Turaev
torsions (the signs + are omitted). The white dots are the standard Spin® structures.

Observation 3.2. — The Reidemeister-Turaev torsion of a Spin® struc-
ture of Sy x S1 is of the form +({™ — 1)?9=2 with m € Z if and only if the
Spin€ structure is standard.

3.3. Brieskorn 3-manifolds

The Brieskorn manifold ¥(p, q,r) of type (p,q,r) is a closed 3-manifold
defined by

S(p,q,r) ={(z,y,2) € C* | [a]* + |y]> + [2* = 1,2” + y? + 2" = 0},

where p,q and r are integers greater than 1. The Seifert invariants of
3(p,q,r) can be obtained as described in [10]. We also recall that X(p, g, )
is the r-fold branched covering of the 3-sphere S branched along a torus
knot or link of type; see [9]. The first integral homology group of (2,3, n)
is

1 n = +1 (mod 6)
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Using the algorithm in Section 2.2 for 3(2, 3, 6n), a presentation of 71 (3(2, 3, 6n))
corresponding to a standard Spin® structure is

(1,22, .., Ton | TiTivon—1 ‘Tip1 1 < i < 6n)
and its abelianization is
H1(2(2, 37 671), Z) = Z<[.’E1]> ® Z<[(E2}>

Let ¢ : Z[H1(3(2,3,6n);Z)] — C* be a ring homomorphism such that each
of (1 = p([z1]) and {2 = ¢([x2]) has an infinite order. Then we have

OTiTiven—1 'Tiy1
det (so([ Hiftken sl S ]))11

G ' =G -1)

The set of the Reidemeister-Turaev torsions of the Spin® structures of 3(2, 3, 6n)
is

= 4n.

T¢(2(2,37 Gn)a [Vst]) ==
{EnG" G €T/ £ 1| iy,ip €2}

n(’G n¢'G o onG nGE nGG

n (%G n¢ ' né n (G ee

n ;2 n(t n n(y n C?
[ ] [ ] o [ ] [ ]

Q a Spin® structure derived from a Spin structure

nGPG nGG nGt o nGGt GGt

n( G n'G? o nG? nGG? n@G?

Figure 15. — The set of Spin® structures on X(2, 3,6n) and their Reidemeister-Turaev
torsions (the signs + are omitted). The white dot is the standard Spin® structure.

Observation 3.3. — The Reidemeister-Turaev torsion of a Spin® struc-
ture of the Brieskorn 3-manifolds ¥(2,3,6n) (n € N) is of the form £n if
and only if the Spin® structure is standard.
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3.4. A few more examples

Let M7 be a closed orientable 3-manifold with the Seifert invariants
(0;—1;(3,1),(5,1),(7,1)). A presentation of 71 (X(M7)) corresponding to a
standard Spin® structure is

m (M) = (x1, x2, 23 | $1$3$2_4,$2$1$3_6,3€3$2$1_2>
and its abelianization is
Hy(My;Z) = (Z/34Z) ([z2]),

where [z1] = 13[z2] and [z3] = 25[z2]. Let ¢ : Z[H1(M1;Z)] — C* be a ring
homomorphism and set ¢ = ¢([x2]). Then we have

1 ¢
det(
_ —O+<+<?+@>'l>_ 1+ C+C+ ¢+
e (& (4 ()
¢ -1

B ()

Let Ms be a closed orientable 3-manifold with the Seifert invariants
(0; —1; (5,1), (6,1), (7,1)). A presentation of m (M) corresponding to a
standard Spin® structure is

T (Mz) = (21,72, 23 | 9319€3517275,50295117376750313233174)
and its abelianization is
Hy(My;Z) = (Z/103Z) ([z5]),

where [21] = 22[x3] and [zo] = 87[x3]. Let ¢ : Z[H1(Ma2;Z)] — C* be a ring
homomorphism and set ¢ = ¢([x3]). Then we have

1 ¢
H{+@+@+&+&)l>
(€7 =1)(¢*-1)
1+C+C+C+C+C+¢C

det
T (My, [Vy]) = + <4

B (o 7Ry
- -1
=S EFET e D1

Finally, let M3 be a closed orientable 3-manifold with the Seifert invari-
ants (0; —1; (5,1), (5,1), (5,3)). A presentation of m; (M3) corresponding to
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a standard Spin® structure is
m1(M3) = (1, %2, T3, Tq, T5 | x1x3x2_4,x2x1x3_4,x3x2x4_1x4x5_2x5x4331_1>
and its abelianization is
Hy(My; Z) = Z([ws]) & (Z/5Z) ([ws] — [w5]),
where [z1] = 3[zs], [22] = [25] = ([ws] — [25]), [23] = [25] + ([x3] — [25]) and

[z4] = 2[x5]. Let ¢ : Z[Hy(M3;Z)] — C* be a ring homomorphism, and set
¢1 = ¢([z5]) and (o = ¢([x3] — [z5]). Then we have

1 G20 0
0 1 -G 0
det _
o0 1 —aa+a™
-1 0 G 1

(M V)= (GG - (GG -1)

i1+<1 +GH GG
(GG -D(GG ™ 1)

Observation 3.4. — The Reidemeister-Turaev torsions of Spin® struc-
tures of the above Seifert fibered 3-manifolds M, My and M3 are still rather
simple within the set of Reidemeister-Turaev torsions of all Spin€ structures
on the manifolds. Thought we may not get complete conditions on the val-
ues of the Reidemeister-torsion to detect standard Spin®-structures on them
as in Observations 3.1-3.3, we see that the numerators of the Reidemeister-
Turaev torsions of standard Spin® structures on M;, My and M3 have non-
zero constant terms when we describe them as in Proposition 1.1.

3.5. Summary of observations

As we have seen in all of the above computations and Observations
3.1-3.4, the Reidemeister-Turaev torsion of a standard Spin® structure of a
Seifert fibered 3-manifold seems to take a particularly simple form within
the set of the Reidemeister-Turaev torsions of all Spin® structures on the
manifold. More precisely, let M be a Seifert fibered 3-manifold and [V ] be
a standard Spin® structure on M. Let [z1], [z2], ..., [zn] be a set of genera-
tors of Hy(M;Z). Let ¢ : Z|H,(M;Z)] — C* be a ring homomorphism and
set ¢; = ¢([z;]) for i = 1,2,...,n. Suppose that the p-twisted chain com-
plex CY (M) is acyclic. Then we might expect that the Reidemeister-Turaev
torsion of (M, [V]) is of the form

f(<1ac27' . aCn)
(@™ = 1(G™ = 1)
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where f : C* — C is a polynomial function satisfying f(0) # 0, ¢,j €
{1,2,...,n} and my,ms € Z\ {0}. Here we note that, by Proposition 1.1,
the Reidemeister-Turaev torsions of an arbitrary Spin® structure on M is
in general of the form

f(ChCQv"'»C’ﬂ)
@™ =1D(G™ =1)

:tC]]_61<§2<7]§n ) k17k2a"'7kn€Z7

with the above f.

The above expectation implies in partiular that when the maximal abelian
torsion (M) of a Seifert fibered 3-manifold M with positive first Betti num-
ber is non-zero, the Seiberg-Witten invariant of a standard Spin® structure
of M is non-zero; see [18, 19] for the definition of the maximal abelian tor-
sion and its relation with the Seiberg-Witten invariant. At the present time,
there is no theoretical support for the expectation, but it would be quite
natural to expect that the Reidemeister-Turaev torsion of a standard Spin®©
structure of a Seifert fibered 3-manifold takes a special form in a certain
sense.
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