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K(m,1) conjecture for Artin groups

Luts Paris®W

ABSTRACT. — The purpose of this paper is to put together a large amount
of results on the K (m,1) conjecture for Artin groups, and to make them
accessible to non-experts. Firstly, this is a survey, containing basic defini-
tions, the main results, examples and an historical overview of the subject.
But, it is also a reference text on the topic that contains proofs of a large
part of the results on this question. Some proofs as well as few results
are new. Furthermore, the text, being addressed to non-experts, is as
self-contained as possible.

RESUME. — Le but de cet article est de mettre ensemble une grande partie
des résultats connus sur la conjecture du K (m, 1) pour les groupes d’Artin
et de les rendre accessibles aux non-spécialistes. Tout d’abord, ce texte est
un exposé, contenant les définitions de base, les principaux résultats, des
exemples et un apercu historique. C’est aussi un texte qui devrait servir
de référence dans le sujet et qui contient des démonstrations de la plupart
des résultats énoncés. Certaines démonstrations et quelques résultats sont
nouveaux. En outre, le texte, s’adressant & des non-spécialistes, est aussi
complet que possible.

Introduction

Let X be a CW-complex (or a manifold having the same homotopy type
as a CW-complex), and let G be a discrete group. We say that X is an
Eilenberg MacLane space for G if the universal cover of X is contractible
and its fundamental group is G. From an Eilenberg MacLane space for G
one can easily construct a free resolution of the group algebra ZG of G, thus
one gets a way for calculating different (co)homologies of G (see [6]).

(1) Université de Bourgogne, Institut de Mathématiques de Bourgogne, UMR 5584 du
CNRS, B.P. 47870, 21078 Dijon cedex, France.
Iparis@Qu-bourgogne.fr
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It has been proved in the 60’s that the space of configurations of n points
in the plane is an Eilenberg MacLane space for the braid group on n strands
(see [29]), and this fact has been the starting point for the calculation of the
cohomology of this group [2, 30, 17, 47, 53|. Starting from the observation
that the space of configurations of n points in the plane coincides with the
complement in C™ of a well-known algebraic set, the discriminant, in the
70’s and 80’s the construction of this space has been extended to all Artin
groups as follows.

By [3], it is known that any Coxeter group acts faithfully on an open
nonempty convex cone I so that the union of the regular orbits is the com-
plement in I of a (possibly infinite) family of linear hyperplanes. More gen-
erally, by [54], if W is a reflection group in Vinberg’s sense (see Section 1),
then W is a Coxeter group, and it acts faithfully on an open nonempty con-
vex cone I so that the union of the regular orbits is the complement in I of a
(possibly infinite) family A of linear hyperplanes. By [35], the fundamental
group of the space

N(W) = ((fo)\<U (HxH)>>/W

HeA

is the Artin group A associated to W. The K(m,1) conjecture, due to
Arnold, Brieskorn, Pham, and Thom, says that N(W) is an Eilenberg
MacLane space for A.

The purpose of this paper is to put together a large amount of results
on this conjecture and to make them accessible to non-experts. Firstly, this
is a survey, containing basic definitions, the main results, examples and an
historical overview of the subject. But, it is also a reference text on the
topic that contains proofs of a large part of the results on this question.
Some proofs as well as few results are new. Furthermore, the text, being
addressed to non-experts, is as self-contained as possible.

The paper is organized as follows. In Section 1 we give a precise and
detailed presentation of the K (m,1) conjecture, with basic definitions, pre-
liminaries, and examples. Afterwards, we give an overview of the history
of this question and of the cases for which the conjecture has been proved.
Section 2 contains preliminaries on algebraic topology, Coxeter groups, Vin-
berg’s reflection groups, and Artin monoids.

Section 3 is dedicated to a key tool of the theory: the Salvetti complexes.
In Subsection 3.1 we define the Salvetti complex of a (possibly infinite)
arrangement A of hyperplanes in an nonempty open convex cone I, and we
prove that this complex has the same homotopy type as the complement

- 362 —



K (m,1) conjecture for Artin groups

of Ugea(H x H) in I x I. This construction as well as the proof of this
result are new, although they have been more or less known to experts. In
Subsection 3.2 we prove that, when A is determined by a reflection group
W in Vinberg’s sense, then our complex coincides with the Salvetti complex
defined by Charney and Davis in [14]. In Subsection 3.3 we determine some
cellular decompositions of the Salvetti complexes that we use, in particular,
to show that the fundamental group of the above defined space N(W) is
equal to the Artin group associated to W.

In Section 4 we reprove Deligne’s theorem [26] which says that the
K(m,1) conjecture holds if W is finite. The proof is made in a general
framework in the sense that we use that W is finite only in the last para-
graph of the proof. However, we do not know how to adapt the proof in
other cases.

In Section 5 we study a series of results related to the K(m, 1) conjecture
and to the so-called parabolic subgroups of Artin groups. In particular, we
reprove a result by Charney and Davis [13] which says that the K (m,1)
conjecture holds for Artin groups of FC type.

1. Basic definitions, statements, and examples

Let S be a finite set. A Cozeter matriz over S is a square matrix M =
(ms¢)s,tes indexed by the elements of S and satisfying (a) ms s = 1 for all
s €85 (b) msy=mys €{2,3,...} U{oo} for all s,t € S, s #t. A Coxeter
matrix is usually represented by its Cozeter graph, T' = T'(M). This is a
labelled graph defined as follows. The set of vertices of I' is S. T'wo vertices
s,t € S are joined by an edge if m,; > 3, and this edge is labelled by m ¢
if Mgt > 4.

Let I" be a Coxeter graph. The Cozeter system of I is defined to be the
pair (W, S) = (Wr,S), where S is the set of vertices of T', and W is the
group presented as follows.

w—/(s s2=1 forall s € S
o (st)™st =1 forall s,t €S, s#t, msy # o0

The group W is called Cozeter group of T'.

Remark. — Tt is shown in [3] that, for s,t € S, s # t, the element st is
of infinite order if m,; = oo, and it is of order precisely ms+ if ms+ # oco.
Hence, the pair (W, S) entirely determines the Coxeter graph T

If a,b are two letters and m is an integer greater or equal to 2, we set

m

H(a,b: m) = (ab)? if m is even, and I(a,b : m) = (ab)T_la if m is odd.
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Let ¥ = {os;s € S} be an abstract set in one-to-one correspondence with
S. The Artin system of T' is defined to be the pair (A, ), where A = Ar is
the group presented as follows.

A=(X|U(os, 01 : msy)=(0y, 05 : msy) for all s,t€S, s#t and my ¢ #00).
The group Ar is called Artin group of T'.

It is easily shown that the Coxeter group of I' admits the following
presentation.

wee{sg s2=1 forall s € S
r= II(s,t:mg,) =1I(t, s : msy) for all s,t € S, s#t,ms,; # 00

Hence, the map ¥ — S, o5 — s, induces an epimorphism 6 : Ap — Wrp.
The kernel of 4 is called colored Artin group of I and it is denoted by C' Ap.

Example. — Consider the Coxeter graph A, drawn in Figure 1.1. The
Coxeter group of A,, has the following presentation.

s?zl fori1<i<n
<sl,...,sn (5i8i41)3 =1 for1<i<n—1 >
(sis5)* =1 for|i—j| =2

This is the symmetric group 6,41 (of permutations of {1,...,n+1}). The
Artin group of A,, has the following presentation.

<O’1,...,0’n

This is the braid group 5,41 on n + 1 strands. The colored Artin group of
A,, is the pure braid group PB, 1.

0i0j = 0;0; for i —j| > 2

0;0i4+10; = 0;410;0441 for 1 < ) < n—1 >

—e
X )
o
3
|
—_
S

Figure 1.1. — The Coxeter graph A,

Take a nonempty open convex cone [ in a finite dimensional real vector
space V. We define a hyperplane arrangement in I to be a (possibly infinite)
family A of linear hyperplanes of V satisfying (a) H NI # () for all H € A,
(b) A is locally finitein I, that is, for all x € I, there is an open neighborhood
U, of z in I such that the set {H € A | HNU, # (0} is finite. Note that
the “classical” definition of hyperplane arrangement imposes I = V and A
finite (see [39]).
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Ezample.— Set V.= R® and I = {(x,y,2) € V | 2 > 0}. For k € Z,
we denote by Hj, the plane of V' of equation & = kz, and we denote by Hj,
the plane of equation y = kz. We set A = {Hy, H;, | k € Z}. This is a
hyperplane arrangement in 1. The trace of A4 on the affine plane of equation
z =1 is represented in Figure 1.2.

H_ 1 HO Hl H2
Figure 1.2. — A hyperplane arrangement

Let V be a finite dimensional real vector space. A reflection on V is de-
fined to be a linear transformation on V' of order 2 which fixes a hyperplane.
Attention: there is no hypothesis on the orthogonality of the reflection, hence
the fixed hyperplane does not necessarily determine the reflection. Let Cy be
a closed convex polyhedral cone in V' with nonempty interior, and let Cy be
the interior of Cy. A wall of Cy is the support of a (codimensional 1) face of
Cy, that is, a hyperplane of V generated by that face. Let Hy, ..., H, be the
walls of Cp. For each i € {1,...,n} we take a reflection s; which fixes H;, and
we denote by W the subgroup of GL(V') generated by S = {s1,...,$n}. The
pair (W, S) is called a Vinberg system if wCoNCy = for all w € W\ {1}. In
that case, the group W is called linear reflection group in Vinberg’s sense,
S is called canonical generating system for W, and Cy is called fundamental
chamber of (W, S).

Linear reflection groups, Coxeter groups and hyperplane arrangements
are linked by the following theorem.

THEOREM 1.1 (Vinberg [54]). — Let (W, S) be a Vinberg system. We
keep the above notations, and we set

j: U 'U)C’().
weW

Then the following statements hold.
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(1) (W,S) is a Cozxeter system.
(2) I is a conver cone with nonempty interior.

(3) The interior I of I is stable under the action of W, and W acts
properly discontinuously on I.

(4) Let x € I be such that W, = {w € W | w(z) = z} is different from
{1}. Then there exists a reflection r in W such that r(x) = x.

The above cone I is called Tits cone of the Vinberg system (W, S).

Remark.— The reader must pay attention to the fact that there is a
difference in Theorem 1.1.(1) between the pair (W, S), viewed as a Vinberg
system, and the pair (W, S), viewed a Coxeter system. Indeed, in the first
case, W is some specific subgroup of a linear group, while, in the second case,
W is just an abstract group. Note also that any Coxeter system appears as
a Vinberg system (see Theorem 2.5), but this representation is not unique
in general.

Let (W,S) be a Vinberg system. Denote by R the set of reflections
belonging to W. For » € R we denote by H, the fixed hyperplane of r,
and we set A = {H, | r € R}. Then, by Theorem 1.1, A is a hyperplane
arrangement in the Tits cone I. It is called Coxeter arrangement of (W, S).

Example. — Consider the symmetric group &,,41 acting on the space
V = R"*! by permutations of the coordinates. Let

Co={recV |z <a2o< - <Tpi1}.

For i,j € {1,...,n+ 1}, i # j, we denote by H;; the hyperplane of
equation z; = z;. Then Cy is a convex polyhedral cone whose walls are
Hy2,Hs3,...,Hypny1. For i € {1,...,n}, s; = (i, + 1) is a reflection
whose fixed hyperplane is H; ;1. Then (&p41,{s1,...,5,}) is a Vinberg
system. In this case we have

[_ = U w(_j() =V.
wEG 41

So, I = V, too. The set R of reflections coincides with the set of trans-
positions, thus A = {H;; | 1 < i < j < n + 1} is the so-called braid
arrangement.

Example. — Consider the affine Euclidean plane E2. For k € Z, we de-
note by Dy, the affine line of equation z = k, and we denote by D}, the
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affine line of equation y = k (see Figure 1.3). We denote by si the orthog-
onal affine reflection of E? with respect to the line Dy, and we denote by
s, the orthogonal affine reflection with respect to D). We denote by W the
subgroup of the orthogonal affine group of E? generated by {s, s, | k € Z}.
We leave to the reader to determine all the elements of W. Say, however,
that, among these elements, in addition to the reflections, there are U-turns,
translations, and glide reflections. It is easily shown that W is generated by
S0, 81, S0, 81 and admits the following presentation.

_ Dol o2 2 g2 a2
W = (s0, 81,580,571 | sg =1 =5, =51 =1,

(s050)” = (s051)% = (s150)” = (s151)* = 1).

This is the Coxeter group of the Coxeter graph drawn in Figure 1.4.

Dy Dy D, Dy

Figure 1.3. — Grid lines in the affine plane

0 o0
>r— *r—

/ /
S0 51 Sq s7
Figure 1.4. — A Coxeter graph

We embed E? in R3 via the map (z,y) — (x,9,1), and we denote by
AfF(E?) the affine group of E2. Recall that, for all f € Aff(IE?), there are a
unique linear transformation fy € GL(R?) and a unique vector u € R? such

that f =T, o fy, where T,, denotes the translation relative to u. Recall also
that there is an embedding Aff(E?) — GL(R?) defined by

f%—><J;O 1{)

Note that the elements of Aff(E?), embedded in GL(R?) via the above map,
leave invariant E? embedded into R? as above. So, in this way, the group W
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can be regarded as a subgroup of GL(R3). For k € Z, we denote by Hj, the
linear plane of R?® spanned by Dy, and we denote by Hj the linear plane
spanned by Dj.. Then sy is a linear reflection whose fixed hyperplane is Hy,
and s}, is a linear reflection whose fixed hyperplane is Hj,.

Consider the square
Co={(z,y) €E* |0 < z,y < 1}.

Let Cy denote the cone over Cj). This is a closed convex polyhedral cone
whose walls are Hy, Hy, Hj), H{. Observe that wCy N Cy = § for all w €
WA {1}, thus (W, S) is a Vinberg system, where S = {sq, s1, s, $1}. It is
easily checked that

I'=|J wCo={(x,y,2) e R*| 2> 0} U{(0,0,0)},
weW

thus
I={(2,y,2) €R*| z>0}.

On the other hand,
A={Hy,H, |keZ}.

We turn now to show the link between Artin groups and Coxeter ar-
rangements. Besides, the K (m, 1) conjecture for Artin groups is the master
peace of this link.

For a nonempty open convex cone I in a real vector space V of finite
dimension £, and a hyperplane arrangement A in I, we set

M(A)—(Ix[)\(U H><H>.

HeA

This is a connected manifold of dimension 2¢. Note that, if I = V, then A
is finite and

M(A)z(C@V)\(U C®H> .

HeA

If (W, S) is a Vinberg system and A is the Coxeter arrangement of (W, .S),
then we set M (W, S) = M(A). By Theorem 1.1, W acts freely and properly
discontinuously on M (W, S). Then, we set

N(W,S) = M(W,S)/W .

The following result will be proved in Subsection 3.3.
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THEOREM 1.2 (Van der Lek [35]). — Let (W, S) be a Vinberg system,
and let T' be the Coxeter graph of the pair (W,S), viewed as a Cozeter
system. Then the fundamental group of N(W,S) is isomorphic to Ar, the
fundamental group of M (W,S) is isomorphic to C Ar, and the short exact
sequence associated with the regular covering M(W,S) — N(W,S) is

1—>CAF—>AFL>W—>1.

Recall that a space X is an FEilenberg MacLane space for a discrete
group G if the fundamental group of X is G and the universal cover of X is
contractible. We also say that X is aspherical or that it is a K(G, 1) space.
Eilenberg MacLane spaces play a prominent role in cohomology of groups.
We refer to [6] for more details on the subject.

CONJECTURE 1.3 (K (m,1) conjecture). — Let (W, S) be a Vinberg sys-
tem, and let T be the Coxeter graph of the pair (W, S), viewed as a Cozeter
system. Then N(W,S) is an Filenberg MacLane space for Ar.

Let A be a finite hyperplane arrangement in a finite dimensional real
vector space V. In [43] Salvetti associates to A a regular CW-complex,
called Salvetti complex and denoted by Sal(A), and shows that Sal(A) has
the same homotopy type as M (A). (The definitions of regular CW-complex
and homotopy equivalence are given in Subsection 2.1.) In Subsection 3.1
we extend the definition of Sal(.A) to any (infinite) hyperplane arrangement
A in a nonempty open convex cone I, and we prove that Sal(A) has the
same homotopy type as M (A) (see Theorem 3.1). This result is more or less
known to experts, but, as far as I know, its proof does not exist anywhere
in the literature. Our proof is inspired by [41]. Note that, in this paper,
the complex Sal(A) will be defined as a simplicial complex, and, when A
is finite and I = V, it coincides with the barycentric subdivision of the
complex originally defined by Salvetti.

In Subsection 3.2, with a Coxeter graph I" we associate a simplicial com-
plex Sal(T"). This complex will be naturally endowed with a free and properly
discontinuous action of the Coxeter group W of I'. Let (W, .S) be a Vinberg
system, and let I' be the Coxeter graph of the pair (W, S5), viewed as a
Coxeter system. We show that Sal(T") coincides with Sal(A), where A is the
Coxeter arrangement of (W, .S) (see Theorem 3.3). Moreover, we prove that
the homotopy equivalence Sal(T') — M (W, S) is equivariant under the ac-
tion of W and induces a homotopy equivalence Sal(T')/W — M (W, S)/W =
N (W, S). In particular, this shows the following intermediate result concern-
ing the K (m, 1) conjecture.
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THEOREM 1.4 (Charney, Davis [13]). — Let (W, S) be a Vinberg system.
Then the homotopy type of M(W,S) (resp. N(W,S)) depends only on the
Cozeter graph T' of the pair (W, S), viewed as a Cozxeter system.

In their proof of Theorem 1.4, Charney and Davis [13] use another space
which is homotopy equivalent to M (W, S) and which depends only on the
Coxeter graph I'. The complex Sal(T") itself is also introduced by Chaney and
Davis, but in another paper [14], and the homotopy equivalence Sal(T') —
M (W, S) is also proved in [14]. Our proof is slightly different from the one
by Charney and Davis.

From now on, we say that a Coxeter graph I is of type K (m,1) if Sal(T")
is an Eilenberg MacLane space. By the above, this means that M (W, S) is
an Eilenberg MacLane space for any representation of (W, S) as a Vinberg
system, where (W, S) is the Coxeter system of T".

Let T' be a Coxeter graph, and let (W, S) be the Coxeter system of
I'. In Subsection 3.3 we determine cellular decompositions for Sal(T') and
for Sal(T')/W. The definition of Sal(I') given in Subsection 3.2 coincides
with the barycentric subdivision of this cellular decomposition. This cellular
decomposition of Sal(T")/W is already defined in [14] for all Coxeter graphs,
and, independently, in [45] when the Coxeter group W is finite. A first
straightforward consequence of this description of Sal(I')/W will be that
the fundamental group of Sal(I')/W (resp. Sal(T")) is the Artin group Ar
(resp. the colored Artin group CAr) (see Theorem 3.10). This new proof
of Theorem 1.2 is well-known to experts, but, as far as I know, nobody
went to the bother of writing down it before. Note also that this cellular
decomposition is a useful tool for calculating different cohomologies of Ap
(of course, under the condition that I" is of type K (m, 1)) (see [7, 8, 9, 10,
11, 12, 20, 21, 22, 23, 24, 45, 46, 48, 49]).

The fact that the Coxeter graph A, (that is, the Coxeter graph of
the braid group B,,+1) is of type K(m, 1) was proved in 1962 by Fox and
Neuwirth [29]. This was the first example of a Coxeter graph of type K (m, 1).
The K(7,1) conjecture itself was firstly stated by Brieskorn in 1971 in [4],
but only for Artin groups of spherical type. (We say that a Coxeter graph
T is of spherical type if the Coxeter group Wt is finite.) In the same paper,
[4], Brieskorn proved the conjecture for the Artin groups associated to the
Coxeter graphs A, B,,, D,,, Fy and Iz(p) (p = 5) (see Subsection 2.2 for the
pictures of these graphs). Immediately after, in 1972, Deligne [26] proved
the conjecture for all spherical type Artin groups.

The K (m, 1) conjecture, as is stated in the present paper, was stated for
the first time in [35]. According to Van der Lek, it is due to Arnold, Pham et
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Thom. Besides the Artin groups of spherical type, it was previously proved
in [38] for two families of so-called “affine type” Artin groups: the groups
of type A,,, and those of type C,, (see also [16]).

Let T' be a Coxeter graph. For X C S, we set Mx = (ms¢)stex, We
denote by I"x the Coxeter graph of Mx, and we denote by Wx the subgroup
of W = Wr generated by X. By [3], the pair (Wx, X) is the Coxeter system
of I'x. The subgroup Wy is called standard parabolic subgroup of W.

Two families of subsets of S play an important role in the theory. The
first family, denoted by S/, consists of subsets X C S such that W is finite.
For X C S, we say that I'x is free of infinity if ms+ # oo for all s,t € X.
The second family, denoted by S<°, consists of subsets X C S such that
I'x is free of infinity. Note that S c S<°°.

After [35], the K (m, 1) conjecture has been proved in the following cases.

(1) When m,; > 3forall s,t € S, s # t (see [33]). (Such a Coxeter graph
is called of large type.)

(2) When |X| < 2 for all X € ST (see [13]). (Such a Coxeter graph is
called of dimension 2.)

(3) When S/ = 8<* (see [13]). (Such a Coxeter graph is called of FC
type.)

(4) For the “affine type” Artin groups of type B, (see [11]).

Note that large type Artin groups are both, of dimension 2, and of FC type.
On the other hand, it is proved in [28] that, if I'x is of type K (m, 1) for all
X € 8§, then I is also of type K (m,1) (see also [31]).

Maybe the next advances in the subject will be due to Jon McCammond
and Robert Sulway (see [36]). Indeed, they announce that they can embed
any affine type Artin group into a Garside group. Eilenberg MacLane spaces
for Garside groups are known [25, 15], thus such an embedding determines
an Eilenberg MacLane space for the considered Artin group Ar. It remains
to show that this Eilenberg MacLane space has the same homotopy type as
Sal(T')/W. By the way, I thank Jon McCammond for pointing out to me
this remark.

In Section 4 we give a new proof of Deligne’s theorem [26]: “spherical
type Artin groups are of type K (m,1)”. Almost the whole proof is made for
any Artin group and the hypothesis “I' is of spherical type” is used only
in the last paragraph. Nevertheless, I am not sure that this is a substantial
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progress toward a global proof of the K (m,1) conjecture, as I do not know
how to complete the proof for other kind of Artin groups, and Van der Lek
had a similar problem (but with another complex) in [35] (see also [27, 40]).
Our proof of Theorem 4.10 (Deligne’s theorem) is inspired by the proof
given in [41] (see also [44]).

For X C S, weset £x = {05 | s € X}, and we denote by Ax the
subgroup of A = Ar generated by X x. Such a subgroup is called standard
parabolic subgroup of A. In Section 5 we use ideas from [31] to prove some
results that involve standard parabolic subgroups. In particular, we prove
the following statements.

(1) “The pair (Ax,Yx) is the Artin system of I"x”. This result is origi-
nally due to Van der Lek [35].

(2) “If T is of type K (m, 1), then I'x is also of type K (m, 1)”. This result,
although well-known to experts, was curiously proved very recently
for the first time (see [31]).

(3) “If Tx is of type K(m, 1) for all X € §<°, then T is also of type
K(m,1)”. This is the previously cited result due to Ellis and Skldberg
[28], and our proof is essentially the same as the one in [28]. Note
that, thanks to Deligne’s theorem [26], this proves that FC type Artin
groups are of type K(m,1).

So, as pointed out before, many of the known results on the K(m,1)
conjecture will be proved in the present paper. In fact, only the Artin groups
of dimension 2 will not be treated, as well as some examples of Artin groups
of affine type.

2. Preliminaries

2.1. Preliminaries on algebraic topology

In this subsection we present some definitions and results on algebraic
topology that we will need in the sequel. No proof (except one) will be given,
and we refer to [32] for details and proofs.

Let X,Y be two topological spaces, and let f,g : X — Y be two con-
tinuous maps. We say that f,g are homotopic if there exists a continuous
map H : X x [0,1] — Y such that f(x) = H(z,0) and g(z) = H(x,1)
for all x € X. “To be homotopic” is an equivalence relation on the set of
continuous maps from X to Y, that we denote by ~. Amap f: X = Y isa
homotopy equivalence if there exists a map g : Y — X such that go f ~ Idx
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and fog ~ Idy. In that case we say that X has the same homotopy type as
Y. A space X is contractible if it has the same homotopy type as a point.

We say that a subspace Y of a topological space X is a deformation
retract of X if there exists a continuous map H : X x [0,1] — X such
that H(z,0) = z and H(z,1) € Y for all z € X, and H(y,t) = y for all
(y,t) € Y x [0,1]. Clearly, if Y is a deformation retract of X, then the
inclusion Y — X is a homotopy equivalence. The reverse is true when X is
a CW-complex and Y is a subcomplex of X (see [32, Thm. 4.5]).

A CW-complex is defined to be a topological space X endowed with a
filtration by closed subspaces,

XocXiCc---CcXpCXpp1 C -
satisfying the following properties.

(a) Xo is a discrete set.

(b) For all n € N, there exists a collection B,, of n-dimensional closed
disks, called n-cells, and, for each B € B, there exists a map ¢p :
OB — X,,_1, such that the image of each g is a finite union of cells
of X,,_1, and X, is obtained from X,,_; gluing each B € B,, to X,,_1
via the map ¢p.

(¢) X = US2y Xy, and X is endowed with the weak topology (that is,
A C X is closed if and only if AN X, is closed for all n € N).

We say, moreover, that X is regular if, for all n € N and all B € B, the
gluing map ¢p : 0B — X,,_; is a homeomorphism onto its image. For n € N,
the subspace X, is called n-skeleton of X.

Let X’ be another CW-complex. We denote by B!, the set of n-cells of
X" and, for B € B;,, we denote by ¢p : 0B — X, _; the gluing map. We say
that X’ is a subcomplex of X if, for all n € N, B/, is included in B,,, and, for
all B € B;,, the map ¢p : 0B — X, coincides with o : 0B — X, 1.

An (abstract) simplicial complex is defined to be a pair T = (S, A),
where S is a set, called set of vertices, and A is a set of subsets of S, called
set of simplices, satisfying the following properties. (a) () is not a simplex,
and all the simplices are finite. (b) All the singletons are simplices. (c¢) Any
nonempty subset of a simplex is a simplex.

Let T = (S, A) be a simplicial complex. Take an abstract set B = {e; |
s € S} in one-to-one correspondence with S, and denote by V the real
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vector space having B as a basis. For A = {sg,s1,...,5,} in A, we set
p
Al = {toes, + tres, + - +tpes, |0<to, b1, tp <land > t; =1}
i=0

Note that |A| is a (geometric) simplex of dimension p. In particular, |A] is
topologically a p-dimensional disk. The geometric realization of T is defined
to be the following subset of V.

vl = 1Al
A€A
We endow |T| with the weak topology (see [50, Chap. III, Sec. 1]), so that
|| is naturally endowed with a structure of regular CW-complex. For p € N,
if A is a simplex of cardinality p 4+ 1, then |A] is a cell of dimension p. The
geometric realization of an abstract simplicial complex is called geometric
simplicial complez.

If (E, <) is a partially ordered set, then the nonempty finite chains of F
form a simplicial complex, called derived complez of (E, <) and denoted by
E’ = (E,<)’. This observation is of importance in the paper as our different
versions of the Salvetti complex will be defined as geometric realizations of
derived complexes of ordered sets.

Let X be a regular a CW-complex. Denote by B the set of all cells of
X. If B and B’ are two cells of X of dimension n and m, respectively, such
that n < m and B C g/ (0B'), then we set B < B’. It is easily checked that
the relation < on B, defined by B < B’ if either B < B’ or B = B/, is a
partial order relation. The derived complex of (B, <) is called barycentric
subdivision of X. It is easily shown that |(B, <)’| is homeomorphic to X.

Let X be a topological space, and let U be a cover of X by open subsets.
The nerve of U, denoted by N(U), is the simplicial complex defined as
follows. (a) The vertices of N(U) are the elements of Y. (b) A nonempty
finite set of vertices {Uy, Ui, ...,Up,} is a simplex in N(U) if UyNnUrN---N
U, # 0.

We leave to the reader to look in the literature for the definition of a
paracompact space. However, we point out that all the spaces that we will
consider are paracompact. The following result is one of the main tools in
the paper. Its proof can be found for instance in [32, Sec. 4G].

THEOREM 2.1.—

(1) Let X be a paracompact space, and let U be a cover by open subspaces
such that any finite nonempty intersection of elements of U is con-
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tractible. Then the geometric realization |N(U)| of the nerve of U is
homotopy equivalent to X.

(2) Let X be a CW-complex. Suppose there exists an infinite chain
YO cCYiCY, C "'YnCYnJrl C -

of subcomplexes of X such that Y, is contractible for all n € N, and
Un,enYn = X. Then X is contractible, too.

At some point, we will need an equivariant version of Theorem 2.1.(1),
and, for this, we will need an explicit description of the homotopy equiva-
lence |[N(U)| — X.

We take a connected paracompact space X and a cover U of X by open
subsets such that every nonempty finite intersection of elements of U is
contractible. We denote by NU the set of all finite nonempty intersections
of elements of U ordered by the inclusion. One can show (with some effort)
that [NU'| = |N(U)|, where N(U) denotes the nerve of U. We describe
the homotopy equivalence f : [NU'| — X on the n-skeleton of |[NU'| by
induction on n.

Let U € NU. Denote by §(U) the vertex of |[NU'| corresponding to U.
Choose a point x € U, and set f(6(U)) = x. This defines f : INU'|o — X.
Let Uy C U; be a chain of length 2 in NU, and let A = A(Uy, U;) be the
1-simplex of |[NU’| corresponding to this chain. By construction, Uy C Uy,
and, by hypothesis, U; is connected, thus there exists a path v : [0,1] — U;
such that v(0) = f(6(Up)) and v(1) = f(6(U1)). We define f : A - U; C X
by

F((1 = )6(Uo) + t(T1)) = (1), € [0,1],

This defines the map f: INU'|; — X.

We assume that n > 1 and that the map f : [NU'|,, — X is constructed.
Furthermore, we assume that, if Uy C Uy C ... C U, is a chain of length
n+1and A = A(Uy, Uy, ...,U,) is the corresponding n-simplex of |NU'|,
then f(A) C U,. Let Uy C Uy C ... C U,41 be a chain of length n + 2 in
NU, and let A = A(Uy, Uy, ...,U,41) be the corresponding (n + 1)-simplex
in |[NU'|. By the above, we have f(0A) C U, and, by hypothesis, U, 41
is contractible, thus f|sa extends to a continuous map f: A — U,y; C X.
This defines f : INU |41 — X.

The following result is probably known, but I have not found it in the
literature, thus I include a proof. It is of importance to prove that the
homotopy equivalence Sal(I') — M (W, S) induces a homotopy equivalence
Sal(l")/W — M(W,S)/W = N(W,S) (see Corollary 3.4).
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PROPOSITION 2.2. — Let X be a paracompact space, and let U be a cover
by open subsets such that every finite nonempty intersection of elements of
U is contractible. Let G be a group acting freely and properly discontinuously
on X, and such that, for allg € G\{1} and allU € U, we have g(U) € U and
UNg(U) =10. Then G acts freely and properly discontinuously on |N(U)|,
there exists a G-equivariant homotopy equivalence f : |[N(U)| — X, and
this homotopy equivalence induces a homotopy equivalence f : |N(U)|/G —
X/G.

Proof. — By construction, the group G acts on U, and sends every sim-
plex of |[NU’| to a simplex, thus this action induces an action of G on
|IN(U)| = INU'|. Tt is easily checked that the latter action is free and prop-
erly discontinuous. On the other hand, it is easily seen that the homotopy
equivalence f : |JNU'| — X described above can be made to be equivariant
under the actions of G. In particular, such a f induces a continuous map
f:INU'|/G — X/G. Tt remains to show that f is a homotopy equivalence.

In order to prove that f is a homotopy equivalence, we will use the
following results. These are classical and well-known. We refer to [32, Chap.
4] for their proofs. Let ¢ : X — Y be a continuous map between two
connected spaces having the homotopy type of CW-complexes. Let g € X
be a base point for X, and set yo = ¢(zp).

(1) If ¢ is a covering map, then ¢ induces an isomorphism ¢, : 7, (X, z9) —
(Y, y0) for all n > 2.

(2) If ¢ is a regular covering map, and G is its Galois group, then we
have a short exact sequence

1 —)Fl(X,xo)ﬁ)Wl(Kyo) — G — 1.

(3) The map ¢ : X — Y is a homotopy equivalence if and only if the
homomorphism ¢, : 7, (X, 29) — 7, (Y, yo0) is an isomorphism for all
n>1.

The group m, (X, z¢) is the n-th homotopy group of X. The reader do not
need its definition to understand the proof of Proposition 2.2. The above
properties suffice.

We denote by p : |INU'| = INU'|/G and by p’ : X — X/G the natural
projections. For n > 2 we have the following commutative diagram.

- 376 —



K (m,1) conjecture for Artin groups

m(NU)) L m(X)

’

Px Py

T (INU/G) L5 70 (X)G)

By (1), p« and p/, are isomorphisms, and, by (3), f« is an isomorphism, thus
f+ is an isomorphism, too. For n = 1 we have the following commutative
diagram, where the rows are exact sequences.

1 — m(NU)) Zom (NU'|)G) — G — 1

[f* [f_* [Id
l— ) P mx/e — G —1

Since f, is an isomorphism, by the five lemma, f. is an isomorphism, too.
By (3) we conclude that f is a homotopy equivalence. a

In order to show that the fundamental group of Sal(I')/W is the Artin
group Ar (see Theorem 3.10), we will need the following method for com-
puting fundamental groups of CW-complexes.

Take a connected CW-complex X. As in the definition, for n € N, we
denote by B,, the set of n-dimensional cells of X, and, for B € B,,, we denote
by ¢p : OB — X,,_1 the gluing map of B. Let a € By be a 1-cell. We set an
orientation on a. This means that we choose some identification of a with
the interval [0, 1]. In that way, a determines a path @ : [0,1] — X by setting
a(0) = ¢4 (0), @(1) = ¢4(1), and a(t) =t for all t € (0,1). Let B € By be a
2-cell. Then B is homeomorphic to the disk D = {z € C | |z| < 1}. Without
loss of generality, we can assume that ¢pg(1) is a vertex zg € Xg. Then the
map @p : [0,1] — X defined by

oB(t) = vp(e™)

is a loop based at zy homotopic in X; to a loop at o of the form ai* ---aj*,

with a1,...,a¢ € By, and €1,...,e4 € {£1}. Recall finally that a mazimal
tree of the 1-skeleton X7 is a subcomplex T of X; such that Ty = Xg, and
T is simply connected.

Fix a maximal tree T" of X; and a base-point zg € Xg. For all x € X,
choose a path «, in T from z( to x. Note that v, is unique up to homotopy,
since T is simply connected. For a loop « : [0,1] — X based at zg we denote
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by [«] the element of 71 (X, zg) represented by a. For a € By we set
Sa = [’Y({(ll) aa(o)] -

Note that, if a is a 1-cell of T, then s, = 1 in m(X,z0). On the other
hand, for B € By, we take a loop of the form aj* ---a;* based at ¢g(1) and
homotopic in X; to ¢, and we set

Note that we have w(B) = 1 in 71 (X, z¢) for all B € Bs. The following result
is classical in the study of CW-complexes.

THEOREM 2.3. — Take a connected CW-complex X, and keep the above
notations. Then (X, xzq) has a presentation with generators s,, a € By,
and relations

Sa =1 for all edges a of T,
w(B)=1 forall BeB,.

The proof of the following is contained in the proof of [6, II, Thm. 7.3].
It will be the key tool in the proof of Theorem 5.6.

THEOREM 2.4. — Let X be a CW-complex which is the union of two sub-
complexes, X1 and X5, whose intersection, Y, is nonempty and connected.
We take a basepoint xg € Y, and we denote by v; : w1 (Y, x0) — m1 (X5, xo)
the homomorphism induced by the inclusion ¥ — X, for i = 1,2. We
assume that

(a) t1 and 12 are injective,

(b) X1, Xo, and Y are Eilenberg MacLane spaces.

Then X 1is also an Eilenberg MacLane space.

2.2. Preliminaries on Coxeter groups

Let T’ be a Coxeter graph, and let (W,S) be its Coxeter system. Take
an abstract set {e; | s € S} in one-to-one correspondence with S, and
denote by V the real vector space having {e;s | s € S} as a basis. Define the
symmetric bilinear form B : V x V — R by

—cos(#) if mg; # 00

Beven={ |

if mst = 00
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For s € S define ps € GL(V) by
ps(x) =2 —2B(x,e5)es, x€V.

Then p, is a linear reflection for all s € S, and the map S — GL(V),
s > ps, induces a linear representation p : W — GL(V) (see [3]). This
linear representation is called canonical representation of (W, S).

Denote by V* the dual space of V. Recall that any linear map f € GL(V)
determines a linear map f' € GL(V*) defined by

(f'(a),2) = (o f(2)),

for all « € V* and all € V. The dual representation p* : W — GL(V*) of
p is defined by

P (w) = (p(w)") ™",
for all w e W. For s € S, we set Hy = {a € V* | (o, e5) = 0}. Let

Co={aeV*|{a,es) >0 forall s € S}.

THEOREM 2.5 (Tits [52], Bourbaki [3]). — Let T be a Cozeter graph,
and let (W, S) be its Coxeter system.

(1) The canonical representation p : W — GL(V') and the dual represen-
tation p* : W* — GL(V™) are faithful.

(2) The set Cy is a simplicial cone whose walls are Hy, s € S. The
transformation p*(s) is a linear reflection whose fized hyperplane is
Hg, for all s € S. Moreover, we have p*(w)Co N Coy = O for all
we W\ {1}.

In particular, (p*(W), p*(S)) is a Vinberg system whose associated Cozeter
graph is .

Recall that T' (resp. Ar) is said to be of spherical type if Wr is finite.
Note that, if I'y,...,I; are the connected components of I', then Wr =
Wr, x --- x Wr,. In particular, I' is of spherical type if and only if all its
connected components are of spherical type.

THEOREM 2.6 (Coxeter [18, 19]). —

(1) The Coxeter graph T is of spherical type if and only if the bilinear
form B :V xV — R is positive definite.

(2) The spherical type connected Cozeter graphs are precisely those listed
in Figure 2.1.
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Figure 2.1. — Connected spherical type Coxeter graphs

Let I" be a Coxeter graph, and let (W, .S) be its Coxeter system. Denote
by S* the free monoid on S. Let w € W. A word pp = s1---s4 € S* is an
expression of w if the equality w = s1---sy holds in W. The length of w,
denoted by lg(w), is defined to be the minimal length of an expression of w.
An expression p = s1 -+ s¢ of w is said to be reduced if ¢ = lg(w).

Let p,p’ € S*. We say that there is an elementary M-transformation
joining p to ' if there exist v1,1v5 € S* and s,t € S such that m,; # oo,

pw=uv11(s,t :mgt)ve, and p =viII(t,s:msy)vo.
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THEOREM 2.7 (Tits [51]). — Let w € W, and let p, 1’ be two reduced ex-
pressions of w. Then there is a finite sequence of elementary M-transforma-
tions joining u to .

Let (A,Y) be the Artin system of I'. Recall the epimorphism 6 : A — W
which sends o, to s for all s € S. We define a set-section 7 : W — A of 0 as
follows. Let w € W. We choose a reduced expression p = s7 -+ sp of w and
we set

T(w) =04, -+ 0, .

By Theorem 2.7 the definition of 7(w) does not depend on the choice of the
reduced expression. Attention: 7 is a set-section. It is not a homomorphism.
However, it is an important tool in the study of Artin groups.

The following theorem is fundamental in the combinatorial study of Cox-
eter groups.

THEOREM 2.8 (Bourbaki [3]). — Let (W, S) be a Cozeter system.

(1) Let w e W, let s € S, and let u = s1--- 8¢ be a reduced expression
of w. Then, either lg(ws) = lg(w) + 1, or there exists an index i €
{1,...,0} such that w=s1---8; - s¢s.

(2) Letw € W and s,t € S. Iflg(ws) = lg(tw) = lg(w)+1 and lg(tws) <
lg(ws), then ws = tw.

Recall that, for X C S, weset Mx = (ms1)s,tex, where M = (Mg ¢)s.1es
is the Coxeter matrix of I', we denote by I'x the Coxeter graph of My, and
we denote by Wx the subgroup of W = Wr generated by X. Recall also
that, by [3], the pair (Wx,X) is the Coxeter system of I'x, and Wx is
called standard parabolic subgroup of W. Let X,Y be two subsets of S. We
say that an element w € W is (X,Y)-minimal if it is of minimal length in
the double-coset WxwWy .

PROPOSITION 2.9 (Bourbaki [3]). — Let (W, S) be a Coxeter system.

(1) Let X,Y be two subsets of S, and let w € W. Then there exists a
unique (X,Y)-minimal element lying in WxwWy .

(2) Let X C S, and let w € W. Then w is (0, X)-minimal if and only
if 1g(ws) > lg(w) for all s € X, and 1g(ws) > lg(w) for all s € X if
and only if 1g(wu) = 1g(w) + lg(u) for all u € Wx.

(8) Let X C S, and let w € W. Then w is (X, 0)-minimal if and only if
lg(sw) > lg(w) for all s € X, and lg(sw) > lg(w) for all s € X if
and only if Ig(vw) = lg(u) + 1g(w) for allu € Wx.
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(4) Let X C S, and let w € Wx. If u = s1--- 8¢ is a reduced expression
of w, then s1,...,s0 € X.

2.3. Preliminaries on Vinberg systems

In this subsection we present the main tool that we will use to pass from
the Salvetti complex of a Coxeter arrangement, denoted by Sal(.A), to the
Salvetti complex of the associated Coxeter graph, denoted by Sal(T") (see
Subsection 3.2). This tool basically says that two posets are isomorphic (see
Theorem 2.10 below). The first poset is the poset of facets of the Coxeter
arrangement, while the second poset, denoted by P7, is made of the cosets of
finite parabolic subgroups in W. Theorem 2.10 is essentially due to Vinberg
[54], but the proofs of [3, Chap. V] can be easily adapted to prove the
theorem.

Let A be a hyperplane arrangement in an nonempty open convex cone
Iin V =RE A chamber of A is defined to be a connected component of
I\(UgeaH). We denote by C(A) the set of chambers of A. For H € A, we set
I" = INH and A" = {H'NH | H' € A\{H} and H'NHNI # (}. Observe
that I is a nonempty open convex cone in H, and A is a hyperplane
arrangement in 1. For H € A, a chamber of AY is called a face of A
(or 1-codimensional facet of A). For d € N, we define a d-codimensional
facet of A by induction on d as follows. The chambers of A are the 0-
codimensional facets. The faces of A are the 1-codimensional facets. For
d > 2, a d-codimensional facet of A is a (d — 1)-codimensional facet of some
A where H € A. We denote by F(A) the set of all facets of A. Observe
that F(A) is a partition of I. For F' € F(A), we denote by F the closure of
F in I. Then F(A) is endowed with the partial order relation < defined by
F| < Fyif F| C F,.

Let F' be a d-codimensional facet. Define the support of F', denoted
by |F|, to be the linear subspace of V spanned by F. Set I = |F| NI,
Ap={Hc A|HDF},and A" = {HN|F| | H € A\Ar and HNIF # (}.
Observe that |F| is a d-codimensional linear subspace of V, I*" is a nonempty
open convex cone in |F|, A is a hyperplane arrangement in I, and F is a
chamber of A¥. On the other hand, A is a finite hyperplane arrangement
in I. Moreover, if d > 1, we have Ngea,H = |F|. For d = 0, we set
|F| =NaearH =Npeg =V.

Ezample.— Set V.= R® and I = {(x,y,2) € V | 2 > 0}. For k € Z,
denote by Hy the plane of V of equation z = kz, and denote by Hj, the
plane of equation y = kz. Set A = {Hj, Hj, | k € Z}. This is a hyperplane
arrangement in I. The trace of A in the affine plane of equation z = 1
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is pictured in Figure 2.2. Let F = {(0,0,z) | z > 0}. Then F is a 2-
codimensional facet of A whose support is the line |F| of equations x = y =
0. Here we have I = F, A = (), and Ar = {Ho, H}}. Observe that the
set of facets F’ € F(A) satisfying F' < F” is made of 4 chambers, 4 faces,
and F' itself.

H,

Hj

/
H()

H',

H_, H H, H,
Figure 2.2. — A facet

For a given Coxeter graph I and its Coxeter system (W, S), we set ST =
Sl = {X c S| Wx is finite} and P/ = Pl = {wWx | w € W and X €
S7}. The set P/ is assumed to be ordered by the inclusion.

THEOREM 2.10 (Vinberg [54]). — Let (W, S) be a Vinberg system, let Cy
be its fundamental chamber, let I be its Tits cone, and let A be its Cozeter
arrangement. Denote by T the Coxeter graph of (W, S), viewed as a Cozeter
system.

I. Let F(Cy) = {F € F(A) | F 2 Cy}. Then there is a bijection ¢ :
SIJ: — F(Cy) such that

N H. = [u(X)|

seX
for all X € 81’:. Moreover, the following properties hold.
(1) Let X,Y € Sf:. We have X CY if and only if 1(Y) = o(X).

(2) For X € Slf, the stabilizer {w € W | w(u(X)) = «(X)} of «(X) is
equal to Wx , and every element of Wx pointwise fizes 1(X).
II. There is a bijection [ : Plf — F(A) defined by
H(wWx) =w((X)).

Moreover, the following properties hold.
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(1) Let u,v € W and X,Y € SIJ:. We have uWx C vWy if and only if
Z(UWy) j Z(’U,WX)

(2) Let u,v € W and X,Y € Sf:. We have uWx C vWy if and only if
X CY and u € vWy.

(8) The restriction of T to W is the bijection

W = C(A)
w —  w(Ch)

ITI. Let X be a subset of S, and let w be an element of W. Then w
is (0, X)-minimal if and only if H, does not separate Coy and w='(Cy) for
every reflection r lying in Wx .

2.4. Preliminaries on Artin monoids

In this subsection we present some results on Artin monoids, that we
will need to prove Theorem 4.10 (K (7, 1) conjecture for spherical type Artin
groups). Most of the results of the subsection come from [5] (see also [37]),
and their proofs are independent from the techniques presented here.

The Artin monoid of a Coxeter graph I' is the monoid A}L defined by
the following monoid presentation.

Af=(Z | (0,01 : ms ) =I(04, 05 : msy) for all s,t € S, s#t, my#00)™.
By [42], the natural homomorphism Af — Ar is injective.

Since the relations that define Aff are homogeneous, Alf is endowed with
a length function lg : A" — N that associates to each element o € A7 the
length of any expression of a on the elements of ¥. Note that lg(af) =
lg(a) +1g(B) for all a, B € Af. For o, B € A, we set o <, B if there exists
vy E Aff such that ay = §. Similarly, we set a« <p g if there exists v € Aff
such that ya = . Note that the existence of the length function implies
that <y and <g are partial order relations on Al'f.

THEOREM 2.11 (Brieskorn, Saito [5]). — Let T’ be a Cozeter graph, and
let E be a nonempty finite subset of A‘F".

(1) E has a greater lower bound for the relation <, (resp. <g), denoted
by ALE (resp. ARE).

(2) If E has an upper bound for the relation <p, (resp. <g), then E has
a least upper bound for the relation <, (resp. <r), denoted by Vi E
(resp. VRE).

- 384 —



K (m,1) conjecture for Artin groups

Recall the natural homomorphism 6 : Ar — Wr and its set-section
7 : Wp — Ar. Notice that the image of 7 is contained in AI'L'. We complete
the above theorem with the following.

PROPOSITION 2.12 (Brieskorn, Saito [5]). — Let " be a Coxeter graph.

(1) Let E be a nonempty finite subset of T(Wr). If VLE (resp. VRE)
exists, then V. E € 7(Wr) (resp. VRE € 7(Wr)).

(2) Let X be a subset of S. Recall that Xx denotes the set Xx = {o |
s€ X}. Then VX x (resp. VREx ) exists if and only if Wx is finite
(that is, X € ST).

The last preliminary result on Artin monoids that we will need concerns
only the spherical type ones.

THEOREM 2.13 (Brieskorn, Saito [5], Deligne [26]). — Let I be a spher-
ical type Cozeter graph. Set A = VX (this element exists by Proposition
2.12). Then A = VRY, and every element 8 € Ar can be written in the
form B =A"Fa with o € Aff and k € N.

3. Salvetti complexes

3.1. Salvetti complex of a hyperplane arrangement

In this subsection I denotes an nonempty open convex cone in a real
vector space V of dimension ¢, and A denotes a hyperplane arrangement
in I. Our aim is to define a (geometric) simplicial complex Sal(A) and to
prove that Sal(.A) has the same homotopy type as M (A). We start recalling
some definitions from the previous section.

The arrangement A determines a partition of I into facets. We denote
by F(.A) the set of facets, and by C(.A) the set of chambers (0-codimensional
facets) of A. We order F(A) by F, < F, if Fy C Fy, where, for F € F(A),
F denotes the closure of F'in I. The support of a facet F', denoted by |F|,
is the linear subspace of V spanned by F. We set I = IN|F|, Ap = {H €
A|F C H},and A" = {HN|F|| H € A\ Ar and HNIF # (}. Finally, for
F € F(A) and C € C(A), we denote by Cr the chamber of Ap containing
C.

Ezxample. — We go back to the example of the previous section. We set
V =R?and I = {(z,y,2) € V| z > 0}. For k € Z, we denote by Hy, the
plane of V' of equation z = kz, and by Hj, the plane of equation y = kz, and
we set A = {Hy, H}, | k € Z}. Consider the facet F' = {(0,0,2) | z > 0}.
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Let C be the cone over a square bounded by Hy, Hy, H)), H;. Then C is a
chamber of A, we have FF < C, and Cp is the cone {(z,y,2) € V | =z >
0, y >0, z > 0} (see Figure 3.1).

iy - -
" -
c ;
H! H! E T T
B o P
i, S - -
H_1 HO H1 H2 HO
Figure 3.1. — Cp: an example

We set

Salg(A) = {(F,C) € F(A) x C(A) | F < C}.

We define a relation < on Salg(A) as follows.
(F,C) < (F',C") if F < F" and Cp C Cl.

It is easily checked that < is an order relation on Salg(A). We define the
Salvetti complex of A, denoted by Sal(A), as the geometric realization of
the derived complex of (Saly(A), <).

Remark. — If A is the Coxeter arrangement of a Vinberg system (W, S),
then W acts on Saly(A) as follows.

w (F,C) = (wF,wC),

for w € W and (F,C) € Saly(A). The ordering < is invariant under the
action of W, thus this action induces an action of W on Sal(.A).

THEOREM 3.1.— There exists a homotopy equivalence f : Sal(A) —
M(A). Moreover, if A is the Cozeter arrangement of a Vinberg system
(W, S), then f is equivariant under the actions of W and induces a homotopy
equivalence f : Sal(A)/W — M(A)/W.

Proof. — We shall define a family {U(F,C) | (F,C) € Salg(A)} of open
subsets of M (A), and we shall prove the following.
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(1) Let (F,C),(G,D) € Saly(A). It U(F,C) = U(G, D), then (F,C) =
(G, D).

(2) We have
M(A) = U uvwo.
(F,C)€eSalg(A)

(3) Let (Fo,Co), (F1,Ch),...,(Fp,Cp) € Salp(A). We have
U(F(),CQ) ﬂU(Fl,Cl)ﬂ'“ﬂU(Fp,Cp) 75(2)
if and only if, up to permutation, we have a chain

(Fo,Co) =< (F1,Cr) < -+ < (F, Cyp) .

(4) Let (Fy,Co) < -+ < (Fp,Cp) be a chain in Salg(.A). Then U(Fy, Co)N
U(F1,Ci)N---NU(F,,C)) is contractible.

Moreover, if A is the Coxeter arrangement of a Vinberg system (W, S), we
shall prove the following.

(5) Let (F,C) € Salp(A) and w € W\{1}. ThenwU(F,C) = U(w F,w C)
and U(F,C)NU(w F,wC) = .

By Theorem 2.1 and Proposition 2.2, Theorem 3.1 will be a straightforward
consequence of (1)—(5).

For (F,C) € Salyg(A), the open subset U(F,C) will be of the form
U(F,C) = w(F) x Cp, where w(F') is an open subset of I. We turn now to
construct w(F) and study its properties.

Throughout the proof we adopt the following definitions and notations.
A chain of length p + 1 in F(A) is a sequence (Fy, F,...,F,) in F(A)
such that Fy < Fy < -+ < F,. Weset v < ~ if v = (Fo, Fy,...,Fp)
and ' = (Fy, Fy,..., F,) are two chains in F(A) such that Fy = Fj and
{F1,...,Fp} C{F],..., F;}. For F € F(A), we denote by Chain(F') the set
of chains v = (Fo, F1,..., Fp) such that Fy = F. More generally, if v is a
chain, we denote by Chain(+y) the set of chains 4’ such that v < v/

For all F' € F(A), we fix a point z(F) € F. If A is the Coxeter ar-
rangement of a Vinberg system (W, .S), we choose the points z(F') so that
wz(F) = z(wF) for all F € F(A) and all w € W. For a given chain
v = (Fo, Fi1,...,F,) in F(A) we set

A(y) ={y+tiz(F) + - +t,2(F,) |y € Fy and tq,...,t, > 0}.
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Note that A(Fy, Fh,...,F,) C F,. Note also that, if A is the Coxeter ar-
rangement of a Vinberg system (W, S), then

U)A(F(),Fl,...,Fp) :A(wFo,wFl,...,wFp)
for every chain (Fy, F1,...,F,) and every w € W.

For a given F € F(A) we set

v = U am

~y€Chain(F)

(see Figure 3.2). More generally, for a given chain v in F(A), we set

)= U am).

~’€Chain(vy)

Figure 3.2. — The set w(F)

CLAM 1.— Let F € F(A). Then w(F) is an open subset of I.

Proof of Claim 1.— Let d be the codimension of F. For k > 0, we
denote by I4_ the union of facets of F(A) of codimension > d — k, and we
prove by induction on k that I, Nw(F') is an open subset of I;_. The set
I;Nw(F) = F is obviously open in I, thus we may assume that k& > 1 plus
the induction hypothesis. If X is a subset of the cone I and x is a point in
1, the following set

{y+tz|ye X and t >0}

is called the open cone over X with direction x. Let G be a facet of codimen-
sion d — k. We denote by G the union of the facets K such that K < G.
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If F 4G, then GNw(F)=0.If F < G, then 3G Nw(F) is an open subset
of 9G (by induction) and G Nw(F) is the open cone over G Nw(F) with
direction z(G). This implies that I Nw(F) is an open subset of I;_p.

Cram 2.— Let v = (Fo, F1,..., Fp) and o = (Fy, Fy, ..., Fy) be two
chains in F(A). If ¢ < p and A(y) N A(Y) # 0, then (Fy,..., Fy) =
(Fpegr- . Fp).

Proof of Claim 2.— We argue by induction on q. Suppose ¢ = 0. Let
z € A(Fy, Fy,...,F,)NA(F}). Then z € F,NFy, thus F,NF # (), therefore
F,=F)

Suppose ¢ > 0 plus the induction hypothesis. Let z € A(Fy,..., F,) N
A(Fy, ..., Fy). Notice that z € F, N Fy, thus F, N F, # (), hence F, = F}.
We write z in the form z =y +t1 x(F1) + -+, a:( ) where y € FO and
t1,...,tp > 0. Similarly, we write z =y’ + ¢} (Fl) -+ t, x(F,), where
y € Fyand ty,... t; > 0. Let 21 = y+1t; x(F1)+~ : ~+tp_1 x(Fp-1), and let
2y =y +tyx(F])+- -+t x(F,_;). Notice that 2z, € [}, and 21 € F,_;.
If t, > t;, then

2=y+tz(F)+ Aty a(Fpor) + (tp, — to)x(F,) € F, = F.
This is a contradiction since 2} € F,_;. We prove in the same way that the
inequality ¢, < t; cannot hold. It follows that t, = t,, thus z; = zj. By
induction, we conclude that (Fp,..., Fy 1) = (Fp—q,..., Fp-1).

CLAM 3.— Let F € F(A), and let z € w(F). There exists a unique
chain v € Chain(F) such that z € A(y).

Proof of Claim 3.— Let v = (Fy,...,F,) and v = (F, ..., F;) be ele-
ments of Chain(F') such that z € A(y)NA(y"). We can assume without loss
of generality that ¢ < p. By Claim 2, we have (Fy, ..., Fy) = (Fp—q,. ., F}).
Since, moreover, Fy = Fj = F, it follows that p = ¢ and v =~

CLAIM 4.— Let F\G € F(A). If w(F)Nw(G) # 0, then either F < G,
or G F.

Proof of Claim 4.— Let F,G € F(A) such that w(F) N w(G) 7& 0.
There exist a chain v = (Fp, F1, ..., F}) lying in Chain(F') and a chain 7/ =
(Fps - -, Fy) lying in Chain(G) such that A(y) NA(v') # 0. We can assume
without loss of generality that ¢ < p. By Claim 2, we have (Fy,..., F,) =
(Fp—g,---,Fp). Hence, F = Fy < F,_, = Fj = G.

A straightforward consequence of Claim 4 is the following.
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CLAIM 5.— Let Fy, Fy, ..., F, € F(A). Ifw(Fy)N---Nw(E,) # 0, then,
up to a permutation of the indices, we have a chain Fy < Fy < --- < F),.

CLAIM 6. — Let v = (Fy, ..., F)) be a chain in F(A). Then
w(Fo) N Nw(Ep) =w(y).

Proof of Claim 6.— Since the inclusion w(y) C w(Fp) N --- Nw(Fp)
is obvious, we only need to prove w(Fp) N--- Nw(F,) C w(y). Let z €
w(Fp) N---Nw(Fy). Since z € w(Fp), there exists a chain 6 = (Go,...,Gy)
lying in Chain(Fp) such that z € A(Go,...,Gy). Let i € {1,...,p}. There
is also a chain ¢ = (GYy,...,G)) lying in Chain(F;) such that z € A(J).
If ¢ < r, then, by Claim 2, Fy = Gy = G;,fq. But, this is not possible
because, otherwise, we would have F; = G < G._, = Fy and Iy < F;. So,
r < ¢ and, again by Claim 2, F; = G, = G,_,. This shows that v < §, thus
z € A(0) Cw().

CLAamM 7.— Let v = (Fy,...,Fy,) be a chain in F(A). Then w(y) is
contractible.

Proof of Claim 7.— We choose yg € Fy and we set
zo =yo + x(F1) + -+ 2(F).

For t € [0,1], we define the map h; : w(y) — w(v) as follows. Let z € w(7).
Let § = (Go,...,G4) € Chain(v) such that z € A(4). There exist y € Fy =
Go and tq,...,t, > 0 such that z = y + 1 2(G1) + - - - + t, 2(G,). We set

hi(2) =ty + (1= yo + ur(t) 2(Gr) + - -+ ug(t) 2(Gy) ,

where
wj(t) = tt; itG; € {F1,...,Fp}
J B ttj+(1—t) iijE{Fl,...7Fp}

It is easily seen that the map

w(y) x[0,1] = w(v)
(2,1) = h(2)

is well-defined and continuous. Moreover, we have h;(zg) = 2 for all t €
[0,1], hy = Id, and ho(z) = 2 for all z € w(vy). This shows that {2} is a
deformation retract of w(7y).

CLAIM 8.— Suppose that A is the Coxeter arrangement of a Vinberg
system (W, S). For F € F(A), we denote by W ={w € W |wF = F} the
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stabilizer of F. Let F € F(A), and let w e W. If w(F) Nww(F) # 0, then
w € Wp.

Proof of Claim 8. — Suppose that w(F) Nww(F) # 0. Let z € w(F) N
ww(F). There are chains v = (Fy,...,F,) and o = (Fy,..., F,) lying in
Chain(F') such that

ze A()NwA®R) = A(Fo, ..., ) NA(w Fy,...wFy).

Assume ¢ < p. The case p < ¢ is proved in the same way. By Claim 2,
(wF, ..., wEy) = (Fy—g, ..., Fp). Since codim Fy = codim w Fj = codim F',
it follows that p = ¢ and w~+' = v. In particular, F = Fy = wFj = wF,
thus w € Wg.

For (F,C) € Salg(A), we set
U(F,C) :w(F) x Cp.
We turn now to prove in the following claims that the set {U(F,C) | (F,C) €
Salg(A)} satisfies (1)—(5).
CLAIM 9. — Let (F,C) € Salg(A). Then U(F,C) C M(A).

Proof of Claim 9.— Let (z,y) € U(F,C). Let G € F(A) such that
x € G. Since x € w(F), we have F < G. Let H € A. If H € Ap, then
y & H, since y € Cp, thus (x,y) ¢ Hx H. It H ¢ Ap, then H ¢ Ag,
since Ag C Ap. But, Ag = {H' € A| x € H'}, thus = ¢ H, therefore
(z,y) € H x H. This shows that (x,y) € M(A).

CraM 10.— Let (F,C), (G, D) € Salg(A). If U(F,C) = U(G, D), then
(F.C) = (G, D).

Proof of Claim 10.— We have F' C w(F) and, if F’ € F(A) intersects
w(F), then F < F’, thus w(F) determines F. This implies that F = G.
We have w(F) N Cp C C, thus U(F,C) = w(F) x Cg determines C. This
implies that C' = D.

CraM 11.— We have
M(A) C U uvwo.

(F,C)€Salg(A)

Proof of Claim 11.— Let (z,y) € M(A). Let ' € F(A) such that x € F.
Let H € Ap. Since x € H, we have y ¢ H. Hence, there exists a chamber C'
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of Ap such that y € C. Let C € C(A) such that F < C and Cr = C. Then
(z,y) e FxCr Cw(F) x Crp=U(F,C).

Cram 12.— Let (F,C),(G, D) € Saly(A). If U(F,C)NU(G, D) # 0,
then either (F,C) < (G, D), or (G,D) = (F,C).

Proof of Claim 12.— Suppose that U(F,C) N U(G, D) # (. We have
w(F)Nw(G) # 0, thus, by Claim 4, either F < G, or G < F. We can assume
without loss of generality that ' < G. Then (§ # CrNDg C CgN Dg, thus
Ca = Dg, therefore Crp C Dg.

A straightforward consequence of Claim 12 is the following.
CrLAM 13.— Let (FO, Co), (Fl, Cl), e (Fp, Cp) S Salo(.A) IfU(F(), Oo)
N---NU(F,, Cp) # 0, then, up to a permutation of the indices, we have a

chain
(Fo,Co) = (F1,C1) 2 -+ 2 (F, Cp).

Cramv 14. — Let ((Fy, Co), .- ., (Fp, Cp)) be a chain in Salg(A). Then
U(FQ,C()) N U(F1,01) n---N U(Fp,Cp) = (JJ(F(), ‘e ,Fp) X (CO)FO .

Proof of Claim 14.— Since (Co)p, C (Ci)F, for all i € {1,...,p}, by
Claim 6 we have
U(F07 CQ) n---N U(F‘p7 Cp) = (UJ(F()) Mn---N w(Fp)) X (CQ)FO
= (JJ(FO7 . ,Fp) X (CO)F() .

CramM 15. — Let ((Fo,Ch), ..., (Fp,Cp)) be a chain in Salg(A). Then
U(Fo,Co)N---NU(Fp,Cp) is nonempty and contractible.

Proof of Claim 15.— w(Fy,...,Fp) is contractible by Claim 7, and Cr
is contractible since it is convex. Both spaces are obviously nonempty.

CLAIM 16.— Suppose A is the Coxeter arrangement of a Vinberg system
(W, S). Let (F,C) € Salg(A), and let w € W\ {1}. Then wU(F,C) €
Saly(A) and U(F,C)NwU(F,C) = (.

Proof of Claim 16.— We have wU(F,C) = U(w F,w(C) € Salg(A).
Recall that Wp = {w € W | wF = F}. Since W acts freely on C(A),
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the group Wpg acts freely on {C' € C(A) | F <X C}. If w ¢ Wp, then,
by Claim 8, w(F) Nww(F) = 0. If w € Wp, then F < wC and C #
wC, thus Cr # wCF, therefore Cr N wCr = . In both cases we have
UF,C)NnU(wF,wC) =1. O

3.2. Salvetti complex of a Coxeter system

Recall that, for a given Coxeter system (W, S), we denote by S/ the
set of subsets X of S such that Wx is finite. The following lemma is a
preliminary to the definition of the Salvetti complex of a Coxeter graph.

LEMMA 3.2.— Let T be a Coxeter graph, and let (W, S) be its Coxeter
system. Let < be the relation on W x ST defined as follows.

(u, X) < (v,Y)

if
XcY, viue Wy, and v 'u is (0, X)-minimal.

Then =< is a partial order relation.

Proof.— Let (u, X) € W x 8. We have X C X, v lu =1 € Wy, and
u~lu = 1is (0, X)-minimal, thus (u, X) =< (u, X).

Let (u,X),(v,Y) € W x 8 such that (u,X) < (v,Y) and (v,Y) =<
(u, X). We have X C Y C X, thus X =Y. We have v=!u € Wx and v~lu
is (@, X)-minimal. But, the only (@, X)-minimal element lying in Wx is 1,
thus v~y = 1, therefore v = u.

Let (u, X), (v,Y), (w,Z) € W x S such that (u, X) < (v,Y) =< (w, Z).
We have X C Y and Y C Z, thus X C Z. We also have w™ v € Wy and
vy € Wy € Wy, thus wlu = wlvv~tu € W. Now, because w™lv
is (), Y)-minimal and v~'u is ((), X)-minimal, by Proposition 2.9, for all
ug € Wx we have the following equalities.

lg(w uug) = lglw v luug) =lg(w ' v) + lglv ™ uug)
lg(w™ ) +lg(v™ ) +1g(uo)

= lg(w fvv ™ ) +1g(ug) = lg(w ™ u) + lg(uo) .

By Proposition 2.9 it follows that w™'u is (f), X)-minimal. So, (u,X) =<
(w, 2). O

Let T' be a Coxeter graph, and let (W, S) be its Coxeter system. The
Salvetti complex of T, denoted by Sal(T"), is defined to be the geometric
realization of the derived complex of (W x S7, <). Note that the action of
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W on W x S’ defined by w- (u, X) = (wu, X), w € W and (u, X) € W xS/,
preserves the ordering. Hence, it induces an action of W on Sal(T").

Now, we take a Vinberg system (W, S) and we denote by T" the Coxeter
graph of (W, S), viewed as a Coxeter system. We go back to the notations
and definitions of Subsection 2.3. So, A denotes the Coxeter arrangement
of (W,S), Cy denotes the fundamental chamber of (W, S), F(Cy) denotes
the set of facets F of A such that ' < Cp, and P7 = {wWx | w €
W and X € 8/}. Recall also that we have bijective maps ¢ : S/ — P(Cp)
and 7 : P/ — F(A) whose properties are stated in Theorem 2.10. We define
the map ¢ : W x S/ — Salg(A) as follows

p(w, X) = ({(wWx), i(w)) = (w(e(X)), w(Co)) -

The main result of this subsection is the following.

THEOREM 3.3.— The map ¢ is a bijective map which satisfies the fol-
lowing property.

(x) Let (u, X),(v,Y) € W x §f. We have (u, X) = (v,Y) if and only if
p(v,Y) = o(u, X).

Before proving Theorem 3.3, we first give two important consequences.
By construction, the map ¢ induces a homeomorphism h : Sal(T') — Sal(A).
Moreover, ¢ being equivariant, the homeomorphism h is also equivariant.
Combining this with Theorem 3.1 we obtain the following.

COROLLARY 3.4.— There exists a homotopy equivalence f : Sal(T') —
M(W,S) equivariant under the actions of W and that induces a homotopy
equivalence f : Sal(T)/W — M(W,S)/W = N(W, S).

The following result is a direct consequence of Corollary 3.4. It was
previously proved by Charney and Davis [13].

COROLLARY 3.5.— The homotopy type of N(W,S) (resp. M(W,S)) de-
pends only on the Coxeter graph I

Proof of Theorem 3.3.— Let (F,C) € Salg(A). There exists w € W such
that C' = w(Cp). We have w1 (F) < w™1(C) = Cy, thus w™(F) € F(Cp),
therefore there exists X € S/ such that w™!(F) = «(X). Hence, (F,C) =
o(w, X). This shows that ¢ is a surjective map.
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Let (u, X),(v,Y) € W x 8/ such that p(u, X) = ¢(v,Y) = (F,C). We
have u(Cp) = v(Cy) = C, thus u = v. Moreover, +(X) = 1(Y) = v~ 1(F),
thus X =Y. This shows that ¢ is injective.

Let (u,X),(v,Y) € W x 8 such that (u, X) < (v,Y). Set (F,C) =
o(u, X) and (G,D) = ¢(v,Y). We have X C Y and u can be written
in the form v = vw, where w € Wy and w is (0, X)-minimal. We have
t(Y) = o(X) by Theorem 2.10.1, thus «(Y) = w1 («(Y)) = w™ (X)),
therefore v(1(Y)) = G < u(1(X)) = F. Let H € Ap. We have u~!(H) €
A,(x)- By Theorem 2.10.1, there exists a reflection r lying in Wx such
that w=!(H) = H,.. By Theorem 2.10.I11, u~!(H) does not separate Cp and
w~1(Cp), thus H does not separate u(Cp) = C and uw=1(Cy) = v(Cy) = D.
It follows that Cr = Dp, thus Dg C Cr. Hence, (G, D) < (F,C).

Let (u,X),(v,Y) € W x 8. We set (F,C) = ¢(u,X) and (G, D) =
©(v,Y), and we assume that (G, D) = (F,C). Let w = v~ u (thus u = vw).
Since G = i(vWy ) <X F = i(uWx), by Theorem 2.10.1I, ulWx C vWy-, thus,
again by Theorem 2.10.II, X C Y and u € vWy. The later inclusion implies
that w € Wy. Let r be a reflection lying in Wx. We have H, € A,(x) by
Theorem 2.10.1, thus uw(H,) € Ap. Since Cr = Dp, u(H,) does not separate
C and D, thus H, does not separate u=!(C) = Cy and v~ (D) = w=(Cp).
By Theorem 2.10.111, it follows that w is (#, X )-minimal. We conclude that
(u, X) <X (v,Y). O

3.3. Cellular decompositions and fundamental groups

Let T" be a Coxeter graph, and let (W,S) be its Coxeter system. For
all s € S we set W = Wg\ (5. The Cozeter complex of T', denoted by
Cox = Cox(T'), is the simplicial complex defined as follows.

(a) The set of vertices of Cox is the set of cosets {wW?® | w € W and s €
S}.

(b) A family {woW?®°, w W5, ... w,W?r} is a simplex of Cox if the in-
tersection woW?® N...N prSp is nonempty.

For X C S, X # (), we set WX =Wax.Let X C S, X #0,and let w €
W. With the coset wW ¥ we associate the simplex A(wWX) = {wW?* | s €
X} of Cox. Every simplex has this form, and we have A(uWX) = A(vWY)
if and only if ulWWX = vWY . The Coxeter complexes play a prominent role in
the definition and the study of Tits buildings. We refer to [1] for a detailed
study of these complexes and their applications to Tits buildings. In this
paper we will use the following result. This is well-known and can be found
for instance in [1].
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PROPOSITION 3.6.— Let I' be a Coxeter graph of spherical type. Then
|Coxz(T)| is (homeomorphic to) a sphere of dimension |S| — 1.

Set Py = Po(l') = {wWx |[weW, X CSand X # S} = {wWY |we
W, Y CSandY # 0}, and P = P(I') = {wWx | w € W and X C S}
that we order by the inclusion. Note that, if I" is of spherical type, then P
coincides with the set P/ defined in Subsection 2.3. Observe also that |P’| is
the cone over |P}|. On the other hand, by the above, Py is (isomorphic to)
the barycentric subdivision of |Cox(T")|. Then the following result follows
from Proposition 3.6.

COROLLARY 3.7.— Let ' be a Cozeter graph of spherical type. Then
the geometric realization |P'| of the derived complex of P is homeomorphic
to a disk of dimension |S|, whose boundary is the geometric realization | P
of the derived complex of Py.

There is a “geometric” way to describe the Coxeter complex and see
Proposition 3.6. Recall the construction of the canonical representation (see
Subsection 2.2). We take an abstract set {es | s € S} in one-to-one cor-
respondence with S, and we denote by V the real vector space with basis
{es | s € S}. There is a symmetric bilinear form B : V x V — R, and a
faithful linear representation p : W — GL(V') that leaves invariant the form
B and which is called canonical representation.

Assume that T' is of spherical type. Then B is positive definite (see
Theorem 2.6), thus we can identify V* with V' via the form B. For all s € S,
we set Hs = {x € V' | B(x,es) = 0}. This is the hyperplane orthogonal to
es. Then p(s) = p*(s) is the orthogonal reflection with respect to Hy for all
s € S, and W, identified with p(WW), is a (finite) linear group generated by
reflections. In this case the Tits cone is I = V. Recall that A denotes the
set of reflection hyperplanes of W. This is a finite hyperplane arrangement
in V. We observe that the arrangement A defines a cellular decomposition
of the sphere SI¥I=1 = {x € V | B(x,x) = 1}. The proof of the following
can be found in [1].

PROPOSITION 3.8.— The cellular decomposition of SIS~ determined
by A is a simplicial decomposition which is isomorphic to Cox(T").

Example. — Let m € N, m > 2. We identify R? with C, we denote by
Hy the (real) line spanned by 1, by H; the line spanned by e’™/™ by s the
orthogonal reflection with respect to Hy, and by ¢ the orthogonal reflection
with respect to Hy. Let W be the group generated by s and ¢. Then W is
the dihedral group of order 2m and has the presentation

W= {(st|s*>=t>=(st)™" =1).
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For k € {0,1,...,m — 1}, we denote by Hj the line spanned by e*7/™,
Then A = {Hj. | 0 < k < m — 1}. The cellular decomposition of S! defined
by A is composed by 2m vertices and 2m edges (see Figure 3.3). Let Cy be
the closed cone spanned by 1 and €™/™. Then ag = Cy N'S! is an edge of
the decomposition, and W acts freely and transitively on the set of edges.
For w € W, the 1-simplex of Cox corresponding to w ag is A(wW{s}) =
A(w-{1}). The vertices adjacent to the edge w ag correspond to the vertices
wW?* =w-{1,t} and wW' = w - {1, s} of Cox.

t agp
tsag ao
Hy
stsag Saop
=tstag
st ag
Figure 3.3. — Coxeter complex

We turn back to the assumption that I' is any Coxeter graph. Let
(u, X) € W x S, Set

Clu, X)={(v,Y) e W x st | (0,Y) < (u, X)}.

Furthermore, let wWy € P(I'x), and let wg be the (), Y)-minimal element
lying in wWy. With the coset wWy we associate the element (uwg,Y) of
W x 8f, that we denote by f(wWy ). The key point in the construction of
the cellular decomposition of Sal(T") is the following.

LEMMA 3.9.— Let (u, X) € W x Sf. Then f(wWy) € C(u, X) for all
wWy € P(T'x), and the map f: P(Cx) — C(u, X) is a poset isomorphism.

Proof.— Let wWy € P(I'x). We can assume without loss of generality
that w is (§,Y)-minimal. Since Y C X, w € Wx, and w is (#, Y)-minimal,
we have f(wWy) = (uw,Y) = (u, X). So, f(wWy) € C(u, X).

If (v,Y) € C(u, X), then (v,Y) = f(u"'oWy). So, f is surjective. On
the other hand, if f(wWy) = (v/,Y’), then Y =Y’ and wWy = u~'v'Wy,
thus wWy is entirely determined by its image. So, f is injective.
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Let w1 Wy, ,waWy, € P(I'x). We can assume without loss of general-
ity that wy is (0, Y7)-minimal and ws is (@, Y2)-minimal. Suppose w1 Wy, C
woWy,. Then Y7 C Y5 and wy € waWy, (see Theorem 2.10.1II). By Proposi-
tion 2.9, wy is of the form wy = wow!, where lg(w;) = lg(ws) + lg(w}), and
w| € Wy,. Moreover, w] is (), ¥1)-minimal because wy is. Since f(w;Wy,) =
(uwy, Y1) = (uwawl, Y1) and f(waWy,) = (uws, Y2), it follows that f(w;Wy,)
= f(weWy,). Suppose that f(w;Wy,) = f(wsWy,). Then Y7 C Y2 and
wg_lwl € Wy,, thus w1 Wy, C waWy,. O

We describe the cellular decomposition of Sal(T") as follows. For all w €
W we have a vertex x(w) corresponding to the poset w {1}. The 0-skeleton
of Sal(T') is {z(w) | w € W}. For p € N, the set of p-cells of Sal(T") is
{IC(u, X)'| | (u, X) € W x S and |X| = p}, and the p-skeleton Sal(T), is
the union of these cells. Lemma 3.9 and Corollary 3.7 imply that this defines
a regular cellular decomposition of Sal(T").

For (u, X) € W x S8/ with |X| = p, we denote by B(u, X) = |C(u, X)'|
the cell of Sal(T"), associated to (u, X ), and we denote by ¢, x : IB(u, X) —
Sal(T"),—1 the gluing map.

We denote by Sal(T') the quotient of Sal(I') under the action of W. Then
the cellular decomposition of Sal(T") determines a cellular decomposition of
Sal(T") that is described as follows. Let X € S/. The orbit of the cell B(1, X)
under the action of W is {B(u, X) | u € W}. With this orbit we associate
a cell B(X) of Sal(T") of dimension |X| and homeomorphic to B(1, X) via
a homeomorphism hyx : B(X) — B(1,X). The set of cells of Sal(T') of
dimension p is {B(X) | X € S/ and |X| = p}. For X € &/ such that
|X| = p, the gluing map @y : IB(X) — Sal(I'),_1 is defined as follows.

Px =Moo Y1 x ohx : 8B(X) %Q(I‘)p,l,

where 7 : Sal(I') — Sal(I") denotes the natural projection. Note that ¢x
is not in general a homeomorphism onto its image, thus Sal(T') is not a
regular CW-complex. Note also that B(1,X) can be viewed as embedded
into Sal(I"), but B(X) cannot be viewed as embedded into Sal(T").

For practical reasons (in particular, for calculating fundamental groups),
and in order to better understand these complexes, we turn now to describe
the p-skeletons of Sal(I") and Sal(I") for p = 0,1, 2.

0-skeleton. As mentioned before, the 0-skeleton of Sal(T') is a set {z(w) |
w € W} in one-to-one correspondence with W. The 0-skeleton of Sal(T") is
reduced to a point that we denote by xg.
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1-skeleton. With every (u,s) € W x S is associated an edge B(u, {s}) of
Sal(T") whose extremities are z(u) and x(us). We denote this edge by a(u, s),
and we assume it to be oriented from z(u) to z(us). So, for u,v € W, if
v is of the form v = us with s € S, there is an edge a(u,s) going from
x(u) to z(v), and there is another edge a(v, s) going from x(v) to x(u) (see
Figure 3.4). On the other hand, there is no edge joining z(u) and z(v) if
v is not of the form v = us with s € S. With every s € S is associated
an edge a5 = B({s}) of Sal(I") whose extremities are both equal to zo. Let
s € S. It is easily seen that the action of W on {a(u, s) | u € W} preserves
the orientations of the a(u, s), thus it induces an orientation on a@s. So, we
assume a, to be endowed with this orientation.

a(u, s)

a(v, s) Zo
Figure 3.4. — Edges in Sal(T") and in Sal(T")

2-skeleton. Let s,t € S, s # t. Note that we have {s,t} € S7 if and only if
Mg 7# 00. Assume m = m;; # co. With every u € W is associated a 2-cell
of Sal(T"), B(u, {s,t}), whose boundary is

a(u, s)a(us,t) - a(ull(s,t: m—1),t)
a(ull(t,s :m—1),s)" - a(ut,s) L a(u,t)~*

if m is even, and

a(u, s) a(us,t)---a(ull(s,t: m—1),s)
a(ull(t,s:m—1),t)" - a(ut,s) "t a(u,t)~*

if m is odd (see Figure 3.5). The W-orbit of 2-cells {B(u, {s,t}) [ u € W}
determines the 2-cell B({s,¢}) of Sal(T"). By the above, the boundary curve
of B({s,t}) is

- 1 ——1-—1 e =\l
Qg Gy -+ - Q¢ as .. .as at = H(as’a/t : m) H(at,as . m)

if m is even, and
- — =1 ——1-—1 _ T1(= = . - |
Qs Q- Qs Oy -Gy @ = 11(Gs,a; : m) (s, as : m)

if m is odd (see Figure 3.5).
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x(us) a(us,t) z(ust)

a(ust, s)

x(usts)
= z(utst)

a(uts,t)

z(ut) a(ut, s) z(uts)
Figure 3.5. — 2-cells in Sal(T") and in Sal(T")

A straightforward consequence of these descriptions and of Theorem 2.3
is the following.

THEOREM 3.10.— We have m1(Sal(T),z0) = Ar, m(Sal(T'),z(1)) =
CAr, and the exact sequence associated with the regular covering Sal(T") —
Sal(T") is the following.

1—>C’AF—>AFL>W—>1.

COROLLARY 3.11 (Van der Lek [35]). — Let (W, S) be a Vinberg system.
Let T be the Coxeter graph of (W,S), viewed as a Coxeter system. Then
m(N(W,S8)) = Ar, m(M(W, S)) = CAr, and the exact sequence associated
with the regular covering M(W,S) — N(W,S) is the following.

1—>CAF—>Api>W—>1.

4. K(m, 1) problem for spherical type Artin groups

In this section we first describe the universal cover SAz;I(F) of the Savetti
complex of any Coxeter graph I' (see Subsection 4.1). Afterwards we prove

—~ + —~
that a certain subcomplex Sal (T") of Sal(T') is contractible (see Subsection

4.2). At the end, we prove that Sal(T") is contractible if I" is of spherical type
(see Subsection 4.3).
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4.1. Universal cover of the Salvetti complex

We take a Coxeter graph I', and we denote by (A, ) the Artin system
of I'. Recall the homomorphism 6 : A — W which sends o5 to s for all
s € S. Recall also that 6 has a natural set-section 7 : W — A defined as
follows (see Subsection 2.2). Let w € W. We choose a reduced expression

pw=s1---8¢ of wand we set 7(w) = o4, - -+ 0,

LEMMA 4.1. — Let < be the relation on A x ST defined by
(a, X) < (8,Y)

if X CY and « can be written in the form a = B 1(w), where w € Wy and
w is (0, X)-minimal. Then < is a partial order relation.

Proof.— We cleary have (o, X) < (o, X) for all (o, X) € A x S7. Let
(a, X),(B,Y) € Ax Sf such that (o, X) < (3,Y) and (8,Y) =< (o, X). We
have X C Y and Y C X, thus X = Y. By definition, a can be written in
the form « = 8 7(u), where u € Wx and u is (@, X)-minimal. But, the only
(B, X)-minimal element lying in Wy is 1, thus u =1 and o = 3.

Let (o, X),(B,Y),(7,Z2) € A x ST such that (o, X) =< (B,Y) and
(8,Y) = (v,Z). We have X C Y C Z. Moreover, o can be written in
the form o = B7(u), where u € Wy and w is (), X)-minimal, and 8 can be
written in the form 8 = v 7(v), where v € Wy, and v is (0, Y)-minimal. Set
w = vu. Since v € Wy and v is (@, Y)-minimal, by Proposition 2.9, we have
lg(w) = 1g(v) + 1g(u), thus 7(w) = 7(v) 7(u). Hence, & = vy 7(w). We have
w € Wy, since v,u € Wz. On the other hand, one can easily prove following
the same arguments as in the proof of Lemma 3.2 that w is ((, X )-minimal.
So, (@, X) = (7, 2). O

We denote by é\z;l(F) the geometric realization of the derived complex of
(A x 87, =<). The action of A on A x Sf defined by

B, X) = (Ba, X)

induces a free and properly discontinuous action of A on ggl(F). It is easily

shown that é\z;l(I‘)/CA_: Sal(I') and égl(I‘)/A = Sal(T"). Hence, since the
fundamental group of Sal(T") is A, we have the following.

PROPOSITION 4.2. — S?ﬂ(l") is the universal cover of Sal(T') and of Sal(T").
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~+
4.2. The subcomplex Sal (T')

Recall that the Artin monoid of a Coxeter graph I' is the monoid Aff
that admits the following monoid presentation:

Al'f = (Y| U(os, 04 : msy) = (0y, 05 : mg,) for all s,t € S, s #t, msy # 00) ™.

By [42], the natural homomorphism Af" — Ar is injective.

~+
We define Sal (T") to be the geometric realization of the derived complex
of (A xS7, <), where < is the restriction to Aj" xS/ of the ordering defined
in Lemma 4.1. The main result of this subsection is the following.

~+
THEOREM 4.3. — The subcomplex Sal (I') is contractible.

The remainder of the subsection is dedicated to the proof of Theorem
4.3.

Let V = Rf and let Hy,...,H; be hyperplanes of V. For each i €
{1,...,k} we take a linear form «; : V — R such that Kero; = H;. We
say that Hy,..., Hy are independent if aq, ..., a; are linearly independent
in V*.

LEMMA 4.4.— Let I be a nonempty open convex cone in V = R’, and
let Hy,...,Hy be independent hyperplanes. Set L = Hy N --- N Hy, and
assume that LN I # 0. So, we have H; NI # O for all i € {1,...,k}. For
eachi € {1,...,k} we take an open half-space bounded by H; that we denote
by H. Then (U¥_ H;") NI is contractible.

Proof.— We choose a basis {e1,...,e;} for V so that H; is defined by
the equality x; = 0 with respect to this basis, and H;r is defined by the
inequality x; > 0, for all ¢ € {1,...,k}. Choose a point py € L N I. Since
po € L, it can be written in the form pg = Apy1ex+1 + -+ + Ageg, where
Ak+1,---, ¢ € R. Since I is open, there is € > 0 such that

Qo =¢€e1+ - +eep+po=cer+- - +eex+ Apr1€pr1+ -+ Aep €1
For all ¢t € [0,1] we define h; : V — V by
hi(p)=(1—t)p+tg, peV.

It is easily checked that hi(p) € (UX_H )N T if p € (UL H )N I, that
ho(p) = p for all p € V, that hqi(p) = qo for all p € V| and that h:(g0) = qo
for all t € [0,1]. O

Recall that P/ denotes the set {wWx | w € W and X € S’} (see
Subsection 2.3). Note that every coset wWx € P/ is uniquely represented by
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the pair (u, X), where u is the unique (), X )-minimal element lying in wWy.
For s € S, we say that the coset wWy is s-minimal if lg(su) = lg(u) + 1
and su is (), X)-minimal. We denote by P/ the set of cosets wWx lying
in P/ that are s-minimal, and we assume P/ ordered by the inclusion. For

Xo €87, Xo # 0, we set
P4 = U Pl
s€Xp

LEMMA 4.5.— Let s € S, and let uWx, oWy € Pf. If uWx € P and
oWy C ulWx, then vWy € 7);-

Proof.— We can assume without loss of generality that w is (0, X)-
minimal and that v is (), Y)-minimal. We observe that, by Proposition 2.9,
we have ulWy € P/ if and only if lg(suw) = lg(u)+1g(w)+1 for all w € Wy.
Since vWy C uWyx, we have Y C X and v € uWx. We write v = uv’, where
v’ € Wx. Since u is (#, X )-minimal, we have lg(v) = lg(u)+1g(v’). Moreover,
since v is ((), Y)-minimal, v’ is also ({}, Y')-minimal. Let w € Wy. Then

lg(svw) = lg(suv'w) = lg(u) + 1g(v'w) + 1

=lg(u) +lg(v') + lg(w) + 1 = 1g(v) + lg(w) + 1.
This shows that vWy € PJ. O

LEMMA 4.6.—

(1) The geometric realization |(Pf)'| of the derived complex of P/ is con-
tractible.

(2) Let Xo € 8, Xo # (). Then the geometric realization |(73£0)'| of the

derived complex of Pg(o is contractible.

Proof.— Let p* : W — GL(V™*) be the dual representation of the canon-
ical representation. Recall that, by Theorem 2.5, this representation is faith-
ful and, (W, S), identified with (p* (W), p*(5)), is a Vinberg system. We de-
note by I the Tits cone, and by A the Coxeter arrangement in I associated
to (W, S). For a reflection r lying in W we denote by H,. the fix hyperplane
of r. Note that, by construction, the set {H, | s € S} is independent.

We denote by Cy the fundamental chamber, and by F(Cp) the set of
facets F' of A such that F' < Cj. Recall that we have a bijection ¢ : St —
F(Cyp), and this bijection extends to a bijection i : P/ — F(A), ulWx
ut(X). Moreover, we have uWx C vWy if and only if v ¢(Y) < we(X) (see
Theorem 2.10).
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For all s € S, we denote by HJ the open half-space bounded by H, and
containing Cy. For Xo € S, X # 0, we set

Q(Xo) = ( U Hj) NnI.

seXp

Note that ¢(X) is contained in Nge x, Hs, thus (Nsex,Hs) NI # (), therefore,
by Lemma 4.4, (Xj) is contractible.

CLAIM 1.— Let s € S, and let uWx € Pf. We have uWx € Psf if and
only if ut(X) is contained in HJ .

Proof of Claim 1.— We can assume without loss of generality that u is
(0, X)-minimal. Set F = u(X). Observe that F is contained in H; if and
only if C' is contained in H for every chamber C € C(A) satisfying F < C.

Suppose that uWx € PI. Let C € C(A) such that F < C. By Theorem
2.10.1, there exists w € Wx such that C = ww(Cq). Then

lg(suw) = lg(uw) + 1 (since uWx € PY)
= lg(w tuts) =lg(w tu"t) +1
= C =uw(Cy) C Hf (by Theorem 2.10.I1I)

This shows that F is included in H .

Suppose now that F' is included in H}. Let w € Wx. Set C' = uw(Cy).
Since F' < C, we have C C HJ . By Theorem 2.10.I1L, it follows that

lg(wtu™ts) =lg(w™ u ) +1 = lg(suw) = lg(uw)+1 = lg(u)+lg(w)+1.
This shows that ulVyx € PJ.

For every facet F of A, we denote by w(F’) the set defined in the proof of
Theorem 3.1 (see Figure 3.2). For ulWx € Pf, we set w(uWx) = w(ui(X)).
Let s € S, and let uWx € P{. Set F = u(X). By Claim 1, we have F' C
H. Moreover, if G is a facet of A such that F' < G, then G C H. Since
w(uWx) = w(F) is contained in the union of the facets G of A satisfying
F < @G, it follows that w(uWx) C H;}. This proves the following.

CLAmM 2. —
(1) The set {w(uWx) | uWx € PI} is a cover of I by open subsets.

(2) Let Xo € ST, Xo # 0. Then the set {w(uWx) | uWx € Pg;o} is a
cover of Q(Xg) by open subsets.
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By Claims 5, 6, and 7 in the proof of Theorem 3.1, we have
w(ugWxy) Nw(uitWx, ) N - Nw(up,Wx, ) # 0
if and only if, up to permutation, we have
upWx, C--- CutWx, CuoWx, -

Moreover, in that case, this intersection is contractible. By Theorem 2.1,
it follows that |(Pf)’| has the same homotopy type as I, thus |[(Pf)’| is
contractible. Similarly, if X € S/, Xo # 0, then |(P§;O)’| has the same

homotopy type as Q(Xp), thus |(P§O)/| is contractible by Lemma 4.4. O

We turn back to the universal cover SAE;I(F) of the Salvetti complex.
For a € Ar, we set C(a) = {(ar(u),X) | X € 8, v € W and u is
(@, X )-minimal}. We restrict the ordering of Ar xS/ to C(«), and we denote

by ®(«) C Sal(T') the geometric realization of the derived complex of C(a).

Let o € Ar, and let ulWy € P/. We can assume without loss of generality
that u is (@, X )-minimal. Then we set fo(uWx) = (a7(u), X) € C(a).

LEMMA 4.7.— Let a € Ap. Then the map fo : PT — é(a) s a poset
isomorphism. In particular, it induces a homeomorphism f. : |[(P1)| —
®(a). Hence, by Lemma 4.6, ®(a) is contractible.

Proof — 1t is easily seen that f, is bijective. Let ulWx,vWy € Pf. We
assume without loss of generality that u is (), X)-minimal and v is (0,Y)-
minimal. Suppose that uWx C vWy. Then X C Y and u € vWy. Let
u' € Wy such that v = vu’. Since v is ((},Y)-minimal, we have lg(u) =
lg(v) + lg(w’), thus 7(u) = 7(v) 7(u’). Moreover, «’ is (), X)-minimal, since
w is. This implies that (a7(u), X) = (a7(v)7(v'), X) < (a7(v),Y).

Suppose that (a7(u), X) < (a7(v),Y). Then X C Y and a7(u) can be
written in the form a7(u) = a7(v) 7(u’), where ' € Wy and v’ is (0, X)-
minimal. The latter equality implies that ©v = vu’ € vWy, thus uWx C
’UWy. O

For n € N, we set

o= (1)

Sal (T) = U d(a).

Note that -
Sl (M) = | @) = |Jsa™m).
acA n=0
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LEMMA 4.8.— Let n € N, and let a, 8 € Al‘f such that o # B and
lg(a) =1g(B) =n+ 1. Then (o) NP(B) C S:;l(n) (T).

Proof.— For n € N, we set

si'm = U ).

ozEAlJf, lg(a)<n
Since ®(a) = |C(a)’| and ®(8) = |C(B)'|, we have
®(a) NO(B) = |[(C(a) N C(B))].

Hence, in order to prove Lemma 4.8, it suffices to show that C(a)NC(B) C
o= (1)
Sal, “(T).

Let (v,Z) € C(a) N C(B). There exist u,v € W, both ((), Z)-minimal,
such that v = a7(u) = S 7(v). Since 7(u) =g v and 7(v) =g 7, the element
7(u) Vg 7(v) exists, and, by Proposition 2.12, there exists w € W such that
T(u) Vi 7(v) = 7(w).

Let 4 € Af such that 7(w) = p7(u). Set v’ = 0(u). Note that w =
O(7(w)) = v u. We have

lg(w) < lg(u') +1g(u) <lg(u) +1g(r(u)) = lg(r(w)) = lg(w),

thus p = 7(u') and lg(w) = lg(v’) + lg(u). Similarly, there exists v € W
such that w = v’ v and lg(w) = lg(v’) + lg(v). Note that this implies that
T(w) = 7(W) 7(u) = 7(V") 7(v).

Let 7o € At such that v = 40 7(w). By left cancellation, we have o =
Yo71(u') and 8 = v7(v"). These two equalities imply that lg(vp) < n + 1.
Moreover, if we had lg(vg) = n+ 1 = lg(a) = 1g(8), then we would have
Y0 = a = 3, which is not true. Hence, lg(v9) < n. So, in order to prove that

(v, 2) € §z;lén)(F), it suffices to show that w is (@, Z)-minimal.

Suppose that w is not (@, Z)-minimal. Then, by Proposition 2.9, there
exists s € Z such that lg(ws) < lg(w). Let w = s1---s; be a reduced ex-
pression of u, and let v/ = t;---t; be a reduced expression of u’. Note
that ¢ ---t481 - s¢ is a reduced expression of w = w'u. By Theorem 2.8,
either there exists ¢ € {1,...,¢} such that ws = t;---tgs1---5; - S, oOr
there exists j € {1,...,k} such that ws = tl---tAj-~-t;€31---34. But, we
cannot have ws = ¢y ---txs1---8; - - - 8¢, because lg(us) = lg(u) + 1 (since
uw is (0, Z)-minimal), thus we have ws = t1~~~f;'~tksl~~~84 for some
j € {1,...,k}. Set w” = ty---£;---ty. Then ws = w’u and lg(ws) =
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lg(u”) 4+ lg(u) = lg(w) — 1. In particular, 7(ws) = 7(v”) 7(w). Similarly,
there exists v/ € W such that ws = v"v and lg(ws) = lg(v”) +1g(v) (hence,
7(ws) = 7(v"") 7(v)). This contradicts the fact that 7(w) = 7(u) Vg 7(v),
since 1g(7(ws)) < lg(r(w)), and, by the above, 7(u), 7(v) <g T(ws). O

For o € Ali', we set
End(a) ={s € S|os <pa}.

Note that a is an upper bound of ¥gyq() for the relation <g, thus, by
Proposition 2.12, we have End(a) € S7.

LEMMA 4.9.— Let a € A{ such that 1g(a) = n + 1. Set Xo = End().
Then

- (n)
B(a)NSal (L) = fall(PL,)]).
So, by Lemma 4.6, ®(a) N S;](n) (I") is contractible.

Proof. — Since ®(a) = |C(a)'| and Sal"™” (1) = |(Sal\™ ()], we have

. ~ ()

®(a)nSal"” (1) = |(C(a) N Sale” ()]
Hence, it suffices to show the following.

- ~ (n)

Ca)NSaly (T) = fa(PL,)-

Let ulWx € P)fco. As ever, we assume that u is (), X)-minimal. By
definition, there exists s € Xy such that lg(su) = lg(u) + 1 and su is
(0, X)-minimal. Since Xy = End(«), we have o5 < «, thus a can be
written in the form o = fog, where 8 € Af. Since lg(su) = lg(u) + 1,
we have 7(su) = os7(u), thus a7(u) = S7(su), therefore fo(uWx) =
(a7(u),X) = (B7(su),X) € C(B). On the other hand, lg(8) = n, thus

faluWy) € Gla) N Saly” (1),

Let (7, Z) € C(a) N ggl(()n)(f‘). There exists 8 € Af such that 1g(8) < n
and (v,Z) € C(B). There exist u,v € W such that u and v are (0, Z)-
minimal and v = a7(u) = B7(v). It is easily shown in the same way as in
the proof of Lemma 4.8 that 7(u) Vg 7(v) exists, that this element is of the
form 7(w) with w € W, that w is (), Z)-minimal, and that w can be written
in the form w = v'u = v'v with lg(w) = lg(u’) +1g(u) = lg(v') +1g(v). Note
that, since 1g(5) < lg(a) and a7(u) = B7(v), we have lg(u) < lg(v), thus
u’ # 1. We choose s € S such that lg(u’s) = lg(u') — 1. Set v” = u's. By
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the above, 7(u') = 7(u") 0. Let 79 € A such that v = *yo 7(w). We have
a=T1W) =v7U")os, thus s € Xy. Finally, 1g(su) = lg(u) + 1 (since
lg(w) = lg(u’) +1g(u)) and su is (@, Z)-minimal (since w is (}, Z)-minimal),
thus ulWy € 73;{0. This shows that (v, Z) = fo(uWy) € fa( ))- O

Proof of Theorem 4.3.— We start by proving by induction on n that
—(n —~ (0
Sal( )(F) is contractible. If n = 0, then Sal( )(F) = ®(1), thus, by Lemma

—~ (0
4.7, Sal( )(I‘) is contractible.

Now, we assume that n > 0 and ggl(TL)(F) is contractible. Let o € A
such that 1lg(a) = n + 1. By Lemma 4.7, ®(«) is contractible. Moreover, by

Lemma 4.9, () ﬂégl(n) (T) is contractible. It follows that the embedding of

D(a)N gl(n)(F) into ®(«) is a homotopy equivalence, thus ®(a)N Sisfl“w ()
is a deformation retract of ®(«) (see [32, Thm. 4.5]). We fix a deformation

retraction hg : ®(a) x [0,1] = ®(a) of () onto (a) N gl(n)(F).
We define a map

+1)

hesal ) 0,1 - s

()

as follows. Let v € A such that lg(a) < n+1. If Ig(a) < n, we set h(z,t) =

x for all (z,t) € ®(a) x [0,1]. If Ig(a) = n + 1, we set h(x,t) ha(z,t)

for all (z,t) € ®(a) x [0, 1]. Lemma 4.8 implies that h is well-defined. It is
—~ (n+1

clear from the above that h is a deformation retraction of Sal( " )(I‘) onto

—~(n —~ (n+1 S (n

Sal( )(F), thus Sal( * )(I‘) is contractible as Sal( )(F) is.

Since

Sal” U51

we conclude by Theorem 2.1 that Sal" (T") is contractible. O

4.3. K(m,1) problem for Artin groups of spherical type

THEOREM 4.10 (Deligne [26]). — If T" is a spherical type Coxeter graph,
then Sal(T") is an Eilenberg MacLane space.

Proof.— According to the statement of Theorem 2.13, we set A = V3.
We have the following chain of subcomplexes.

Sal' (M) cA=1Sal (D) € ---c A"Sal (I) c A" Sal (I)
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The subcomplex A™" §1+(F) is contractible by Theorem 4.3, and
o pAT? §;;1+(I‘) = égl(F) by Theorem 2.13. We conclude by Theorem

n=0

2.1 that Sal(T") is contractible. O

5. Parabolic subgroups, FC type Artin groups, and
generalizations

Let T be a Coxeter graph, and let (Ar,X) = (A, X) be its Artin system.
For X C S, weset ¥x = {0, | s € X}, and we denote by Ax the subgroup of
A generated by X x. Such a subgroup is called standard parabolic subgroup of
A. Recall that, for X C S, we set Mx = (mst)stex, where M = (mgs¢)stes
is the Coxeter matrix of the Coxeter graph I', we denote by I'x the Coxeter
graph of My, and we denote by Wx the subgroup of W = Wt generated
by X. By [3], the pair (W, X) is the Coxeter system of I'x. The subgroup
Wx is called standard parabolic subgroup of W.

Let T be a subset of S. Set S&. = {X € S/ | X C T}. Observe that the
inclusion (Wr x Sqfw) — (W x 8') induces an embedding ¢7 : Sal(I'z) —
Sal(T") which is equivariant under the action of Wr. The starting point of
the present section is the following theorem proved in [31]. It will be the
key in the proofs of several results on standard parabolic subgroups and on
some families of Artin groups.

THEOREM 5.1 (Godelle, Paris [31]). — Let T be a subset of S. Then the
embedding vr : Sal(I'r) — Sal(T') admits a retraction wp : Sal(I') — Sal(T'r)
which is equivariant under the action of Wr.

Proof.— It suffices to determine a function 7 : (W x ST) — (W x SIJ:)
that satisfies the following properties.

o mr(u, X) = (u, X) for all (u,X) € Wp x S%,
e 7 is equivariant under (left) action of Wr,
o if (u, X) =< (v,Y), then mp(u, X) < mp(v,Y).

Let (u, X) € W x 8. We write u = ugui, where ug € Wy and u; is
(T,0)-minimal. Let Xo = T Nu; Xu; " Then we set

WT(UHX) = (UOa XO) .
Note that, since Wx, C ulWXul_l, the group Wx, is finite, thus X, € S%.

It is easily seen that mp(u, X) = (u, X) for all (u, X) € Wp x S%, and
that 77 is equivariant under the action of Wr. So, it remains to show that,
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if (u,X),(v,Y) € W x S are such that (u,X) < (v,Y), then mp(u, X) <
mr(v,Y).

Let (u,X),(v,Y) € W x 8 such that (u,X) < (v,Y). Set v = upuy
and v = vovy, where ug,vg € Wr, and ui,v; are (T, 0)-minimal. Let Xy =
TN ulwxufl and Yy = TN ”U1Wy1)1_1. Then 7p(u, X) = (ug, Xo) and
7r(v,Y) = (vo, Yp). Let w = v~lu, and let wy = vy “up. Since (u, X) =<
(v,Y), we have X C Y, w € Wy, and w is (), X)-minimal. We should show
that Xo C Yo, wo € Wy,, and wy is (#, Xo)-minimal. We argue by induction
on the length of w. It is easily checked that, if w = 1, then ug = vy (thus
wo = 1), uy = vy, and Xo C Yy, thus mp(u, X) < 7p(v,Y). So, we may
assume that lg(w) > 1 plus the induction hypothesis.

We write w = sw’, where s € Y, w' € Wy, and lg(w’) = lg(w) — 1. Let
v" = vs. The element (v/)"'u = w’ lies in Wy and is (), X )-minimal (since
w is), thus (u, X) < (v/,Y). Set v/ = v{v}, where vj € Wr and v is (T, 0)-
minimal, and set Yy =T N (v})Wy (v})~!. By the induction hypothesis, we
have (ug, Xo) = 7r(u, X) < 770, Y) = (vh, Yy). Set wh = (vfy) "tug. Then
Xo C Yy, wj € Wyy, and wy is (0, Xo)-minimal.

Suppose that vys is (T,0)-minimal. Then v}, = vy and v{ = v1s. More-
over, it is easily seen that, in that case, Yy = Yy (thus Xy C Yp) and wy = wy
(thus wy € Wy, and wy is (0, Xo)-minimal). Hence, 7r(u, X) < 7 (v,Y).

Suppose now that vys is not (7', ()-minimal. We have 1g(v1s) > lg(vy),
otherwise v1s would be (T, ()-minimal since v; is. Furthermore, by Propo-
sition 2.9, there exists ¢t € T such that lg(tvis) < lg(vis). We also have
lg(tv1) > lg(v1), since v1 is (T, 0)-minimal. By Theorem 2.8, these in-
equalities imply that tv; = vys. Then v = vot, vj = vy, thus Yo = Y}
and wy = tw). A first consequence of this is that Xo C Yy = Yy and
wo € Wy, (since wy € Wy, and t = vlsvl_l eTn U1Wy’l)1_1 =Y. It
remains to prove that wg is (@, Xo)-minimal. Suppose not. Then we have
lg(wo) = lg(tw() > lg(wy), otherwise wy would be (0, Xo)-minimal since wy,
is. By Proposition 2.9, there exists x € X such that lg(twjx) < lg(twy). We
also have lg(w(z) > lg(wy) since wy, is (), Xo)-minimal. By Theorem 2.8, it
follows that tw( = wir = wy. Hence,

x = (wh) "Mt (wh) = ugy t(vh)t(vh) " ue € Wxy = Wy Nug Wxup
= u_lvotvglu =ulvsvlu =w lsw e Wy
=

swWx = w'Wx = wWx .
This contradicts the fact that w is (), X)-minimal (recall that lg(w’) <
lg(w)). So, wg is (0, Xo)-minimal. We conclude that mp(u, X) < wr(v,Y).
O
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Let o7 : Sal(I'x) = Sal(I'y)/Wx — Sal(T") = Sal(I')/W denote the map
induced by ¢p : Sal(T'r) — Sal(T").

LEMMA 5.2.— Let T C S. Then ip : Sal(I'z) — Sal(T") is an embedding.

Proof.— Let x,y be two points in Sal(I'r) C Sal(T") that belong to the
same W-orbit. Let w € W such that y = wx. The point x (resp. y) lies in
the interior of some cell B(u, X) (resp. B(v,Y")) of Sal(I'r). Since w sends
cells to cells, we shall have wB(u, X) = B(wu, X) = B(v,Y), thus X =Y
and v = wu. Hence, w = vu~! € Wr (since u,v € Wr). O

Consider the cellular decomposition of Sal(I') described in Subsection
3.3. Let T be a subset of S. Observe that, for all X € Si,f«, the map o7 sends
the cell B(X) of Sal(I'r) homeomorphically to the cell B(X) of Sal(T).
Observe also that, for all s € T', the map ¢y preserves the orientation of
as = B({s}). Hence,

LEMMA 5.3.— Let T' be a subset of S. Then the homomorphism (i) :
m(Sal(l'y),z0) = Apr,. — m(Sal(T"),xzg) = Ar coincides with the natural
homomorphism Ar, — Ar which sends o to os for all s € T.

THEOREM 5.4 (Van der Lek [35]). — Let T be a subset of S. Then the
natural homomorphism Ar, — Ar which sends os to os for all s € T is
injective. In other words, the pair (Ar, Y1) is an Artin system of T'p.

Proof.— We have the following commutative diagram, where the lines
are exact sequences.

1 - CAr, — Apr, — Wp, — 1

\ i 1

1 - CAr — A — Wpr — 1

By Theorem 5.1, the homomorphism C Ar,, — C'Ar has a retraction, thus it
is injective. The homomorphism Wr, — Wr is injective by [3]. We conclude
by the five lemma that the homomorphism Ar, — Ar is injective. O

THEOREM 5.5 (Godelle, Paris [31]). — Let T be a subset of S. If Sal(T")
is an Eilenberg MacLane space, then Sal(T'r) is also an Eilenberg MacLane
space.

Proof.— By Theorem 5.1, for all n > 1, the homomorphism (i7)s :
7 (Sal(T'r), x(1)) — m,(Sal(T"),z(1)) has a retraction m,(Sal(T'),z(1)) —
7 (Sal(T'r), 2(1)), hence it is injective. Assume that Sal(T") is an Eilenberg
MacLane space. Then m,(Sal(I'), z(1)) = {1} for all n > 2, thus, by the

— 411 —



Luis Paris

above, 7, (Sal(T'r), x(1)) = {1} for all n > 2, therefore Sal(T'r) is an Eilen-
berg MacLane space. O

THEOREM 5.6 (Ellis, Skldberg [28]). — Let s,t € S such that ms, = co.
Set T = S\ {s} and R= S\ {t}. If Sal(I'r) and Sal(T'r) are both Eilenberg
MacLane spaces, then Sal(T") is an Eilenberg MacLane space.

Proof.— Let X € S/. If s € X, then t ¢ X, thus X € S},. Simi-
larly, if ¢t € X, then s ¢ X, thus X € 8{1. Note that, if s ¢ X and
t ¢ X, then X € Shp By Lemma 5.2, Sal(I'r) and Sal(T'z) are sub-
complexes of Sal(I'). By the above, we have Sal(T'r) U Sal(T'g) = Sal(T")
and Sal(T'r) N Sal(T'g) = Sal(I'rng). By Lemma 5.3, the homomorphisms
Wl(%(FTﬂR)7fL‘O) — Wl(SaI(FT),SCQ) _and 7T1(S&1(FTQR),.’)30) —
m1(Sal(T'r), zo) are injective. The complexe Sal(T'r) is an Eilenberg Maclane
space, since Sal(I'7) is a covering of Sal(I'7) and, by hypothesis, Sal(I'7) is
an Eilenberg MacLane space. Similarly, Sal(I'g) is an Eilenberg MacLane
space. Furthermore, by applying Theorem 5.5 to I'rqg and I'r we get that
Sal(T'rng) is an Eilenberg MacLane space, thus Sal(I'rnr) is an Eilenberg
MacLane space. By Theorem 2.4, it follows that Sal(') is an Eilenberg
MacLane space, thus Sal(T') is an Eilenberg MacLane space. O

Recall that a subset T" of S is said to be free of infinity if ms; # oo
for all s,t € T. We denote by S<* the set of subsets of S that are free of
infinity. Note that ST € S<*. Recall also that T is said to be of FC' type if
ST =8§<=,

CoRrOLLARY 5.7 (Ellis, Skoldberg [28]). — If Sal(T'r) is an Eilenberg
MacLane space for all T € §<°°, then Sal(T') is an Filenberg MacLane
space.

Proof. — We argue by induction on |S|. If |S| = 1, then S is free of infin-
ity, thus Sal(T') = Sal(T's) is an Eilenberg MacLane space. More generally,
if S itself is free of infinity, then Sal(I') = Sal(I's) is an Eilenberg MacLane
space. Assume that |S| > 2 and S is not free of infinity, plus the induction
hypothesis. Let s,t € S such that m,; = 00. Set T’ = S\ {s} and R = S\ {t}.
By the induction hypothesis, Sal(T'r) and Sal(T'gr) are Eilenberg MacLane
spaces. By Theorem 5.6, it follows that Sal(T") is an Eilenberg MacLane
space. O

COROLLARY 5.8.— (Charney, Davis [13]). The complex Sal(T') is an
FEilenberg MacLane space if T' is a Cozeter graph of FC type.

Proof.— By Theorem 4.10, Sal(T'r) is an Eilenberg MacLane space for
all T € S/. By definition, S/ = S<*, thus, by Corollary 5.7, Sal(T') is an
FEilenberg MacLane space. |
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