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On the arithmetic of cross-ratios
and generalised Mertens’ formulas

JoUNI PARKKONEN) | FREDERIC PAULING)

ABSTRACT. — We develop the relation between hyperbolic geometry and
arithmetic equidistribution problems that arises from the action of arith-
metic groups on real hyperbolic spaces, especially in dimension < 5. We
prove generalisations of Mertens’ formula for quadratic imaginary num-
ber fields and definite quaternion algebras over QQ, counting results of
quadratic irrationals with respect to two different natural complexities,
and counting results of representations of (algebraic) integers by binary
quadratic, Hermitian and Hamiltonian forms with error bounds. For each
such statement, we prove an equidistribution result of the corresponding
arithmetically defined points. Furthermore, we study the asymptotic prop-
erties of crossratios of such points, and expand Pollicott’s recent results
on the Schottky-Klein prime functions.

RESUME. — Nous développons les liens entre la géométrie hyperbolique
et les problemes arithmétiques d’équidistribution, provenant de l’action
de groupes arithmétiques sur des espaces hyperboliques réels, surtout
en dimension au plus 5. Nous démontrons des généralisations de la for-
mule de Mertens pour les corps de nombres quadratiques imaginaires
et les algebres de quaternion définies sur QQ, des résultats de comptage
d’irrationnels quadratiques en utilisant deux complexités naturelles, et
des résultats de comptage avec termes d’erreur de représentations d’entiers
(algébriques) par des formes binaires quadratiques, hermitiennes ou hamil-
toniennes. Pour tout tel énoncé, nous démontrons un résultat d’équidistri-
bution des points arithmétiquement définis correspondants. De plus, nous
étudions les propriétés asymptotiques des birapports de tels points, et
nous étendons les résultats récents de Pollicott sur les fonctions premieres
de Schottky-Klein.
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1. Introduction

The aim of this paper is to prove various equidistribution results (and
their related asymptotic counting results) of arithmetically defined points
in low dimensional tori, organised using appropriate complexities. See for
instance [26, 15, 43, 3] and their references for other types of results.

We denote by A, the unit Dirac mass at a point z, by — the weak-
star convergence of measures, by ||m/|| the total mass of a measure m, and
by Lebg the standard Lebesgue measure on a Euclidean space E. Given
an imaginary quadratic number field K, we will denote by Ok its ring of
integers, by D its discriminant, by (x its zeta function and by n its norm.

The first two statements are equidistribution results of rational points
(satisfying congruence properties) in the complex field and Hamilton’s qua-
ternion algebra, analogous to the equidistribution result of Farey fractions
in the real field, where the complexity is the norm of the denominator.

THEOREM 1.1. — Let m be a (nonzero) fractional ideal of the ring of
integers of an imaginary quadratic number field K, with norm n(m). As
s — 400,

(u,v)Emxm

n(m) 'n(v)<s, Oxut+Orv=m

Let H be Hamilton’s quaternion algebra over R, with reduced norm
N:z — 2. Let A be a quaternion algebra over Q, which is definite (that
is A ®g R = H), with reduced discriminant D 4. Let O be a maximal order
in A, and let m be a (nonzero) left ideal of O, with reduced norm N(m). See
[45] for definitions. We refer to Equation (3.9) for a more general result.

THEOREM 1.2. — As s — 400, we have

Auv—l RN LebH.

72((3) [y, (0" — 1)
360 D4 s4 Z

(u,v)Emxm
N(m) " 'N(v)<s, Out+Ov=m

The next three statements are equidistribution results in R or C of points
that are constructed arithmetically by using quadratic irrationals.

We first prove that the set of traces tra of the real quadratic irrationals
a over QQ, in a given orbit G - ag by homographies under a finite index
subgroup G of the modular group PSLy(Z), equidistributes to the Lebesgue
measure on R. We use as the complexity of a (the inverse of) the distance
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to its Galois conjugate a® (see [32, 34] for background on this height).
Given a real integral quadratic irrational « over Q, we denote by R, the
regulator of Z + aZ, and by Q,(t) = t?> — (tra)t + n(a) its associated
monic quadratic polynomial (the integrality assumption is only used in this
introduction, to simplify the notation). We denote by H, the stabiliser of
x € P1(R) =R U {oc} in a subgroup H of PSLy(R).

THEOREM 1.3. — Let oo be a real integral quadratic irrational over Q
and let G be a finite index subgroup of PSLo(Z). Then, as € — 0,

72 [PSLo(Z) : G] €
6 [PSL2(Z) 0, : Gay) Rao Z

A¢yra — Lebg.

a€G-ap, l[a—a®|>e

We refer to Theorems 4.2 and 4.4 for extensions of the above result
to quadratic irrationals over an imaginary quadratic number field (using
relative traces) or over a rational quaternion algebra, and we only quote in
this introduction the following special case of Theorem 4.2.

COROLLARY 1.4. — Let ¢ = H—Q‘/g be the golden ratio, let K be an imag-
inary quadratic number field with Dy # —4, let ¢ be a nonzero ideal in Ok,
and let T'g(c) be the Hecke congruence subgroup

{i(z Z) € PSLy(Ok) : cEc}.
Then, as € — 0,

1Dxcl? () n() Ty (14 75) €
471'2 kc 1n¢

> Agro = Lebc.

a€lo(c) ¢, |a—a|>e

where k. is the smallest k € N— {0} such that the 2k-th term of Fibonacci’s
sequence belongs to c.

Given two real quadratic irrationals «, 8 over Q, we introduce the relative
height ho(B8) of 8 with respect to «, measuring how close the (unordered)

pair {3, 87} is to the pair {«a, @}, by
min{|8 — a| |87 — a?|, | —a?| |87 — «
() = ™08 =137 — 7], 13 o 15” ~ol}
18— B
See Equation (4.11) for an expression of h,(8) using crossratios of «, 8, a®
and 7. Consider the points

vo (B) =

n(8) — n(e) £ ((n(a) —n(B))* + (tr  — tra)(tr S n(e) — tran(f)))
trf —tra
(1.1)

Nl
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We will prove that when 8 varies in an orbit of the modular group PSLo(Z),
the relative height h,(8) is a well defined complexity modulo the stabiliser
of «a, and, except for finitely many orbits under this stabiliser, the points
xE(B) are well defined and real. The following results says that these points,
when [ has relative height at most s tending to oo, equidistribute to the
(unique up to scalar) measure on R—{ag, af } which is absolutely continuous
with respect to the Lebesgue measure and invariant under the stabiliser of

{ao, af } under PSLs(R).

THEOREM 1.5. — Let «, 8 be real integral quadratic irrationals and let G
be a finite index subgroup of PSLa(Z). Then, as s — +oo, for the weak-star
convergence on Py (R) — {a, o}, we have

72 [PSLa(Z) : G]

Lt
> A —gn+A 15y = ——.

. za(ﬁ) Ia(ﬁ)
U[PSLa(Z)s : Gl Ra s, A s 1Qa(t)]

This result, whose proof uses asymptotic properties of crossratios, im-
plies that

48 R, R

Card{8' € SOq, (Z)\PSLa(Z) - 8, ho(8') < s} ~ 2|7“5| 5.
™ |loo — af

We refer to Theorem 4.9 for a version with congruences, and to Theorem

4.10 for an extension of this result to quadratic irrationals over an imaginary

quadratic extension of Q.

Towards the same measure, we also have the following equidistribution
result of integral representations of quadratic norm forms (see Section 5.3
for generalisations as well as [13] for higher dimensional norm forms).

THEOREM 1.6. — If « is a real quadratic irrational over Q, then, as
$ = 400, for the weak-star convergence on P1(R) — {«a, a”}, we have

T « dt
- Az _ —
s 2 R ToN0]

(u,v)€Z?, (u,v)=1, |[u?—tra uv+n(a) v?|<s

Our final equidistribution result for this introduction is the following
equidistribution of coefficients of binary Hermitian forms in an orbit under
the Bianchi group SLy(Of ), using as complexity their first coefficient (see
Subsection 5.1 for extensions, in particular to binary Hamiltonian forms).
Given an imaginary quadratic number field K, let

f(u,v) = alul* + 2Re(bav) + c|v|?
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be a binary Hermitian form, which is integral over Ok (that is a = a(f),c =
c(f) € Zand b =b(f) € Ok), and indefinite (that is Disc(f) = [b]*—ac > 0).
We denote by - the action of SLy(C) on the set of binary Hermitian forms
by precomposition, and by SU;(Of) the stabiliser of f in SLy(Ok).

THEOREM 1.7. — Let G be a finite index subgroup of SLo(Ok). As
s — 400,

[SLy(Ok) : G]|Dk|? ¢k (2) Disc(f) Z

Ab 4 A L b .
ta w2 Covol(SU;(Ok) N G) s2 [0 ebc

a(f’)

f'eEG-f, 0<la(f)|<s

Identifying the ring of integers Ok with the upper triangular unipotent
subgroup of SLy(Of), this theorem implies the following counting result
of integral binary Hermitian forms (ordered by their first coefficient) in an
orbit of the Bianchi group SL2(Ok): as s — 400,

72 1 Covol(SU;(Ok)) 2

Card{f" € Ox\SL2(Ox)-f : 0 < la(f)] < s} ~ 5 |Dx|? Cre(2) Disc(f)

All the above limits and asymptotic formulas come with an error term.
The first tool used to prove the above theorems is contained in the geo-
metric equidistribution results of [38]. The particular case of the result of
op. cit. that we will use, stated in Section 2, is the following one. Given a
lattice I' in the isometry group of the real n-dimensional hyperbolic space
H, and two horoballs or totally geodesic subspaces D, D+ whose stabilis-
ers in I have cofinite volume, the initial tangent vectors of the common
perpendiculars between D_ and the images under I' of DT equidistribute
in the unit normal bundle of D~. See also [27, 28] for related counting and
equidistribution results in real hyperbolic spaces, and [19, 39] in negatively
curved symmetric spaces.

The paper is organised according to the arithmetic applications: In Sec-
tion 3, we apply Section 2 with both D~ and DT horoballs to prove gen-
eralisations of the classical Mertens’ formula, describing the asymptotic be-
haviour of the average order of Euler’s function, for the rings of integers of
quadratic imaginary number fields and maximal orders in definite quater-
nion algebras over Q. In Section 4, we consider counting and equidistribution
of quadratic irrationals in terms of two complexities, the height introduced
in [32] and the relative height mentioned above. In Subsection 4.1, the geo-
metric result is applied when D~ is a horoball and D7 is a geodesic line, and
in Subsection 4.3 and 4.4 (where we extend Pollicott’s result on the asymp-
totic of crossratios to prove the convergence of generalised Schottky-Klein
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functions) when both D~ and DT are geodesic lines. In the final section,
we consider representations of integers by binary quadratic, Hermitian and
Hamiltonian forms, applying the geometric result when D~ is a horoball
and D7 is either a geodesic line or a totally geodesic hyperplane or (when
considering positive definite forms) a point.

Acknowledgement. — The first author thanks the Université Paris-
Sud (Orsay) for a visit of a month and a half which allowed most of the
writing of this paper, under the financial support of the ERC grant GADA
208091. We thank the referee for her or his comments.

2. Geometric counting and equidistribution

In this section, we briefly review a simplified version of the geometric
counting and equidistribution results proved in [38], whose arithmetic ap-
plications will be considered in the other parts of this paper (see also [37]
for related references and [39] for the case of locally symmetric spaces).

Let n > 2, let T’ be a discrete nonelementary group of isometries of the
n-dimensional real hyperbolic space Hy, and let M = I'\Hp and T'M =
F\TlHﬁ be the quotient orbifolds. Let D~ and DT be nonempty proper
closed convex subsets in H, with stabilisers I'p- and I'p+ in I', such that
the families (YD ™) er/r,_ and (YD) er/r ., are locally finite in H (see
[38, §3.3] for more general families in any simply connected complete Rie-
mannian manifold with pinched negative curvature).

We denote by 0,Hp the boundary at infinity of Hp, by AT the limit set
of I and by (&, z,y) — Be(x,y) the Busemann cocycle on 0, Hp x Hy x Hy
defined by

(& a,y) = Pe(z,y) = lim d(pr, x) —d(pr,y) .

where p : ¢ — p; is any geodesic ray in Hp with point at infinity  and d is
the hyperbolic distance.

For every v € T'H, let w(v) € Ht be its footpoint, and let v_, vy be
the points at infinity of the geodesic line ¢ + c,(t) in Hp whose tangent
vector at time ¢ = 0 is v. We denote by 91 DT the outer/inner unit normal
bundle of DT, that is, the set of v € TlHﬁé such that 7w(v) € ODF, vy €
OsoHg — Ooo DT and the closest point projection on D¥ of vy is 7(v). For
every v,v" in I' such that vD~ and v/ D% have a common perpendicular
(that is, when the closures yD~ and 4D+ in Hi U 0 Hp are disjoint),
we denote by ., 4 this common perpendicular (starting from yvD~ at time
t =0), by {(a,,) its length, by v, . € ¥01L D~ its initial tangent vector

- 972 -



On the arithmetic of cross-ratios and generalised Mertens’ formulas

'amd by 1}:; S 781 DT its terminal tangent vector. The multiplicity of au

is
1

Mo At = ,
T Card(A D p-y~t N T pery'™h)

which equals 1 when I acts freely on T’ 1Hﬂ”§ (for instance when T is torsion-
free). Let

Np- p+(t) = Z My = Z Me,y,
(vy")EPN((T/T p- )X (T/T 1)) VETp - \I'/Tpt
YD~ Ny DT =0, £(or, 1)<t D= NyDF =0, £(ae )<t

where I' acts diagonally on I' x I'. When I" has no torsion, Np- p+(t) is
the number (with multiplicities coming from the fact that T'p=\D¥ is not
assumed to be embedded in M) of the common perpendiculars of length at
most ¢ between the images of D~ and DT in M. We refer to [38, §4] for the
use of Holder-continuous potentials on TlHﬁ to modify this counting func-
tion by adding weights, which could be useful for some further arithmetic
applications.

Recall the following notions (see for instance [41]). The critical exponent
of I' is L
Or = limsup — InCard{y € I" : d(zo,vz0) < N},
N—+o00 N
which is positive, finite and independent of the base point x¢ € Hp. Let
(Hz)zemp be a Patterson density for T', that is, a family (ug),emy of finite
measures on O, Hp whose support is AT, such that v.p, = . and

dlLLm -5
H=e rBe(z,y)
ete)

forally € ', z,y € Hy and £ € 0o H. For a normalisation, we assume that
|tz || = Vol(S"1). The Bowen-Margulis measure mgy for T' on THF is
defined, using Hopf’s parametrisation v — (v_, v, By, (0, 7(v))) of TlHﬁé,
by

iy (v) = e 0T Bom (P 20)HBu (x().20)) gy ) Y gy (v.) dt .

The measure mpy is nonzero and independent of zg € Hi. It is invariant
under the geodesic flow, the antipodal map v — —v and the action of I', and
thus defines a nonzero measure mpy on T M, called the Bowen-Margulis
measure on M = I'\HZ , which is invariant under the geodesic flow of M and
the antipodal map. When mpg); is finite, the probability measure 2BM— ig

lmemll
then uniquely defined, and it is the unique probability measure of maximal
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entropy for the geodesic flow (see [29]). This holds for instance when M has
finite volume or when I' is geometrically finite.

Using the endpoint homeomorphism v — v4 from 91 D¥ to OscHpp —
0o DT, the skinning measure 5px of T on 91 DT is defined by

db—vD¥ ('U) — eféﬁvi (m(v), zo) d,u:l)g (U:i:) ,

see [27, §1.2] when DT is a horoball or a totally geodesic subspace in Hig
and [36], [38] for the general case of convex subsets in variable curvature
and with a potential.

The measure op= is independent of ¢ € Hp, it is nonzero if AT is not
contained in 0, DT, and satisfies 6., p+ = v.0p+ for every v € I'. Since the
family (yD¥),er is locally finite in Hf, the measure Z’YGF/FL—ﬁ V4O pF 1S a
well defined T'-invariant locally finite (Borel nonnegative) measure on 7' 1]1-1[]1%,
hence induces a locally finite measure op+ on T M = F\TlHﬁ, called the
skinning measure of DF in T' M. We refer to [28, §5] and [36, Theo. 9] for
finiteness criteria of the skinning measure op=, in particular satisfied when
M has finite volume and if either DF is a horoball centred at a parabolic
fixed point of I" or if DT is a totally geodesic subspace.

The following result on the asymptotic behaviour of the counting func-
tion Np- p+ in real hyperbolic space is a special case of much more general
results [38, Coro. 20, 21, Theo. 28] using [23] for the error term, to check the
exponential decay of correlation under the stated assumption on the critical
exponent. Furthermore, the equidistribution result of the initial and termi-
nal tangent vectors of the common perpendiculars holds simultaneously in
the outer and inner tangent bundles of D~ and D*. We refer to [37] for a
survey of the particular cases known before [38] due to Huber, Margulis, Her-
rmann, Cosentino, Roblin, Oh-Shah, Martin-McKee-Wambach, Pollicott,
and the authors for instance.

For every t > 0, let
mt(x) = Z Me ~
YEL/T pt, D= NAD¥ =0, ac, 4(0)=a, £(ac, ,)<t

be the multiplicity of a point x € 9D~ as the origin of common perpendic-
ulars with length at most ¢ from D~ to the elements of the I'-orbit of DT.
We denote by A, the unit Dirac mass at a point z.

THEOREM 2.1. — Let ', D=, DT be as above. Assume that the measures
msM, O p-,0p+ are nonzero and finite. Then

Np- pe(t) ~ lop-|l lop+ |l et
’ or |Imsml|
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as t — 4oo. If op > % when n = 2 and ér > n — 2 when n > 3, then the
error term is O(er =%t for some k > 0. Furthermore, the origins of the
common perpendiculars equidistribute in the boundary of D™ :

lmoal s S @y A, = T2 2
, = |
P Top Moo 1€ 22 oo |

for the weak-star convergence of measures on the locally compact space
HZ . |
R

For smooth functions 1 with compact support on 9D~ if dp > % when
n = 2 and or > n — 2 when n > 3, there is an error term in the above
equidistribution claim evaluated at v, of the form O(e™**(|1)||;) where r >
0 and ||¢||¢ is the Sobolev norm of @ for some ¢ € N, as proved in [38,
Theo. 28], using as above [23].

When M has finite volume, we have ér = n — 1, the Bowen-Margulis
measure mpy coincides up to a multiplicative constant with the Liouville
measure on 7'M, and the skinning measures of points, horoballs and to-
tally geodesic subspaces D* coincide, again up to a multiplicative constant,
with the (homogeneous) Riemannian measures on 1 DT induced by the
Riemannian metric of TlHﬁé. Let us denote by Vol(N) the Riemannian vol-
ume of any Riemannian manifold N. These proportionality constants were
computed in [37, §7] and [38, Prop. 29]:

[mewmll = 2"~ Vol(S"") Vol (M),
if D~ is a horoball, then
lop-1 = 2"} (n = 1)Vol(l'p-\D7),
and if D~ is a totally geodesic submanifold in Hp of dimension £~ €
{0,...,n — 1} with pointwise stabiliser of order m~, then op- = Volain,

so that -
Vol(Sn—k" —1)

lop-1l = Vol(I'p-\D7).

See [39, §3] for the computation of the proportionality constants in the
complex hyperbolic case.

Using these explicit expressions, we now reformulate Theorem 2.1, con-
sidering the following cases.

(1) If D~ and D™ are totally geodesic submanifolds in Hf of dimensions
k= and kT in {1,...,n — 1}, respectively, such that Vol(I'p-\D~) and
Vol(I'p+\D™) are finite, let
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_ VoIS 1) Vol(S"+ 1) Vol(T'p,- \D~)Vol(T' p+ \ D)
D7, DY) = 9n=1(n — 1)Vol(S"—1) - Vol(M) - '

2) If D~ and D™ are horoballs in HZ? centred at parabolic fixed points
R

97=1(n — 1) Vol(I'p-\D~)Vol(T'p+ \D*)

D7, D7) = Vol(S"—1) Vol(M)

(3) If D~ is a horoball in Hf centred at a parabolic fixed point of I' and
D7 is a totally geodesic subspace in Hp of dimension kte{l,...,n—1}
such that Vol(I'p+\D™) is finite, let

Vol(S"*"=1) Vol(T',- \D~)Vol(T p+ \ D)
Vol(S"—1) Vol(M) '

c¢(D”,D") =

(4) If D™ is a horoball in Hy centred at a parabolic fixed point of I" and
D7 is a point of Hf, let

. Vol(Tp-\D7)
(D7, DY) = vo]f(M)

COROLLARY 2.2. — Let I' be a discrete group of isometries of Hy such
that the orbifold M = T'\Hy has finite volume. In each of the cases (1) to
(4) above, if m* is the cardinality of the pointwise stabiliser of D, then
there exists kK > 0 such that, as t — +o0,

(D~, D7)

No-,p+(t) = - e V(14 0(e™™)

m~ m¥t
Furthermore, the origins of the common perpendiculars equidistribute in
0D~ to the induced Riemannian measure: if D™ is a horoball centred at a
parabolic fized point of T', then as t — 400,

m™* (n —1)Vol(I'p-\D~) o (=1t

c¢(D—,D%) Z mi(z) Ay = Volpp-, (2.2)

zedD—~

and if D™ is a totally geodesic subspace in Hy of dimension k= € {1,...,n—
1}, such that Vol(I'p-\D™) is finite, then as t — 400,

m~ m™* Vol(Tp-\D") =Y

o(D—,D") > mu(z) Ar S Volp-. O (23)

zeD~
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Again, for smooth functions ¢ with compact support on 9D, there is
an error term in the above two equidistribution claims evaluated at 1, of
the form O(e "*||4||,) where k > 0 and [|¢||¢ is the Sobolev norm of ¢ for
some ¢ € N.

We end this section by recalling some terminology concerning the isome-
tries of Hy. The translation length of an isometry v of Hy is

L(y) = inf d(z,~yz).
zeHp

If /() > 0, then ~ is lozodromic. Each loxodromic isometry v stabilises a
unique geodesic line in H%, called the translation azis of v and denoted by
Axis~y, on which it acts as a translation by ¢(y). The points at infinity of
Axisy are the two fixed points of 7 in d.Hf, and we denote by v~ and "
the attracting and repelling fixed points of « respectively. Any loxodromic
element of I' is contained in a maximal cyclic subgroup.

An element v € T is primitive if the cyclic subgroup % it generates is a
maximal cyclic subgroup of I'. A loxodromic element v € I' is I'-reciprocal
if there is an element in I' that switches the two fixed points of . If ~y is I'-
reciprocal, then let tp(y) = 2, otherwise, we set () = 1. If v is a primitive
loxodromic element of T', then the stabiliser of Axis~y is generated by =, an
elliptic element that switches the two points at infinity of the axis of v if
is reciprocal, and a (possibly trivial) group of finite order mr(vy), which is
the pointwise stabiliser of Axis~y, so that

mr(y) = LFEV) (Stabr(Axisy) : 12 . (2.4)

3. Generalised Mertens’ formulas

A classical result, known as Mertens’ formula (see for example [16,
Thm. 330], a better error term is due to Walfisz [46]), describes the asymp-
totic behaviour of the average order ® : N — {0} — N — {0} of Euler’s
function ¢, where ¢(n) = Card((Z/nZ)*) :

d(n) = Z(p(k) = % n? +O(nlnn).

Corollary 2.2 provides a geometric proof of Mertens’ formula with a less
explicit error term, as follows. The modular group I'g = PSL2(Z) isomet-
rically acts on the upper halfplane model of the real hyperbolic plane H%&
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via Mobius transformations. Let H., be the horoball in H% that consists
of all points with vertical coordinate at least 1, and let I' be its stabiliser
in I'g. The images of Ho, under I'g different from H., are the nonempty
intersections with ]HII%& of the Euclidean disks tangent to the real line at the
rational points £ (where ¢ > 0 and (p,q) = 1) with Euclidean diameter

q%. The common perpendicular from Ho, to this disc exists if and only if

q > 1, its length is In ¢, and its multiplicity is 1. For every n € N—{0}, the

cardinality of the set of rational points % €10,1] with ¢ < n is ®(n). Thus,

®(n) = Ny .. (Inn?) + 1. Now Vol(T'oo\Hoo) = 1 and Vol(Tg\HZ) = Z,
and we can apply Corollary 2.2 to conclude that for some x > 0, as n — 400,

B(n) = %n2+0(n2_“). (3.1)

Let us reformulate Mertens’ formula in a way that is easily extendable
in more general contexts (see also [39]). Let the additive group Z act on
Z X Z by horizontal shears (transvections): k- (u,v) = (u+ kv, v), and define

Y(s) = Card(Z\{(u,v) € ZXZ : (u,v) =1, |v| < s}).

We easily have 1)(n) = 2 ®(n)+2 for every n € N—{0}, so that Mertens’ for-
mula (3.1) is equivalent to 1(n) = % s+ O(s'~*). Furthermore, a straight-
forward application of Corollary 2.2 shows that as s — +o00, we have

71.2

3— Z A(%) 1) A VOlaHoo .

(u,v)=1, 1<v<s

Observing that the pushforward of the measures on 0H., by the map
f:(z,1) = x from 0Ho to R is linear, is continuous for the weak-star
topology, maps the unit Dirac mass at a point p to the unit Dirac mass at
f(p) and the volume measure of 9H, to the Lebesgue measure, we get the
well-known result on the equidistribution of the Farey fractions: as s — 400,

we have )

6l Z A% A LebR.

(u,v)=1, [v]<s

In subsections 3.1 and 3.2, we generalise the above results to quadratic
imaginary number fields and definite quaternion algebras over Q.

3.1. A Mertens’ formula for the rings of integers of imaginary
quadratic number fields

Let K be an imaginary quadratic number field, with ring of integers Ok,
discriminant D, zeta function (x and norm n. Let wy = Card(Og *) (with
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wg = 2 if D # —3,—4 for future use). Let m be a (nonzero) fractional
ideal of Ok, with norm n(m). Note that the action of the additive group
Ok on Cx C by the horizontal shears k- (u,v) = (u+ kv, v) preserves m x m.

We consider the counting function ¢, : [0, +oo] — N defined by
Um(s) = Card(Ox \{(u,v) € mxm : n(m) 'n(v) < s, Ogu+Ogv =m}).

Note that 1, depends only on the ideal class of m and thus we can assume in
the computations that m is integral. The Fuler function @y of K is defined
on the set of (nonzero) integral ideals a of Ok by pi(a) = Card((Ok /a)*),
see for example [4, §4A]. Thus,

Yo (s) = > ¢k (vO0K)

veODK, 0<n(v)<s

and the first claim of the following result, in the special case m = O, is an
analog of Mertens’ formula, due to [14, Satz 2] (with a better error term), see
also [6, §4.3]. The equidistribution part of Theorem 3.1 (stated as Theorem
1.1 in the introduction) generalises [6, Th. 4] which covers the case m = O
without an explicit proportionality constant but with an explicit estimate
on the speed of equidistribution. Note that the ideal class group of Ok is
in general nontrivial, hence the extension to general m is interesting.

THEOREM 3.1. — There exists k > 0 such that, as s — +00,

0
P(8) = ————= s>+ 0(s*7").
T k(@) VIDx]
Furthermore, as s — +o0,
e 2 Ay = Lebe,

(u,v)eEmxm
n(m) 'n(v)<s, Oxut+Orv=m

with error term O(s™"||v||¢) when evaluated on C*-smooth functions ¢ with
compact support on C, for £ big enough.

Proof. — The Poincaré extension identifies the group PSLs(C) acting
projectively on the Riemann sphere P!(C) = C U {oc} with the group of
orientation preserving isometries of the upper halfspace model of the real
hyperbolic space H% We denote the image in PSLy(C) of any subgroup G
of SLy(C) by G and of any element g of SLy(C) again by g. The Bianchi
group ' = SLa(Of) is a (nonuniform) arithmetic lattice in SLa(C), whose
covolume is given by Humbert’s formula (see [10, §8.8 and 9.6])

_ Dk |? ¢ (2) '

Vol(T i \H3) o>

(3.2)
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Let T', , be the stabiliser of any (x,y) € Ok x Ok under the linear action
of 'k on Ok x Ok. In particular, I'; ¢ is the upper triangular unipotent
subgroup of I'g, whose linear action on Ok x O identifies with the action
of Ok via horizontal shears. Furthermore, zOx + yOx = uOg + vOk if
and only if (u,v) € I'k(x,y), and the ideal class group of K corresponds
bijectively to the set I'x \IP*(K) of cusps of the orbifold I'x \H, by the map
induced by Ok + yOx — § € K U {oo}, see for example Section 7.2 of
[10] for details.

Let us now fix (z,y) € Ok x Ok such that m = 2Ok + yOx. We define
p= % By what we just explained,

Ym(s) = Card(T',0\{(u,v) € Tk (z,y) : [v]* < n(m)s}).

Let us prove the first claim (it follows by integration from the second
one, but the essential ingredients of the proof of either statement are the
same).

If y =0, let v, = id and we may assume that x = 1 since ¢, depends
only on the ideal class of m. If y #£ 0, let

vy = (i’ 01> € SL(C) .

Let 7 € ]0,1]. Let Hoo be the horoball in HE, that consists of all points with
Euclidean height at least 1/7 and let H, = v,H. For any p’ € K U {c0},
let Py, be the stabiliser in T'x of the similarly defined horoball H, . Recall
that a subset A of a set endowed with a group action is precisely invariant
if A meets one of its images by an element of I' only if A coincides with
this image. As in [33] after its Equation (4), we fix 7 small enough such that
Hoo and H, are precisely invariant under I'g.

For any g € SLo(C) such that gH. and H. are disjoint, it is easy
to check using the explicit expression of the Poincaré extension (see for
example [2; Eq. 4.1.4.]) that the length of the common perpendicular of
Hoo and gHoo is |In(772|c|?)|, where ¢ is the (2, 1)-entry of g. If y # 0, then
(u,v) = g(x,y) if and only if (3, +) = g7,(1,0), and the (2, 1)-entry of gv,
is % Thus, the length ¢(d,) of the common perpendicular §; between Ho
and gH, = g7, Ho, if these two horoballs are disjoint, is }ln( s )| ify#0

T2[y|?

and |In(7~2|v|?)| otherwise.

For the rest of the proof, we concentrate on the case y # 0. The case
y = 0 is treated similarly. By discreteness, there are only finitely many
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double classes [g] € I'1,0\I'x /T's, 4 such that H., and gH, are not disjoint
or such that |v| < |y| or such that the multiplicity of ¢, is different from 1.
Since the stabilisers I'1 ¢ and I'; , do not contain —id, we have

n(

Ym(s) = Card {[g] € T1,0\I'x /T,y : £(5,) < ln;lny)é }+0(1)

=2Card {[g] € T1,0\I'x /T,y : £(Jy) < In 0% } +0(1

72\y|2
We use [33, Lem. 7] with C = Ty, A = T10, A’ = Ty, B = Ty,
B' = Ty, since there are only finitely many [g] € A/\C/B’ such that
g tA'gnN B’ #{1}. Since [Ty : Iy 0] = [F'Hp B

=<, we then have

un(s) = 5~ Card{lg] € T \T /T, + €6,) < %0 } 4 0()

By [33, Lem. 6] and the last equality of the proof of Theorem 4 on page
T2
1055 of op. cit., we have Vol(Ty_ \Heo) = —2— VIDKl and Vol(T'y, \H,) =

2wi

T VIPx] ‘yl . Thus, Corollary 2.2, applied ton = 3, I’ = ', D™ = Ho

2wK
and D+ = ”Hp7 gives, since the pointwise stabilisers of Ho, and H, are
trivial,

wi? 22274 | Dg| |y|* 4n? n(m)?
2 dwg?n(m)? 4m |Dic|? Cx(2) THyl*

Um(s) = s*(1+0(s7")),

which, after simplification, proves the first claim.

To prove the second claim when y # 0, note that Equation (2.2) in
Corollary 2.2 implies that as ¢ — +o00, with the appropriate error term,

D 2)wg n(m)? .
| K|<2Kﬂ_<) K7'2(|y)|4 e 2t Z my(z) A, = Volgy

2€E0H 00

Let us use the change of variable ¢ = In ng‘l“)f;, the fact that the geodesic

lines containing the common perpendiculars from H, to the images of H,
by the elements of I' i are exactly the geodesic lines from oo to an element
of T - 5, and the above facts on disjointness, lengths and multiplicities.
This gives, since the map (u,v) — u/v is wi-to-1,

|Dr|Cr(2wr T 1 >

27 s2 WK

*

A(g’;) — VOI@HOO7
(u,v)Emxm

n(m) " v|?<s, Oxut+Oxgv=m
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as s = +00. The claim now follows from the observation that the pushfor-
ward of Volpy_ by the endpoint map (z, %) ~— x is 72Lebg. The proof of
the case y = 0 is similar. g

3.2. A Mertens’ formula for maximal orders of rational quaternion
algebras

Let H be Hamilton’s quaternion algebra over R, with x — 7 its conju-
gation, N : x — z7 its reduced norm and Tr : x — x + T its reduced trace.
We endow H with its standard Euclidean structure (making its standard
basis orthonormal). Let A be a quaternion algebra over Q, which is definite
(A ®g R = H), with reduced discriminant D . Let O be a maximal order
in A, and let m be a (nonzero) left ideal of @, with reduced norm N(m) (see
[45] for definitions).

The additive group O acts on the left on H x H by the horizontal shears
(transvections) o (u,v) = (u+ov, v). Let us consider the following counting
function of the generating pairs of elements of m, defined for every s > 0,
by

Ym(s) = Card(O\{(u,v) Em xm : N(m) 'N(v) <s, Ou+Ov=m}),
THEOREM 3.2. — There exists k > 0 such that, as s — +00,

90 D%
72((3) [Lyp, 7 — 1)

with p ranging over positive rational primes. Furthermore,

72 ((3) Ty, (7 — 1)
360 D4 s4

Yu(s) = st 0(54*") ,

Z Auv* 1 N LebH

(u,v)Emxm
N(m) " 'N(v)<s, OutOv=m

as s — +oo, with error term O(s*||v||¢) when evaluated on C*-smooth

functions ¥ with compact support on H, for £ big enough.

Proof. — We denote by [m] the ideal class of a left fractional ideal m of
O, and by ¢Z the set of left ideal classes of O, and by

O,(I)={zeA: IzCI}

the right order of a Z-lattice I in A (see [45] for definitions). Note that ¢y,
depends only on [m]. For every (u,v) in A x A — {(0,0)}, consider the two
left fractional ideals of O

OunOv if wv#0,

Iyv=0u+0v, Ky,= { O otherwise.
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Given m,m’ two left fractional ideals of O and s > 0, let
Y (5) = Card (O\{(u,v) € mxm : N(v) < N(m)s, I, , =m, [K,,] = [m']}),

so that
Ym = Z Ym, - (33)
'] € oI
We will give in Equation (3.7) an asymptotic to ¢m m($) as s — 400, and
in Equation (3.9) the related equidistribution result, for each [m'] € I
(interesting in themselves), and then easily infer Theorem 3.2.

We refer for instance to [18], [35, §3] for the following properties of
quaternionic homographies. Let SLy(H) be the group of 2 x 2 matrices with
coefficients in H and Dieudonné determinant 1. Recall that the Dieudonné

. a .
determinant of c is

d
N(ad) + N(bc) — Tr(acdb). (3.4)

The group SLo(H) acts linearly on the left on the right H-module H x H.
Therefore it acts projectively on the left on the right projective line PL(H) =
(H x H — {0})/H*. The group PSLy(H) = SLo(H)/{+Id} identifies by
the Poincaré extension procedure with the group of orientation preserving
isometries of the upper halfspace model Hx ]0, +oo[ of the real hyperbolic
space HI‘?{ of dimension 5, with Riemannian metric

_ dsleI(z) + dr?

ds*(x) 5

T
at the point x = (z, 7). For any subgroup G of SLy(H), we denote by G its
image in PSLy(H).

Let To = SL2(0) = SLa(H) N M2(O) be the Hamilton-Bianchi group
of O, which is a (nonuniform) arithmetic lattice in the connected real Lie
group SLo(H) (see for instance [31, page 1104]). Given (z,y) € O x O,
let T'y , be the stabiliser of (x,y) for the left linear action of I'p. By [35,
Rem. 7], the map from the set Tp \P;-(O) of cusps of Tpo \Hj, into o x oI
which associates, to the orbit of [u : v] in P1(O) under T, the pair of
ideal classes ([I,, ], [Ku,»]) is a bijection. We hence fix a (nonzero) element
(z,y) € O x O such that [I, ,] = [m] and [K, ,] = [m], assuming that
z=1ify=0.

Let us prove the first claim. Since the reduced norm of an invertible ele-
ment of O is 1, the index in I' ¢ of its unipotent upper triangular subgroup
is |0*|, and we have

Ym,w (8) = O] Card(l"lﬁo\{(um) elo(z,y) : N(v) < N(m)s}) )
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Let 7 € ]0,1]. Let Ho be the horoball in H, consisting of the points of
Euclidean height at least 1/7. By [31, Lem. 6.7], if ¢ is the (2, 1)-entry of a
matrix g € SLy(H) such that H, and gH are disjoint, then the hyperbolic
distance between Hoo and gH is | In(772N(c))|.

Let p=ay~! € AU{oo}. If y = 0, let 7, = id, otherwise let

=" _Ol)ESLQ(]HI).

Let H, = 7,Hoo, which is a horoball centered at p. For every g € I'p such
that H and gH, are disjoint, let 4 be the common perpendicular from H
to gH, = g7pHoo, With length £(6,) > 0. Hence if Ho, and gH, are disjoint,
since (u,v) = g(x,y) if and only if (uy~',vy~') = g7,(1,0) when y # 0, we
have £(64) = |ln%‘ if y # 0 and 4(6,) = |In(772N(v))| otherwise. By
discreteness, there are only finitely many double classes [g] € T'1,0\['0/T's, y
such that H. and g#, are not disjoint or such that N(v) < N(y) or such
that the multiplicity of d, is different from 1. Assume that y # 0 (the case
y = 0 is treated similarly). Then, as s — +o0,

Y (5) = 0| Card{[g] € Ty 0\To/Ta.y : £(3,) < In %;&5)} +0(1).

N(m)s

T2N(y) b

= 2|0 Card{[g} el \To/ Iy oyt 0(0g) <In

Let I'y, be the stabiliser in T'o of the horoball H,. By [33, Lem. 7], the
number ¥y w ($) is equal, up to a bounded additive constant, to

210" |[Ty : T10][Tw, : Tay) Card{[g]€Tx_ \Lo/Ty, : {(3y)<In

Note that [T : ['1,0] = ‘O—;l If 7 is small enough, then H., and #, are
precisely invariant under I'p. Hence, using Corollary 2.2, applied to n = 5,
I'=Tp, D™ = Hoo and D+ = H,, we have, since the pointwise stabilisers
of Hoo and H,, are trivial,

wm,m’(s) = ‘OXP[F—H;’ : m] NDWDJF(ID 2N(v)
N(m)s
T2N(y)

By the Remark before Lemma 15 of [35], we have Vol(I'y__ \Hoo) = %,
and by Lemma 15, Equation (33) and the centred equation three lines before

= ‘OX|2[F—’H‘,m] C(D77D+) ( )4(14’0(67'%)),
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Remark 19 in [35],

DA N( )4 4

Vol(T'y, \H,) = 16 |0y (K, )% | [Ty, : Tay |N(m)

(3.5)

By Theorem 3 of [35] (due to Emery, see the appendix of [35]), we have

CB) pyp, (0* —D)(p—1)

Vol(M) = 11520

(3.6)

Recall that Vol(S*) = %. Thus, ¥m, w (s) equals

|OX[? [Ty, : Ty y)2% - 4-3-11520D3 78N (y)* (N(m)s)* (1 4+ O(s ™))
8r2¢(3)( [ #* — D(p — 1))8|0%[216]|Or (K ) < |[Tr, : Ty IN(m)4N(y)4 78

p|Da

7 2160 D%
- B0 Ee ) TLp, (0* = Dp—1)

By page 134 of [9] (see Equation (8) of [35]), we get

> —|0 p 241_[ p—1) (3.8)

[m']e oZ p|Da

s*(1+0(s7)) . (3.7)

Thus, Equation (3.3) and the above computations give the first claim of
Theorem 3.2.

To prove the second claim (when y # 0, the case y = 0 being similar),
Corollary 2.2 implies that

72C(3) ([Typ,, (P° = 1)(p=1))[O0r (Ko y)*|Tay, : Ty IN(m)*

—4t
1 e E me(2)A
4320D 4N(y)4r il

weak-star converges to Volpy  ast — +oo, with the appropriate error term.
N(m)s

Let us use the change of variable ¢ = In 2N (y) the fact that the geodesic

lines containing the common perpendlcular from oo to an image of H, by
an element of 'y are exactly the geodesic lines from oo to an element of
To -2y~ ', and the above facts on disjointness, lengths and multiplicities.
This gives, since the map (u,v) — uv~! is |O*|-to-1,

m2C(3) (I1,p, @ = D0 — D)Or (K ) *|[Ta, : Ty
4320 D 4 |OX|sir—4

2. Aweny
(u,v)Emxm,N(m)~N(v)<s

Ty p=m,[Ky o]=[m’]
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Ty ] = 1971 and

weak-star converges to Volgy  as s — +o00. Since [I'y, 5
the pushforward of Volsy,_ by the endpoint map (z, %) > x is 7*Leby, we
have
72C(3) (I1,p, @ — D0 — 1) |0 (K2 )~ 3 A Leb

8640 D o5 vt H

(u,v)Emxm,N(m)~ 'N(v)<s
Ly »=m,[K, ,]=[m]
(3.9)

The second claim of Theorem 3.2 now follows by dividing both sides by
|0, (K4, y)*| and summing over [m’] as above. O

4. Counting and equidistribution of quadratic irrationals
and crossratios

Let K be either Q or an imaginary quadratic number field, and, respec-
tively, K=Ror K =C. Let Ok be the ring of integers, Dy the discrim-
inant, and (x the zeta function of K. In this section, we denote by - the
action by homographies of the group I'x = PSLy(Of) on P} (K) = KU{oc}.
For every finite index subgroup G of ', and every x € KU {0}, let G,
be the stabiliser of  in G, with ', = (I'k ), to simplify the notation.

For every o € K which is a quadratic irrational over K,

e denote by «a its Galois conjugate over K, by tra = a + o and
n(a) = aa? its relative trace and relative norm, and by

Qu(X)=X?—tra X +n(a)
the standard monic quadratic polynomial with roots a and a“;

e denote by h(a) = ﬁ the natural complexity of o in an orbit
by homographies of I'x, modulo translations by (’)K, introduced in [32]
and motivated in [34, §4.1] (when « is integral, h(a)2 = Disc @, is the

discriminant of the minimal polynomial of «);

o if K =Q, let g, be the least common multiple of the denominators
of the rationals tr @ and n(«), let D, = ¢o2((tr a)? — 4n(a)) (when « is
integral, we have g, = 1 and D,, is the discriminant of the order Z + aZ),
let (tn,uq) be the fundamental solution of the Pell-Fermat equation t? —
Dou? =4, and let R, = argcosh%‘* (which is the regulator of Z + aZ when
« is integral);

e for every finite index subgroup G of I'k, we define the G-reciprocity
index 1q(o) of a as follows: we set tq(a) = 2 if a is G-reciprocal, that
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is, if some element of G maps « to a, see [42] and [34, Prop. 4.3] for
characterisations (when K = Q, G = 'y and « is integral, this is equivalent
to saying that the order Z + «Z contains a unit of norm —1), and we set
tg(a) = 1 otherwise.

To conclude with a geometric remark, for every « as above, there exists
a unique primitive loxodromic element & € 'k such that the repelling fixed
point @~ of @ is equal to « (see for instance [32, Lem. 6.2]). Its attractive
fixed point @™ is then o. With the notation at the end of Section 2, we
have 1g(a) = tg(@) for every finite index subgroup G of I'. Finally, for all

v € 'k, we have v-a = yay~ L.

4.1. Equidistribution and error terms in counting functions of
quadratic irrationals

We give in this subsection an error term to the counting asymptotics of
[34] of the number of quadratic irrationals a € K over K with complexity
h(a) at most s, in an orbit of a finite index subgroup of 'k, and we prove
an equidistribution result for the set of traces tr a of these elements, as
s — +00.

THEOREM 4.1. — Let ag be a real quadratic irrational over Q and let G
be a finite index subgroup of U'g. There exists k > 0 such that, as s — +00,

Card{a € G- ap + [T'oo : Go]Z : h(a) < s}
_ 6 oo : Goo] [Ty : Gao) Ray
2 [FQ : G]

s+0(s' 7).
Furthermore, for the weak-star convergence of measures, we have

7T'2 [FQ : G]
li Airo = Lebg.
S*}I‘EIOO 3 [Tag : Gagl Rao S Z * PR

a€G-ag, h(a)<s

Note that the subgroup indices (except maybe [Ty, : Ga,]) appearing
in the above statement are known, for instance, when G is the principal
congruence subgroup modulo a prime p, or the Hecke congruence subgroup
modulo p. When G' = I'g, the first claim is known (with a better error term,
see for instance [5, page 164]), but it is new in particular when G is not a
congruence subgroup of I'g. For smooth functions ¢» with compact support
on R, there is an error term in the equidistribution claim evaluated at 1, of
the form O(s™"||®||¢) where x > 0 and |[?]|; is the Sobolev norm of ¢ for
some ¢ € N, see the comment following Theorem 2.1. Theorem 1.3 in the
Introduction follows from this result.
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Proof. — The proof of the counting result with an error term is similar
to that of [34, Théo. 4.4] upon replacing [34, Coro. 3.10] by the above
Corollary 2.2 (the factor ﬁ which appears in [34, Théo. 4.4] comes
from the fact that we are counting o € G - {a, &f } therein). Noting that
tr(a + m) = tra + 2m for all m € Z, it also follows by applying the
equidistribution result with error term on the quotient of R by 2[T's, : Goo] Z

to the constant function 1.

To prove the second claim, we apply Equation (2.2) with n = 2, T’ =
G, D~ the horoball centred at oo consisting of the points with vertical
coordinates at least 1 in the upper halfplane model of H]%, and DT the
geodesic line with points at infinity oy and af, whose stabiliser in G we
denote by Gp+. The image of D by an element of G is the geodesic line
Ja, @[ with points at infinity a, a” for some a € G - ap. Such an « is
uniquely determined if g is not G-reciprocal, otherwise there are exactly
two choices, @ and a?. The origin of the common perpendicular from D~
to |a, ] (which exists except for finitely many Goo-orbits of @ € G - ) is
the point 2, = (%5%,1) € 9D, its length is In h(a), and its multiplicity is
1, since PSLy(Z) acts freely on T'HE. The induced Riemannian measure on
0D~ is the Lebesgue measure. Therefore, by Equation (2.2) and the value
of the constant ¢(D~, DT) given above Corollary 2.2, we have

Vol(S') Vol(G\H3,)

li A, = Lebyp- .
soto0 16 (an) Vol(S9) Vol(Gp+\DF) s QEG.QZMQ o ebop
(4.1)
We have
™
Vol(G\Hg) = [I'g : G] Vol(I'g\Hg) = I : G 3 (4.2)

Recall that ag € Tg is a primitive loxodromic element with fixed points
ap and «f. By for instance [2, p. 173], the translation length ¢(ag) of o
satisfies cosh 420) — %

have [tr ag | = tq,. Hence

By for instance the proof of [34, Prop. 4.1], we

e(aa) = 2R0¢0 ) (4.3)
so that
Vol(Gpo\p*) = LaoiGaolyoyp | py — oot Gaol(G0)
LG(O&()) LG((XQ)
2Ty : GaglRay (4.4)
ve(ao)

The result now follows from Equations (4.1), (4.2) and (4.4) by applying
the pushforwards of measures by the map f : (z,1) — 2z from 0D~

- 988 —



On the arithmetic of cross-ratios and generalised Mertens’ formulas

to R"~! (which sends the Lebesgue measure to 2,%1 times the Lebesgue
measure). O

THEOREM 4.2. — Let K be an imaginary quadratic number field, let
ag € C be a quadratic irrational over K, let G be a finite index subgroup of

Tk, and let A be the lattice of N € Ok such that :l:( (1) i\ ) € G. There
exists k > 0 such that, as s — 400,
Card{a € G-ap+ A : h(a) < s}
. tr ap++/ (tr @g)2—4
_ w2 [OK : A] [Fao 'Gao} |1n|%} | 82 +O(S2—n) ,

mr (o) Lk : G] [Dr| Ck(2)

where ag is a primitive element of 'k firing ag with absolute values of
eigenvalues different from 1, and mg(ao) is the number of elements in G
fixing ag with absolute values of eigenvalues equal to 1. Furthermore, for
the weak-star convergence of measures, we have

lim 2|Dk|? ¢ (2)[Tk : G]mr ()
ST R INEE S g

Atr o — Leb(c.

a€G ag, h(a)<s

For smooth functions v with compact support on C, there is an er-
ror term in the above equidistribution claim evaluated at v, of the form
O(s™*||2|l¢) where x > 0 and |[¢]|¢ is the Sobolev norm of 1 for some
¢eN.

Proof. — The proof of the counting claim with an error term is similar to
that of [34, Théo. 4.6] upon replacing [34, Coro. 3.10] by the above Corollary
2.2, and using the simplification

|0k ™|
2

[Coo : Al = [Too : Ok][Ok : A] = Ok : A].

To prove the second claim, we apply Equation (2.2) with n = 3, I' =
G, D~ the horoball centred at oo consisting of the points with vertical
coordinates at least 1 in the upper halfspace model of H%, and DT the
geodesic line with points at infinity g and af, whose stabiliser in G' we
denote by Gp+. The cardinality of the pointwise stabiliser in G' of D7 is
me(ap) as defined in the statement of Theorem 4.2 (we have mg(ag) =
me (@) with the notation at the end of Section 2).

The set of points in 0D~ fixed by a nontrivial element of the stabiliser
of oo in 'k is discrete since, for instance, the subgroup of translations
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in a discrete group of isometries of R”~! has finite index by Bieberbach’s
theorem. Hence the multiplicity of the common perpendicular from D~
to an image of DT by an element of G is different from 1 only when its
origin belongs to a discrete subset S of dD~. Furthermore, since I'p+\D™
is compact, there exists € > 0 (depending only on I'x and «g) such that
a geodesic arc, leaving perpendicularly from an image of DT and arriving
perpendicularly at another image of DT, has length at least e. Hence the
number of common perpendiculars from a given point in S to an image of D
grows at most linearly in the length. Therefore these common perpendiculars
do not contribute asymptotically to the equidistributing sum, and as in the
previous proof, we have

i 2mg(ap) Vol(S?) Vol(G\HE,) Z
s§—+00 LG(ao) VOl(Sl) VO](GD+ \D+)82

a€G-ag:h(a)<s

A("To‘,l) = Leban .

(4.5)
Recall that the translation length £(vg) of an element vy of PSLy(C) is

tryg + Vtryo? — 4

(4.6)

(which is independent of the choice of the square root of the complex number
try2 — 4 and of the choice of the lift of 4o in SLy(C) modulo {+id}). With
r the smallest positive integer such that ap” € G, we have [y, : Go,] =
mr (o)
ma (o)

r, so that

mg(ao) Loy : Gay)
mr (ao) ta(ao)

VOI(GD+ \DJr) =

(ag) = ta).  (47)

ta(ag)
As in the previous proof, the result now follows from Equations (4.5),
(4.6), (4.7) and (3.2) by applying the pushforwards of measures by the map
(z,1) — 2z from D~ to C. O

COROLLARY 4.3. — Let ¢ = 1+_2\/5 be the golden ratio, let K be an imag-

inary quadratic number field with Dk # —4, let ¢ be a nonzero ideal in Ok,
a b

and let To(c) be the Hecke congruence subgroup {:t( ¢ d ) el'kg : ce c}.
Then there exists k > 0 such that, as s — +00,

212k, In ¢
| Drc|Cre (2)n(e) [T (14 555)
where ke is the smallest k € N—{0} such that the 2k-th term of the standard

Fibonacci sequence belongs to ¢, and the product is over the prime ideals in
Ok dividing c.

Card{a € Ty(c)-¢+Oxk :h(a) < s} = s240(s277),
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Proofs.— The proof of this corollary and of Corollary 1.4 in the intro-
duction, are similar to that of [34, Coro. 4.7]. The element ¢! is denoted
2 1). . . . . .
by 71 = (1 1) in op. cit., and its translation length is 21n ¢. It is proven
in op. cit. that mp,)(¢) = 1, so that

Co: (Mol _ [B2:8%0T0(0)] _,
mr (¢) mpy (o) (@) .

Let H be Hamilton’s quaternion algebra over R, let A be a definite
quaternion algebra over Q, and let O be a maximal order in A (we refer
to Subsection 3.2 for background, as well as for the notation —, N, Tr, Dy,
PSLy(H), PSL2(O), - ). For every z € H U {oco}, we denote by G5 the
stabiliser of z for the action by homographies of a subgroup G of PSLs(H).

For every v = (Z Z) € SLy(H), we denote by X, the largest real root of

223 — ¢y 22 + 2(cac3 — 1)33 + (1 — c2® — ¢3?),

where ¢; = N(a + d) 4+ Tr(ad — be), c; = 3Tr(a +d), c3 = 3Tr((ad — be)a +
(da — cb)d). We will say that an element o € H is a lozodromic quadratic
irrational over O if there exists v € SLa(O) such that | X,| # 1 fixing «, in
which case we denote by a“ its other fixed point (which exists, is unique,
and is independent of such a -, see below for proofs and a justification of the
terminology). Note that by the noncommutativity of H, there are several
types of quadratic equations over O.

The following result is a counting and equidistribution result in H of
loxodromic quadratic irrationals over O in a given homographic orbit under
PSL»(0).

THEOREM 4.4. — Let O be a maximal order in a definite quaternion
algebra over Q, let ag € H be a lozodromic quadratic irrational over O, let
G be a finite index subgroup of PSLy(O), and let A be the lattice of X € O

such that j:( LA

0 1 ) € G. There exists k > 0 such that, as e = 0,

Card{a € G-ap+ A : Na—a%) =€} =
8640 DA [O : A] [PSLQ(O)aO : GO‘O] |1n |X’YO + (X’)’o2 o 1)1/2| | Ly
¢(3) mpsr,(0)(a0) [PSL2(0) : GI]],1p, (* = 1)(p—1)

where vy s a primitive element of SLa(O) fizing g with | X, | # 1, ma(ao)
is the number of elements v in G fizing oy with | X,| =1, and the product

+0(e"72),
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is over the primes p dividing D 4. Furthermore, the Lebesgue measure Leby
on H is the weak-star limit, as ¢ — 0, of the measures

((8) mpsr,(0)(a0)[PSL2(0): G] [ ], p, (p* = D(p — 1) €
2160 [PSL2(0) a1 Gy | In [ Xy, + (Xo,% — 1)1/2]|

Z Aatac-

a€G-ap,N(a—a%)>e

For smooth functions ¥ with compact support on H, there is an error
term in the equidistribution claim evaluated at v, of the form O(e*||¢]|,)
where £ > 0 and ||¢]|¢ is the Sobolev norm of ¢ for some ¢ € N.

Proof. — First recall (see [30, §3]) that for every v € SLy(H), we have
|X,| > 1, and that ~ is loxodromic for its isometric action on the upper
halfspace model of Hi by Poincaré’s extension (see for instance Equation
(14) in [35]) if and only if |X| # 1. If this holds, then (see [30, §3]) v is a

t0+ t(i with N(t+) = X, + (X2 — 1)1/2. Since this diagonal
matrix acts on the vertical axis {0} x ]0, 400 in H by (0,7) — (0,N(t4)r),
the translation length £() of « is therefore

0(y) = |In| X, + (X2 - 1) (4.8)

conjugate of

As a side remark, if v € SLy(O) satisfies |X,| > 1, in particular, it has
exactly two fixed points, which are the only two solutions of some quadratic
equation ax + b = xcx + xd where a,b,¢,d € O and N(ad) + N(bc) —
Tr(acdb) = 1.

To prove the equidistribution claim of Theorem 4.4, we apply Equation
(2.2) with n = 5, T’ = G, D~ the horoball centred at co consisting of the
points with vertical coordinate at least 1 in HI‘?&, and DT the geodesic line
with points at infinity ap and of, whose stabiliser in G we denote by Gp+.
We define (¢ (ag) = 2 if there exists an element in G sending «g to ap? and
tcg(ap) = 1 otherwise. Except for finitely many G..-orbits of a € G - ay,
the common perpendicular from D~ to the geodesic line with points at

infinity o, o exists and has hyperbolic length In W, and its origin

is (a+2a” ,1) € D~. As in the proof of Theorem 4.2, we have

i 4me (a) Vol(S*) Vol (G\HE,) Z
t=450 16(a0) VOL(SB)Vol(G p+ \DF) et

a€G-agp N(a—a%)>4e—2t

A(%,l) = LebaD— .

(4.9)
We have Vol(S*) = %, Vol(S?) = 272 and, as in the proof of Theorem 4.2,
[PSL2(O) g : Gao) mala)

LG (o) mpsi,(0) (@)

Vol(Gp+\DT) = £(70) -
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Taking € = 4e~2¢, the result follows, as in the proof of Theorem 4.2, from
Equations (4.9), (4.8) and (3.6) by applying the pushforwards of measures
by the map (x,1) — 2z from 0D~ to H.

To prove the first claim of Theorem 4.4, note that by [20, Prop. 5.5] for
instance, we have

D
VolI((2A)\H) = 2% [0 : A] Vol(O\H) = 2* [0 : A TA
The measure ZaEGuU Na—a)>e Ag it is invariant under translation by
2A. The result then follows by considering the measures induced on the
compact quotient (2A)\H, and by applying the equidistribution result with
the error term to the constant function 1. O

2. Relative complexity of loxodromic elements

This subsection is a geometric one, paving the way to the next one, which
is arithmetic. It explains in particular why the crossratios play an important
geometric role in this paper.

Let n > 2 and T" be as in the beginning of Section 2, and let vy € T" be
a fixed primitive loxodromic element.

We define the relative height h., () of a primitive loxodromic element
v € I' with respect to 7y to be the length of the common perpendicular of
the translation axes of vy and ~ if they are disjoint and 0 otherwise. Note
that )
h’YS (’76 ) = h’Yo (’Y) = hg’ygg—l(gfyg_l) = h'vo (g/'yg/_l)
for all €,¢’ € {1}, g € T and ¢’ € Stabr(Axis~yp). Furthermore, it follows
from the properness of the action of I" as in [32, Lemma 3.1] that the set

{0 € VAL/AZ ¢ hog(ymy ™) <t}

is finite for all primitive loxodromic elements 79,71 € I' and ¢t > 0. This
shows that the relative height with respect to a given primitive loxodromic
element is a reasonable complexity within a given conjugacy class of prim-
itive loxodromic elements of I". Theorem 2.1 easily implies the following
counting result of primitive loxodromic elements using their relative heights.

COROLLARY 4.5. — If the Bowen-Margulis measure mpm of T'\Hg is
finite, then for all primitive loxodromic elements vg,71 € I, as t = +o0,

ort
E : Me,y ~ C’Yo,'he )

[v ]GVO\F/Vl > w0(771’771) <t
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where

Chomn = tr(70) er (1) mr (Y0) mr (1) 1o axis(vo) | | o axisera) | 67 - Imemll ™,

with an error term O(e™~Y) if 6p > 1 when n =2 and 6r > n — 2 when
n > 3. If \Hg has finite volume, then

o Vol(S™72)2 £(o) /(71)
Y0,71 on—1 (77, — ]_) VOl(Snil) VOI(F\Hﬁ) -

In particular, when I' is torsion free, as t — +00

Card{[y] € W\T/AZ : ho (v1y ™) <t} ~ Chg g €

Proof. — By [33, Lem. 7], except above finitely many double classes, the
canonical map from 7&\I'/7% to Stabr(Axis(y))\I'/Stabr(Axis(v1)) is a
k-to-1 map, where

k = [Stabr (Axis(yo)) 4] [Stabr (Axis(11)) :77] = ur(0)er (v1)mr (Yo)mr (1)

(using Equation (2.4)). When [y] varies in a fiber of this map, the quantities
me,, (defined in Section 2) and h.,(yy17~"') are constant. As seen in the
proof of Theorem 4.2, if I'\H has finite volume, then

(i
Vol(Stabr (Axis(7:))\ Axis(y1)) = 1)
v (i)
for ¢ = 0,1. The result then immediately follows from Theorem 2.1 and
Corollary 2.2. O

In the end of this subsection, we give an asymptotic formula relating the
relative height of two primitive loxodromic elements with the crossratio of
its fixed points.

Recall that the crossratio of four pairwise distinct points a,b,c,d in
P;(R) =R U {oo} or in P1(C) = CU {oo} is

(c—a)(d—0)

[a,b,c,d] = m>

with the standard conventions when one of the points is co. Using Ahlfors’s
terminology, the absolute crossratio of four pairwise distinct points a, b, ¢, d
in the one-point compactification R*~'U{oo} of the standard (n—1)-dimen-
sional Euclidean space is

le = all |4 — o]
lla,b, ¢, d]] = F——--—1
le = bl lld — afl

- 994 -



On the arithmetic of cross-ratios and generalised Mertens’ formulas

where || - || denotes the standard Euclidean norm and with conventions anal-
ogous to the definition of the crossratio when one of the points is co.

We will denote by Ja_, a [ the (oriented) geodesic line in Hy whose pair
of endpoints is a given pair (a_,ay) of distinct points in R*~! U {cc}. In
particular, for every loxodromic element v € T, we have Axis(y) =]y, v"[.

LEMMA 4.6. — (1) Two geodesic lines Ja_,a| and Jb_,by[ in H% or
HE are orthogonal if and only if [a—,a4,b_,by] = —1.

(2) For all primitive lozodromic elements v,y € I', as hq, () = +o0,

we have
4

I Teadl

eh"/() (’Y) p—

+0(1).
Proof. — (1) This is a classical fact, see for example pages 15 and 31 of
[11].

(2) This is a corollary of [32, Lem. 2.2]. Note that the crossratio in [32]
is the logarithm of the absolute crossratio in this paper. O

4.3. Relative complexity of quadratic irrationals

Let K (and its related terminology) be as in the beginning of Section 4.

Let a and S be quadratic irrationals in K over K. We define the relative
height of B with respect to « as

— g [P llB —a?] |8 —-a%]|B7 —a
h’a(ﬂ) - mln{ Iﬂ_ﬁa‘ ’ ‘B_BU‘ }
h(B)

= 2 min{jn(5 - o), (8 - a*)[} (4.10)

Another expression of this complexity using the absolute crossratios is, if

B ¢{a,a},
ha(B) =

la = a”

max{[[a, 8,07, 5°]], [[a, 87, a7, B]]}

(4.11)

Here are some elementary properties of the relative heights.

LEMMA 4.7. — Let a and B in K be quadratic irrationals over K. Then
(1) har (B7) = ha(B) for all p,7 € {id,c}.
(2) ho(B) =0 if and only if B € {a,a”}.
(3) ha(vB8) = ha(B) for every v € Stabr ({a, a”}).
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Proof. — The first two claims are immediate consequences of the defi-
nition, and the last one follows immediately from Equation (4.11) and the
invariance of the crossratios under homographies. ([

LEMMA 4.8. — For all o, B in K which are quadratic irrationals over K
and s > 0, the set

E;={8 €T,\I'x -8B : ho(B) < s} (4.12)
is finite.

Proof. — Note that this set is well defined by Lemma 4.7 (3). By Equa-
tion (4.11), by Lemma 4.6 (2), since hg(3) = ha(8~!) and since the fixed
points of @ and 3 are a, a’ and 3, 57 respectively, we have

ha(B) = @eha@ +0(ja—a”)). (4.13)
The set {[y] € @Z\T'/BZ : hg(yBy~!) < t} is finite for all £ > 0 (see
Subsection 4.2). Note that @% and 8% have finite index in T, and I

respectively, and that W/B = 737_1 for all v € I'k. Therefore the set Eg =
{v €T \I'k /T3 : ho(7yB) < s} is finite. O

This shows that the relative height with respect to a given quadratic
irrational «y is, indeed, a reasonable complexity for quadratic irrationals in
a given orbit of the modular group I'x (modulo the stabiliser of «y).

Recall that for all quadratic irrationals o and 8 in K over K , we have
given the expression of two points z(3) in K in Equation (1.1) of the
introduction. We will see in the proof of Theorems 4.9 and 4.10 (see in
particular Lemma 4.11) that these points are well defined when g varies in
a given orbit of I'k, except for finitely many I',-classes. We are now going to
prove the equidistribution of these points, when counted according to their
relative heights. We state separately the cases K = Q and K a quadratic
imaginary number field, but it is natural to give a common proof for both
statements.

THEOREM 4.9. — Let K = Q, let G be a subgroup of finite index in
I'x = PSLo(Z) and let ag, By be real quadratic irrationals over Q. Then
there exists k > 0 such that, as s — +o0,

Card{8 € G4, \G - Bo : hao(B) < s}
_ 24 [Fao : Gao] [Fﬁo : G,Bo] Rao Rﬁo h(O‘O)
o 7T2 [F@ N G]

s(1+0(s7")).
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Furthermore, as s — +00, we have the following convergence of measures
on R —{ag,ad}:

2 [F@ 1G] « dLebp(t)
A, gt A g TOED gy
24 [FBO : Gﬂo] Rg, s BEG-,@U%:@O(,B)és o0 () a0 (%) |QO¢0 (t)‘

THEOREM 4.10. — Let K be a quadratic imaginary number field, let G
be a subgroup of finite index in 'y = PSLy(Ok) and let ag, By € C be
quadratic irrationals over K. Then there exists k > 0 such that, as s — +o0,

Card{B € Go,\G - Bo : hay(B) < s} =c s*(14+0(s7")),

where

55y Gal Gl I S| Bl
mr (o) mr (Bo) h(ag) =2 [Tk : G] D |2 (i (2)

Furthermore, as s — +00, we have the following convergence of measures
on C — {ag,ad}:

mr, (B0)[F i : Gl Dic | Cic (2)
1672[Tg, :G/go]’ln‘itr%+ ”;ra’z% | ’52 8

CcC =

«_ dLebg(z)
A T8 = 10 (2

3
€G-Bo huy (B)<s Qoo (2)]
(4.15)

Proof. — Let r and 7’ be the smallest positive integers such that ap” € G

and BBT € G respectively. As seen at the end of the proof of Theorem 4.2,
for K as in Theorem 4.10, we have

Mrg (Oéo)

[Fao : Guo] = mG(aO)

(4.16)

and similarly for §y. Note that this is clear for K = Q, since then mr, (ag) =
ma(ag) = 1.

To prove the counting claims in the above two theorems, we apply Corol-
lary 4.5 with n = 2 or n = 3, I' = G (whose critical exponent is n — 1),
— /\T/
Y = " and mn=70 -

Using in the series of equalities below respectively

~

o the bijection 8 +— [8] from G, \G - o to Go,\G/Gg, (with inverse
[v] = v60), Equation (4.13) and the definition of the complexity h(ayp),

e the fact that [Gq, : aBTZ] = mg(ap) and similarly for Gy, as in the
beginning of the proof of Corollary 4.5,
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o Corollary 4.5, noting that since PSLy(Z) acts freely on T'HZ, all
multiplicities m , are equal to 1, if K = Q, and otherwise, as seen in the
proof of Theorem 4.2, the multiplicities m. ~ different from 1 contribute
only in a negligible way to the sums,
we have, as s — 400,

Card{f € Go,\G - Bo : hao(B) < s}
= Card{[7] € Gao\G/Gg, : ha;(7Boy™") <In (2h(ag) s + O(1))}

14 0(1) T T L -1

=————— 2 Card €« G has <In (2h(ag)s +0O(1
mG(aO)mG(ﬁO) {[fﬂ 0 \ /60 (’Yﬁof}/ ) ( ( 0) ( ))}

Vol(S™2)2r6(ag)r'¢(Bo) n—1 _

= 2h 1 ).
ma(ao)me(Bo)2 1 (n — 1)V01(S"—1)V01(G\HH’§)( (a0)s) ™ (1+0(s™"))
When K = Q and n = 2, this proves the counting claim in Theorem

4.9, by using Equations (4.2), (4.3) and (4.16), and noting that mr, (ap) =

M, (BO) =1

When K is quadratic imaginary and n = 3, this proves the counting
claim in Theorem 4.10, by using Equations (3.2), (4.6) and (4.16).

To prove the equidistribution claims in the above two theorems, we need
to use a stronger geometric equidistribution theorem (also proven in [38])
than the one stated in Section 2.

For any 8 € G- fy, let v4,(8) be the initial tangent vector of the common
perpendicular from the geodesic line D~ = Axis(ap) with endpoints «g
and «of to that with endpoints 8 and 87, if it exists (and the summations

below are on 3 € G - By such that it does exist). Let DT = Axis(Bg) and

Gp+ its stabiliser in G, so that as already seen Vol(Gp+\D") = C/Ge((gé’)).
By replacing the equidistribution of initial points by the one of the initial
tangent vectors (see [38, Coro. 20]), and by arguments similar to the ones
leading to Equations (4.1) and (4.5), we have, by the expression of the
skinning measure and Bowen-Margulis measure recalled in Section 2, with

n =2 if K = Q and n = 3 otherwise, as t — +o0,

271 (n — 1)mg(Bo) Vol(S"~1)Vol(G\HE) >
1 (Bo) Vol(S"—2)Vol(G p+ \ D) e(nt1t

Do,y 8) = Volgi p--
BEG-Bo, hiag (B)<t
Hence, by Equation (4.13), as s — 400,
(n — 1) ma(Bo) Vol(S™~1) Vol(G\HE)
Vol(S7=2) 1/ £(Bo) h(crg) =1 s7~1 2

Avao(ﬁ) A VOlain.
BEG-Bo, hay (B)<s
(4.17)
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We give in the following two lemmas the main computations used to
deduce from this the equidistribution claims in the above two theorems.

LEMMA 4.11. — If the geodesic lines |ag, af| and |3, 87[ in Hy are dis-
joint, then the endpoints of the geodesic line containing their common per-
pendicular are the points £ (8) given by Equation (1.1), which are hence

well defined.

Proof. — Let Jx~, 2™ [ be this geodesic line. By Lemma 4.6 (1), and since
two nonintersecting nonasymptotic geodesic lines have one and only one
geodesic line orthogonal to both of them, the points 2~ and z are the two

solutions of the pair of equations [x7, 2", ap,af] = =1 = [z7, 2T, 8, 57].
An easy computation shows that this system is equivalent to
n(ao) —n(f)

- +axt =2
trag —trf

ot = tr fn(ap) — tr agn(f)
B trag —trf ’

Solving a quadratic equation gives the result. O

LEMMA 4.12. — For n = 2,3,5, for all distinct x,y in O,Hp — {oo},
the pushforward of the Riemannian measure of the unit normal bundle of
the geodesic line L = |z, y[ in Hy by the positive endpoint map v — z = vy
Jrom OLL to OscHIg — {,y} is

o —y|" !
1z = z)(z = y)|I"~*

dLebgn-1(2) .

By symmetry, the same result holds for the pushforward by the negative
endpoint map v = z =v_. Whenn = 2,3, x = ap and y = af, this measure

. 2" dLeb(z) . . .
I8 gyt Qoa (T with the previous notation.

Proof.—Letl?zRifan,I?:(Cifn:3andIA(:Hifn:5(we
write |z| = N(2)'/2 if z € H), so that OcHf} — {oo} = K.

If L is the geodesic line with points at infinity 0 € K and 00, then
for all v € 8} Lo, we have dVOIBiL(x,(U) = 2% 4Volg.-2(0), where t > 0 is
the last coordinate of 7(v) and o € S"~2 is the parameter of the Euclidean
horizontal vector v (note that dVolgo is the counting measure on {—1,1}
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if n=2). If 2= vy € K — {0} is the positive point at infinity of v, then
z=to and dLeb - (2)

Lebz (2

We may assume that « > y if n = 2. The homography A : z — (z—x)(z—
y)~! maps x to 0 and y to co. Since it may be written z — (Az — Ax)(A\z —
Ay)~! with X in (the center of) K such that \> = (z —y)~! if K = R,C

and \* = N(yli—x) if K = H (see Equation (3.4) to check the Dieudonné
determinant is 1), it is the extension at infinity of an isometry of T (by
|z—y|

[z—y[?’

Poincaré’s extension), sending Volgi 1, to Volg . Since |A (2)] =
we have

dLebk(z)) _ |z —y|n~t

|Z|n—1

(a7 (
The result follows. O

Using the continuity of the pushforward maps of measures, let us con-
sider the sum of the pushforwards of Equation (4.17) both by the positive
and by the negative endpoint map. By the comments following Lemma 4.12,
and since {z_, (8), 2L, (6)} = {va,(6) -, Vae(8)+} by Lemma 4.11, we have,
as s — +oo,

(n— l)mG(BO)VOI(S"A)VOI(G\HH"{)
2n—1V01(Sn—2),r/£(68)8n—1

« 2dLebz
A A L N L@).
> wao ()T Swdo (8) T Q0 (7)1
BEG-Bo,hay (B)<s ’

The equidistribution claims in Theorems 4.9 and 4.10 follow, as in the end
of the proof of their counting claims. ]

Remark. — If K = H, the crossratio of a quadruple of pairwise distinct
points (a,b,¢,d) in K may be defined as

[a,b,c,d] = (c—b) " (c—a)(d—a)"*(d—1D).

Though this crossratio does not extend continuously to the quadruples of
pairwise distinct points in the one-point compactification H U {0}, and
it is only invariant under SLo(H) up to conjugation, it also characterises
the orthogonality of the geodesic lines in H% by the same formula (two
geodesic lines Ja_,ay[ and ]b_,by[ in Hp are orthogonal if and only if
l[a_,ay,b_,b,] = —1). Furthermore, its absolute crossratio |c — b|~t|c —
al|ld —a|~*|d — b| (we write |z| = N(2)'/2 if 2 € H) does extend continuously
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(as already mentioned) and is invariant under SLo(H) (see for instance [8]
for all this).

Let A be a definite quaternion algebra over Q, let O be a maximal order
in A, let G be a finite index subgroup of PSLy(O), and let ag, 5y € H be two
loxodromic quadratic irrationals over O (see the definitions above Theorem
4.4). We may also define the relative height of an element 5 of PSL2(O) - B9
with respect to ag by the same formula (4.10). It is still related to absolute
crossratios by Equation (4.11), and still satisfies the properties of Lemma
4.7. We do have a counting asymptotic of the elements 8 € G,,\G - Bo
with relative height at most s with respect to ag, as s — 400, analogous to
Theorem 4.9 and 4.10, and a related equidistribution result, but now, due to
the higher difficulty of solving quadratic equations in the noncommutative
H, the points xi‘o (8) are much less explicit: they can only be defined as the
unique two solutions =, 1 of the pair of equations [z, 2T, ap, af] = —1 =
[x7, 27, 8, 8°]. We leave the precise statement to the interested reader.

4.4. Counting crossratios and application to generalised Schottky-
Klein functions

The aim of this subsection is to generalise the work of Pollicott [40],
using the asymptotic of crossratios to prove the convergence of Schottky-
Klein functions, to a much larger class of Kleinian groups.

Let M be a complete simply connected Riemannian manifold with (di-
mension at least 2 and) pinched negative sectional curvature <K< -1.
Let T be a torsion free (only to simplify the statements) nonelementary (that
is, not virtually nilpotent) discrete group of isometries of M , with critical
exponent dr and limit set AT (defined as in Section 2). Let D~ and DT be
two geodesic lines in M with points at infinity in the domain of discontinuity
QI = 0ooM — AT of T'.

The Bowen-Margulis measure mgy and skinning measures op+ are de-
fined as in Section 2 where M = Hg. We refer to [7] for finiteness criteria
of mpy, for instance satisfied if T' is convex-cocompact, or when I' is ge-
ometrically finite in constant curvature (in which case ér is the Hausdorff
dimension of AT"), but there are many examples. We refer to [1] for mixing
criteria of mpy under the geodesic flow, for instance satisfied, when mpys is
finite, if M has constant curvature. Again there are many more examples.

The following result generalises [40, Theo. 1.4] (whose proof used sym-
bolic dynamics and transfer operator techniques), which was only stated for

M = H%, I a Schottky group and D~ = D, with a nonexplicit multiplica-
tive constant.
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THEOREM 4.13. — If mpy is finite and mizing, then, as s — +00,

Card{y €Tl : d(D",yD") < s}~ lon-lillon-l ers
or [[mem||

Proof. — Since the endpoints of D* are in the domain of discontinuity of
I, the support of the measure op+ is compact, hence the skinning measure
op=+ is finite. The result then follows from [38, Coro. 20], since the stabiliser
of D¥ is trivial. O

Until the end of Subsection 4.4, we assume that M= H% The next result
on asymptotic properties of crossratios is deduced from Theorem 4.13 in the
same way that Theorem 1.3 is deduced from Theorem 1.4 in [40].

COROLLARY 4.14. — If mpy is finite, then for all z,& in QI', as € — 0,

2 \lop-| lop+|| s,
or ||msml|

Card{y €T : |[z,&72,7 - 1| > €} ~

The next result is proven as [40, Coro. 1.2], and defines a much larger
class of holomorphic maps in two variables than the Schottky-Klein func-
tions (see op. cit. for motivations and references). We denote by I'g a choice
of representatives modulo inverse of the nontrivial elements of I'.

COROLLARY 4.15. — If mpym s finite and ér < 1, then the function

(g2 — 2)(9€ — 2)

(2,6) = (2 =¢) H € —6) (gt —2)"

g€lo

where the terms in the product are ordered by the distance of their absolute
value to 1, converges uniformly on compact subsets of QI' x QI.

5. Counting and equidistribution around binary quadratic,
Hermitian and Hamiltonian forms

Let Q(z,y) = ax? + bxy + cy? be a binary quadratic form, which is
primitive integral (its coefficients a, b, ¢ are relatively prime elements in Z).
Let Discg = b? — 4ac be the discriminant of Q. The group SL2(Z) acts on
the set of integral binary quadratic forms by precomposition, and we denote
by SOqg(Z) the stabiliser of Q. When @ is positive definite, the following
asymptotic is originally due to Gauss with a weaker error bound:

12
Card{(u,v) € ZxZ : (u,v) =1, Q(u,v) < s} = ————s5+0(s'3/416)

m4/—Discg
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the current error bound is proved in [17]. This asymptotic, with a less ex-
plicit error bound, can be given a geometric proof using PSLy(Z)-orbits of
horoballs and points in H%& in the same way as Theorem 5.8 in Subsection
5.2 below.

When @ is indefinite, the group of automorphs SO¢g(Z) is infinite, and
it is appropriate to count SOg(Z)-orbits of relatively prime representations
of integers by @. Let

tq + ug+/Discg

be the regulator of @, where ({g,uq) is the fundamental solution of the
Pell-Fermat equation t* — Discg u? = 4. The asymptotic behaviour of this
counting function is (see for example [5, p. 164])

Card (SOq(Z)\{(u,v) € Z x Z : (u,v) = 1,|Q(u,v)| < s})

12Rq
= ———5+0(Vs). 5.1
n2,/Discg (V) (5.1)
A geometric proof of the asymptotic (5.1) with a less explicit error bound
can be obtained from the proof of [34, Théo. 4.5], using Corollary 2.2 instead
of [34, Cor. 3.9].

The results in Subsection 5.1, generalising the asymptotic formula (5.1)
to binary Hermitian and Hamiltonian forms, are the versions with error
terms and with related equidistribution results of respectively Theorem 4,
Theorem 1, Corollary 3 in [33], and Theorem 13, Corollary 18, Theorem 1,
Corollary 2 in [35]. Similarly, the error term in Corollary 8 of [33] is O(s?~*)
for some k > 0.

Given an arithmetic group I' of isometries of a totally geodesic subspace
Xr of Hy or HE, we will denote by Covol(I') the volume of the Riemannian
orbifold I'\ Xr.

5.1. Indefinite binary Hermitian and Hamiltonian forms

Let K and m be as in the beginning of Subsection 3.1. Fix a binary
Hermitian form f: C? — R with

f(u,v) = alu* + 2Re(b@v) + c|v|? (5.2)

which is integral over O (its coefficients a = a(f),b = b(f), ¢ = c(f) satisfy
a,c € Z and b € Ok). The group SL2(C) acts on the right on the set of
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binary Hermitian forms by precomposition, and the action of the Bianchi
subgroup I'k = SL2(Ok ) preserves the integral ones. The group SU¢(Ok)
of automorphs of f consists of the elements g € I'k stabilising f, that is,
such that fog= f.

In this subsection, we assume that f is indefinite (its discriminant
Disc(f) = |b|?> — ac is positive), a feature which is preserved by the action

Let G be a finite index subgroup of I'x. Let I'k » , and G, 4 be the
stabilisers of (z,y) € K x K in T and G respectively. Let . = 1if —id € G
and tg = 2 otherwise. For every z,y in Ok not both zero, and for every
s> 0, let

V1, Gay(s) =
Card ((SU#(Ok)NG)\{(u,v) € G(z,y) : n(Oxa+O0gy) " |f(u,v)| < s}) .
THEOREM 5.1. — There exists k > 0 such that, as s — +00,

g [Tk 2,y : Ge,y) Covol(SUf(Og)NG) ke
Vr.6.20(8) = 2 [Dx| Cx (2) Dise(f) Tk : G] s (1+0(7)
If y # 0, then, as s — 400,

[Pk : G]|Dk|? ¢k (2) Dise(f) n(y) ¥
721 Covol(SU;(Ok) N G) s2

"
A ahyarnsny — Lebg.
F(z,y)

€G- f,0<|f (z,y)|<s

1 A
0 1
with the upper triangular unipotent subgroup of ', we have, as s — 400,

If A is the lattice of A € Ok such that :I:( ) € G, identifying Ok

Card{f € A\G- f : 0<a(f")| < s}
_ 72 [OK : A] COVfl(SUf(QK) NG) 2(1+0(s~)) .
2Tk : G]|Dk|? (k(2) Disc(f)

For smooth functions 1 with compact support on C, there is an er-
ror term in the above equidistribution claim evaluated at 1, of the form
O(s™"||®]|¢) where k > 0 and |[[1]|; is the Sobolev norm of ¢ for some
{eN.

Proof. — The first claim is proven in the same way as [33, Thm. 4], using
Corollary 2.2 instead of [34, Cor. 4.9 ].

_ Let us prove the second claim. Let n = 3 and I/(\'A: C. We denote by
H the image in PSLy(K) of any subgroup H of SLo(K). As in the proof of
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Theorem 3.1, we consider the isometric action of PSLy(K) on (the upper
halfspace model of) Hg. As explained in [33, §2] (where the convention for
binary Hermitian form was to replace b by b), when a(f) # 0, the totally
geodesic hyperplane

C(f) ={(z,t) € HE : f(2,1) +|a(f)|t* = 0}

is preserved by SU;(Ok), its boundary at infinity is the (n — 2)-sphere of

center —((—ff% and radius Y ‘]zzjf)(‘f) , the hyperbolic orbifold SU(Ox)\C(f)

has finite volume (and so does (SU;(Ox) N G)\C(f) ), and, for every g €
SLy(K),

C(fog) =g "C(f).

Let p = 2y~ € KU {oo}, 7, = (f _01> € SLy(K) if y # 0 and

v, = id otherwise. We define Rg(f) = 2 if there exists an element g in G
such that fog=—f, and Rg(f) = 1 otherwise.

To prove the equidistribution claim of Theorem 5.1, we apply Equation
(2.2) with n = 3, I the arithmetic group 7;1 G7,, D™ the horoball He, =
{(2,t) € H} : t > 1} (noting that oo is indeed a parabolic fixed point of T,
since p = 7,00 is a parabolic fixed point of G) and DV the totally geodesic
hyperplane C(fo7,) = 'yp_l C(f). The stabiliser I'p+ of DT in I' indeed has
finite covolume in DT, since (by conjugation for the first equality and by
[33, Eq. (8)] for the second one)

Vol(I'p+\D*) = Vol(Stabg (C(f))\C(f)) = Covol(SU#(Ok) NG).

(5.3)

1
Ra(f)

For every v € T', the origin of the common perpendicular from D~
to yDT = C(f o, o) (when it exists, that is when a(f o5, 07) # 0
and the radius of the circle at infinity of C(f o~, o~) is strictly less than

. b(fovy,0 . . . DISC f
1), is (— %71), and its hyperbolic length is lln(la(fovpiw)l)’ =
n(‘a(’;}li\/%:;‘) (by invariance of tile discriminant under SLy(K)). Since
D has codimension 1 and PSLy(K) preserves the orientation of Hf, the
pointwise stabiliser of DV in I is trivial. Using a similar comment about

the multiplicities as in the proof of Theorem 4.2, we hence have by taking
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t=In—== in Equation (2.2), as s — 400,

Disc(f)

n — 1)Vol(S* 1) Vol(T'\H2

( ) ( ) ( \ ]R) — Z A(ib(fO’YpO’Y) 1)
VOI(S”72)V01(FD+\D+)($) a(foypor)’

YED/T b4, 0<]a(fov,0m)|<s

4/ Disc(f)

N VOlaD— .

Since the map from G - f to T'/T'p+ defined by f o~y = v, 'yy,[p+ is a
Re(f)-to-1 map, and since the pushforward of measures by the continuous
map (z,1) = — 2z from 9D~ to K sends Volyp- to Lebg, we have

n—1

(n — 1)Vol(S"~ 1) Vol(I'\H} ) Disc(f) = Z
Vol(S"=2)Vol(I' p+ \D*+)Rg(f)s™ 1

Ab(f/o»yZ) X Lebf(
F/EG-£,0<a(fon,)|<s “TOT)

(5.4)
Using Humbert’s formula (3.2), we have

[Tk : G] | Dk |2 ¢k (2)
e 472 ’
(5.5)

Vol(I'\Hi) = Vol(G \H) = [Tk : G]Vol(I'x \Hj}) =

By Equations (5.4), (5.3) and (5.5), we have

[Tk : G |Dk|? Ck(2) Disc(/) 3

A Toy i L .
g 2 Covol(SU;(Ok) N G) s2 b(f 0vp) ebc

FreG £, 0<la(fron,) <5 V0T

When y = 0, this proves Theorem 1.7 in the Introduction. By consider-
ing the measures induced on the compact quotient A\C, whose volume is

‘DQ—KI [Ok : A], and by applying Theorem 1.7 with error term to the constant
function 1, we get the last claim of Theorem 5.1.

When y # 0, replacing s by ﬁ, using the pushforward of measures on

C by z — —y~ !z, which sends Lebc to |y|?Lebg, and since a(f’ o v,) =

f07,(1,0) = (yy) =" f'(z,y) and b(f' 07,) = —(a(f") p+b(f’) ) by an easy
computation, this gives the equidistribution claim in Theorem 5.1. O

For every s > 0, we consider the integer (depending only on the ideal
class of m)

Vym(s)=Card(SUs(Ok)\{(u,v) Emxm:n(m) | f(u,v)| <s,uOx+vOK =m}),

which is the number of nonequivalent m-primitive representations by f of
rational integers with absolute value at most sn(m).

- 1006 —



On the arithmetic of cross-ratios and generalised Mertens’ formulas

By taking G = ' and z,y € K such that m = Ogx + Oky (which
exist, see for instance [10, §7]) in the first claim of Theorem 5.1, we have
the following result.

THEOREM 5.2. — There exists k > 0 such that, as s — +00,

m Covol(SU#(Ok))
2 [Dk| ¢k (2) Disc(f)

Yfm(s) ~ 32(1—1—0(5_”)). O

Using the results of [22] (or other ways of obtaining formulas for
Covol(SUf(Ok))), one gets very explicit versions of Theorem 5.2 in spe-
cial cases. A constant ¢(f) € {1,2,3,6} is defined as follows. If Disc(f) =0
mod 4, let ¢(f) = 2. If the coefficients a and c of the form f as in Equation
(5.2) are both even, let ¢(f) = 3 if Disc(f) =1 mod 4, and let ¢(f) be the
remainder modulo 8 of Disc(f) if Disc(f) =2 mod 4. In all other cases, let
t(f) = 1. The following result on integral binary Hermitian forms f over
Q(4) follows from the first claim of Theorem 5.2 using K = Q(4) as in the
proof of [33, Coro. 3].

COROLLARY 5.3. — There exists £ > 0 such that, as s — 400,

Card (SU S (ZI)\{ (u,v) = Z[i]2 : wZ[i] + v Z[i] = Z[i], |f(u,v)| < s})

i -1\ 2 —k
“shaae U (”(?)p ) SA+06™),

p|Disc(f)

where p ranges over the odd positive rational primes and (_71) 1s the
Legendre symbol of —1 modulo p. (I

Let H, A, O and the associated notation be as in the beginning of Section
3.2. Let f:H x H — R be a binary Hamiltonian form, with

f(u,v) =aN(u) + Tr(ubv) + cN(v) , (5.6)

which is integral over O (its coefficients a = a(f),b = b(f),c = c(f) satisfy
a,c € Z and b € O). In this subsection, we assume that f is indefinite (its
discriminant Disc(f) = N(b) — ac is positive). We denote by I'o = SLs(O)
the Hamilton-Bianchi group of invertible 2 x 2 matrices with coefficients in
O (see Subsection 3.2 or [35, §3] for definitions). The group SLqo(H) acts on
the right on the binary Hermitian forms by precomposition and the action
of T'o preserves the integral ones. The group SU;(O) of automorphs of f
consists of the elements g € T'p stabilising f, that is, such that fog= f.
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Let G be a finite index subgroup of I'p. For all x,y in A not both zero,
and for every s > 0, let

V1,G.ay(s) = Card((SUH(O)NG)\{ (u, v) €G(z, y) :N(Oz+Oy) 7| f (u, v)| < 5}).

Let T'o, 4,4 and G4 be the stabilisers of (z,y) € A x A for the left linear
actions of I'o and G respectively. Let K, , be the left fractional ideal O if
zy = 0 and Oz N Oy otherwise, and let O, (K, ,) be its right order. Let
g = 1if —id € G, and 1 = 2 otherwise.

THEOREM 5.4. — There exists k > 0 such that, as s — +o0,

Vs, Goa,y(s) =
540 v [To, 4,y : Gz,y] Covol(SU;(O) N G)
W2<(3)‘OT(KI,y)X |DiSC(f)2[Fo : G] Hp|DA (p3 - 1)(1 - pil)

with p ranging over the positive rational primes dividing Da. As s — +00,
we have

¢(3)[To : G] Disc(f)* In. PP -1)(p-1)
2160 v Covol(SU¢(O) N G) s*

s'(1+0(s7)),

> Ay = Leby
frec-fo<la(flcs “0

and if y # 0,

¢(3)[Fo : G)Disc(f)* [T,p, (* — D(p— 1)
2160 v Covol(SU¢(0) N G) s*

*
E Aa(f’),wrb(f’)y — Leby.
FEGLO<If (@ay)l<s T Y

1 A
0 1
the upper triangular unipotent subgroup of I'o, we have, as s — +o0,

If A is the lattice of A € O such that i( ) € G, identifying O with

Card{f' € A\G-f : 0<la(f")| < s}
. 540 tg D4 Covol(SUf(O) N G)
- (B3)[Po: G]Disc(f)* [Lp, @* —1)(p—1)

sY 1+ 0(s79)).

For smooth functions @ with compact support on H, there is an er-
ror term in the above equidistribution claim evaluated at 1, of the form
O(s™"||%]|¢) where k > 0 and |[|9]|; is the Sobolev norm of ¢ for some
{eN.

Proof. — The proof is completely analogous to that of Theorem 5.2,
mostly replacing n =3 by n =5, K = C by K = H, K by A, Og by O,
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n by N, and references to [33] to references to [35], so that Equation (5.4)
is still valid, and then one replaces Humbert’s formula (3.2) by Emery’s

formula (3.6), and the formula Vol(Og\C) = —Vl%{l by Vol(O\H) = %,
U

Given two left fractional ideals m, m’ of O and s > 0, let

Ufmm (5) =
Card (SU(O)\{(u,v) € mxm : %
The following result follows from the first claim of Theorem 5.4 as in the
proof of [35, Coro. 18].

< 5, 0utO0v =m, [K, ] = [m'] }).

COROLLARY 5.5. — There exists k > 0 such that, as s — 400,

540 Covol(SU¢(O))
m2¢(3)|0y (') *[Disc(f)? [, (P* =11 —p~1)

Vfmm (5) = s'(1+0(s™")).

For every s > 0, we consider the integer
Vsm(s) = Card(SUF(O)\{(u,v) € mxm : N(m) | f(u,v)| < s, Out+Ov =m}),

which is the number of nonequivalent m-primitive representations by f of
rational integers with absolute value at most sN(m). The next result then
follows from Corollary 5.5 as in the proof given in Corollary 19 of Theorem
1 in [35].

COROLLARY 5.6. — There exists k > 0 such that, as s — +00,

B 45 D 4 Covol(SU¢(0))
= 572 (3) Disc(f 2 [y, (77— 1)

bf,m(s) s'(1+0(s7")) .

The group of automorphs of the binary Hamiltonian form (u,v) —
Tr(wv) (which is the standard real scalar product on H) is

Spl(o):{QGSLz(O) : t?((l) é)g:((l) (1))}

which is an arithmetic lattice in the symplectic group Sp;(H) over Hamil-
ton’s quaternion algebra. The following result follows from Corollary 5.6 as
in the proof of [35, Coro. 2].
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COROLLARY 5.7. — There exists k > 0 such that, as s — 400,

Card(Sp; (O)\{(u,v) € O x O : |Tr(uv)| < s, Ou+Ov=01}) =

DA p2+1 4 —K
18C03) HpQ—i—p—i—l sf(14+0(s7)). O

plDa

5.2. Positive definite binary Hermitian and Hamiltonian forms

We first consider the Hermitian case. Let K and m be as in the beginning
of Subsection 3.1. Let f be an integral binary Hermitian form over Ok as
in the beginning of Subsection 5.1. In this subsection, we assume that f
is positive definite (that is Disc(f) < 0 and a(f) > 0), a feature which is
preserved by the action of the Bianchi group I'x = SL2(Ok ). Note that the
group SU¢(Ok) of automorphs of f is then finite.

For every s > 0, we consider the following integer (its finiteness is part
of the following proof), depending only on the ideal class of m,

w;m(s) = Card {(u,v) €m xm : n(m)~ ' f(u,v) < s, Ogu+ Ogv=m},

which is the number of nonequivalent m-primitive representations by f of
the rational integers at most sn(m).

THEOREM 5.8. — There exists k > 0 such that, as s — +00, we have

22
 [Dk| ¢k (2) [Disc(f)]

If G is a finite index subgroup of 'k, with 1 =1 if —id € G and 1 = 2
otherwise, then, as s — +00,

s2(1+0(s7%)) .

U w(s)

SU;(Ok) NG| [Tk : G| Dk |2k (2)|Di .
5000 0Gl N UDKEGIDIA 57 2 pene
“ recfa(is "
. . 1 A . o
If A is the lattice of X € Ok such that :I:( 0 1 ) € G, identifying Ok

with the upper triangular unipotent subgroup of 'y, we have, as s — 400,

Card{f € A\G - f : a(f') < s}
72162 [0k : A

N 2 |SUf(OK) OG‘ [FK : G] |DK| CK(Q) ‘DlSC(f)| S (1 + O(S_R)) .
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For smooth functions ¢ with compact support on C, there is an er-
ror term in the above equidistribution claim evaluated at 1, of the form
O(s™*||2|l¢) where x > 0 and |[¢||¢ is the Sobolev norm of 1 for some
¢eN.

Proof. — Let n =3 and K =C.

We start the proof by describing the space of positive definite binary Her-
mitian forms in hyperbolic geometry terms. Let QT be the cone of positive
definite binary Hermitian forms. The multiplicative group Ry = ]0,+oo|

acts on Q1 by multiplication and we define @+ = Q*/R,. The map
3:0" 5 H: =K x R, induced by f— (— %,7W) is a homeo-
morphism, which is (anti-)equivariant in the sense that ®(fog) = g~ 1®(f)
for all g € SLo(K) and f € QT (see for example [35, Prop. 22| for a proof for
positive definite binary Hamiltonian forms, the above claims being obtained

by embedding as usual C in Hamilton’s quaternion algebra H).

Now, let x,y be not both zero in O, with x = 1 if y = 0, and let
I 4y = Ogz + Ogy. We will more generally study the following counting
function of the representations, in a given orbit of G, of integers by f,
defined, for all s > 0, by

w; G y(8) = Card {(u,v) € G(z,y) : n(Ly )" fu,v) < s} .

Let p, v, be as in the proof of Theorem 5.1. As previously, we denote
by H the image in PSLQ(I?) of any subgroup H of SLy (l?) We will apply
Corollary 2.2 with I" the arithmetic group 'yp_l G7,, D™ the horoball Heo =
{(2,t) € Hy : t > 1} (which is centered at a parabolic fixed point of T,
and whose pointwise stabiliser is trivial), and DT the singleton consisting

of ®(f 0,).

a(fog)

—Disc(f))’
when this number is positive, which is the case except for finitely many
right classes of g under the stabiliser of H.,. Note that v € I' belongs to the
stabiliser I'p+ of DT in I' if and only if ~~1! stabilises the positive homothety
class of f o, that is, since SLy(K') preserves the discriminant, if and only
if y7! fixes f o, Thus Tp+ = 'y;l(PSUf(OK) N G)7,, which is also the

pointwise stabiliser of D, whose order is hence ‘¢[SU;(Ox) N G|.

For any g € Tk, the distance of ®(f o g) from H is In

Let Gy, and G, , be the stabilisers in G of the horoball H, = v,H
in Hy and of the pair (z,y) in K x K. We use the (surprising!) convention
that n(y) = 1 if y = 0 to avoid considering cases. The counting result with
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error term of Corollary 2.2, and the value of C(D~, DT) in case (4) just
above it, using cosets and multiplicities arguments already seen, show that

wfam,y(S)
:Card{ € G/Gyy :n(lpy)  f(1(,y)) < s}

_ I,
== Card{ €G/Gyy: foyor,(1,0) < sa( ’y)}

LG n(y)
=2 (G, : Gy Card{(n] € G/, s alf 0707) < 22}y o)

(G, : Gay]ISU(OK) NG
Card{[’y] eTp+\I'/Tp- ta(fovy,o07) < %} +0(1)
sn(ly )
n(y)\/—Disc(f)

[G—Hp:mHSUf(OK)ﬂC” ND+1D—(1D )+O(1)

2[Gh,  GuyVOUTp-\D7) ¢ sn(ly,)  \*! -
a 1 Vol(T\HR) (n<y) —Disc(f)) (1+0(s7)). (5.7)

As seen in the proof of Theorem 3.1, we have

VOI(FDf\D_) = VO](G—?-LP\H/)) = [(FK)HP : G?—lp ] VOI( (FK)HP \Hp)
[Dk| n(y)®

= [(FK)'HP : G'H,,] 2wK n([m y)2 (58)
‘We have
[(FK) G?—LPHGH,, Geyl= [(FK)H Tk 2 ylTK 2y Ga,y ]
=K gy Gayl (5.9)

2
Using Equation (5.5), Equation (5.7) then gives the following formula, in-
teresting in itself,
272 [Tk, 2,y : Ga,yl

82 sT) .
Dr]Cr (@) Dise(f) [Tx G ° LTOE)

w;—,G,%y(s) -

Since any nonzero ideal m in Ok may be written m = Ogzy + Opyn for
some Ty, Yy not both zero in O and z/J;{m = z/J;{ i 2o, g V€ first claim of
Theorem 5.8 follows.

Let us now prove the equidistribution result in Theorem 5.8. The main
additional remark is that for all f* € G - f, the initial point of the com-

mon perpendicular from He, to ®(f’ o ,) is (f 2?};21"%, 1). Taking t =
P
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S

In ——s
—Disc(f)

in Equation (2.2) in Corollary 2.2, gives, as s — 400,

2|SU;(Ok) NG| (n —1)Vol(I'\Hg)

A orpo X Volgp-
16 ()" 2 (—atremesy 1) op
/—Disc(/) YET/T b4, a(foy,07)<s

Hence, since the map from G - f to I'/T' p+ defined by fo~vy — 'yp_lyprD+

is a bijection, using the pushforward of measures by the map (z,1) — —z
from 0D~ to K, we have

—2 n—1
=[SU(Ox) N G(n — 1)Vol(I'\Hg) | Disc(f)| = s~V
G

> A vigrony) = Lebg. (5.10)
F'EG fra(fron)<s  “O)

Taking y = 0 (then v, = id) and using Equation (5.5), this gives the
equidistribution claim in Theorem 5.8. The last claim of Theorem 5.1 follows
from it as in the proof of Theorem 5.1.

The case y # 0, using Equation (5.5), gives the following equidistribution
result, interesting in itself, as in the end of the proof of Theorem 5.1:

SUO) NGl i : G IDxl G @DisclDal) 5~ 5

(7 g 8)? 7w

F1EGf, f'(wy)<s
S Lebe. O

We now consider the Hamiltonian case. Let H, A, O, m and the associated
notation be as in the beginning of Section 3.2. Let f be an integral binary
Hamiltonian form over O, as in Subsection 5.1. In this subsection, we assume
that f is positive definite (that is Disc(f) < 0 and a(f) > 0), a feature
which is preserved by the action (on the right) of the Hamilton-Bianchi
group I'o = SLy(0O) (by precomposition). Note that the group SU;(O) of
automorphs of f is then finite.

For every s > 0, we consider the integer
1/’}_,“1(5) = Card {(u,v) €emxm : Nm)~'f(u,v) <s, Ou+Ov=m},

which is the number of nonequivalent m-primitive representations by f of
the rational integers at most s N(m).
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THEOREM 5.9. — There exists k > 0 such that, as s — +00,
60D 4
¢(3) [Disc(f)I* [I,p, (»* —1)

If G is a finite index subgroup of T'p, with 1. = 1 if —id € G and 1g = 2
otherwise, then, as s — +o0,

UF w(s) ~ s'(1+0(s7")) .

SU#(0) NG| [To : GI¢(3) Disc(f)* T, p, »* = 1)(p — 1)
1440 15?2 s*

€G- fa(f)<s

1 A
0 1
the upper triangular unipotent subgroup of I'o, we have, as s — +0o0,

If A is the lattice of X € O such that :I:( ) € G, identifying O with

Card{f' € A\G- f : a(f) < s}
- 360 120 : A]D4
~ISU£(0) NG (Lo : GI¢(3) Dise(f) 2 [T,p, (* — D(p — 1)

sY(14+0(s7)).

Proof. — The proof is completely analogous to that of Theorem 5.8,
mostly replacingn =3 by n =5 K =Cby K =H, K by A, Og by O,
n by N. Given z,y not both zero in O, with z = 1if y = 0, let I, , and
K, , be as in the beginning of the proof of Theorem 3.2. We also introduce
the following counting function of the representations of integers by f, in a
given orbit of G:

w?ny(S) = Card {(u,v) € G(z,y) : NIy, )" flu,v) < s}.

Keeping the relevant notation of the proof Theorem 5.8, Equation (5.7) is
still valid. By Equation (3.5) where 7 = 1, we have

Vol(Tp-\D™) = Vol(G3, \H,) = [(To)n, : Gu, | Vol((To)n, \H,)
DaN(y)* .
16|Or(Kﬂc,y)X|[(FO)HP : (Fo)w,y]N(Ix7y)4

=[To)n, : Gu, |

By Emery’s formula (3.6), we have
Vol(T\Hg) = Vol(G\H) = [To : G Vol(To \H)

Lo : G] CB) [Tpp,@° — D —1)
LG 11520 '
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Since

(G, : Goy]l[(Po)n, : G, ]
[(To)n, : (To)e,y]

we hence have the following counting asymptotic, interesting in itself:

w;G,%y(S) -

=[(T0)z,y m] =[(T0)z,y : Gz, yl;

1440 DA[(T0)a.y : Gyl

54 37"9 .
(B0 GO (KX IDisel D L0, 7~ Do 1) )

(5.11)

Given two left fractional ideals m,m’ of O and s > 0, let
U e (8) = Card{(u,v) € mxm:n(m)~" f(u,v) < s, Ly = m, [Ky,] = ']},

As explained in the proof of Theorem 3.2, taking (x,y) € O x O such that
Iy, 4] = [m] and [K, ,] = [m'], we have 1/)}‘—,m,m’ = 11)}: o,y Hence

1440 D 4
CB)Or(m")*[[Disc(f)* I p, (P* = Dp—1)

Now, the first claim of Theorem 5.9 follows from Equation (3.8), since

+ +
(l/}fvmi Z wﬁmam/.

W] € oI

w}:m,m’(s) = 54(1+O(S_K))

The last two assertions of Theorem 5.9 are proven in the same way as
the last two assertions of Theorem 5.8, since Equation (5.10) is still valid,
and if y # 0, we furthermore have

ISUF(0) NG [To : G1¢(3) Disc(f)I2 ay)? Ty, (b — (p—1)
1440 162 *
> Aughoroyny, — Lebg. O
fEGf, f(z,y)<s v

5.3. Representation of algebraic integers by integral binary
quadratic forms

In this final subsection, we study counting and equidistribution problems
of the representations of algebraic integers by quadratic norm forms (for
related results, see for instance [24], [25, Thm. R], [21, Chap. VI], as well as
[12, §3.1] for an ergodic approach).
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Let K and its associated notation be as in the beginning of Section 4.
Let ag € K be a fixed quadratic irrational over Ok. We also denote by n
the relative norm in K(«agp) over K (which is consistent with the notation
of the beginning of Section 4). We consider the (relative) norm form, seen
as a map from K x K to K, defined by

Nay ¢ (u,0) = n(u — agv) = u? — trag uv +n(ag) v?,
which is the homogeneous form of the minimal polynomial of o over K.
Its values on Ok x Ok belong to Ok if ap is an algebraic integer, and
to aOk for some a € K in general. We will study the representations of
elements of K by this norm form N,,, in orbits of (finite index subgroups
of) the modular groups I'x = SL2(Ok) (a minor change of notation from
the beginning of Section 4).

We denote by H the image in PSL; (IA() of any subgroup H of SLg (IA()
We denote by Hp the stabiliser, for any group action of a group H on a
set X, of a point P or a subset P in X. The stabiliser Stabr, N, of the
norm form N,,, for the action (on the right) of I'x by precomposition by

the linear action, is exactly (I'x){a, ag}

As a warm-up, when K = Q, we give an equidistribution result of the
fractions of the representations, in an aforementioned orbit, of usual ratio-
nals by this norm form (which, in this case, is an indefinite quadratic form,
hence the classical counting results of the beginning of Section 5 apply).

THEOREM 5.10. — For every finite index subgroup G of I'g = SLa(Z),
with 1 = 1 if —id € G and g = 2 otherwise, we have the following
convergence of measures on R — {ag,ad} as s — +oo:

’/T2 LG [F@ : G] * dLebR(t)
> A

6[(Tg)o0 : Gool 5 T Qe ()]

(u,v)€G(0,1), In(u—aov) |<s

For smooth functions ¢ with compact support on R — {«g, ag, }, there
is an error term in the above equidistribution claims evaluated at 1, of the
form O(s™"||4||¢) where x > 0 and ||¢)||¢ is the Sobolev norm of ¢ for some
{eN.

For instance, taking G = SL2(Z) gives Theorem 1.6 in the introduction,
and taking for G the Hecke congruence subgroup modulo k£ € N — {0}, we
have, by the index computation of for instance [44, p. 24],

7T2 k]._[p|k: (1 + %) Z

12s

« dLebg(t)
A — —————,
’ Qo (1)]

(u,v)€Z2?, (u,v)=1, v=0 [k], |n(u—agv) |<s
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Proof. — We take n = 2 and K =R in this proof. We will apply Equa-
tion (2.3) with T" the arithmetic group G, D~ the geodesic line with points
at infinity ap, @ (on which the group &BZ NG acts with compact quotient)
and DT the horoball Hoo = {(2,t) € HZ = K x Ry : t > 1} (which is
centered at a parabolic fixed point of G).

For every v = (i Z) in SL2(Ok), the distance ¢, between D~ and

4D, when they are disjoint (which is the case except for finitely many
double classes of v in T'p-\I'/T'p+), is equal to the distance between DT =
Hoo and the geodesic line y~!D~ with points at infinity v~ tag, v 1ag.
Hence by [34, Lem. 4.2]
[y~ tao — 7 ag]
{,=|In 5

=Inh(y 'ag) = In (h(ao) |n(a — cag) |) -

Let v, be the initial tangent vector of the common perpendicular from D~
to yDT, when they are disjoint, and note that its positive point at infinity
(vy)4 is the point at infinity of the horoball yD¥, which is yoo = 2.

By coset and multiplicities argument as above, by the version for initial
tangent vectors of Equation (2.3) seen in Subsection 4.3, we have

Vol(S"~1) Vol (I'\Hz)

Vol(I'p+\DF) en=1)t 761‘/1%;, o - Volgi p- . (5.12)
We have

Vol(T\Hg) = [Tg : G] Vol(Tg \HZ) = wg 7
and

Vol(lp+\D") = [(Tg)oo : Goo ] VOI((Tg)oe \DF) = o

Taking t = In(h()s) in Equation (5.12), since the image of Volg: p- by the
on—1 dLebz(z)

h(a0)" =1 [Qaq (2)[" 1
by (the comment following) Lemma 4.12, and since the canonical map

G/G1o — G/Go =T /T p+ is %—to—l, the result follows. O

pushforward of measures by the positive endpoint map is

L

We now assume that K is an imaginary quadratic number field. Let m
be a (nonzero) fractional ideal of Ok . Let ag € K be a quadratic irrational
over K. We consider the counting function t,, of nonequivalent m-primitive
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representations, by the norm form N,,, of elements of K (necessary integers
in K if aqg is an algebraic integer), defined by mapping s € [0, +00[ to the
cardinality of

(Stabr,Nag)\{ (¢, v) € mxm : n(m) 'n(u—vag)| < s, Ogu+Oxv =m}.

Since for any b € O, we have n(bm) = |b|>n(m), the counting function 1,
depends only on the ideal class of m.

THEOREM 5.11. — There exists k > 0 such that, as s — +00,

272 h 2 tr gt/ (tr ag)2—4
wm(s) — m (OZQ) |Il| 2 | ’ S2+O(82_N).

mr (o) try (o) | Dk | (i (2)

Furthermore, for every finite index subgroup G of I'x = SLo(Ok), with
tg =1 if —id € G and 1¢ = 2 otherwise, we have the following convergence
of measures on C — {ap,af} as s — +oo:

Tk : G]|Dk[Ck(2) g wi ) A, & dlebe(2)

47 (TR ) oo : Goo] 82 T Qe ()P

(u,v)€G(0,1), |n(u—agv) |<s

For smooth functions 1 with compact support on C, there is an er-
ror term in the above equidistribution claim evaluated at 1, of the form
O(s™*||¢|l¢) where x > 0 and |[1]|¢ is the Sobolev norm of 3 for some
feN.

We leave to the reader a version of this equidistribution claim where
(0,1) is replaced by any fixed pair (z,y) of elements of Ok which are not
both zero (replacing Dt = Ho, by DT = 7, Ho in its proof, with v, as in
the proof of Theorem 5.1).

For instance, taking G = I'k, we have

Dk | (K (2) wie 3 A, & dlebe(2)

47 52

Y Qu ()P

(u,)EOK XOk, Ogu+Ogv=0k, |n(u—agv) |<s

Proof. — We will prove a stronger counting claim. Let z,y in Ok be
elements which are not both zero, with = 1 if y = 0 and the same strange
convention that n(y) = 1 if y = 0. Let I, , = 2Ok + yOx, and for every
s >0, let

V@ 2y(s) = Card((StabgNa, )\ {(u,v) € G(z,y) : n(l,,) " n(u—vag)| < s}).
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Let p = xyil c KU{OO}, Yo = <§) _01) S SLQ(K) lfy 74— 0 and Yo = id

otherwise. Let Hoo = {(2,t) € H% ct>1} and H, = v, Hoo. We will apply
the counting claim of Corollary 2.2 with n = 3, I' the arithmetic group
G, D~ the geodesic line with points at infinity ag,af (whose stabiliser is
exactly Stabr, N,, NG, and acts with compact quotient on D~) and D+
the horoball H,, (which is centered at a parabolic fixed point of G ).

For every v € SLy(Ok), the distance ¢, between D~ and yD* =
YYpHoo, When they are disjoint, is equal to the distance between H., and
the geodesic line with points at infinity 7,;17_1@0,7;17_1048 . Hence again
by [34, Lem. 4.2], if v7,(1,0) = (u/,v"), then £, = In (h(a) [n(v’ — v'ap) ).
If y # 0, we have 77,(1,0) = iy(:&y), hence

ty=1In (};((C;O)) In(u — vay)|)

if y(x,y) = (u,v). By the above convention, this is also true if y = 0.

As in the proof of Theorem 3.1, we then have

— h(ag)n(l,.,)s
wam,y(s) = Card{[fy] € G{ao’ag}\G/G(%y) 0y <lIn w

n(y)
h(ao)n(Iyy)s
ST }+0(1)

) +0(1)

}+0(1)

2 _
= ECard{['y] € G{ao,ag}\G/G(a:,y) 4y <1In
2

= e [GHp : G(w,y)]ND*,D+ (ln n(y)

2(G, : Ga)) VOU(S!)Vol(T'p-\D~)Vol('p+ \D+)
e ma () Vol(S?) Vol (I'\H, )

h(ao)n(lz,y)s)? "
(—n(y) ) (1+0(s™")). (5.13)

By Equation (4.7), we have Vol(Tp-\D~) = m€@0l(Tx)ag:CGagl pigey

mr . (o) ta(ao)

By Equation (5.8), we have Vol(I'p+\D") = [(T'x ), : G, ] RVALTILIO

2wr n(Iy, )2

3
By Equation (5.5), we have Vol(I'\Hj,) = LG D |® Cx(2) e also have

412 .1g
_ — Ti)ag:Ga
[(TK)aq : Gay) = (H)oaGoal,

By Equation (5.9), we also have [(I'k)wn, : Gu,|[Gu, @ Guy] =
(T )(a,y) : G(a,y)]- Therefore Equation (5.13) gives the following re-
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sult, interesting in itself,

EG,m,y (5) =

tr ap++/ (tr ag)2—4
272[(T i) (a) * G| (T g : G| h(crg)2[In| LEFV T804

mr (ao) ta(ao) Uk Gl|Dk| Cx (2)
s°(1+0(s7)).

Since any nonzero ideal m in Ok may be written m = znOk + ymOk for
some Tm, Ym not both zero in Ok and ¢, = ¢p, , -, the first claim of
Theorem 5.11 follows.

The proof of the equidistribution claim is similar to the one in Theorem
5.10 (which was written with greater care than necessary for this purpose).
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