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Bounds for invariant distances on pseudoconvex Levi
corank one domains and applications

G. P. BALAKUMAR("), PRACHI MAHAJAN(?)
AND KAUSHAL VERMA®)

ABSTRACT. — Let D C C™ be a smoothly bounded pseudoconvex Levi
corank one domain with defining function 7, i.e., the Levi form 99r of the
boundary 9D has at least (n — 2) positive eigenvalues everywhere on 9D.
The main goal of this article is to obtain bounds for the Carathéodory,
Kobayashi and the Bergman distance between a given pair of points
p,q € D in terms of parameters that reflect the Levi geometry of 0D
and the distance of these points to the boundary. Applications include an
understanding of Fridman’s invariant for the Kobayashi metric on Levi
corank one domains, a description of the balls in the Kobayashi metric on
such domains that are centered at points close to the boundary in terms
of Euclidean data and the boundary behaviour of Kobayashi isometries
from such domains.

RESUME. — Soit D un domaine borné, lisse, de C™, de fonction définissan-
te r. Nous supposons D de corang de Levi 1, c’est-a-dire tel que la forme de
Levi 89r posséde au moins (n—2) valeurs propres strictement positives en
tout point du bord 9D de D. Le but principal de l’article est d’obtenir des
estimées des distances de Caratheodory, Kobayashhi et Bergman, entre
deux points quelconques de D, dépendant de la distance de ces points a
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la frontiére ainsi que de parametres reflétant la géométrie de Levi de dD.
Comme applications, nous présentons certaines propriétés de 'invariant
de Fridman pour la métrique de Kobayashi sur les domaines de corang de
Levi 1, nous décrivons les boules pour la métrique de Kobayashi, centrées
en des points proches de la frontiére, en termes de données euclidiennes,
et nous étudions le comportement au bord des isométries pour la métrique
de Kobayashi sur de tels domaines.

1. Introduction

The efficacy and ubiquity of invariant metrics such as those of Bergman,
Carathéodory and Kobayashi, whenever they are defined, is a fact that
hardly needs to be justified. Each of these metrics has its own strengths
and weaknesses. For example, while the Carathéodory and Kobayashi met-
rics are distance decreasing under holomorphic mappings, a property not
enjoyed by the Bergman metric in general, it makes up by being Hermitian
whereas the Carathéodory and Kobayashi metrics are only upper semicon-
tinuous in general. For a bounded domain D C C™, a point z € D and a
tangent vector v € C", let Bp(z,v),Cp(z,v) and Kp(z,v) be the infinites-
imal Bergman, Carathéodory and Kobayashi metrics on D. To recall their
definition, let A,. C C be the open disc of radius r > 0 centered at the origin
and this will be abbreviated as A when r = 1. Then

o Cp(z,v) =sup{|df(2)v]: f € O(D,A)},

e Kp(z,v) = inf{l/r : thereexists f € O(A,,D) with f(0) =
z and df (0) = v}, and

e Bp(z,v) =bp(z,v)/(Kp(z2))"/?, where

Kp(z,2) =sup {|f(2)]* : f € OD), || fll p2(py < 1}

is the Bergman kernel and
bo(z,0) = sup { |df()e] : f € O(D), f() = 0 and | fl],2p) < 1}.

While no exact formulae for these metrics are known in general, part
of their utility derives from an understanding of how they behave when z
is close to the boundary dD. This is a much studied question and we may
refer to [1], [2], [18], [11], [12], [13], [26], [29], [30] and [40] which provide
quantitative boundary estimates for these infinitesimal metrics on a wide
variety of smoothly bounded pseudoconvex domains in C™. Now given a
pair of distinct points p, ¢ € D, we may compute the lengths of all possible
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piecewise smooth curves in D that join p and ¢ using these infinitesimal
metrics. The infimum of all such lengths gives a distance function on D
— these integrated versions are the Bergman, the inner Carathéodory and
the Kobayashi distances on D and they will be denoted by d%,(p, q), d% (p, q)
and d%(p, q) respectively for p,q € D. Recall that the Carathéodory distance
dGare for D is defined by setting

A5 (p,q) = sup {d} (f(p), f(q)) : f € O(D,A)},

where d denotes the Poincaré distance on the unit disc. It is well-known
that d$, is always at least as big as d5"®. In general, d5%"® need not coincide
with the inner Carathéodory distance d%,. Moreover, it is known from the
work of Reiffen ([49]) that the integrated distance of the infinitesimal metric
Cp(z,v), coincides with the inner distance associated to d%"® which we de-
note by d%. Recent work on the comparison of d%%"* and another invariant
function, the Lempert function, may be found in [45]. Much less is known
about the boundary behaviour of the integrated distances and our interest
here lies in obtaining estimates of them. Partial answers to this question
may be found in [1], [3] and [24], all of which deal with strongly pseudo-
convex domains in C™. Optimal estimates of the boundary behaviour of
invariant distances for domains with C'*¢-smooth boundary in dimension
one, may be found in the recent work [46] where estimates for convexifi-
able domains are also dealt with. A more complete treatment for strongly
pseudoconvex domains in C" was given by Balogh-Bonk in [6] using the
Carnot—Carathéodory metric that exists on the boundary of these domains.
An analogue of these estimates was later obtained by Herbort in [31] on
smoothly bounded weakly pseudoconvex domains of finite type in C? using
the bidiscs of Catlin (see [11]).

We are interested in supplementing the results of [6] and [31] by ob-
taining bounds for these distances on a Levi corank one domain in C". A
smoothly bounded pseudoconvex domain D C C™ of finite type with smooth
defining function r (here the sign of r is chosen so that D = {r < 0}) is
said to be a Levi corank one domain if the Levi form ddr of D has at least
n — 2 positive eigenvalues everywhere on dD. An example of a Levi corank
one domain is the egg domain

B = {2€C™: |21 " + |22 + o+ |20 |* + |2al” < 1} (1.1)

for some integer m > 1. Let 2m be the least upper bound on the 1-type of
the boundary points of D and let U be a tubular neighbourhood of 0D such
that for any A € U there is a unique orthogonal projection to 9D which will
be denoted by A* such that |A — A*| = dist(A,dD) = dp(A). Furthermore,
we may assume that the normal vector field, given at any ( € U by

v(¢) = (9r/071(¢), 0r/072(C), - . ., Or/0Zn(C))
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has no zeros in U and is normal to the hypersurface I = {r(z) = r(¢)}. Fix
¢ € U. After a permutation of coordinates if necessary, we may assume that
0r/0%,(C) # 0. Then note that the affine transform

¢°(2) = (21— Gty Znm1 = o1, (1(0), 2 = Q)

translates ¢ to the origin and is invertible by virtue of the fact that dr /9%, (¢)
# 0. Moreover, ¢¢ reduces the linear part of the Taylor expansion of ¢ =
r o (¢¢)~! about the origin, to

7¢(2) = r(¢) + 2Rz, + terms of higher order. (1.2)

In particular, the origin lies on the hypersurface I‘2<7 the zero set of r¢(2) —
7(¢) and the normal to this hypersurface at the origin, is the unit vector
along the Rz,-axis. In fact, by the continuity of 9r¢/dz,, we get a small ball
B(0, Rp) (where as usual B(p, r) is the ball around p with radius r), with the
property that the vector field v(z) has a non-zero component along (the con-
stant vector field) L,, = 0/0z, for all z in B(0, Ry). Indeed, we may assume
that |0r¢/0z,(z)| is bounded below by any positive constant less than 1.
By shrinking B(0, Rp), if necessary, we can ensure that [0r¢/0z,(z)| > 1/2.
We will perform such shrinking of neighbourhoods henceforth tacitly, taking
care only that the number of times we have done this at the end of all, is fi-
nite. Furthermore, we may repeat the above procedure for any ¢ € U. Since r
and (¢¢)~! are smooth (as functions of ¢), the family {0r¢/0z,(z)} of func-
tions parametrized by (, is equicontinuous. Moreover, the neighbourhood U
is precompact and hence, we may choose the radius Ry to be independent
of C.

Continuing with some helpful background and terminology, we assign a
weight of 1/2m to the variable z1, 1/2 to the variable z, for 2 < a <n—1
and 1 to the variable z,, and for multi-indices J = (j1,j2,-.,jn) and K =
(k1, ko, ... ky), the weight of the monomial z/Z% = z{lz? . z%“?lfl_gz B
is defined to be

wit(225) = (j1 + k1) /2m + (o + k2) /24 ...+ (n—1 + En—1)/2+ (jn + En).

Analogous to the definition of degree, we say that a polynomial in C[z,Z] is
of weight A if the maximum of the weights of its monomials is \; the weight
of a polynomial mapping is the maximum of the weights of its components.
Thus note that the weight of the map ¢ is 1 while its ‘multiweight’ is
(1/2m,1/2,...,1/2,1).

We now summarize the special normal form for Levi corank one domains
(cf. [14]), details of which are discussed in the appendix. For each ( €
U, there is a radius R > 0 and an injective holomorphic mapping ®¢ :
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B(¢, R) — C™ such that the transformed defining function p¢ = r¢ o (®¢) !
becomes

2m

p*(w) = r(¢) + 2Rw, + ZPz(C;UH) + [wal + -+ [w ]
=2

+n§ > §R(( 71 (C w{wl)wa)+R(<, w) (1.3)

a=2 j+k<m
7,k>0

where
P(Gwr) = Z aly (Qwiwy
j+k=l
are real valued homogeneous polynomials of degree [ without harmonic
terms and the error function R({,w) — 0 as w — 0 faster than one of
the monomials of weight 1. Further, the map ®¢ is actually a holomorphic
polynomial automorphism of weight one of the form

24(2) = (21— 1, Ge(2 = O) = Qa1 = (). Q)2 = O = @i(2 =) (1.4)

where G¢ € GL,,_2(C),Z = (22,...2n-1)," 2 = (21, 22,..., 2n—1) and Q2 is a
vector valued polynomial whose a-th component is a polynomial of weight
at most 1/2 of the form

Q5(t) = > b (Ot
k=1

fort € Cand 2 < a <n— 1. Finally, Q1("z — () is a polynomial of weight
at most 1 and is of the form @ (zl — (1, Ge(2— C)) with Q of the form

n—1 m n—1
Qr(tr,ta,... Zako =3 ag(Otaty =Y calQ)t.
a=2k=1 a=2

Since G¢ is just a linear map, Q1('z—'() also has the same form when consid-
ered as an element of the algebra of holomorphic polynomials
C['z — ’¢], when (¢ is held fixed. The coefficients of all the polynomials,
mentioned above, are smooth functions of ¢. By shrinking U, if needed, we
can ensure that R > 0 is independent of ( because these new coordinates
depend smoothly on ¢. Further Q1(0,...,0) = 0 and that the lowest degree
of its monomials is at least two. On the other hand, while Q2(0) = (0,...,0),
the lowest degree of the terms in @ is at least (and can be) one. In case,
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the polynomials 5 and (), are identically zero, it turns out that the argu-
ments become even simpler and this will be evident from the sequel. Note
that ®¢(¢) = 0 and

D¢y Gty Cn—€) = (0,...,0,—€ r/0Z,(C)).

Note that each ®¢ is a polynomial automorphism of C" and it will be
referred to as the canonical change of variables for a Levi corank one domain.
Though it reduces the defining function to (1.3), it is not simple in the sense
of being weighted homogeneous in the variables z — . This is evident in
(1.2) where only the linear part of the expansion is reduced to its simplest
form (up to a permutation) and later in the final transformation (1.4).
Evidently, ®¢ is neither a ‘decoupled polynomial mapping’ nor a weighted
homogeneous map in z — (. This poses difficulties in imitating Herbort’s
calculations directly and we shall discuss these difficulties as we encounter
them, namely in Section 2.6.

Recall that in general, the degree (or weight) of a holomorphic polyno-
mial automorphism of C™ is not equal to that of its inverse. However, the
inverse of ®¢ has the same form as ®¢. The precise definition and properties
of these maps is provided in the appendix. These maps belong to the alge-
braic group £, consisting of weight preserving polynomial automorphisms
whose first component has weight 1/2m, the next n — 2 components having
weight 1/2 each and the last component having weight 1; in particular, the
weight of ®¢ is one.

To construct the distinguished polydiscs around ¢ (more precisely, bi-
holomorphic images of polydiscs), with notations as in [31] define for each
6 > 0, the special-radius

1)1
:2<l<2m,2<l’<m}.

(1.5)

(o) =min { (s/12¢.) " (827 (0))

where
By(¢) = max{|b5;,(Q)] : j+k=1,2<a<n—-1},2<l'<m.

Here, the norm of the homogeneous polynomials P;({, -) of degree [, is taken
according to the following convention: for a homogeneous polynomial

p(v) = Z a; vl ok,
k=t

define |p(-)| = maxycg [p(e?)|. It was shown in [14] that the coefficients
b%’s in the above definition of 7(¢, 6) are insignificant and may be dropped
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out, so that
7(¢,8) = min { (5/|Pl(§, .)|)1” L 2<i< 2m}.
Set
T1 (Ca 5) = T(C?é) =T, T2(C76) = .= Tn—l(Ca 6) = 61/2a Tn(Cvé) =90
and define

R((,0)={z€C": |zk] <7(¢,0), 1 <k<n}

which is a polydisc around the origin in C" with polyradii 7 (¢, ¢) along the
2, direction for 1 < k < n and let

Q(¢,0) = ()M (R(¢,9))

which is a distorted polydisc around (. It was shown in [14] that for all
sufficiently small positive § — say, for all § in some interval (0,d.) with J.
some number less than 1 — there is a uniform constant Cy > 1 such that

(i) these ‘polydiscs’ satisfy the engulfing property, i.e., for all { € U if
n € Q(¢,0), then Q(n,0) C Q(¢, Cod) and

(i) if n € Q(¢,6) then 7(n,d) < Co7(¢,8) < C31(n, ).
For A,B € U let
M(A,B)={6>0: A€ Q(B,0)}

which is a sub-interval of [0, 00) since the distorted polydiscs Q(B,d) are
monotone increasing as a function of §. Then define

d' (A, B) = inf M (A, B)
if M(A, B) # () (otherwise we simply set it equal to +00) and let
d(A, B) = min{d'(A, B),|A — B|j~} (1.6)

which is an auxiliary pseudo-distance function on D. Here we work with the
[*° norm of A — B instead of the usual Euclidean distance for convenience.
Now, let

A B) 2@ (B
6p(A) +Z

a=2

)‘i’A(Bh‘ >

n(A, B) = log (1 + 5p(A)  T(A,0p(A))
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where &4 (B) differs from ®4(B) by a permutation of co-ordinates to ensure
v(A), # 0 ie., ®4(B) = &4 o Py(B) where P4(z) is any permutation of
the variables z1, ..., 2, such that 9(r o Pgl)/azn # 0. The existence of Py
follows from the assumption that v(A4) # 0. If A, B are close enough, then
we may certainly choose P4 = Pp. Finally, let

oA, B) = 1/2(n(A, B) + (B, 4))

and as usual, for quantities S, T we will write S < T to mean that there is
a constant C' > 0 such that S < CT, while S ~ T means that S < T and
T < S both hold.

It is known ([13]) that these infinitesimal metrics are uniformly com-
parable on a pseudoconvex Levi corank one domain D, i.e., Bp(z,v) =~
Cp(z,v) ~ Kp(z,v) uniformly for all (z,v) € D x C™. Thus to get lower
bounds for the integrated distances it suffices to understand d¢, alone. We
use the inequality d§%® < d%, to get sharper lower bounds on d$, and this
is the only motivation for introducing d%.

THEOREM 1.1. — Let D C C" be a smoothly bounded Levi corank one
domain and U a tubular neighbourhood of 0D as above. Then for all A, B €
U N D we have that

0(A,B) =1 S dp(A,B) < dp(A,B) S o(A,B)+ L

where | and L are some positive constants. In particular, the same bounds
hold for d% (A, B) as well.

Obtaining a lower bound for df, amounts to understanding the sepa-
ration properties of bounded holomorphic functions on D. To do this, the
boundary 0D will be bumped outwards near a given ¢ € 9D as in [13]
to get a larger domain that contains D near (. The pluricomplex Green
function for these large domains will then be used to construct weights for
an appropriate d-problem as in [31] and the solution thus obtained will be
modified to get a holomorphic function with a suitable L? bound near (.
Solving another d-problem will extend this to a bounded holomorphic func-
tion on D with control on its separation properties. This function is then
used to bound df, from below. Theorem 1.1 has several consequences and
we elaborate them in the following paragraphs.

In [21], Fridman defined an interesting non-negative continuous function
on a given Kobayashi hyperbolic complex manifold of dimension n, say X
that essentially determines the largest Kobayashi ball at a given point on
X which is comparable to the unit ball B”. To be more precise, let Bx (p, )
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denote the Kobayashi ball around p € X of radius r > 0. The hyperbolicity
of X ensures that the intrinsic topology on X is equivalent to the one
induced by the Kobayashi metric. Thus for small r > 0, the ball Bx(p,r) is
contained in a coordinate chart around p and hence there is a biholomorphic
imbedding f : B" — X with Bx(p,r) C f(B"). Let R be the family of all
r > 0 for which there is a biholomorphic imbedding f : B" — X with
Bx(p,r) C f(B™). Then R is evidently non-empty. Define

n M 1

which is a non-negative real valued function on X. Since the Kobayashi
metric is biholomorphically invariant, the same holds for hx (p,B") which
shall henceforth be called Fridman’s invariant. The same construction can
be done using any invariant metric that induces the intrinsic topology on
X and we may also work with homogeneous domains other than the unit
ball. However we shall work with the Kobayashi metric exclusively. A useful
property identified in [21] was that if hx (po, B™) = 0 for some py € X, then
hx(p,B™) =0 for all p € X and that X is biholomorphic to B™. Moreover,
p — hx(p,B") is continuous on X. The boundary behaviour of Fridman’s
invariant was studied in [44] for a variety of pseudoconvex domains and the
following statement extends this to the class of Levi corank one domains.

THEOREM 1.2. — Let D C C™ be a smoothly bounded pseudoconvex do-
main of finite type. Let {p’} C D be a sequence that converges to p® € dD.
Assume that the Levi form of D has rank at least n — 2 at p°. Then

hp(p’,B™) — hp_(('0,—1),B™)
as j — oo where Dy, is a model domain defined by
Dy = {z € C": 2Rz, + Pop(21,21) + \22|2 +...+ |Zn_1|2 < O}

and Papm(21,%1) is a subharmonic polynomial of degree at most 2m (m > 1)
without harmonic terms, 2m being the 1-type of 0D at p°.

By scaling D along {p’}, we obtain a sequence of domains D7, each
containing the base point ('0, —1), that converge to Do, as defined above.
It should be noted that the polynomial Ps,,(z1,Z1) depends on how the
sequence {p’} approaches p'. This is simply restating the known fact that
unlike the strongly pseudoconvex case, model domains near a weakly pseu-
doconvex point are not unique. Since Fridman’s invariant is defined in terms
of Kobayashi balls, the main technical step in this theorem is to show the
convergence of the Kobayashi balls in D’ around ('0, —1) with a fixed radius

— 289 —



G. P. Balakumar, Prachi Mahajan, Kaushal Verma

R > 0 to the corresponding Kobayashi ball on D, with the same radius.
Theorem 1.1 is used in this step.

Another consequence of scaling near a Levi corank one point combined
with Theorem 1.1 is a description of the Kobayashi balls near such points
in terms of parameters that reflect the Levi geometry of the boundary. This
is well known in the strongly pseudoconvex case — indeed, the Kobayashi
ball around a given point p near a strongly pseudoconvex boundary point
is essentially an ellipsoid whose major and minor axis are of the order of
(6p(p))'/? and 6p(p) respectively.

THEOREM 1.3. — Let D C C" be a smoothly bounded pseudoconvex Levi
corank one domain. Then for all R > 0, there are constants C1,Cy > 0
depending only on R and D such that

Q(q,C10p(q)) C Bplq, R) € Q(g,C2 dp(q))
for each q € D sufficiently close to 0D.

Analogues of this for weakly pseudoconvex finite type domains in C2
and convex finite type domains in C™ were obtained in [44] by a direct scal-
ing. These estimates are useful in establishing a generalized sub-mean value
property for plurisubharmonic functions and defining suitable approach re-
gions for boundary values of functions in H? spaces at least on strongly
pseudoconvex domains (see [38] for example).

The next and last class of applications of Theorem 1.1 deal with the
problem of biholomorphic inequivalence of domains in C". The paradigm
underlying many of the results in this direction (see for example [9] and
[47]) is that a pair of domains in C™ cannot have boundaries with different
Levi geometry and yet be biholomorphic. For proper holomorphic mappings,
it is known (see for example [19] and [17]) that the target domain cannot
have a boundary with more complicated Levi degeneracies than the source
domain. Fridman’s invariant provides another approach to this problem with
the advantage of quickly reducing it to the case of algebraic model domains.
Here is an example to illustrate this point of view and we refer the reader
to [5] for an alternative proof that works for proper holomorphic mappings
as well.

THEOREM 1.4. — Let D1, Dy C C™ be bounded domains with p° € 8D,
and ¢° € OD,. Assume that 0D; is C?-smooth strongly pseudoconvex near
p% and that Dy is C™-smooth pseudoconver and of finite type near ¢°.
Suppose further that the Levi form of Dy has rank exactly n — 2 at q°.
Then there cannot exist a biholomorphism f : D1 — Dy with ¢° € cly (%),
the cluster set of p°.
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When pY is also a Levi corank one point on 9Dy, it is known ([55]) that
a proper holomorphic mapping f : D; — Dy extends continuously to 9D,
near p°. In fact, a similar result can be proved for isometries of these metrics
as well. To set things in perspective, let D, G be bounded domains in C”
equipped with one of these invariant metrics. An isometry f : D — G is
simply a distance preserving map. Note that no further assumptions such
as smoothness or holomorphicity are being included as part of the definition
of an isometry. A C''-Kobayashi isometry is a C''-diffeomorphism f from D
onto G with f*(Kg) = Kp, and C'-Bergman and Carathéodory isometries
are defined likewise. Of course, biholomorphisms are examples of isometries,
but whether all isometries are necessarily holomorphic or conjugate holo-
morphic seems interesting to ask. Let us say that an isometry is rigid if it is
either holomorphic or conjugate holomorphic. If isometries of the Bergman
metric between a pair of strongly pseudoconvex domains in C™ are consid-
ered, a result in [27] shows that the isometry must be rigid. Recent work on
the rigidity of local Bergman isometries may be found in [43]. Isometries of
the Kobayashi metric between a strongly pseudoconvex domain and the ball
are also shown to be rigid in [35] while a more recent result in [25] proves
the rigidity of an isometry between a pair of strongly convex domains even
in the non equidimensional case; the choice of either the Kobayashi or the
Carathéodory metric is irrelevant here since the two coincide. However, this
seems to be unknown for isometries of the Kobayashi or the Carathéodory
metric between a pair of strongly pseudoconvex domains. On the other
hand, the results of [42] and [6] show that isometries behave very much
like holomorphic mappings. In particular, they exhibit essentially the same
boundary behaviour as biholomorphisms. The following statements further
justify this claim and extend some of the results in [42].

THEOREM 1.5. — Let f : Dy — Dy be a C'-Kobayashi isometry between
two bounded domains in C". Let p° and q° be points on OD; and 0D,
respectively. Assume that 0D is C°°-smooth pseudoconvex of finite type in
a neighbourhood U of p° and that 0Dy is C?-smooth strongly pseudoconvex
in a neighbourhood V of ¢°. Suppose further that the Levi form of 0D, has
rank at least n — 2 near p° and that ¢° belongs to the cluster set of p° under
f. Then f extends as a continuous mapping to a neighbourhood of p° in D .

The following result provides an explicit computation of Kg, , the
Kobayashi metric of the egg domain Fs,, introduced in (1.1) for m > 1/2 —
notice that when m is not an integer, the boundary of Fs,, is not smooth.
This extends the computation done for such egg domains in C? in [41] and
[10]. Tt is straightforward to see that for any 6 € R and (p1,...,pn) € Fam,
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9 1/2m

z z ebe(l_Lz Z
Groemn) = | s o Y

is an automorphism of Es,,. Here (-, -) denotes the standard Hermitian inner
product in C"~1, 2 € C" is written as 2z = (21, 2),2 = (22,...,2,) and ¥ is
an automorphism of B”~! that takes p to the origin. More precisely,

- (o 689) - (1 58)

U(2) =

for p # 0. Since automorphisms are isometries for the Kobayashi metric, it is
enough to compute the explicit formula for K, at the point (p,0) € Egp,
for 0 < p < 1, from which the general formula follows by composition with
an appropriate automorphism of Fs,, as described above.

THEOREM 1.6. — The Kobayashi metric for FEay, at the point (p,0) for
0<p<1, s given by

Kg,, ((,0,...,0), (v1,...,v,)) =

2 2m—2 2 2 2 1/2
m-p [v1] |v2] [vn|
( (1—p2m)2 + T—p2m et 1_;27” fOT U< b,

ma(l—t)|vy]

PI—a)(m(1-0+0) for u>p,

where

20, |2 1/2
- m”Jui] , (1.7)
027 + -+ oaP?

2m2p2

u? + 2m(m — 1)p? + u(u? + 4m(m — 1)p2)1/2

and « is the unique positive solution of
a2m _ ta2m,—2 _ (1 _ t)p2m, =0.
Moreover, Kg, s Ct-smooth on Ea,, x (C*\ {0}) for m > 1/2.

It should be mentioned that the Kobayashi metric at the origin,
Kg,,, ((0,0,...,0),v) = gg,, (v) where gg,,, denotes the Minkowski func-
tional of FEs,,. Moreover, the number « has an alternate definition: o =
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apa, (PO = DY (1) (n = 1)'72 (1) (n = 1))'/?). Theorem 1.6 is use-
ful in proving the isometric inequivalence of weakly spherical Levi corank
one domains (the notion of weak sphericity is recalled from [7] and defined in
the last section) and strongly pseudoconvex domains — see [42] for a related
result in C2.

THEOREM 1.7. — Let Dy, Dy C C™ be bounded domains with p° € 0D,
and ¢° € 0Dy. Assume that there are holomorphic coordinates in a neigh-
bourhood Uy around p° in which Uy N Dy is defined by

{z€C": 2Rz + |21 |*™ + |20)* + ... + |z0—1]> + R(2,%) < 0}

where m > 1 is a positive integer and the error function R(z,Z) — 0 faster
than at least one of the monomials of weight one. Suppose further that 0 Do
is C%-smooth strongly pseudoconvex near ¢°. Then there cannot exist a C'-
Kobayashi isometry f : D1 — Do with ¢° € cl§(p°).

To outline the proof of this statement, we scale D along a sequence of
points that converges to p” along the inner normal to D;. The limit do-
main is exactly Fo,,. In trying to adapt the scaling method for isometries,
note that the normality of the scaled isometries needs the stability of the
Kobayashi distance function on Levi corank one domains, i.e., the arguments
used in analysing Fridman’s invariant. This ensures the existence of the limit
of scaled isometries, the limit being an isometry between Fs,, and the unit
ball. The final argument, which uses the explicit form of the Kobayashi met-
ric on FEs,, as given above, involves showing that this continuous isometry
is in fact rigid which then leads to a contradiction.

Acknowledgements. — An independent and technically different proof
of Theorem 1.1 has also been obtained by Gregor Herbort. We were informed
of this after the completion of this manuscript and we would like to thank
him for sharing a copy of his then unpublished manuscript and for a clarify-
ing remark on an earlier version of this article that has been incorporated;
his work has recently appeared in [32]. Thanks are also due to Peter Pflug for
a timely comment that helped remove an ambiguity and to Nikolai Nikolov
who pointed out the relevance of [45] and [46]. Last but not least, we thank
the anonymous referee for a careful reading of this manuscript.

2. Proof of Theorem 1.1

We begin with some helpful generalities, notation and terminology. In
general, if p is a smooth function defined on some open set V' in C™, then
there are 2 simple ways of constructing Hermitian forms associated to p.
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We shall restrict to the case when the level sets of p are smooth real hy-

persurfaces, so let us assume that p has a nowhere-vanishing gradient in V.
Consider the canonical +ve-semi definite Hermitian form associated to p by

v (L2 en) (X 2 em) = 3 2020w

2P
0z; 0z 0z; "0z
j=1 %I k=1 <k Gk=1 %1 k

for Y, W tangent vectors at z. The associated quadratic form is given by

(2.1)

which is evidently positive semi-definite. Denote by M,(z), the matrix as-
sociated to this form with respect to (unless otherwise mentioned) the
standard co-ordinates. Assume after a permutation of coordinates, that
0p/0z, #0. Let ¢ € V and for 1 < j < n — 1 define the vectors

L;(Q) = (0,..-,0,1,0,...,0,55)

where the jth entry in the above tuple is 1 and

=500 = —(520) " (520)

This collection of n — 1 vectors forms a basis for the complex tangent space
at ¢ to the hypersurface

re={zeVip(z) =)}

and is called the canonical basis for the complex tangent space denoted HI'?,
being independent of the choice of the defining function (up to a permutation
to ensure dp/0z, # 0). Next, observe that each L; is an eigenvector for
M,(2) with eigenvalue 0. Hence, HI'{ is contained in the kernel of M,(()
while the vector v(¢) is an eigenvector of M,(¢) of eigenvalue |v(¢)|?.

There is another way to construct a Hermitian form out of p whose
associated quadratic form is

L,(2,Y) = i 62? @)y v, (2.2)

for any given z € V and Y € C™. This is the complex Hessian and in general
need not be positive or negative semi-definite. Restricted to H I‘Z , this is the
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standard Levi form. When I'] is pseudoconvex, the restriction of £, to HT']
is positive semi-definite. In particular, all this applies to p = r, the defining
function of the given domain D as in the introductory section 1.

Henceforth, C will denote a positive constant that may vary from line to
line. Positive constants will also be denoted by K, L or C; for some integer
j (for instance as in the last part of Lemma 2.1) and these may also vary
as we move from one part of the text to another.

2.1. Basic properties of the pseudo-distance induced by the bi-
holomorphically distorted polydiscs @

Recall the function d defined in (1.6) and another notation from the
introduction: for any a € D NU, we denote by a* the point closest to a in
0D.

LEMMA 2.1. — The function d satisfies
(i) For all a,b € U we have d(a,b) =0 if and only if a = b,
(ii) There exists C > 0 such that for all a,b € U,
d(a,b) < Cd(b,a)

(i1i) There exist constants Ry and L > 0 such that for all a,b € U with
la —b] < Ry, one has

d(a,b) > 1/2L d'(a,b)
(iv) There exists C > 0 such that for all a,b,c € U, we have
d(a,b) < C(d(a,c) + d(b,c))

(v) For a suitable constant C > 0, we have d(a,a*) < Cdp(a) for all
a €U and

(vi) There exist constants C1,Ce > 0 such that for all a,b € U with
d'(a,b) < 1, we have

Chla—b*" < d'(a,b) < Cola—b|.
Proof. — The proofs of parts (i)-(v) follow exactly as in [31]. To establish
(vi), observe that a € Q(b, ) if and only if |®°(a)1| < 7(b,0), |®*(a)a| < VO
forall 2 < a <n—1and |®*(a),| < J. As a consequence,

|Gb(d — ZNJ) — Qg(al — b1)| < \/5
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which implies that
|Go(@—b)| < V6 + Qa(ay — by).
But we already know that
lay — by| < 7(b,8) < 62,

Moreover, since G’b_1 is uniformly bounded below in norm in a neighbour-
hood of b, we see that

|a— b S V6 +7(b,8) <82,

provided § < 1. Tt follows that |'a — ‘b| < 6%/?™ and consequently that
@y — byn| < 6Y/2™ . To summarize, we conclude that |a; — by, |a— b, |'a —"b|
and |a, — by| are all less than §'/?™ times a constant. Hence, d(a,b) >
la — b|>™. Now to prove the upper inequality of (vi), write

|(I)b(a)|2 = ’al — b1|2 + ‘Gg(fz — B) —Qa(a; — b1)|2
+](04) " (an — ba) — Q1('a —"B)[*.

Note that the right hand side above is at most Cyla — b|?, where C}, is the
maximum of the absolute values of G¢, (b$,)~! and the coefficients of the
polynomials Q1('a —'b), Q% (a1 — by) for 2 < o < n — 1, all of which are
smooth functions of b. Hence, Cj is bounded above by a positive constant
(say, C3) that depends only on the domain D. This proves the lemma. O

Observe that sufficiently small balls in this pseudo-distance d are the an-
alytic polydiscs Q(+,d). In particular, the topology generated by d coincides
with the Euclidean topology. However as part (vi) of Lemma 2.1 shows, the
pseudodistance d is not bi-Lipschitz equivalent to the Euclidean distance.
Infact a more precise description of the local behaviour of d in terms of the
various components of the canonical transforms ®°(a) which are explicitly
known, is laid down in lemma 2.11.

2.2. Local domains of comparison and plurisubharmonic weights

The task now is to compare the pseudo-distance d induced by the dis-
torted polydiscs which captures certain key aspects of the CR-geometry of
the boundary of our Levi corank one domain D, to the distance induced
by an algebra of uniformly bounded holomorphic functions, d$*¢. This
will be a starter towards our ultimate goal of obtaining better bounds on
d%,. To the end of obtaining a lower bound on d%%"?, we first construct
for every given pair of points A, B € D NU which are at least e-apart in
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the pseudo-distance d, a function f € H®(D) separating the given pair
by an amount depending only on €. The plan for this construction is to
set up a 0-problem whose solution will give a smooth L2-function with the
required separation properties. Modification of this solution to ensure holo-
morphicity is a simple routine matter. But extracting information about the
values of this L2-holomorphic function near the boundary, so as to deter-
mine whether it also lies in H*°(D), and thereby obtain a function which
will bound d$?® from below, seems difficult as explained by Catlin in his
introduction to [11]. A strategy followed therein to overcome this difficulty,
is to bump the domain D¢, pushing the boundary as far as possible sub-
ject to certain constraints: dist(¢, aD,S ) <t for one and among others, that
f)DtC be pseudoconvex; here DtC with ¢ € Ry denotes the bumped domain.
The afore-mentioned O-problem is solved first on Df to obtain a solution
f € H? (DtC ). The bumping technique as well as the d-problem are sophisti-
cated enough, so as to achieve good control of the L?-norm of f in terms of
the distances of the giver pair of points — that f separates — to the boundary
along different directions. In particular, 0D lies well within the bumped
domain DtC ; well enough, to extract information about the values of f near
0D, via an appropriate application of the Cauchy integral formula. This
leads to the sought after function in H*°(D) with the desired separation
properties as well.

The technical tools required for this bumping procedure are a family
{As} of uniformly bounded smooth plurisubharmonic functions with grow-
ing Hessians near ¢, which exist owing to the pseudoconvex finite type char-
acter of the boundary. The condition that the Levi form of 0D, have at most
one zero eigenvalue, furnishes from [13] further control on the blow-up rate
of the derivatives of {As}. The bumping functions E¢; is manufactured by
suitably summing up these \s’s. The defining function p¢ of the bumped
domain is taken to be p¢! = p¢ + E; ;. Now we would like these functions to
be as simple as possible — simplicity given the constraints and needs of the
problem at hand. In our present context, this means tangible estimates of
E¢ ;. Indeed, to bring out what tangible estimates mean, we introduce the
one parameter family of decoupled algebraic functions

Jea(w) = Jep(w) —t,

where
2 2 o 2 23 4 4 1/2
Jea(w) = (B4 wa2+ 3 1P (¢ P +|wal 4. waa*) . (2.3)
j=2

Now, all relevant analytic behaviour of E¢; can be estimated in terms of
J¢ .+ as stated more precisely, in the lemma 2.2 below. It also turns out that
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Je.o(w) is useful in estimating the L2 norms of holomorphic functions on DS .
Above all, these functions are tangible in the sense that they are defined
directly in terms of the defining function — all one needs to know is the size
of the derivatives of p¢(w) of order up to 2m in the variable w. At this point,
we would like to remark that J¢ ;(w) is a (inhomogeneous) pseudo-norm in
the sense that J¢ ;(w — z) is a pseudo-distance. Observe that Jg ;(w — z)
is symmetric and satisfies the triangle inequality up to a positive constant.
Indeed, let P(|w]|) denote the expression

2m
ol + 3 IPH(C )P lwr |2 + Jwal* + ..+ e |
j=1

It is well known that
|A+ Bl <27 1(|A1Y + |BIY)

for A,B € R and j € N. Applying the above inequality to each term in
P(Jw + z|), it follows that P(Jw + z|) < P(Jw|) + P(]z|). This gives the
pseudo-triangle inequality for JAC,t(w — z). The simplicity of the bumpings
Df of interest here, can be kept track of, by observing their difference from
the trivial bumpings D¢ := {w € C" : p; ¢(w) := p*(w) —t < 0}. It turns
out that this difference can be measured via the anisotropic pseudo-norm
jg’t as in (2.21) below. Thus, these bumpings Df are tractable and useful.
Suffice it to say that they have been a useful intermediate tool in yielding
optimal estimates for our infinitesimal invariant metrics as in [11] and [13]
and their integrated distances in dimension two as in [31].

We begin our study of the bumping procedure applied to a segment of
a tubular neighbourhood Uy ; of D¢, near ¢ = 0, defined by

U = {w : [p*(w)] < slJea(w)} N B(O, R), (2.4)

where s, R are small positive constants. So, we carry out the bumping pro-
cess in the region where the variation in p¢ is small in the pseudo-norm J},t -
we may also rewrite the defining inequality for Ue ; as |pss.c(w)| < sJ¢.i(w)
when p¢(w) > 0 i.e., when w lies outside our domain D¢; since D§ can
be compared with D¢ via jg,t we may include D*¢ into our domain of
study. In this domain U¢; U D%, it is possible to perform well-controlled
bumping; in particular, the afore-mentioned special control available on the
As’s contributes to attaining sharp lower bounds on the Hessian of E¢ ;. We
shall now just put down the summary of these well-known matters more

precisely, for our case of interest, from Proposition 2.2 and Theorem 2.4 of
[13].
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LEMMA 2.2. — For sufficiently small Ry < Ry, s > 0 and each ¢ €
ODNB(0, Ry), there exists on {p* < t}UUc 4, a smooth negative real valued
plurisubharmonic function E¢, with the following properties:

(1) —Csdes < Eey < —1/C3Jcy
(i1) The complex Hessian of E satisfies

EEC,t(va)“Jc,t(w)(lw‘ Z‘W’ ‘JU ‘)

or allw € {p> <tyUUct an c .
f Il < Ue, dY e C"
110 e first directional derivative o ¢+ satisfies
The first d ld f B¢ i
[{OE¢i(w),Y)* < Cadeo(w) L, (w,Y)

(iv) Let pt = pS + eoE¢ ¢ Then for small enough ey > 0 the domain
DS = {w c{p* <t}UU:; : p~t(w) < 0}

s pseudoconver.

The positive constants C3, Cy and s here are and independent of the
parameters ¢ and ¢. It is clear that D¢ D D¢. Part (iii) above compares
the complex Hessian of E¢;(w) with the canonical positive semi-definite
Hermitian form [(OE; ;(w),Y)|? associated to the smooth function E¢ ;. It
ensures that Lp,, satisfies a good enough lower bound for the bumpings
to retain pseudoconvexity while pushing out 0D, as far as possible. Part
(ii) provides a more concrete estimate on the complex Hessian of E¢ (w).
Together with part (iii), this aids in checking that the bumpings are optimal.
Let us just examine what happens at (, the origin:

(0% (w),Y) = (0p(w),Y) + €0 (0B 4(w),Y) (2.5)

for Y € C". Setting w = 0 and restricting Y to the complex tangent space
to D¢ at the origin, i.e., {z € C" : 2, = 0}, we see that

(0p°1(0),Y) = €(0FE¢+(0),Y).

But we already know from parts (iii) and (ii) that

2
Y

T(C, JC,t(O))
<elv. (2.6)

(Dp°H(0), V) [? < Caed (Je(0))

- 299 -



G. P. Balakumar, Prachi Mahajan, Kaushal Verma

since 7(¢, Je,¢(0)) 2 v/ Je,+(0) and J¢ 4 (0) = ¢t. Now, consider
ﬁpc,t (0, Y) = [:p( (0, Y) + €0£E¢7,, (07 Y)

Recall that £,¢(0,Y) is positive semi-definite due to pseudoconvexity of D¢
at the origin. Hence,

2

vi |8 v
L,:(0,Y) 2 e0Jc :(0) m‘ +o;2 m
Y1 2 1"—1 2
:60t< T(C t) %Z‘YOJ ) (2.7)

a=2

Using the fact that 7(¢,t) < t1/?™ we get that
L,c:(0,Y) 2 et V™'Y 2,

Observe that (2.6) and (2.7) together imply that the bumped domains touch
the domain D, minimally in the complex tangential directions and approx-
imately to the first order along the normal direction at the origin. Fur-
thermore, rewriting (2.5) together with Lemma 2.2(iii) yields the following
estimates about the variation of the normal vector fields with respect to the
bumping procedure:

2
|<5‘p§’t(w) w),Y = 60| OE¢ +(w), Y>|
2 n—1 2
Y,
< Cueg (. + < -i-‘ 2
oo (¢, Je p(w)) Jct aZ:Q Jet(w) Jei(w)

J
(\ o] P G+ )

< Cadd (Jealw) Y+ Vo 2).

Here we use the fact that (¢, Je+(w)) 2 Jet(w)'/? and that Je 4 (w) < 1
for w near the origin. The above analysis shows that the bumping process
pushes the boundary aD§ in the ‘normal’ direction Y,, relatively more than
in the complex tangential directions.

As in [13] and [31], the domains D¢, serve as local pseudoconvex domains
of comparison containing certain special polydiscs P(w,t, ) of optimal size:

P(w,t,6) = A<w1,7(<,eJ<,t( ) x A(wa, \/0Jc 4 (w)) x .

xA(wn,h 0Je, t(w)) X A(wn,HJC,t(w))
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In an earlier notation, we note that P(w,t,8) is just the translate of the
polydisc R(w, 8J; ;(w)) centered at the origin, to the point w. The polyradii
of P(w,t,0) are so chosen as to have Lemma 2.3. This lemma is contained in
Proposition 2.5 of [13] and its proof therein. This lemma allows us to fit such
optimally sized polydiscs about any given point w € D¢ near ¢, within the
intersection of the bumped domain Df and U ;. The reason for interpolating
a polydisc herein, is that they are the simplest domains for which the Cauchy
integral formula is valid. In particular, we may obtain estimates on the value
at a point z of any function holomorphic in it, in terms of the distance of
z to the boundary along various (coordinate) directions. Let us state this
more precisely and in general terms, as this elementary estimate will play
a key role (for instance at (2.34)). Let © be a domain in C™ and h € O(Q).
Then for each z € Q and any polydisc P = A' x...x A™ around z contained
in €, it follows from the Cauchy integral formula that

[ 7 llz2
5A1(z1) X ... X (5An(zn)

h(z) < C (2.8)
for some universal constant C' that depends only on the dimension n. Here,
each A7 denotes a disc in the C.,-plane around z;. In particular we have
(2.8) for large enough polydiscs which reach out to the boundary along as
many of the coordinate directions as possible while being contained within
€. Recall that the L?-norm of a function is bounded above by its L>-norm
(up to a constant) on any compact measure space. Here holomorphicity en-
ables a reverse estimate — of course we cannot claim that an L? holomorphic
function is bounded but we get a control on its rate of blow-up as z — 0P,
in terms of the direction of approach, from (2.8). Now, let us get back to our
polydiscs which geometrically estimate the region gained by our bumpings.

LEMMA 2.3. — There exist numbers My, rq,0 > 0 such that
(a) For all ¢ € OD, any t >0 and w € D¢ N B(0,79) one has
DS D P(w,t,0).

(b) Next, the variation of the defining function p¢ on the polydisc P(w,t,0)
1s described by the statement

|0 ()] < Moo (w).
for all x € P(w,t,0).

Subjecting the defining functions p$* of our bumped domains to the
Diederich — Fornaess modification for producing a strongly plurisubhar-
monic exhaustion function, yields a family of uniformly bounded smooth
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functions ¢¢; on Df , whose Hessians satisfy sharp lower bounds on the
polydiscs P(w,t,0). This owes to a finer control on the derivatives of As
available for Levi corank one domains, as compared to a less sharp control
known for general smooth pseudoconvex domains of finite type. The reader
is referred to [12] for the general but less refined bumping constructs which
can also be used to derive a lower bound on the infinitesimal Kobayashi
metric. It turns out that ¢, is a plurisubharmonic barrier function for
¢ € 0D, of algebraic growth (see [12], for a proof). In particular, 9D, near
¢ is regular in the sense of Sukhov (cf. [55]) and B-regular in the sense of
Sibony (see [51] and [52]). This, in turn, implies that D, has a Stein neigh-
bourhood basis. This fact will be used in the sequel. But before all, let us
put down the construction of wgft, which will be useful for constructing the

weight functions for our d-problem.

LEMMA 2.4. — After shrinking 0, given w € DS N {p¢ < 0} there exists
on Df a plurisubharmonic function Q/Jgjt < 0 such that

(i) Y&y = —1on P(w,t,0)

(i) For anyY € C" and x € P(w,t,0), we have that

LT S 7 G 1
Lyw ,Y 205 13
o> O L B 5 )

where C'5 is a positive constant.

Proof. — Following the Diederich — Fornaess technique ([20]) as men-
tioned above, set

9() = = (= pSta)e )"
which is strongly plurisubharmonic on Df. Following [31], we define
Vi) = v(@) [ Jea(w)™.
First note that the pseudoconvexity of < (3D N B(C, Ro)) gives

Loc(2,Y) Z —Ki|p (@)||Y* = K| Y[[(9p (), Y)] (2.9)

- 302 -



Bounds for invariant distances on pseudoconvex Levi corank one domains and applications

whenever z € ®¢(B((, Ry)), for some constant K; > 0. Furthermore, a
standard calculation of the complex Hessian of ¢ (see [48] for details) yields

Ew (x, Y)

— mlta)| [ TP ) 1m0 ), Y vaRm
2 pe(x)? pSt(x) I
2 2 Epg,t(I,Y)>
+K([Y]?-K 22 4 L@ )
(VP = B (1 =) V)P ) + =20
1= o [(9p(2), V)P 2
>
> vt (S5 RV
Lyci(x,Y)
)
Here we have used the estimate |<3;,Y>|2 < R3|Y|2 for some positive con-

stant R,. Choosing K and 7 suitably, we can ensure that the following
inequality holds throughout Df :

2
(@.Y)|

+ K (JY ] = Ko

1 —no [(9p°*(2),Y)]? Lyci(z,Y)
> —_ .
£¢(x7Y) = 770|’(/}($)|( 2 pc’t((t)Q pc’t((ﬂ) )
(2.10)
To verify (i), let € P(w,t,0). Writing this analytically, translates to the
following string of inequalities:
|x1 —wq| < T(C,ng)t(w)),

To — Wo| < /O0J¢(w) forall2<a<n—1, and 2.11
¢

|2n — wn| < 0J¢ 1 (w).

1
+§KWF+

Recall that J¢ ((w) = \/t? + P(|w|), where P(|w|) is the inhomogeneous
pseudo-norm given by:

P(lw]) = |wn|2+Z|P Il |2 + Jwa|* + ...+ Jwn_q |*.

Write the difference J¢ (z) — Je 4 (w) as

2

(er()” = (Jea(w)”

Tel) = el = T )

(2.12)

The aim now is to obtain an analogue of the estimate (4.3) in [31]. This
estimate is essentially an assertion about the uniform comparability
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Jei(z) = Jei(y). Furthermore, such an estimate will lead to the engulf-
ing property for the polydiscs P(w,t,8) analogous to that for the Catlin
— Cho polydiscs Q(+,). To this end, we begin by applying the triangle in-
equality to the numerator which is |P(lw[) — P(|z|)|, on the right side of
(2.12). This gives

n—1 2m
[2al? = fwal2 + 3" (12al = Jwal') + 3 1RGP (jaa[2 = )
a=2 j=2

n—1 2m ) .
<zl = [wal?] + Y [lzal* = lwal*] + D 1P (¢ )Pl [ — fwr 7]
a=2 j=2

(2.13)

Note that the first term on the right here namely, ||z,|* —|w,|?|, is bounded
above up to a constant by J¢ ¢(w). Indeed, ||z,[* — [wp|?| < |on — wn| S
0Jc 1 (w) by the last inequality in (2.11). Next, to likewise — estimate the

last summand of (2.13), we use the following well-known inequality:

212 <257 (|l — wi[¥ + |un YY),
which implies that
o2 =[] < 227 oy —wn ¥ + (2571 = D [
for each j < 2m. Hence,

|55 (G )P la [P ] 2271 Py (€, ) Plarn—wn [P 422 1=1) [Py (¢, )P | [
(2.14)
It follows from the definition of 7(¢,6.J +(w)) that

0% (Je i (w))?
(T((, GJC,t(w)))

1P;(¢, )7 < (2.15)

25"

; 25
But we know from (2.11) that |z; —w | < (’T(C79J<’t(’w))> g Therefore,
29 Py (¢ ) Plan = wi < 229702 (Jea(w)” S 0 o(w).  (2.16)

Finally, since T(C, 0J<7t(w)) > (GJg,t(w))lﬂ, we may rewrite (2.15) as

_ OP(Jeu(w))?

. . 2 R A —
|PJ(Cv )| ~ ej(J(,t(w))j'
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We may estimate the second summand on the right of (2.14) as follows: use
part (b) of lemma 2.3 as well as the fact that w is close to ¢ (which is the
origin), to get

[w| = |p¢(w)] < MofJ¢ 1 (w).

Therefore, |wq]% < |w|* < (QJC,t(w))% so that

2 2
(05— )Py (G, ) P P g e t))
07 (J(jt w !

(0Jc1(w)™ = (004 (w)) ™

Now since w € D, we have p¢(w) + eoEei(w) < 0ie,
co B¢ t(w) < —p(w) = | (w)].

Note that the constants hidden in the various <, 2-bounds here and in what
follows can be taken to be independent of (, # and ¢ unless otherwise spelled
out. Therefore, by part (i) of lemma 2.2, we obtain that |J¢ ;(w)| < [p¢(w)|

and subsequently by lemma 2.3(b) that
(07c.0(w)”™ S (0o (@) S 07 p(w)] < OJco(w)

since we may assume 6 < 1. In all therefore, we obtain for the second
summand at (2.14) that

(271 = DIP(G, )P S 0T o(w),

just as we did for the first summand at (2.14) in the estimation (2.16). It
is now clear that we will similarly also have that the ‘mid-summands’ in
the right of the inequality (2.13) namely, ||z|* — |wq|*], must be bounded
above by 0J ;(w) up to some positive constant. Getting back to our aim at
(2.12), we put together the various foregoing estimates to conclude that the
numerator on the right of (2.12) is bounded above in modulus by 8J¢ (w)
up to some positive constant, as well. For the denominator therein, note
that it is bounded below by 2¢. The above analysis yields

[Te.a() = Jep(w)] < (Cg/2t) 0Jc1(w) (2.17)

We may choose some t > 0 such that the foregoing inequalities here are
valid; we may shrink the value of ¢ in what follows if necessary, but only
finitely many times. In particular, fixing such a value of ¢ now and letting
Cs = Cf/2t, we rewrite (2.17) as the pair of bounds

Jep(x) < (1 +Ceb)Je(w) and Jeo(x) = (1 — Co)Je o (w)
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which describe the variation of J¢ 4(-) on P(w, t,#). We have thus established
(4.3) of [31] in our setting. Here, 0 is chosen small enough so as to ensure
1 — Cg6 > 0. We remark in passing that (2.17) may also be rewritten as

[Je.o(2) = Jea(w)] < (Cg/2t) Jc,o(w) + Cg /2, (2.18)

where as we know Cf is a constant depending on the given domain D but
with no more particular dependence on w,(,t,6. Of course the above in-
equality is just a rephrased form of the triangle inequality for the pseudo-
norm JAC,t up to constants; so (2.17), (2.18) are expected. However, we need
to go through their derivation to keep track of what the constants depend
on.

Moving on further, it follows from Lemma 2.2(i) and Lemma 2.3(b) that

0 (@)] = eol Beo(@)] — |0 ()]
2 6/03 Jc,t(x) — M(]@J(:’t(w)
2 60/03(1 — Oﬁ&)Jg,t(w) — MQ&JC7t(U})
2 60/203 Jw(w)
and
|0 ()] < €0l Bce(@)| + [ (2))|

<

< eCs Jei(x) + MobhJ¢ ¢ (w)

< C3e(1 + C6b) J¢ (W) + MobJ¢ o (w)
S Jer(w)

provided @ and ¢g are sufficiently small. Putting the above two observations
together, we see that

(€0/2C5)Jt(w) < [ ()] < g o(w). (2.19)
Furthermore,
|Ec.e(w)] < C3dea(x) < Ca(1+ Co0)Jep(w) < Crlp® ()], (2.20)
which implies that
05 (@)] = | Bg o (2)] = Jea(w).

for all z € P(w,t, ). At this point we would like to note that since pS*(x) ~
dist(z, dD}), it follows that on P(w,t,0)

|dist(z, dD§) — dist(x, dDV)| = Je 4 (w) (2.21)
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where J¢ 4(x) = Jei(x) — t, and DYC = {weC:ppe(w) = pS(w) —t <
0}. Thus the anisotropic pseudo-norm J¢.+ measures the difference between
the trivial bumpings given by {p;¢} and the bumpings {p>'} engineered
taking into account the CR geometry of dD.. Getting back from this note
to the lemma at hand, it follows from (2.19) that ¥ (x) > —|pSt(z)[" >
—(Jg,t(w))?70 for all x € P(w,t,6). This gives

@)

P ety ”

To establish (ii), let us examine the complex Hessian of p¢*:

Lyci(x,Y)=Ly(z,Y)+eLlp.,(2,Y)
> K1 (|p°(@)[[Y1]? + (00 (), V)IIY]) + €L, (,Y) Dy (2.9)
> K1 (0" (2)] + ol E¢.o () ) [Y P = K1[(9p> (), Y)Y
— Kieo|(0E¢ 4(x), Y)||Y| + €0Lp,  (2,Y) (2.22)

for z € P(w,t,0). Note that, by (2.20), the first term —Kj(|pS!(z)| +
€| E¢i(2)])|[Y]* in (2.22) is at least

K (165 @) + eoCaloS () ) Y (2.23)

Now, consider the third term in (2.22):

o0 (OB 1) VY| > —eoK1/Co\[ e @)y /L (@, VIIY] - (2:24)

by Lemma 2.2(iii). The part (ii) of the same lemma gives

1/2
Jea(@) < w LA N i )
Lg  (x,Y)S :
) VCs (T(¢, el ZJ“ (Jeulx )

1/2
0 Ju@ A
¢c—3<7(<,J<,t<x))2'Y' *Z'Y‘ m) (' |

2.25

Using the fact that 7(¢, Je () 2 (Jc,t(ac))l/2 in (2.25), we get

n—1
VI, 0] S (JeaVi P+ Jeal) S al? +12)
a=2
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Since J¢ ¢ (x) is small, it follows that
—e0 K1 (0B 1(2), Y)|IY| 2 —eo K|V [* 2 —eo K1 |~ (@)[[Y % (2.26)

Here we used that |pS*(x)| is bounded away from zero on the polydiscs
P(w,t,0) C D¢. To estimate the second term in (2.22), we use the following
version of the Cauchy-Schwarz inequality:

zy < €/2 2% 4+ 1/2¢ 3>

where z,y and € are positive numbers. Applying this inequality for z = |Y|,

y = |(0pSt(x),Y)| and € = |p> ()|, we see that

—K1[(0p% (@), V)IIY] > =K1 /2 |p* (@)||[Y P~ K1/2 [0 ()] |<5p<’t(wzay>)2-
2.27

The inequalities (2.23), (2.27) and (2.26) together with (2.22) imply that

‘cp@‘(im Y) L |<apC,t(x), Y>|2 €0 ‘CECJ, (:E, y)
[pSt(@)| ~ Ky |pSt(z))? 2 |pSt(x)]

Using the above inequality and (2.10), and adjusting constants as in [31],
we finally get

_K2|y|2 _

EECJ(Z‘,Y) EECJ(.T,Y)
|p& ()] Jei(w)

This estimate in conjunction with Lemma 2.2(ii) yields the required estimate
for the complex Hessian of ¢ and consequently, for ¢, as well. Indeed,

()] = [ (a) e Kl

Consequently, [(z)| 2 |Jc(w)|™ by using (2.19). Therefore, we get from
(2.28) that

Ly(2,Y) > 0y ()]

> Gl ()| (2.28)

Ew(.’lﬁ,Y)
Lyw (2,Y) = 5
v, (2,Y) (Jea()”
Cy W(Q«“)\ CEc,t(xvY)
(Jea(w))™  Tea(w)
Lp,(z,Y)
> G Je(w)
Je.t(x) Y12 IYI«I2 |Ya|?
P Jea(w) ( (G Jea(w))’ +Z 2 Jealw (Jc,t(w))2>
. w |Yk|2 Yol
# Cuoll = Go0) ( (¢, Jep(w) 2 i Z J“ (JC,t(w))2> '
This proves the lemma. O
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2.3. Separation properties of the pluri-complex Green function

The weight functions for setting up the appropriate d-problem will be
formulated in terms of the pluri-complex Green function which was intro-
duced by Klimek [36]. For any domain {2, these are given by

Go(z,w) =sup{u(z) : ue€ PSH,(Q)}.

Here for w € Q, PSH,,(2) denotes the family of all plurisubharmonic func-
tions that are negative on 2 and which have the property that the function
u(z) —log |z —w| is bounded from above near w. The Green function itself is
again a member of PSH,, (). Any fixed sub-level set of the pluri-complex
Green function G (-, w) is contained in the corresponding sublevel set of any
member of PSH,, (). The following lemma provides a link between the sep-
aration properties of the sub-level sets of the pluri-complex Green function
associated with the bumped domain Df and the polydiscs P(w, t, 6). To this
end, note that the polydiscs P(w,t,6) are balls in the metric defined by

AZ‘]“"(w)(z - w)‘

[

1/2
> ‘21 wll | wa‘ |Zn — wn|2
~Vy(z) = ————= .

The pluri-complex Green function with a pole w € D¢ for our bumped
domain, can then be controlled by a suitable blend of the logarithm of this
metric V,, near w, and the negative plurisubharmonic exhaustion for DC
as in the previous section. Recall that the ¢, are uniformly bounded in
modulus on polydiscs P(w,t,0) which as noted are the sub-level sets of
Vi (2).

LEMMA 2.5. —

(a) There is a bound My > 1 (depending on 6) such that given o € (0, 1)
one has for all w € Dg N D¢ that

P(w,t,00) D {ng ) < log(f—Ml}
(b) Further, one can find oq in such a way that for any two points w,w’ €
DS but with w' & P(w,t,0) one has
P(’U.)/,t, 0'00) N P(w, t, 0'09) = @
In particular, we have
{gD< <logao—M1}ﬁ{gD<( )<logaO—M1}:(Z).

for all w,w’" € D¢.
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Proof. — Let £ : R — R be a smooth increasing function with £(s) = s
for all s < 1/4 and with £(s) = 3/4 if s > 7/8. Thereafter, let V,,(z) denote
the smooth function Vw(z)2. Also choose a convex increasing function y on
R satisfying x(s) = —7/4 for s < —2 and x(s) = s if s > —3/2. Then, for a
large enough M’ (depending on #), the function

b =1/2 log€ o Vi, + M'x 0 ¢,

becomes plurisubharmonic on Df and hence a candidate for the supremum
that defines G¢(-,w). We have
t

bw >1/2 log€ oV, —7/4 M.
If now z € D¢ is a point for which thg(z,w) <logo —7/4 M’', then
log& oV, (2) < 2logo,

which implies V,,(2) < o2, provided o < 1/2. But then this ensures that
z € P(w,t,00) for V,, dominates the square of the metric that defines the
polydisc P. So we may let M; = 7/4 M’, to obtain the assertion of part (a)
of the lemma.

For part (b) of the lemma, we argue by contradiction. So, assume that
(b) fails to hold for any choice of 0. This assumption means that there
exists, corresponding to every choice of og > 0, a pair of points w,w’ € Df
with w’ &€ P(w,t,0) and such that P(w’,t,000) N P(w,t,000) # 0. Now,
firstly the condition that w’ ¢ P(w,t,6) means that at least one out of the
following list of inequalities must hold.

(1) |Jwy —wi| > 00T<<,9J<’t(w)) or,

(@) |Jwa —wh| > 00y/0Jc 1 (w) for 2< a<n—1or,

() |wn —wh| > 000Jc 1 (w).

Next, by our assumption, there is point z (dependent on o) lying in
both the polydiscs P(w,t,000) and P(w’,t,000) — where the value of oy
will be chosen appropriately in a moment, to obtain a contradiction. To
this end, first note what happens to the above list of inequalities as we vary
the value of o in a small interval (0,0), say: at least one of the inequalities
must hold for most values of og. Indeed, let us just suppose that the first of
the inequalities in the above list holds, for infinitely many values of oy which
decrease to 0. Next, assume that x = x(0g) € P(w',t,000) N P(w,t,000).
Then a combined application of the facts that Jo () = J¢ o(w) = Je 1 (w')
and that 7(w,d) ~ 7(w’, d) gives

lwi —wi| < Jwy = @1] + [w] = 21| < 0eC17((,0T¢ 1 (w))
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with some constant C1; which does not depend on og, w,w" and 6. Recalling
a basic estimate for 7(-, ), we conclude — in the event that (1) holds infinitely
often — that for a positive constant C7; independent of oy we must have

1/2m

T(C, GJC,t(w)) < éll (O'()QJC,t(U})) (2.29)

holding for infintely many values of o which decrease to 0; noting now, that
the left side here is independent of oy while the right side — 0 as 09 — 0, we
obtain the desired contradiction. It is now also clear that similar arguments
will take care of the remaining cases — namely, the cases where one of the
other inequalities out of the list above, holds for most (small) values of oy
— as well. ]

2.4. Localization lemmas
LEMMA 2.6. — There exists L > 0 with the following property

(a) If t is sufficiently small and w' € P(w,t,0/2) N D¢ and
f € H>®(P(w,t,0)), then there exists f e H(DS) such that
f(w) = f(w), f(w') = f(w') and

~ n—2
|Fl ) <LJC,t(w)( Jc,t(w)) (¢, Jea (W) Fl e

(b) If w' & P(w,t,0/2) N D¢ and f € H*(P(w,t,0)), then there exists
f e H2(DS) such that f(w) = f(w), f(w') =0 and

~ n—2
Fliansy < I Tealw)(Tea) " TG Teuw) 1 flus.

Proof. — Let f be a function from H> (P(w,t,@)). For part (a), we
choose a non-negative cut-off function ¢ € C*°(R) such that £(s) = 1 for
s<1/3 and £(s) =0, if s > 7/8. Now, define

|21 — w1 |? ) (|Zz —w2|2)

v=0l¢( 0Jc0(w))27" N 02 4 (w)
[ont = w12\ 1o — wn?
& 02 J¢ . (w) ) 92(J<,t<w))2) f} o

which is a smooth d-closed (0, 1)-form on D¢ with support
supp(v) € P(w,t,60) \ P(w,t,0/V3).
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By Lemma 2.5 we have
G () > log(1/V3) —
on supp(v) and then since w’ lies in P(w, t,0/2), we similarly have

Gpe (') > 1og(1/v3 = 1/2) — log(1+2C12) — My

on supp(v), because P((w',t, 1/1:{275112/29)) C P(w,t,0/+/3). The plurisub-
harmonic function

o = U)Zt + 4th<(,’LU) + 4ng(a ’LU/)

is bounded from below on supp(v) by some constant —7T' < 0. From theorem
5 of [31] we obtain a solution u € C°°(D§) to the equation u = v such that

/D< lu|?e~?d?"z < Q/D |U|68w< e Pd*" 2 (2.31)

where d?"z denotes the standard Lesbegue measure on C" identified with
R?", Now, by Lemma 2.4, it follows that |v|? oo, < Liy|f|3 for some

unimportant constant L. Indeed, note first by the holomorph1c1ty of f that
we have

v(z1y ..oy 2n) = f(2) ~5(W1W2 . Wn)

where

Zs — W5 2
W=l Tt )

Wi =121 gz W

Let

Then observe that |IW;| < 1. Choose some constant C' with

%
ds
for s € [1/3,7/8]. Note next that the (0,1)-form v can be written as

v—fZW —d—

)’ <cC

Next, note that

oW, |2
0z,

’ Zn — W, )2< 1
(0Jc1(w))? 1~ 10Tca(w)]?
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where the second inequality follows from |z, — w,| < (8J¢(w )2 since

z € P(w,t,0) which in turn comes from the fact supp(v) C P(w,t,0).
Similarly, we have for each 2 < o < n — 1 that

2 _ 2
('ﬂi/a < ‘ Zo — Vg i ’ < 1
9Za (/0T 1 (w)) 0J¢.+(w)
and finally
oW, ’2 - ‘ Zn — Wy ‘2 < T(w,ﬂjg,t(w))Q B 1
— ~ 4
o= (7(w,0c.e()))" " ™ r(w, 00, (w)* 7 (w,07c4(w))’
as well, so that an application of part (ii) of Lemma 2.4 to the form |U|§5ww
¢t
(which will read as an upper bound) evaluated at the pair
(@,Y) = (2. S (W1(2),... Wa(2)) )
actually cancels the scaling factors in the definition of the form |v|§5 " and
¢t

yields our afore-mentioned claim that |v] < |f]2 . This subsequently

extends the estimate (2.31) as

/C |U|2d2n2 g ‘/C ‘U|267<I>d2nz
D D

t t

< 2L1e"Vol(supp v) |f]3

2_
oYY,

2(n—2)
< 2L.eT 0% JC,t(w)2( Jc,t(w)>

2
7(C Jea(w)) | f i
T 9 2(n—2) 2 .19
<2 T (VIeaw) (G Tea(w) R
since 6 is a small constant which may be assumed to be < 1. The function
s z1—wi |2 2o —ws|?
f(Z)::{f(r(géJthu»2)f(émeﬁL))'“

‘Zn,1 _wn71|2 |Zn_wn|2

62J¢ 1 (w) 02 (Jg,t(w))2

£( )| 1) = u(z)

now becomes holomorphic and has the desired properties, as u(w) = u(w’) =
0 while the L2-estimate for f follows immediately from that for the function
u.

Next we do part (b) in a manner similar to (a): Firstly, if w’ & P(w,t,6/2)
then with a number g > 0 (independent of w,w’, t) we have

P(w,t7009/2) N P(w',t,009/2) = ¢.
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Let us denote by f;(z) the product

( |21 —wn | ( |22 — wo® )
(000/2)27(C, Je,t(w))? 77 (000/2)2 ¢ i (w)
|Zn—1 *wn—1|2 ‘Zn*wn|2
( 7)

(000/2)2J¢.1(w) "™ (000/2)2 (J¢ o (w))
and solve du = v with v = 9(f, f). Now,
supp(v) C P(w,t,000/2) \ P(w,t,(000/2V3)).
Then, just as in part (a), we see that
Gpe (- w) > log (00/(2V3)) — M)
on supp(v). Furthermore, supp(v) is disjoint from P(w’,t,5060/2) and so
Gpe (') = log (a0/(2V3)) — My —log(1 + 2C1z).

Proceeding exactly as in part (a) from here on, we arrive at the statement
in (b) of our Lemma. O

LEMMA 2.7. — Let x € D and denote by ( the point closest to x in
the boundary OD. Let y be a point such that w, = ®¢(y) € DS. Let wy, =
®S(z). Then, given f € H™® (P(wm,t,ﬁ)) it is possible to find a function
f e H®(D) such that f(z) = f(wy) and |f|re < L*|f|pe, where L* is
some positive constant (independent of f). Further, we may also arrange
for f to satisfy f(y) = flwy) in case w, € P(wy,t,60/2) and fly) =0 if
wy & P(wg,t,0/2).

Proof. — We apply Lemma 2.6 to the pair of points w = w,, w' =
w, and the function f. This yields a function f € H2(D$) with f(w,) =
f(w,) and f(y) = f(w,) in case w, € P(w,,t,6/2) and f(y) = 0, if w, ¢
P(wg,t,0/2). Tt satisfies the L2-estimate

(o) < Eeatuen) (yfIeaw)" ™ G Teatwa o~ (232)

Let A > 0 be a smooth function on R such that A\(z) = 1 for z < (3/4)2
and A\(x) = 0 for = > (7/8)%2. We note that there exists Jy (independent of
¢,t,xz,y and f) such that

)
7o

0 ; on {r<5o}ﬂ({|<I>C\ > Tro/8} U {|®¢| <37‘0/4})

’[}:

{a(A(M).fo cpC) con (89)~1(DS) N {r < do}
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defines a smooth J-closed (0, 1)-form on {r < dy}; here g is the radius from
Lemma 2.3. This follows from the fact that

(@)~ (DN (B(C, 7/8ro)\B(C, 8/4r0) ) >{r < 80} (B(C. 7/8r0)\B(C, 3/4r0) ).

Consulting now the discussion on the existence of a Stein-neighbourhood
basis in [52] and as noted prior to Lemma 2.4, we ascertain for ourselves the
possibility of being able to choose a Stein neighbourhood 2 of D such that

Dc{r<é}cQc{r<i}

On €, using results from [28] — where we work with the elementary weight
4log|- —x| +4log|- —y| — we can solve the equation 04 = ¥ with a smooth
function @ such that 4(z) = 4(y) = 0 and

[l 22(0) < Cualf 0 Bl r2(rr<sop) < Cralfl 2 (s (2.33)
for some positive constants C13,C14. Then certainly the function

(26 (=)
7

) fo®(z) —i(2)

is holomorphic on D. We need to estimate the L>°-norm of f

Let z € D and suppose first that w, = ®%(z) € B(0,79) N {p¢ < 0}.
Then we know by part (a) of Lemma 2.3 that

P(w,,t,0) C DS.

Using (2.8) this gives

F) =1 0 (@) (ws)|
_ [ 0 @2 g
(G (w2)) (V)" T (ws)
\f|L2(D§) +Juo ((I)C)il‘Lz(Df)
(¢ e (w) (V)" e e (w2)
Ifle(Dg)

Cl5 n—2
77 (¢, Jg,t(wz))( Jc,t(wz)) Jc,t(wz)
< CisL|f|pes.

(2.34)

The last estimate here comes from (2.32). Now assume that w, € {p¢ <
0} N {|®%| = 0.979}. Then we see that |f(z)| = |@(z)|. But @ is defined on
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{r < &3} and holomorphic on {r < &} N {®¢| > 0.97}. After possibly
shrinking d2 > 0 we find using the mean value inequality that

|i(2)] < 65 "] 2(fr<ssy) < L¥|flL
because of (2.32) and (2.33), proving the desired L>-estimate for f. O

Next, as in [31] again, we have the following separation of points Lemma
and given the foregoing lemmas, the proof is verbatim as in [31] and this
time we shall not repeat it.

LEMMA 2.8. — There is a uniform constant c¢g > 0 such that for any
a,be DNU with b & Qa5,,(a)(¢) where ¢ = a*, one has

A (a,b) > co.

2.5. Estimation of the inner Caratheodory distance from below

Let U be a tubular neighbourhood of 8D as before, U’ a relatively com-
pact neighbourhood of 0D inside U. We intend to estimate d$,(A, B) for
two points A, B € U’. We split the procedure into two cases

d'(B,A) > AC.5p(A) (2.35)
d'(B, A) < 4C.6p(A) (2.36)

Before we begin, we put down 2 elementary inequalities which will be of
recurrent use in the sequel. The first, is the following simple version of the
Cauchy — Schwarz inequality

|21+ .+ anP S N(lz P+ en?)

where N € N for any set of complex numbers {z; }jvzl Second, is the fol-
lowing logarithmic inequality

log(1 +rz) > rlog(1l + x)
where x and r are positive reals with r < 1.
We now begin with case (2.35).

LEMMA 2.9. — Assume that (2.35) holds. Then with some universal
constant C, > 0 we have

d(B, A))

dS (A, B) > C, log (1+ 500
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Proof. — Let A, B € DNU’ be points such that d'(B, A) > 4C.0p(A).
Choose a smooth path v : [0,1] — D from A to B satisfying

2dp (A, B) 2 Lp(y)
where L, () refers to the length of 7 in the inner Caratheodory metric.

We shall split again into two cases:

If v([0,1]) ¢ UN D, then we can find an exit time, i.e., a number ¢ € (0,1)
with v([0,t})) € DN U and ~(t;) € OU N D. Now we apply Cho’s lower
bound on the differential metric as in [13] and find

Lp(y) = L(i)(’mo,t,ﬂ)
ép(9U)
op(A)

> C1log (2.37)

Indeed, the lower bound from [13] reads

s @01 = [La(2). X)) Xl
CD( 7X) Z T(Z,(SD(Z)) ~ 5D(Z) 6D(Z)

— recall that L,, = 1; here we shall let z vary in a small neighbourhood of
A* = 7(A), assumed to be the origin after a translation, on which such an
estimate is guaranteed by [13]. Further we may also assume after a rotation
that V(A*) = L, = ('0,1); at this point we may also want to note that
the hypothesis on d’(A, B), of the case under consideration remains intact,
since these transformations preserve d’ in the sense that they transform
the d’ associated with the initial domain D into the d’ of the transformed
domain. In particular, we have for z in a small ball Bs and X € C™ the
estimate

Xl

CD zZ, X Z | n .

(2, X) 35(2)
which contains in it the rate of blow-up of the Caratheodory metric along
the normal direction, since v(m(z)) must have a non-zero component along
L,,. To unravel this information precisely from the above inequality and in
a more useful form for our purposes, we need to restrict ourselves to the
cone

C.={X € Tr(»(C") : |(v(n(2)),X)| > aly(r(2))|}
where o € (0, 1]. Let

c=|J{} xC

zeD
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and consider the function defined on C by

R
Rz, X) = |
(v (7(2)), X))
which is zero for all those z whose 7(z) is the origin, i.e., the z,-axis. Now
note that R(z, X) is continuous on C as |{v(7(2)), X)| is bounded away from
0 and also that R(A*, X)) = 0. Therefore, given any € (1/2, say) there is a
0o (which we may take to be < J) such that

IR(z, X) — R(A*, X)| < ¢

_1‘

for all z € Bs, which is to say, we have
e
(v(n(2)), X)

‘>1—e=1/2.

or equivalently that

|Xn| > 1/2 |(v(7(2)), X)|. (2.38)
Now getting to our setting, since the curve v(t) moves away from the bound-
ary during the interval I = [0, #}) meaning, dist(((t}),0D)) = dist(dU, dD)
= dp(U) is greater than v(0) = A € U, we must have that the ‘normal com-
ponent’ of the curve, namely (¥(¢),v(m(v(t)))), must be non-zero (bigger
than some « > 0) for some non-trivial stretch of time, i.e., for a sub-interval
of I of non-zero length — call this sub-interval I again — so that we may
apply the fore-going considerations, in particular (2.38) to pass to a further
sub-interval of I of non-zero length, if necessary, where we have

Fin (8)] = 1/2 [(3(8), v (m((£))))]-

Indeed as mentioned above, the existence of such an interval follows just
from continuity and the fact that v(w(v(t))) at t = 0 is just ('0,1), so that

0
[3(0), v (= ((0))]

and we may take this sub-interval, which we shall denote again by I, to be
of the form [0,%5). We then have on this sub-interval that

Cor(t),4() = L

|(3(t), v (7 (y
dp(y(t)
[(5(8), v (7 (v
Ir(y(t))

t))]
Nl

>

2

(
)
(
|
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We have elaborately presented the steps that lead to this lower bound be-
cause of its re-occurrence later in a more complicated setting. Integrating
the final estimate in the above with respect to ¢, leads to (2.37) which sub-
sequently yields,

dp(9U)
dp(A)
1

> 501 log (1 +

L} (v) = Crlog

ép(9U)
op(A) )

5p(dU) d(B, A))

1
S -
> 5Cilog (1+ diam(D) bp(A)

d(B, A
> Colog 1+ (s(D(A)))
where
o, L ép(9U)
>~ 2 diam(D)

The second inequality in the foregoing string of inequalities, can be ensured
by choosing Uy such that dp(A) < dp(0U), while the third one follows
because dp(0U) <« diam(D). This finishes case (i).

The other sub-case is (ii): v([0,1]) c U N D.
Since d'(B, A) > 4C.0p(A) we have

4C.5p(A) < inf M(B, A)

and therefore
B¢ Quc.sp(a)(A) 2 Qaousp(4) (A7)

Thus we can choose a number t; € (0,1) such that

Y(t1) € 0Qac. 55 (4) (A7)
This shows that the following set is not empty
S4B ={jez:30=tg<t;1 <...<tj<1

such that y(t,) € 0Qac, 55 (v(t,_1)) (V(tv-1)*), 1 <v < j}.

Since ¥([0,1]) € D N U, the boundary point ~(¢)* is well-defined for any
€ [0,1]. As in [31] again, S4B can be ascertained to be a finite set and
consequently we may define the number

m := max S4B
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and choose numbers 0 = tg < t1... < t,, < 1 such that

Y(tw) € 0Q2c,5p (v(ty_1) (V(E—1)*), 1 <v < m.

Further following [31], we get 2d% (A, B) > com and subsequently follow
the steps therein to estimate m from below, which uses the pseudo-distance
property of d and leads eventually to the estimate

d(B, A) < CI"26p(A)
where C, is a constant bigger than 1 (in fact bigger than 6). This gives

d(B, A)

c?m >
op(A)

From this it follows that
d(B, A)
dp(A)

(14+C)*">14+C" > 1+

which subsequently leads to

d(B,A))

2mlog(1l+ C,) > log (1 + o0 (A)
D

which gives

d(B,A)
2 log (1 :
m 2 log (1+ 30 (A) )
But then recalling that
co-m < 2d5 (A, B)

we finally see that

d(B,A))

(A, B) > log (1+ 0

Now we turn to the other possibility:

LEMMA 2.10. — Assume that (2.36) holds. Then with some universal
constant Co1 > 0 we have

dgara(/LB) > Oy log (1 + |(I)A(B)n|2/5D(A)2

+ nZ_:I‘I)A(B)a\z/%(A) + |<I>A(B)1|2/T(A*75D(A))2)
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Proof. — Suppose that A, B are points in D N U’ which satisfy (2.36).
Then clearly

B € Quc,s,(4)(A)

and

d4(B) € A(0,7(A,4C.6p(A))) x A(0,/4Cop(A)) x ...
x A(0,v/4Ce0p(A)) x A(0,4Ce0p(A)) C P(wa,t,0)
with a number 6 > 0 independent of A, B and ¢t := 4C.0p(A). Here we put

wy = @A*(A). According to Lemma 2.7 applied to the point x = A and
y = B, there exists for any function f € H>(P(w,t,6)) having norm equal

to one, a function f € H>(D) with |f|z~ < L* for some constant L* such
that

where wp = ®4"(B). This implies

a5 (A, B) > d° (- flwa), 7 flws)).

We now make our choice of the function f namely, put

f(U) - fn('Ula'U% .. .,'Un) = m (((I)A ¢} (@A*)_l)(vl,vg, . ,Un))n

(2.39)
where C’ is a constant chosen so that |f|r~ < 1 and is independent of A, B
— to see that this can indeed be done, notice that

40 (04)(v) = (84 — @47) 0 (@) (v) + v
and hence

(24 = @) 0 (@)1 ()] + |vnl
0p(A)

C'|f(v)] <

U |

op(A)

<C+

But then on P(wa,t,0) we have
[on] < |vn — (Wa)n| + [(WA)n| < OJa- 1(wa) +1 < C"t < C"6p(A).
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Certainly f(w4) = 0. Together with a basic estimate concerning the Poincaré
distance d} on the unit disc — estimate (6.6) in [31] — we get

1 1 Bl
a5 (A, B) > di (0, 7 f(wg)) > 5 log (14_ff%27§5@%£§5§>

with some suitable constant C’ > 0. Similarly next, choosing the function

f to be
1

v) = fo(v = (4o (dA)! V) a,
50) = ful) = G (@ (@) )0
for all 2 < a < n — 1 — which also has L*-norm not bigger than 1, viewed
as a functlon on P(wy,t,0) — we also obtain (since again f(ws) = 0) that

Cara 1 1 |@A(B)O‘|2
d5" (A, B) > d (0, 7/ (wp)) > 5log (”@*0/)2( 6(A))2>

and similarly again, choosing

1

f(v) = fi(v) = m

(@0 (@) 1) (o)
with C’ a suitable constant adjusted so that f; € L™ (P(wA, t, 9)), we get

Cara 1 w 1 O |(I)A(B)1|2
A5 (A, B) 2 di (0, 1= fwp)) > ;1 g<”(L*CI>QT(A,5D<A>>2>

To summarize then, we have for each 1 < j < n, that

®4(B); 2
a57(4, B) 2 log (1 1)
for some constant ¢ < 1. Adding together these inequalities over the index j
gives the estimate asserted in the Lemma. Let us note here for later purposes
that the foregoing inequalities may also be rewritten as

A(B); 2
Cara > J
dp* (A, B) 2 [max log (1 + | = (4) > (2.40)

as c < 1. O

We now proceed to demonstrate that the estimates of the last two lem-
mas fit together well to yield Theorem 1.1. For reasons of symmetry it is
enough to verify that

dp(A,B) Z (A, B).
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Before we begin, let us just record one useful fact which is the analogue
of lemma 3.2 of [31] and follows by the very same line of proof therein.

LEMMA 2.11. — Ifa,b € DNU are points with |a — b| < Ry, we have
a a a l
maxc {](97(0)), | [(2°(0)), ... [(27(1)),_, . max |Pi@)][(@a(b)), '}
< d'(b,a)

< 2max {[(2°(1)) |, |(8°(0)), .- .. (2°1)),_, . max [P(a)]](®a(0),]'}

2<I<2m

Now suppose (2.35) holds. Then we claim that for some ¢; > 0 we have
d(B, 4)/5p(A) > Cra (104 (B)al /0p(A)

+ Z@A Jal/ (6p(4))"* + [@4(B)1]/7(A,p(4)))  (2.41)

For the proof of this, let 0 < ¢ < 2d'(B,A) be a number such that
B € Qc(A). Then

®4(B) € A(0,7(A,€)) x A(0,V€) x ... x A(0,/€) x A0, ).

In particular, |®4(B),| < € < 2d'(B, A). But then we also know |®4(B)| <
cj]A — B|, which implies

|®4(B),| < min{2d'(B, A),¢||A — B|} < chd(B, A).
with some constant ¢}, > 1. In particular,

DAB)| _, d(B,A)
dp(A) = 2 6p(A)

Next we estimate |®4(B);|/7(A4,0p(A)). Since the function ¢ — t/7(A, 1)
is increasing and € > d'(B, A) > 4C.dp(A), we get

BABN __ r(Ao .,

,d' (B, A)
(A, 0p(4)) ~ 7(A,0p(A) ~ Pop(4) S S2

“s op(A)

Moreover since |®4(B);| < ¢}|A — B| and 7(A,6p(A)) > 4dp(A) we get

|®4(B)1] < 1A- Bl
7(4,6p(4)) = 7 dp(4)
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and subsequently that

[24(B1| _ , d(B,A)
7(A,6p(A)) = ®ép(A)

Also
1D4(B). | . \/z . ¢ _20(BA)_2LdB.A)
Vop(A) ~ \/op(A) ~ op(4) T dp(4) p(A)

This completes the verification of the claim (2.41) and then Lemma 2.9
proves

05 (A, B) > C.p(A, B)
for those points A, B that satisfy (2.35).

Next we move on to the case when A, B satisfy (2.36). In this case we
claim that for some positive constant co > 0 we have

d<B,A><CQ<W_BM+”_1 27 (B)al "DA(B”'> (2.42)

op(A) ip(4) = \/op(A)  7(4,0p(4))

First, we note that we have d’'(B, A) < € where we now let
e =2 max{|(@4(B)) |, |(24(B)), 2,
LI(@AB)),_, P max |[R(A)][(@a(B)),I'}

2<I<2m

We split into the various possible cases for the value of € and deal with them
one by one. First, suppose that ¢ = 2|®4(B),,|. Then we get

d(B, A) < d' (B, A) c ¢ _ |®4(B),|

Sp(A) = dp(A) T 6p(A) op(A)

Next we look at what happens when ¢ happens to be 2 max {|P;(A)||®4(B)1|'}.
In this case note that

d(B,A) <€

5p(A) ~ é6p(A)

max {IB(A)||‘1>A( l'}
op(4)

=2

A
=
i

—

|24(B)1 )l
7(A,6p(A))

A
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provided we assure ourselves that [®4(B)|/7(A,6p(A)) < C for some
constant C. To see this, choose any sequence n; — d'(B, A) from above.
Then by definition of d'(B, A) we have B € @, (A) for all j. This gives
|®4(B)1| < 7(A, ;). Letting j — oo we find |84(B)1| < 7(4,d (B, A)).
Then since we are in the case (2.36) i.e., d'(B, A) < 4C.dp(A), we obtain

T(A,d'(B,A)) < C'T(A75D(A))
Therefore, |®*(B);| < C'7(A,dp(A)), finishing this case.
If it happens that e = 2|®*(B),|? for some 2 < a < n — 1, then similar
arguments with 71 (A) = 71 (A, 8(A)) replaced by 7o(A4) = /6(A) gives

d(B,A4) _,[@®4(B)al’ _ [24(B)al
op(4) =7 0p(A) T \/op(A)

Summarizing the results of the various cases depending on the value of ¢,
we thus get that for some 1 < j < n the inequality
d(B, 4) _ |94(B),|
5(A) ~ n(4)

(2.43)

must hold. This will be used in the sequel.

Putting together what we inferred for each of the possible values that e
may take, we may now also assert that (2.42) holds, from which it in-turn
follows from Lemma 2.10 that

d (A, B) > dS9*(A, B) > Clog (1 + (d(B, A) /6D(A))2>. (2.44)

Now we get to the end result, the lower bound as stated in Theorem 1.1;
but we wish to first summarise for convenience, a couple of results from our
variety of estimates encountered in course of our dealings of the two cases
(2.35) and (2.36) which will be useful in the sequel — to be precise, parts (i)
and (ii) of part (a) of the following proposition, come from the discussion
of Lemmas 2.9 and 2.10 respectively. We then conclude by showing how
the desired end, re-written in part (b) of this proposition, follows from its
previous parts.

PROPOSITION 2.12. —

(a) For points A,B € D NU’', depending on whether they are far or
near, as measured by the pseudo-distance d’', we have two cases and
correspondingly various estimates as in the first two statements below:
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(i) d'(B,A) > 4C.6p(A). Then for some constants K11, K12 > 0
we have

d5(A,B) > K11 log (1 + (d(B,A)/éD(A)))

and
d(B, 4)/0p(A4) > Kz (|04 (B)ul /6p(4)
- Z|¢>A ol/ (6p(4))'"* + @A (B)1|/(A,6p(4)))

(i) d'(B,A) < 4C.0p(A). Then for some constants Koy, Koo, Ko3
> 0 we have

A5 (A, B) > Kan log (1 + [04(B),[*/dp(4)?
+ Z@A o2/6p(4) + |9 (B)1[2/(A, 6p(4))?)
and
d(B, A)/6p(4) < Koz (|04 (B)al /0p(4)
- Z@A ol/(60(A)" + [@4(B)|/7(4,6p(4)))
from which it was seen to follow in the foregoing lemmas, that
a5 (A, B) > d5"*(A, B) > Kaslog (1 + (d(B, 4)/0p(4))*)

(b) Finally, we have the lower bound valid for all A, B € DNU and some
constant K > 0:

. 94(B),| = |[®4(B)a| | |®4(B)| \ K
a5 (4, B) > K log (1+ o) +az::2 (5D(A))1/2+T(A,5D(A))>_F log 2

obtained by combining the first two inequalities in (i) and (i) of
part(a).

Proof. — As noted earlier, it remains only to combine the two cases to
get the final inequality as stated in (b). We may assume that the constant
K12 < 1 in the second inequality in (i). Then

Kizlog (1+ Q) <log(l+ K12Q) < log (1+d(B, A)/6p(A))
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where @ is the quantity
= 1/2
B4 (B)nl/0p(A) + > 184(B)al/(90(A)) "~ + |84 (B)1]/7(A,6p(A)).
a=2
We therefore have
dH(A,B) > Ky log (1 + d(B,A)/CSD(A)) > K11 Ki210g(1+ Q),

when in the first case of (a) of the proposition. In particular
1
dH(A,B) Z log(1+ Q) — = log2 (2.45)
n

To deal with case (ii), let us denote by E the expression

[@4(B)nl?/0p(A)* + ZI@A o?/0p(A) + [24(B)1[*/7(A,6p(A))%.

Next we use the inequality
|21+ ...+ 2enP S N(|za P+ .. 2w [?)

with N = n, to convert the inequality in (ii) of the proposition and express
it in terms of F to get

A5 (A, B) > Ko log(1 + E) > Ky log(1+ Q% /n)
K
% log(1 4+ Q%)

K21 lo 1(1 +Q)?

WV

\\/

2K K
= Llog(1 + Q) — % log2  (2.46)

Combining (2.45) and (2.46) gives the final inequality of the proposition. O

Finally, we can also get from part (b) of the last Proposition that

A A
d% (A, B) 2 log (1 + Z }(I) (E ES?A))) -

(2.47)

for some positive constant [.
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To see this, first let us finish the easy case namely, when we are in the
case (a)(i) of the last Proposition. Then, recall from our arguments for the
inequality (2.41) that we had

aB,4) _ |8A(B);)
oo(A) ()

for all 1 < 7 < n and for some constant ¢ < 1. Now from the first inequality
in (a)(i) of Proposmon 2.12 we have

, 1d(B,A) 1
C > _ =
dh (A, B) > log <1+2 oA T2 5p(A)

1d(B,A) ¢~ |®4(B);|
>lo <1+§5 (A) *5; 5 (4) )

> log (1 L AB.A) S |<I>%<B>j|>

+

dp(A)

as required.

The other case to deal with is when we are in the situation of (a)(ii)
Proposition 2.12. Again to finish off the easy sub-case first, suppose that
the maximum on the right hand inequality in Lemma 2.11 happens to be
|®4(B),|; we then have the following chain of inequalities giving the claim:

d% (A, B)

[24(B)a] |‘I>A |24(B)1 |
>Klog<1+ Z (A(SDA) — Klogn/2
1] I‘PA |[24(B): |
>Klog<1+§ Z (<A’60(A))>—Klogn/2

K |d'(B, A)| |<I>A |®4(B); |
Sk (” 0 it * Ay ) e
> K og (14 1484 ) Z |(I)A [22(5),] — Klogn/2
-l T ((A.op(4)) e

(2.48)

The remaining possibilities are when the maximum on the right inequality
in the Lemma 2.11 is attained by |®4(B)|? for some 2 < k < n — 1 or by
maxaci<om | P(A)|||®4(B)x| with k = 1. In this case, we first appeal to the
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inequality (2.43) and put it in the from

1 A
2 Tk(A 2 5D(A)
Next recall from (2.40) that for all 1 < j < n we have that
A 12
dSeTa(A,B) > ®4(B);
¢ 28 (A |
Summing over the first n — 1 indices gives
n—1 A )
d$eme(A,B) > ( _ 1) ¢ (B)]
e 2 (n +
n—1
1 4(B);| 12, 1]124(B)|
> (n— - J -
> (n 1”2;’ 7 (4) 3 7e(A)
which can be re-written using (2.49) as
n—1
1 ®4(B); 2 1 |®4(B)g
dCara A. B 21 1 J —1
"4, B) °g< +2(71_1)],1’ 7(A) | Ty ey
n—1
1 ®4(B); 2 ¢ d(B,A)
>log |1+ Ll 4+ ! —1
g( 2(n— 1) ]_1’ 75(A) | (n—1) dp(A)
¢ d(B,A) 1 &= 94(B); 2
>1 1 _
R R Py +2n—12‘_ (A ‘ :
j=1 J
n—1
®4(B); 12 d(B,A)
>log |1 J ’ —
~ °g< +j=1’ 7 (A) | 5o(4) | !
n—1
1 (I)A(B)j 2 d(B,A)
Zlog(E(l—i—;’Tj(A) ) +5D(A) —1
_ l(H_n1’<1>A(B)j’)Jrld(B,A) —l
A~ TP R PIVY
n—1
®4(B);| d(B,A)
=log |1+ L+ : —logn — 1. 2.50
( 25w S (230)

finishing the proof of the inequality claimed at (2.47).
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2.6. Upper bound on the invariant distances

In this section we shall establish the upper bound on the Kobayashi
distance d¥ (A, B) between two points A,B € D N U. We have already
mentioned the availability of optimal upper bounds on the infinitesimal
Kobayashi metric for Levi corank one domains, in the introductory section.
We shall rephrase it here in a form useful for the methods of the present
sub-section. For now, we begin the proof of the upper bound in theorem
1.1 right away, by first getting an upper bound on the Kobayashi distance
between two points which are on the same inner normal to D at an arbi-
trary boundary point and close to it. This can be obtained following [31]
with almost no changes.

_ LEMMA 2.13. — Suppose that A, B are points in DN U such that A* =
B*, then
-~ 1 - |6(A) —&(B
d% (A, B) < = log (1 + CM)
2 min{d(A),d(B)}
for some positive constant C.

Here we have denoted the boundary distance by dp(-) more simply by
0(-) and we shall continue doing so for the rest of this section. With this
lemma as a start, we now proceed to get an upper bound on the Kobayashi
distance between the points A and B, in terms of the distances of A, B
to the boundary and the distance between them measured in the pseudo-
distance d’, as expressed in Theorem 1.1. So suppose that A, B € DNU; if
|A — B| > R then the claim follows from proposition 2.5 of [24]. So we have
only to deal with the case when A, B € DNU with |A—B| < R in which case
d(A, B) = d'(A, B). Now we shall split-up again into two cases depending
upon whether A, B are near or far, when their distance is measured by
the pseudo-distance d’; to quantify the definition of nearness here, we first
choose positive constants C1, L,n with the following properties:

(a): d(z,y) < Cy(d(z, z1) +d(21, 22) + d(22,y)) holds for all z,y, 21, 25 €
U and

(b): d(z,y) > d'(x,y)/L whenever d'(x,y) is finite.

If we choose a thin enough tubular neighbourhood Uy C U of 0D and
the constant 7 small enough, we can achieve for any pair of points A, B € Uy
that, the points A—nd' (A, B)va+ and B—nd' (B, A)vp~, still lie in U. Define
M = 3LC;/n and shrink U to ensure 6(z) < 0./2M for all z € DNU — this
in turn ensures that the special analytic polydiscs Q(A,2Mdop(A)) are well
defined — here d. is the number introduced in section 1. Recall that §, was
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taken to be less than 1 and therefore the same will hold for all boundary
distances d(-). We shall continue doing such adjustments of neighbourhoods
and constants tacitly; the sloppiness caused due to overloaded notation is
taken care of by keeping track of what entities such changes depend on.

We now proceed with the two cases mentioned above. The first one, is
laid down precisely in

LEMMA 2.14. — Suppose that the points A, B € DNU satisfy d'(A, B) <
M maz{6(A),5(B)}. Then
(B)al ( ) )
5(A)

it

oz
[BB(A)] | = [@B(A), B, A)
+ log (1 ( Z_: 5(B 5(B) > + Cs.

for some positive constants C1,Co depending on the domain D but free from
any particular dependence on A, B.

dp (A, B) < Cylog (1 ( 1‘

Proof. — We begin with the observation that the upper bound on the
infinitesimal Kobayashi metric from Theorem 1 of [13] — using the fact from
[14] that n(z,d) ~ 7(z,d) where n(-,-) (only for now in the notations of [13],
[14]) is the quantity occurring in bound as stated in [13] — can be put in the
form:

Kp(z X) < C<|< Z (L 4 E((;J). (2.51)

Here z € DNU; of course this estimate as it stands, is valid only on a small
ball about 7(z) and when we are in the normalization of the foregoing sec-
tions, in particular dr/0z, # 0. However, to rephrase the above estimate to
ensure its validity on the entire tubular neighbourhood DNU, only requires
z to be replaced by o(z) for an appropriate permutation o (depending on
which portion of the tubular neighbourhood z is situated). As we shall be
interested only in size estimates of various quantities here and since per-
mutations are isometries — so, in particular the distance to the boundary
and the quantity 7 remain preserved i.e., 7(z,6(2)) = 7(0(2),do(p)(0(2)))
— we shall as always, suppress these permutations in the calculations. Actu-
ally, we can even overlook these issues completely, in view of our standing
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assumption for the rest of this section that dist(A4, B) < R. Next, note that

(L2, X1 = (L (r(2), X)| < [{L5(2), X) = (Ls(r(2)), X)|
ar/az] ~ Or/0z;

= 15r/02, ?) " Brjaa, T

< |z — m(2)||Xn| by the mean value inequality

=0(2)| Xnl. (2.52)

We thus get, for some constant C > 0 and for each 1 < j < n — 1, that
(L), X)|  [(Li(m(2), X} 0(2)
Ti(2,0(2)) 7 7i(2,0(2)) 7i(2,6(2))
_ (L (r(2). X))
7;(2,6(2))

using which we rewrite (2.51) for clarity in the sequel as:

+ Oy

PR (CT.CRSTIG CACET S TIC) —

7(2,5(2)) = 5(z) o(z
(2.53)

Now assume that §(A4) > §(B). Let B’ be the point in D N U such that
0(B’") = §(A) and (B’)* = B*. So in particular, B, B’ lie on the same normal
to OD at B*. Lemma 2.13 prompts an estimation of d% (A, B) in terms of
the distances dp (A4, B’) and dp(B’, B), because the latter can be estimated
by that lemma; while the former distance dp(A, B’) is bounded above by
the Kobayashi-length of any curve joining A, B’. More precisely, if ¢ is any
one such curve, we will have the estimation as in the following string of
inequalities:

d% (A, B) < d% (A, B') +d% (B, B)
< LE%(c) +d} (B, B)
<L

, |6(B') — 6(B)|
()—l—Clog(l—i—C m{é(B’),é( )})
)I)

5(B
< LEb(c) + O log (1 n é((;(éll’;)). (2.54)

= LI () + C'log (1+ ol

The last inequality follows from our hypotheses of lemma 2.14, so that
|6(A) — 0(B)| < d'(A, B) and subsequently since |§(B’) — 6(A4)| = 0, we get
|6(B") — 6(B)| < d'(A, B).
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We have now to construct a suitable path ¢ connecting A and B’ in
D NU, trying to keep its Kobayashi-length as small as possible while also
taking care that it be estimable in tangible terms. First, let ¥, = (®4)~!
and y(t) = (¥4)(t®4(B)) denote the pull-back of the straight line join-
ing ®4(A) = 0 and the point ®4(B). Then v(0) = A, v(1) = B; but
it is not clear that ~ is contained within our domain D. However, v lies
trapped within the analytic polydisc Q(A, 2d' (A, B)) To see this indeed,
we must go back to the definitions of the special analytic polydisc Q(-,-),
the pseudo-distance d’ and the curve -y, all of which are defined in terms of
the simplifying change of variables as in (1.4). Recall that

Q(A,24'(A, B)) = wa(R(4,2d (A, B)) ) (2.55)

where we recall R(A,2d' (A, B)) is the polydisc centered at the origin with
polyradius (71,...,7,) with 7; = 7;(4,2d'(A, B)) as introduced in section
1. To verify that v(t) = ¥4 (t®4(B)) lies in the sets at (2.55) is tantamount
to checking the following list of n-inequalities:

(1) [t®4(B)] < T(A,2d’(A,B)),
(@) [t®4(B)a| < \/2d'(A,B), for2< a<n—1,
(n) |t®4(B),| < 2d' (A, B).
We confine to display the checking of the first:
te4(B),| < |24(B)1| < 7(A,d (4, B)) < 7(A,2d (4, B)),

just by the definition of d'(A, B). Next, by our hypotheses of our the lemma
we are currently dealing with, d'(A, B) < M4(A); so, by the monotonically
increasing nature of 7(A, §) with respect to § and thereby of the distorted
polydiscs Q(A,-), we get in all that

Y C Qaar(B,a)(A) C Qanrs(ay(A).

We now define our path ¢ in terms of 7y as follows. Let v*(¢) denote mop (y(t))
= (fy(t))* for short; let c(t) = v*(t) — 6(A)vy=(r). Then 6(c(t)) = 6(A) for
all ¢. Note that

c(1) =7"(1) = 6(A)vy+1) = B* — §(A)vp- = B

so ¢ is a curve in D N U connecting A and B’ which maintains a constant
distance from 9D.

Next, to extend the chain of inequalities in (2.54) and reach the required
upper bound, we need to estimate the length of ¢ in the Kobayashi metric.
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To this end, we first write out the estimate for the size of ¢(t), measured in
the infinitesimal Kobayashi metric provided by (2.53):

for some constant C3 > 0; here we have used the fact that v*(t) = c¢*(¢)
for all ¢t € [0, 1]. Since the curve c is defined in terms of the curve v, let us
replace ¢(t) by 4(t) in the above inequality. For this, if we write N(z) for
v(mop(z)), we have

é(t) = D(ron),, (1(1) = 8(4) - Tv(man(+(1)))
= (D(rop)(1(1)) = S(A) D) (1)) )31

="(t) = 6(A)DN (v(1)) (¥(t)) (2.57)

¥*(t) = D(map) (v(t)) - 4(t). (2.58)

Now we upper bound (2.56), by the length of ¥ as measured by the metric
appearing on the right hand side of (2.53). To do this, we analyze and
estimate each summand in (2.56). First consider

[(L1(v*(1)), é(1))]
T(c(t), 5(c(t))

and the numerator herein, which by (2.57) may be estimated as

(L1 (), é0)] = [(L1(*®), 7" () = S(ADN ) (3() )|

)3 ()] + 8| (L (v (), DN ) (5(1) )|
(L1 (7" (1)), 3" ()] + 6(A)| L (* (1) || DN (v () |0

)7 O] + (A1) (2.59)

Now we may use the techniques in the proof of lemma (2.2) of [6], to compare
the components along the complex tangential direction L, of the tangent
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vector of the curve v and that of its projection onto the boundary. More
precisely,

(L1 )5 ®) = (L ®),40)| < Ca(B) 3.

for some constant C' > 0 independent of ~. Indeed, first recall the geomet-
rically obvious relation between the curve v and its orthogonal projection
onto the boundary ~*, namely:

THt) = () = —r(y(®)v (v (1) (2.60)

A differentiation then yields the desired connection between the tangent
vectors,

A4 () = A(t) = —=(v(v(1)), 3(@E))v (v*(t)) — (v (t)) DN (v(t)) (¥(t))
=—r(y(t ))DN(W 1) (¥(t)). (2.61)
=1

In particular then, we get for any ,...,m, that

(L (7(4), (1)) — (L (7 (1)), 5

2
=
~+
=
=

—r<v<t>)|DN<v<t>>\w<t>
SLICONEIOI

Consequently, (2.59) can be rewritten now as:

(L (v @), )] < (L (v* (), 3] + Cra(v() 1H(B)] + 3(A) (D).

Let us rewrite this as an estimate for the first term in (2.56).

(L1 (v*(®), e _ [{La (v (1), ¥(1))]
7(c(®),3(c®)) ~ (c(t), 0(c(t)))
5(v(1))
7(c(8), 3(c(t)))

5(A)

+ (e(0), 8(e(0)))

(@O + (@] (2.62)

Consider the ratio of distances appearing in the second term on the right

namely,
3(v()) 3(~(1)

T(c(t),0(c(t)))  7(c(t),8(A))
Now, from the fact that the curve «y lies trapped within the analytic polydisc
Q(A, 2M6(A))7 by hypothesis of lemma 2.14, we may estimate the distance
of (t) to the boundary 9D as follows. First, for all points z which lie in the
polydisc R(A,§) about the origin, we have

[Wa(z) — ¥a(0)] < O]
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where the Lipschitz constant C' is independent of A, owing to the fact that
the polynomial maps {¥ 4(-)}, are Lipschitz uniformly in A € DN U. Of
course the special radii of the polydisc R is of no relevance to the last
inequality but use will be made of the fact the constant C' here, may also
be taken independent ¢ € (0, d.). Put differently, if a point w lies in Q(A4, -),
then it must satisfy

lw — A| < C|®4(w)]. (2.63)

Let us apply this observation to the situation at hand: since ~(t) €
Q(A,2M0(A)), we have

(t) — Al < @4 (y(1))| = [t94(B)| < C|@4(B)| S l%%hj(A,é(A))}
Sn (A,(S(A))

where all constants at the various <-bounds here are independent of 7 i.e.,
of the points A, B. Therefore,

5(7(8)) < dist(7(£), A) + 6(4) < Cr(A,6(4))
for some constant C' independent of A, B. Thus we get that the ratio

s(v(1)) 3(v(1))
7(c(t),8(c(1))) S 7(A4,5(4)) (2.64)

is bounded above by a constant independent of A and B. In these calcula-
tions, we use the fact that 7(c(t),d(c(t))) = 7(c(t),06(A)) =~ 7(A,5(A)).
This fact follows from the uniform comparability of these distinguished
radii at different points within a distorted polydisc. In addition, it also
uses the fact that the path ¢(t) remains at a fixed small distance from
the boundary of D (small enough to define the polydiscs and to validate
the application of the comparability of the radii, by covering the path by
finitely many such polydiscs). Also, the lower bound on the special radius
7(A,8(A)) Z \/6(A) = 6(A) is used repeatedly in this paper.

Recall that we were seeking to obtain some control on the terms occur-
ring in the right hand side of (2.62). The ratio on the left of (2.64) is a factor
appearing in the inequality (2.62); we may now express that inequality as

(L1 (v* (1), e)] _ [{La(v*(1),7(1)]
7(c®),0(c)) ~  7(A,6(A))

+ CR(). (2.65)

What we have just obtained is a bound on the first term in (2.56). The
next n — 2 summands in (2.56) can be similarly dealt with. For the last
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term in (2.56), we proceed as follows. First recall (2.57) and write out the
equality which it contains for the last component, namely,

it)n = 5" (D) = 3(A) (DN (1) (3(1)))

n

Therefore,
0l _ 0l 0(4) [5* ()l
) < ) * sy PYOO]HO >

where C' is again some constant independent of A, B since DN(z) = D(v o
m)(z) is Lipchitz uniformly in z € DNU.

+Cly(t)| (2.66)

Let us now pause to sum up the discussion so far, of the estimate (2.56),
from the estimates (2.65), through its analogues for the components of ¢(¢)
along L, for « =2,...,n —1 and (2.66), as

Ko (e(t),éfty) < L0 )4 J AN, 14 (W)

) *Z o 54)

+ C|¥(t)| + some constant

which more simply may be recorded for now as

(L (7 (), 4] | = WL (7 (), 4O | 5 ()al
S ¥ 7 R My S o1
+ some constant. (2.67)

KD (C(t)v é(t))

Here we have used the fact that |¥(¢)| can be bounded above by a uniform
constant independent of the curve v, A, B — to verify this, let us write down:

4(t) = DU A(t84(B)) (24 (B)).

So, |¥(%) ‘D\I/A td4(B ||<I>A )| which is bounded above on the pre-
compact nelghbourhood U, as &4, ¥ 4 are polynomial automorphisms with
coefficients varying smoothly in the variable A which comes from the thin
neighbourhood U.

Now, recall that the goal of lemma 2.14, was reduced at (2.54) to ob-
taining an upper-bound for LE°(c); this will now of course be obtained by
integrating the upper bound (2.67) above. To obtain a concrete upper bound
for d%,(A, B), we must now estimate the summands in (2.67), involving the
coordinates of the points A, B or some explicit function of them alone, as
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far as possible. We now turn towards this end. We begin by noticing for
example that

2 (70300 = [3(01 ~ (5= ) (6 (0) 32

S @]+ [V ()nl

and subsequently rewrite this out for convenience as

(L1 (v* (1) Y] _ Iﬁ() - W() |
7(4,0(4)) T r(A6(4))  7(A4,0(4))
)

Further, recalling that 1/7(A,8(A)) < 1/6(A), we obtain

(L (v @®)). YO _ |3l 3 (E)nl

< + - 2.68
T(A, 6(A)) T(A, 5(A)) 5(A) - ( )
Similar calculations give for each 2 < a < n — 1, that
Lo (Y*(t)),~(t V() o Y (),
(La (" ()5 _ BBal |, 1300l 2.69)

Vo(A) V(4

Finally, it remains to replace 4*(t),, by the n-th component (alone) of
4(t) in (2.67). To do this, let us go back to (2.61) and read that equation
for the n-th component. Apply the triangle inequality therein and the fact
that |r(2)] = 6(z) for all z € DNU, to get

00l B0 200 (ontn ) | 2o

n

At this point, we realize that we require a sharper estimate on 6(7y(t)) than
that obtained at (2.64). The best grasp on the distance d(y(t)) is attained
by observing the key feature of the canonical transform ®“ which defines
the curve v — it is that transform (unique among such maps in the group &z,
up to a unitary linear map) which casts the weighted homogeneous Taylor
expansion of the defining function of our Levi corank one domain, in the new
coordinates about the point A, as in (1.3). Indeed, such a Taylor expansion
of r(y(t)) = p?(t¢) where ¢ = ®*(B), reads

2m
() = r(A) 4+ 2R(t¢y) + Z Z ag_k(A)thrqu’f

1=2 j+k=l
+ Z > R( (5 ) + Zt%ﬁ + R(A; ).
a=2 j+k<m
7,k>0
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This gives the following upper bound on the boundary distance on +:

3(y() = lr(y(O)l = p" (tQ)| < 6 +2|Cn|+z > ldAlla P

1= 2j+k !
+Z > b |C1|”’“\Ca|+Z|Cal2+ |R(A; t0)|
a=2j+k<m a=2

3,k>0
where we recall that the remainder function satisfies

R(A; (T(A,5),\/S,...,\/S,5))/5 50 asd — 0.

In particular, |R(A;¢¢)| < Cdp(A) for some positive constant independent
of A, B. Subsequently, therefore we may put the foregoing estimate in the
following simplified form, where the right side is only a ‘weight one’ poly-
nomial in the components of ®4(B).

5(v() S 5(A)+|¢A(B)n|+ZI‘I>A(B)1|l( Y lahk(4))

jt+k=l
n—1
+Z > A BLP RN (B)al + ) [94(B)al®. (2.71)
a=2 j+k<m a=2
7,k>0

Now just by the definition of 7(4,5(A)) we have
162 ,(A)] < V/E(A)T(A, 6(A))~+P

Combined with the fact that ®4(B) € R(A,2M§(A)), this gives the fol-
lowing estimate on the coupled monomials in the |®4(B);|’s occurring in
(2.71):

Z Y B4 (B) T eN(B).]

a=2 j+k<m
3,k>0

CS(A)/27 (A, 5(A)) UM r(A, 2M5p(A))T T+ /8(A)
Co(A),

NN

where C' is a universal constant and C a constant which depends on the
domain D but not on the points A, B.
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A similar treatment with all other monomials in the components of
®4(B) appearing on the right of the inequality (2.71) verifies that they
are all bounded above by d(A) up to some constant. Altogether this yields
that the factor §(~y(¢))/d(A) is bounded above by a constant independent
for the points A, B; combined with the earlier observation that the same is
true of [DN(y(t))(5(t))| occurring in the second term on the right side of
(2.70) as well, we may now conclude that

VOl [7()n]
5(4)  ~ a(4)

+ some constant.

Hence the calculations so far, have lead to reducing (2.67) as

-+ some constant.

— Fa®] | 7Ol
Xt e )
(2.72)

This subsequently entails the estimation of the components of 4(t). We now
proceed towards this. Denoting ®4(B) by ¢ as above, let us begin with the
expression for 4 given by:

i(t) = D¥a,,_(C).

The expression for the inverse map ¥, and its derivative have been put
down in the appendix, section 9, using which we may write down ~(¢) more
explicitly in the form

F(t) = <C1,HA(5)+HA(C1%;Z2(1€C1 Cn+ZCgaQ1 )

where Hy = Gzl and

Qu('2) = ()7 (6" Ha (24 Qa(z)) + b1 ) + Q1 (21, Ha (2 + Qal21)).

where @1 and ()3 are the same polynomials that occur in the expression for
®¢ as in (1.4). To carry out the afore-mentioned estimation at (2.72), we
first note that it now reads up to an additive constant, as follows

5(4) 7(4,0(4))

b21|Gn + z G20
Kp(c(t),é) S (5(A)
N ‘HA(CN) + Ha(G(52(10)) ‘ + [s1 (2.73)
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Now we estimate the numerator in the first summand, which contains in it

the following sum *
3@
Z Gy ¢

This is of course a polynomlal of the same form as @7 in ¢ (i.e., up to mul-
tiplication by some factors which are either powers of ¢ or some integers),
since it is obtained by applying the differential operator z10/9z1 + ... +
Zn—10/0zp_1 which is of weight zero, to the polynomial Q;('z) and evalu-
ated at ¢ (. We shall confine ourselves to presenting a few samples of the
estimations required here as they are all based on the same idea. The key
point on which the calculations here rely on, is the fact from [14] and [56]
that, within the special analytic polydiscs Q(A, -), variation of not only the
defining function but also its derivatives obtained by applying differential
operators of weight no less than —1, are controlled by the ‘radii’ of such
polydiscs. We now illustrate how this works. Let us recall the expression for
Q1, in the notations of [56] for convenience:

2m n—1 m
dezl—l—ZZdakzl 2o + Ps'(21) —|—an Zo + P5 zl))
a=2k=1

(2.74)
where we recall that

m
z1) = Zelo‘zi.
=1
Then we will have
n—1 m

Zgjan t'¢) de FE 3T (ke + Ddart® ¢ o

a=2 k=2

n—1 m m

YD 1+ k) dapept T

a=2k=11=1
n—1 m

—|—Z2c t¢? +2ZZCQ P+ 1)¢
a=2[=1

—|—Z_:2(Zelatl<1 Z eft!=tict)
a=2 =1

Now using the estimates on the various coefficients from Lemma (3.4) of
[56] — for instance again, the coefficient (I + k)d, el t'*#~1 occurring in the

(1) There is no typo here; we wish to focus only on Q; rather than Q;.
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second summand in the above, which we shall denote by ¢4+, can be
estimated as

Carnil S (1 +E){5(A)m (A,&(A))"CTQ(A 5(A)~1}
{5(A ( 5(A)) (A, 5(A)) R
< (0(A))*r1 (A,6(4)) ™" (4, 6(4)
= 6(A)m (A, 5(4)) "

since T, (A,J(A)) = /0(A) and ¢t < 1. Consequently, the corresponding
monomial can be estimated as

(ot bt G| = [Cated| | DA (B)1 [7HF S 5(A)m (A, 6(A)) ™07 (4, 2M6p(4))
< §(A).

Subsequent similar computations yield
9Q
{ch L) 5 o(4),

where the constants hidden in the <-inequalities are all independent of our
chosen pair of points A, B. Thereafter a likewise treatment for the remaining

n—1 -
terms in ) (;0Q1/0z;(t'(), result finally in the same upper bound as well
j=1

for the numerator of the first term in (2.73), which means that the first term
in (2.73) above is bounded above up to a constant, by

w + some constant
5(A) |

Next, to say a few words about the second term at (2.73), we first observe
that it is bounded above by

‘HA’( 9 |C1( P tCl))’)
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and then note that

oG] = St re

kazucb“‘ s

Zm:(s A)71(A,5(A)) " 7a (A, 6(A) i (A, 2M5(A))",

S
k=1
by Lemma 3.4 of [56])
SVo(4).

Thus the upshot is that the second summand in (2.73) is bounded above,
up to a multiplicative constant, by

« [2*(B)]
Z W -+ some constant.

In all (2.73) transforms to the more concrete upper bound

. [©4(B)a| | |24(B)] | = [94(B)]
Kp(e(t),é(t) < 500 +T(A75(A))+§27_5(A) +

for some positive constant C' independent of A, B. We have thus reached
the explicit upper bound sought for at (2.56). Thus (2.54) now becomes

" @4(B)a| | [4(B)1] | = [2A(B)d]
d* (A, B) < 500) +T<A,5(A))+QZ:2 S +C
i "d/(BaA)
+01og(1+c 5 )
< [ABll | 12AB)| R (2B
~ o 6(A) T(A,é(A)) = 5(A)
+log(1+d/§€é;4)>+b
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for some positive constant L depending on the domain D but free of any
particular dependence on A, B. We may rewrite this now as

[®4(B),] |<1>A — [24(B)d/
d* (A, B) < log <1+ 5 s Z NGO )
+log (1+ d/((fé)A)) +L (2.75)

Indeed, notice that by the hypothesis of lemma 2.14 we have: B € Qaprs5(4)(A),
using which we get that

is uniformly bounded above; we then get (2.75) by simply using the fact
that the function (log(1 + x))/z is bounded below by a positive constant
when x varies over a compact interval of positive reals. Next, note that A, B
are close enough for d’(A, B) ~ d(A, B) to hold. Since |®5(A),| < d(A, B),
we may write the last inequality as

d(A,B) | |24(B)] | = [94(B)]
d¥ (A, B) < log <1+ S0 +T(A76(A)) +az::2 D >
d(B, A)
5(B) )+ o

+log (1+

Now this is the bound when §(A4) > 6(B), an assumption made just after
(2.53). Notice that the second logarithmic term here involves §(B), whereas
the preceding term involves §(A) and ®*. So to drop the condition ‘if §(A) >
0(B)’, it is not artificial to restate it in a more symmetric fashion, as in the
statement of the lemma (2.14), to complete its proof herewith. a

Finally, the case complementary to the one dealt by lemma 2.14 namely,
d(A, B) 2 M max{§(A),d(B)}, can be reduced essentially to the first, as in
section 7 of [31] following the line of arguments therein and the foregoing
estimate may be obtained in that case as well.

3. Fridman’s invariant function on Levi corank one domains

The purpose of this section is to prove Theorem 1.2. But before that, we
gather some interesting properties of Fridman’s invariant function hp(-, B™)
that were proved in [21].
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ProprosITION 3.1. — Let Q be a Kobayashi hyperbolic manifold of com-
plex dimension n. Then

o if there is a p° € Q such that ho(p®,B") = 0, then hq(-,B") =0 and
Q is biholomorphically equivalent to B™.

o p— hq(p,B") is continuous on .

To put things in perspective, we state the following result on the bound-
ary behaviour of Fridman’s invariant for strongly pseudoconvex domains.

THEOREM 3.2. — Let D C B" be a bounded domain, p° € 0D and let
{p’} C D be a sequence that converges to p°. If D is C*-smooth strongly
pseudoconver equipped with the Kobayashi metric, then hp(p’,B") — 0 as
J — oo.

The reader is referred to [44] for a proof. It should be noted that, for D a
Levi corank one domain, as in Theorem 1.2, the limit hp__ ((’O, -1), IB”) can
be strictly positive, unlike the strongly pseudoconvex case, and, in general,
depends on the nature of approach p/ — p° € dD. Recall that, here, and in
the sequel, for any z € C", z = ('z, z,,) and 'z will denote (z1,...,2,-1).

Before going further, let us briefly recall the scaling technique (cf. [56])
for a smoothly bounded pseudoconvex domain D C C” of finite type when
the Levi form of D has rank at least (n — 2) at p° € dD. Assume that D
is given by a smooth defining function r, p° is the origin and that 92(p®) =
('0,1). Consider a sequence p’ € D that converges to the origin and denote
by (7, the point on 9D chosen so that ¢ =p’ + ('0,¢;) for some €; > 0.
*AISO7 €; = (SD(p])

Let ®¢’ be the polynomial automorphisms of C" corresponding to (7 €
0D as described in (1.4). It can be checked from the explicit form of o<’
that ®¢"(¢7) = (0,0) and

o () = (0, —¢; /do(¢P)),

: o\ 1L
where do(¢7) = (8r/6§n(C7)) — 1 as j — oo. Define a dilation of coor-
dinates by

21 22 Zn—1 Zn)
i o\ 1/20° 0 120 )
(7, €;) ej/ ej/ €j

AZ@(zl,ZQ, ey Zp) =

where 7(¢7, €;) are as defined in (1.5). Note that AZ@O(I)Cj () = (/O, —1/do(¢)).
For brevity, we write (/0, —1/do(¢?)) = 27 and ('0,—1) = 2°. It was shown
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in [56] that the scaled domains D7 = A7 o®¢’ (D) converge in the Hausdorff
sense to

Doo = {2 € C" : 2Rz, + Porn(21,%1) + |22 + ... + [201|* < 0}

where Py, (21,%1) is a subharmonic polynomial of degree at most 2m (m >
1) without harmonic terms, 2m being the 1-type of dD at p°. Recall that
the polynomial P,,(21,%1) depends on how the sequence p’ approaches p°
and hence, the domain D, is canonically linked to the given domain D and
the sequence p? — p°. More can be said about the polynomial Py, (21,71 ) if
p’ approaches p° along the inner normal to D at p°. Furthermore, observe
that Do, is complete hyperbolic (each point on 9D, including the point at
infinity, is a local holomorphic peak point — cf. Lemma 1 of [8]) and hence
D is taut.

It is natural to investigate the stability of the Kobayashi metric at the
infinitesimal level first. The following lemma can be proved using the same
ideas as in Lemma 5.2 of [44]. The only requirement is to establish the
normality of a scaled family of holomorphic mappings which follows from
Theorem 3.11 of [56].

LEMMA 3.3. — For (z,v) € Dg x C",lim;_ oo Kpi(2,v) = Kp_ (2,0).
Moreover, the convergence is uniform on compact sets of Dy, X C™.

Proof of Theorem 1.2.— There are two cases to be examined:
(i) liminf; e hp(p?,B™) =0, or
(ii) liminf; oo hp(p?,B™) > c for some positive constant c.

In the first case, arguments similar to the ones employed in Theorem
5.1(i) of [44] together with Lemma 3.3 show that the limit domain D is
biholomorphic to B™. On the other hand, this will not be true in the second
case.

To analyse case (ii), it will be useful to consider the stability of the
Kobayashi balls on the scaled domains D’ around 2/ € D’ with a fixed
radius R > 0. The proof of this is accomplished in two steps. In the first
part, we show that the sets Bp; (27, R) do not accumulate at the point at
infinity in 0D«. The proof of this statement relies on Theorem 1.1 and
unravelling the definition of the ‘normalizing maps’ ®¢" and the dilations
A, The second part is to show that the sets Bp; (27, R) do not cluster at
any finite boundary point of 9D.

LEMMA 3.4. — For each R > 0 fived, Bp; (27, R) is uniformly compactly
contained in Do for all j large.
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Proof. — Since the scaling maps A% o &S are biholomorphisms and
therefore Kobayashi isometries, it immediately follows that
Bpi(z/,R) = AZ 0 % (Bp(p, R)).
We assert that Bp;(z7/, R) cannot accumulate at the point of infinity in

0D To establish this, assume that ¢ € Bp(p’, R) and consider the lower
bound on the Kobayashi distance given by Proposition 2.12:

C. log (1 4 (ng]’j))f) <db(,q) <R

which yields that

d(p?,q) < (exp(R/C.) — 1)"*6p () < exp(R/C.)op (p")

where C, is a positive constant (uniform in j). Then the definition of the
pseudodistance d quickly leads to the following two possibilities:

e cither |[p/ — g|;~ < exp(R/C.)dp(p?) or

e for each j, there exists §; € (0,exp(R/C.)dp(p’)) such that p’ €
Q(q, 65)-

Now, Proposition 3.5 of [56] tells us that if p/ € Q(q,d;) then q €

Q(p?, C4;) for some uniform constant C' > 0. Hence, the second statement

above can be rephrased in the following manner — for every j there exists
0 € (07exp(R/C*)5D (p7)) such that ¢ € Q(p’, C6;) or equivalently that

ge (qﬂ"")*l(A(O,T(pﬂ‘,caj))m(o, VT5)%. . xA(0, ,/caj))xA(o,caj))

In other words, each Kobayashi ball Bp(p’, R) is contained in the union
G U G where

Gl ={z€C":|z—p|;=~ < exp(R/C.)dp(p’)} and
Gl = (‘I)pj)_l(A(O,T(pj,C(Sj))XA(O, 05;) x...x A0, caj)xA(o,c(sj)).

The idea is to verify that the sets AZ’J o ®¢’ (G7) and AZ’] o ®¢’ (G3) are
uniformly bounded. For this, consider

3¢’ (GI) = 3¢’ ({z cC": |z — |~ < exp(R/C*)(SD(pj)})
= {weC":[(2) " (w) — p/li~ < exp(R/C.)Sp(p")}.
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Now, write

w— ¢ () = o ((29) ' (w)) - o' ()

and note that the derivatives { D®¢’ } are uniformly bounded in the operator
norm by L, say. Therefore, for w € ®¢' (G7), we have that

=0 ()], < L) () = |, < Lexp(R/C)o0 (),

and consequently that,
¢ (G)) c {fwe C": jw— % (p7)|,.. < Lexp(R/C.)dp(p)}.

Since ®¢ (pi) = (/0, —€;/do(¢?)), the above inclusion can be rewritten as

¢ (GI) ¢ {w : |wi| < Lexp(R/C,)6p(p")

—N

_S

do(¢7)

for1<k<n—-1, |\w, +

< Lexp(R/c*wD(pf)} .

Hence

Lexp(R/C.)dp(p?)
T(ijej) A,

_ Lexp(R/C.)3p(p")

‘ a| €j1/2

< LowR/Cn(p) |

€

Ago¢@«g)c{w;mﬂ<

for2<a<s<n—1,

Wn

(3.1)

+ .

do(¢9)
If w= (wy,...,w,) belongs to the set described by (3.1) above, then
Lexp(R/C_’*)(SD(pj) < Lexp(R/C.)e;

7(¢7,¢5) ~ 1) 7

lwa| < %ﬁ)b(zﬂ) < Lexp(R/CL)ej' /2 for 2 < a < m— 1, (3.2)

|w1\ <

o] < Lexpm/ecj*)éD(p ) 4 do(le) < Lexp(R/Cy) + 1

since €; ~ dp(p’) and do(¢?) ~ 1. Furthermore, to examine the sets AZJJ o
il (GY), first note that these sets are the images of the unit polydisc in C"
under the maps AZJJ 0d¢ o (<I>Pj ) 1 (Agfsj ) ! Let K bea positive constant
such that | det D(<I><j o (@pj)_1)| < K for all j large. It follows that each set
AZJJ o &¢’ (G3) is contained in a polydisc centered at (/0, —1/do(¢7)), given
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by
(o) -a o (2)").

XA (0 K? <C§ ) ) x A <d0(1<;J)KQCefJ> (3.3)

Observe that, if w belongs to the polydisc as defined above, then

T j,C5j
jun] < K? T(](Déj7€j)1)/’2 _
lwe| < K2 (%) < K? (M> <SK?for2<a<n-—1, (34)
‘wn‘ < K2C5J do(C7 <K25D(P ) +1 <K2—|—1

It follows from [14] that 61/2 < 7(¢e) and T(p?,Co;) S T(pley) =

7(¢7,¢;). As a consequence, we see that if w belongs to either of the sets
(3.2) or (3.4), then |w| is uniformly bounded. Hence, by virtue of the in-

clusions (3 1) and (3.3), it is immediate that the sets A% o ®¢'(GJ) and

]

A% o ¢ (sz) are uniformly bounded. This in turn implies that the sets

J

Bpi(z?, R) cannot cluster at the point at infinity in 9D

It remains to show that the sets Bp; (27, R) do not cluster at any finite
point of D,. Suppose that there is a sequence of points ¢/ € Bp;(z7, R)
such that ¢/ — ¢° € 0D, where ¢° is any finite boundary point. Recall
Theorem 2.3 of [5] which provides a neighbourhood U of any given bound-
ary point of the limit domain D, such that on the portion of each scaled
domain D7 intercepted by U, we have a uniform rate of blow up of the
infinitesimal Kobayashi metric of D7. More precisely here, there is a neigh-
bourhood U of ¢° in C", a positive constant C and J € N, such that

[(DI®2(2)(v),] = [(DI@%(2)(v)), | |(DI®*(2)(v)), |
T(z,(SDj (z)) + QZZQ (6pi(2))2/2 + 0pi(z) )
(3.5)

Kpi(z,v) = C(

for all z € UN D7 with j > J and tangent vector v € C". Here, the notation
i®*(-) is the special boundary chart (as described by (1.4)) corresponding
to z, when z is viewed as a point in the scaled domain D7. Evidently, the
last component of D®¢(z)(v) is given by

(DD (2)(v)), = Z%ijl 2~ 'Oy,

j=1
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from which we get _

(D7@*(2)(v)),, = (v(2),v).
Consider a neighbourhood U of 2V disjoint from U and which is compactly
contained in Ds.. Then 27 € U for all j large. Let 77 be any piecewise C'-
path connecting 2/ = 47(0) and ¢/ = 47 (1). Let ¢; be the last of the timings
of entry of 4/ into U. That is, t; € (0,1) is such that the sub-curve of
defined by 4 4

o’(t) =~7(t) fort e (t;,1]
is contained entirely in U N D’. We particularly note then that the uniform
lower bound (3.5) holds with (z,v) replaced by (o7 (t),57(t)) for all j large.
Note also that ¢/ is contained in an e-neighbourhood of D7 for some fixed
uniform € > 0 and for all j large. It thus follows from (3.5) that

/KD, / Kpi(o/(t),67(t))dt

L ] DJ<I> (o' ®) (t))(dj(t)))
/ Opi (UJ (t))

n

dt

:j@ww»wwﬁ

6pi(ai(t))

tj

The fact that the last integrand is positive follows from the considerations as
in the arguments following (2.37). To be more precise, we focus on a stretch
of time where the curve o7 has a non-zero component along the normal to
0D at m;(c7(t)) (as explained in Section 2). It can be checked that this
stretch of time can be taken to be a non-zero constant, uniform in j, since
the domains D’ converge to Dso. Furthermore, it can be checked that the
last integrand is up to a factor of 2 at least

RO 0) S0y 1 4 a
Yoo (0i0) 26 (i) di° > ) = g oedns (1)

so that

1

o 1 1
Kps (¥ (£),47 (t))dt > = log ——— —
O/D(v()v()) 2 108 5

for a uniform positive constant C'. Finally, taking the infimum over all such
77, we see that
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Note that the left hand side here is bounded above by R while the right hand
side becomes unbounded as ¢/ — ¢ € dD,. This contradiction completes
the proof of the lemma. O

Once we are able to control the behaviour of Kobayashi balls Bp, (27, R)
as j — oo, we intend to use the following comparison estimate due to
K.T. Kim and D. Ma ([37], [35]) to conclude the stability of the integrated
Kobayashi distance under scaling.

LEMMA 3.5. — Let D be a Kobayashi hyperbolic domain in C™ with a
subdomain D' C D. Let p,q € D', d%(p,q) = a and b > a. If D' satisfies
the condition Bp(q,b) C D', then the following two inequalities hold:

1
< -
tanh(b — a)

1
<—— Kp(p,o).
tanh(b — a) p(p:v)

d'IB' (p7 Q) de (pa Q)a

KD’ (pa U)

This statement compares the Kobayashi distance on the subdomain D’
against its ambient domain D. Recall that the estimate d¥ < d%, is always
true.

The proofs of Lemmas 5.7, 5.8 and 5.9 of [44] go through verbatim in our
setting, thereby, yielding the following two propositions — which are stated
here without proof.

PROPOSITION 3.6. — lim df;(27,-) = d¥%,_(2%,-) and lim d%,(z°,-) =
j—o0 o0 j—o0
d%m (zo, -). Moreover, the convergence is uniform on compact sets of Dy .

PROPOSITION 3.7. — Fiz R > 0, then the sequence of domains Bp; (27, R)
converges in the Hausdorff sense to Bp__(2°, R). Moreover, for any € > 0

e Bp_(2°,R) C Bpi(2/,R+¢), and
e Bpi(2?,R—¢€) C Bp_(z°,R)
for all j large.

Proof of Theorem 1.2(ii).— By the biholomorphic invariance of the
function h, it follows that hp(p?, B") = hp; (27, B") and therefore, it suffices
to show that hp; (27, B") — hp_ (2°,B"). To verify this, let 1/R be a posi-
tive number that almost realizes hp_ (2°,B"), i.e., 1/R < hp_ (2°,B") + ¢
for some ¢ > 0 fixed. Then there exists a biholomorphic imbedding F' :
B" — D, satisfying F(0) = z° and Bp__ (2", R) C F(B"). Pick § > 0 such
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that Bp_ (2°, R —¢€) C F(B(0,1—4)). Since F (B(0,1—d)) is relatively
compact in Dy, and D7 — D, it follows that F' (B(0,1 — d)) is compactly
contained in D7 for all large j. Now, by Proposition 3.7, we see that

Bpi(#?,R —2¢) C Bp_(2°,R —¢),
and consequently that
Bpi(z9,R—2¢) C F(B(0,1—0)) C D?,
which, in turn, implies that

1
R — 2¢

th (Zja Bn) <

for all j large. Therefore, by the choice of R, it follows that

limsup hp; (27, B") < hp_ (2°,B"). (3.6)

Jj—oo
The goal now is to show that

hp. (2°,B") < liminf hp; (27, B"™).

j—o0

Firstly, observe that liminf; . hps(27,B") is finite (cf. inequality (3.6)
above) and there is a subsequence hp;, (27%,B") of hp; (27, B") that con-
verges to liminf;_, . hp; (27,B"™). Let Ry, be a sequence of positive numbers
and F7% : B® — DJ* be a sequence of biholomorphic imbeddings with
the property that F/*(0) = 2/*, Bpj (2%, R) C F7*(B") and 1/Ry <
hpie (27, B"™) + €. Recall the scalings AZJ]’; o ¢’ associated with the se-

quence p’* and consider the mappings
. ) i\ —1 )
0= (Agh 0 @) o P B 5 D,

and note that 67+(0) = p’* — p° € 9D as k — oo. We claim that FJ*
admits a convergent subsequence. Indeed, applying Theorem 3.11 from [56]
to 07 assures us that the family AZ’; o ®¢* o0 ¢9» = FIr is normal and
the uniform limit F' is a holomorphic mapping from B” into D.,. Moreover,
F(0) = limg_y00 F*(0) = 2Y. Furthermore, by the first part of the proof
and choice of the numbers Ry, it follows that

/Ry, < hpiy, (27%B™) + e < hp_ (2°,B") + 2¢

for all k£ large. On the other hand, the largest possible radii admissible
in the definition of Fridman’s invariant function hp(p’*,B") (which equals

- 352 —



Bounds for invariant distances on pseudoconvex Levi corank one domains and applications

hpir. (27%,B™)) is at most 1/c. Hence, we may assume that the sequence Ry,
converges to Ry > 0.

We show that F': B” — D is an imbedding and that F(B™) contains
the Kobayashi ball Bp__ (2", Ry — 2¢). To this end, it is straightforward to
check that

Bpi (27%, Ry — €) C Bpi, (2%, R) C F7*(B")
for all k large. But by Proposition 3.7,
Bp. (2°, Ry — 2€) C Bpi, (2%, Ry — €)

and consequently, that Bp__ (20, Ry—2¢) C FIx(B") for all large k. It follows
that Bp_ (2%, Ry — 2¢) C F(B"), which, in turn, implies that F is non-
constant.

To establish the injectivity of F', consider any point a € B". Each map-
ping F7%(-) — FJ*(a) never vanishes in B" \ {a} because of the injectivity of
Fix in B". Applying Hurwitz’s theorem to the sequence FJ*(-) — Fi*(a) €
O (B™\ {a},C"), we have that F(z) # F(a) for all z € B" \ {a}. Since a is
any arbitrary point of B”, this exactly means that F is injective.

To conclude, observe that the above analysis shows that Rg— 2¢ is a can-
didate for the infimum that defines hp_ (2°,B"), and hence hp_ (2°,B") <
1/ (Ro — 2¢). This last observation, in turn, implies that

hp_ (2°,B") < liminf hp, (27, B")

J—00

as desired.

4. A quantitative description of Kobayashi balls in terms
of Euclidean parameters - Proof of Theorem 1.3

The fact that the topology induced by the Kobayashi distance and the
pseudo-distance d’ coincide (indeed, with the Euclidean topology) means
that

Q (p, Ci(p, R)op(p)) C Bp(p, R) € Q (p, Ca(p, R)op(p))  (4.1)

holds true for each p € D NU and for some positive constants Cy(p, R),
Cy(p, R) (which depend on the point p, the radius R and the domain D).
The purpose of Theorem 1.3 is to show that these constants can be chosen
independent of the point p; such a uniform ‘ball-box’ estimate is expected
to naturally follow from theorem 1.1. Indeed it does; but working it out
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rigorously is not trivial. The proof is based on the fact that the integrated
Kobayashi distance is stable under scaling (cf. Propositions 3.6 and 3.7).

Proof of Theorem 1.8.— For p € D, let us first prove that @ (p, C16p(p))
C Bp(p,R) for some uniform constant Cj. Suppose that this is not the
case. Then there are points p/ € D, p° € 0D, p? — p° and a sequence of
positive numbers C; — 0 with the property that for each j, the ‘polydisc’
Q (p?,C;j0p(p?)) is not entirely contained in the Kobayashi ball Bp(p/, R).

Applying a biholomorphic change of coordinates, if needed, we may as-
sume that p° is the origin and the domain D near the origin is defined
by

2m
{z €C": 2Rz + 3 Pilz1) + 22 + oo [z
=2

+ E g ?R( kalwl)wa) + terms of higher weight < O}
a=2 j+k<m
4,k>0

as in (1.3). Denote by (7, the point on 9D closest to p’ chosen such that
¢ = p/ 4+ ('0,¢;). Then ¢; ~ dp(p’) by construction. Furthermore, pick
points ¢ € Q (p?, C;6p(p’)) that lie on the boundary of the Kobayashi ball
Bp(p’, R). The idea is to scale D with respect to the sequence p? — p°,

and analyse the sets Q (pJ, Ciép (pj)) under the scalings A?] o ®¢". Recall
from the proof of Lemma 3.4 that the images AZJJ o d¢’ (Q (pj7 Ciop (p7)))
are contained in polydiscs centered at ("0, —1/do(¢?)), given by

A <0K<c_6<>>> A (W (M)”) .. (42)

(¢, €5) €

X A (O,K2 (Cj5D<Pj)>1/2> x A( -1 KQCj‘sD(pj))

€ do(¢7)’ €

where K > 0 is independent of j. Among other things, S. Cho in [12]
proved that 7(¢7,¢;) ~ 7(p’,€;). But we know that dp(p’) ~ €; so that
7 (p?,Ci0p(p7)) S Ci7(¢,€5). Also, do(¢7) ~ 1 and C; — 0. These es-
timates show that the sets described in (4.2) are uniformly bounded, and
consequently that, AGJ o®¢’ (Q (pJ ,Ci0p(p? ))) are also uniformly bounded.
In particular, the sequence AZJ] o ®¢’ (¢7) is bounded and since C; — 0, we

have AZ 0 @ (¢7) — ('0, -1).
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Observe that d%(p’,¢’) = R by construction. Since the scalings AZJJ o

& . D — DJ are isometries in the Kobayashi metric on D and D7, it
follows that

dh, (g 00 (1)), A% 00 (¢))) = dh(0/.¢’) = R
or, equivalently that
dhs ((0.-1/do(¢7)), A% 0 @' (¢7)) = R.

But we know that Az’] o ¢ (¢7) — (0, —1). Hence, it follows from Propo-
sition 3.6 that d, (('0,—1),('0,—1)) = R which is not possible. This con-
tradiction validates that there is a constant Cy (uniform in p) such that
Q(p, Ciép (p)) is contained in the Kobayashi ball Bp(p, R).

To verify the inclusion Bp(p, R) C Q(p,C2 ép(p)) for some uniform
constant Cy, we suppose, on the contrary, that this does not hold true.
Evidently, in view of (4.1), there are points p/ € D, p° € 9D, p/ — p°
and a sequence of positive numbers C; — 400 such that — for each j,
Q (pj,Cjép(pj)) does not contain the Kobayashi ball Bp(p’, R). As be-

fore, pick points ¢/ € 9D closest to p’ and define €;, D7, ¢<j,AZ and Dy

analogously. Furthermore, choose ¢ in the complement of the closure of
Q (p?,C;6p(p?)) such that ¢/ € Bp(p?, R), so that, as before,

dh, (A% 009 (), A% 02 (¢))) = dp(¥' . ¢') < R
and consequently, that
dh; ((0,~1/do(¢)), A 0 @€' (¢7)) < R,
which implies that
A% 03¢ (¢) € Bps(#),R) C Bp_ (2", R+¢)

CJ
for all j large. Here the last inclusion follows from Proposition 3.7 and as
before, ("0, —1) and ('0, —1/do(¢7)) are written as z° and 27 respectively for
brevity. The above observation can be restated as
dk, (Ag. 0 ¢ (¢), zo) <R+e (4.3)
However, we claim that
]A; 0 @< (¢7) — 20’ o0,
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which violates (4.3). Therefore, the theorem is completely proven once the
claim is established. To prove the claim, recall that &<’ (p7) = ('0, —¢;/do(¢7))
and do(¢7) ~ 1. Therefore, we see that p’ € Q(¢?,€;). Next, Proposition 3.5
of [56] quickly leads to the following statement: Q(¢7,¢;) C Q(p?, Ce;) for
some uniform positive constant C. Moreover, dp(p’) ~ ¢€; so that
Q(¢7,CCp(p") CQ (pj7 Ciép (pj))7 where the constant C' is independent
of j. Hence, ¢/ lies in the complement of Q(¢?, CC;dp(p?)), by construction,
and therefore, the first component

‘ o T(Cj,CCj(SD(pj))
= 7(¢7, €5)

(a8 009 (@) >y - +oo.

As a consequence,

Ao o (¢7) — (0, *1)’ — +o00, and hence the claim.

5. Proof of Theorem 1.4

Suppose there exists a biholomorphism f from D; onto D, with the
property that ¢° belongs to the cluster set of f at p°. To begin with, we
assert that f extends as a continuous mapping to p°. This requires the fact
that p° and ¢° are both plurisubharmonic barrier points (cf. [55], [17]). For
the strongly pseudoconvex case, this is well known due to Fornaess and
Sibony ([23]), and for smooth pseudoconvex finite type point ¢°, the above
statement was proved in [12], [55].

Assume that D and D are given by a smooth defining functions r; and
7o respectively, both p® = 0 and ¢° = 0 and that %(po) =('0,1) = %(qo).
Let ¢’ be a sequence of points in Dy converging to ¢° along the inner normal
to the origin, i.e., ¢/ = ("0, —4;), each §; > 0 and §; \, 0. Since f : D1 — Do
is a biholomorphism and 0 € cl¢(0), there exists a sequence p? € D; with
p’ — 0 such that f(p’) = ¢’. Now, scale D; with respect to {p’} and Do
with respect to {¢’}.

To scale Dy, recall that by [47], for each ¢ near p° € 9D, there is
a unique automorphism h¢ of C" with h%(¢) = 0 such that the domain
h&(Dy) is given by

{zeC":2R(z, + K8(2)) + H5(2) + a5(2) < 0}

where K¢(z) = Z aij(€)ziz;, HS(2) = Z bi;(€)2iz; and af(z) = o(|z]?)
i,j=1 i,5=1

with K¢("z,0) = 0 and H¢('z,0) = |'z|>. The automorphisms h¢ converge

to the identity uniformly on compact subsets of C" as & — p°. For & =
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(§1,&2,...,&n) € Dy as above, consider the point £= (€1,&2, ..., &1, &nte)
where € > 0 is chosen to ensure that & € 9D;. Then the actual form of h¢

shows that hé(f) = ('0, —e).

In order to apply Pinchuk’s scalings to the sequence p’ — p° € 0Dy,
choose ¢&9 € OD; such that if p/ = ('p?,pJ,), then & = ('p?, pl,+e¢;) € OD; for
some €; > 0. Then ¢; ~ dp, (p’) by construction. Now, define the dilations

j _1 _1 —1
T(Zl,ZQ,...,Zn): €5 221,...,€j 2Zn71;€j Zn

and the dilated domains DI = T7 o h&’ (Dy). Tt was shown in [47] that D!
converge to

Do = {z €C™: 2Rz, + 21>+ 222 + .. |2na]? < 0}
which is the unbounded realization of the unit ball in C”.

For clarity and completeness, we briefly describe the scalings for the
domain Ds, which are simpler this time as the sequence ¢/ approaches ¢°
normally. To start with, consider A7 : C* — C”, a sequence of dilations,
defined by

1 1 1
— gk -1 -1 —1
A (wy,wa, . Wo1, W) = (5]‘ wy, 05 Pwa, ..., 05 P w1, 0; wn)

Note that A7(0,—d;) = ('0,—1) for all j and the domains D} = AJ(D;)
converge in the Hausdorff sense to

D2,oo = {w e C": 2Rw,, + ng(w17m1) + |w2|2 + ...+ |’LUn,1|2 < 0},

where @2, is the homogeneous polynomial of degree 2m that coincides with
the polynomial of same degree in the homogeneous Taylor expansion of the
defining function for Dy near the origin.

By the biholomorphic invariance of the function h, it follows that
hp,(p,B") = hp,(¢’,B"). Then Theorem 1.2 assures us that the right
hand side above converges to hp, (('O7 —-1), IB%"). Furthermore, since 0D,
is strongly pseudoconvex near p°, by Theorem 3.2, we see that the left hand
side above hp, (p/,B") — 0 as j — oo. It follows that hp, _(('0,—1),B") =
0. As a result, D3 o is biholomorphic to B" by virtue of Proposition 3.1.
Therefore, the problem has been quickly reduced to investigation for the
special case of model domains, namely, D, o, and B", which are algebraic.

By composing with a suitable Cayley transform, if necessary, we may as-
sume that there is a biholomorphism F' from D o, (which is biholomorphic
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to B™) onto D2 « with the additional property that the cluster set of F~!
at some point ('0,ta) € D3 o (for a € R) contains a finite point of 0D .
Then Theorem 2.1 of [16] tells us that F~! extends holomorphically past
the boundary to a neighbourhood of (0, ¢a). It turns out that F~! extends
biholomorphically across some point ('0,ta’) € dDs . To prove this claim,
it suffices to show that the Jacobian of F~! does not vanish identically on
the complex plane

L={(0,ta):a € R} C D3 .

If the claim were false, then the Jacobian of F~! vanishes on the entire
wp-axis, which intersects the domain Dj o,. However, F' ~! is injective on
D5 «, and consequently, has nowhere vanishing Jacobian determinant on
D3 . This contradiction proves the claim.

Furthermore, it is evident that the translations in the imaginary w,,-
direction leave Dj o, invariant. Therefore, we may assume that (’0,:a®) is
the origin and that F' preserves the origin. Now recall that the Levi form is
preserved under local biholomorphisms around a boundary point, thereby
yielding the strong pseudoconvexity of D3 . In particular, Qg (w1, W1 ) =
|w1|? which gives the strong pseudoconvexity of ¢° € dD,. This contradicts
the assumption that the Levi form of @D, has rank exactly n — 2 at ¢°.
Hence the result.

6. Continuous extension of isometries — Proof of Theorem 1.5

The proof of Theorem 1.5 will be accomplished in several steps. The
first step is to analyse the behaviour of the Kobayashi metric on a smoothly
bounded pseudoconvex Levi corank one domain.

PROPOSITION 6.1. — Let D be a bounded domain in C™. Assume that
0D is smooth pseudoconvexr and of finite type near a point p® € dD. Suppose
further that the Levi form of OD has rank at least n — 2 near p°. Then for
any € > 0, there exist positive numbers ro < r; < e, C and C' (where 1,72,
C and C'" depend on A) such that

c’ 1
de<A,B)> 710gm—0, AeD\B(p(),’f‘l),BeB(pO,TQ)ﬂD

Proof. — By Theorem 3.10 of [56], there exists a neighbourhood U of
p% in C™ such that

Kp(z,0) ~ (D®*(2)v)1 | (DP*(2)v)y | (D®*(2)v)n1 | (DP*(2)v)n
’ 7(2,0p(2))  (5p(2))"/? (O (2)2 5p(2)
(6.1)
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for all z € U N D and v a tangent vector at z. The neighbourhood U is so
chosen to avoid the point A. Let v be a piecewise C'-smooth curve in D
joining A and B, i.e., 7(0) = A and v(0) = B. As we travel along ~y starting
from A, there is a last point « on the trace v with @ € QUND. Let y(tg) = «
and denote by o, the subcurve of v with end-points a and B. Observe that
the trace o is contained in a d-neighbourhood of 9D for some fixed § > 0.
Here we choose § > 0 in such a way that the d-neighbourhood of 9D does
not contain the point A. Evidently,

/0 Kp (1().4(8)) dt > / Kp (o(t), 6(t)) dt.

From this point, proceeding exactly as in the proof of Lemma 3.4, it follows
using (6.1) that
/11( (s dt s Slog — ¢
; > —log ——— —
) D7), B g 5p(B)
for some positive constants C' and C’. Now, taking the infimum over all such
paths v yields

/
(A, B) > %log

Sp(B)
as desired. O

PROPOSITION 6.2. — Let f : Dy — Dy be a C'-Kobayashi isometry
between two bounded domains in C". Let p° and ¢° be points on OD; and
0Ds respectively. Assume that 0D1 is C°-smooth pseudoconvexr of finite
type in a neighbourhood U of p° and the Levi form of 0D has rank at least
n — 2 near p°. Suppose that 0Dy is C™-smooth pseudoconvez finite type in
a neighbourhood V- of ¢°. Then there exist smaller neighbourhoods Uy C U,
Vo €V of p° and ¢° respectively with the following property: if z is an
arbitrary point of Uy N Dy such that f(z) € Vo N Dy, then

||
(60, (2))"
where v € (0,1) and C > 0 are constants independent of z € Uy N Dy.

|df(z)v] < ©

Proof. — Since 0D, is smooth pseudoconvex of finite type near ¢° €
dDy, it follows from [12] that there exists a neighbourhood Vo C V of ¢"
and constants C; > 0 and n € (0, 1) such that

|ul

(0p, (w))"
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for all w € V5 N Dy and tangent vectors u. Furthermore, since f is a C1-
Kobayashi isometry from D; onto Do, it follows that

(6D2 (f(z)))n g[(DQ (f( )7df( ) ) KDI( s )g

and hence,

|v]

@ 50, (2)"

(Op, (f(2))" Iv]
5D1 (Z)
for z € Dy such that f(z) € Vo N Dy and tangent vectors v.

df (=)o) £ (6.2)

Fix A € Dy and let U; C U be a neighbourhood of p° such that

Co 1
db (z,A) > ==1o
for z € Uy N Dy and some uniform positive constants Cy, C'3. This follows
from Proposition 6.1 above. Without loss of generality, we may assume that
the constant Cs is at most 1 — 7. Moreover,

—C4

b, (2, 4) = dby, (F(2), f(4)) < 3 log = +Ci,
Do

(f(2))

and hence .
dp, (f(2)) < C5 (0p,(2))* (6.3)

for all z in U; N Dy and uniform constants Cy, C.
Fix neighbourhoods Uy C U, Vo C V of p® and ¢ respectively as above.

If 2 is any point of U; N Dy such that f(z) € Vo N Dy, then it follows from
inequalities (6.2) and (6.3) that

ol
(0p, (2))”
where v =1—Cy — 1. O

|df (2)v] S

Proof of Theorem 1.5.— The proof involves two steps. The first step is
to show that f extends to D; U {p°} as a continuous mapping. Once this
claim is established, the second step is to verify that f is continuous on a
neighbourhood of p° in D;.

By hypothesis, there exists a sequence p/ € D; with p/ — p% and
f(») — ¢°. Assume, on the contrary, that there exists a sequence s’ in
D; with s7 — p° € 0D; such that the sequence f(s’) does not converge
to ¢°. Consider polygonal paths #7 in D; joining p’ and s/ defined as fol-
lows: for each j, choose p’°, s7° on dD; closest to p’ and s’ respectively. Set
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P =p —|p — s w(p®) and 57" = 57 — |p/ — s7|v(s70) where v(z) denotes
the outward unit normal to 0Dy at z € dD;. Define 47 = ~{ U~3 U~} as
the union of three segments, where

e ~J is the straight line path joining p/ and p?" along the inner normal
to D; at the point p/°,

e ~J is the straight line joining p’" and s/, (in case, the straight line
segment joining pj/ and s’ does not lie entirely in D;, take 7‘27 to be
any curve in D; at a constant distance from dD; and joining p’ " and
s7),

e 7} is the straight line segment joining s/ and s’ along the inward
normal to dD; at the point s7°.

Evidently, the composition f o+’ yields a continuous path in D, joining
f(®’) and f(s?). Let Uy C U and Vo C V be neighbourhoods of p® and
q° respectively as given by Proposition 6.2. Fix a smaller neighbourhood
V' C Vy of ¢° with V' relatively compact in Va. For each j, pick points
u? € OV’ N Dy on the trace(f o47). Let t € D; be such that f(t7) = u/.
Note that the points ¢/ lie on trace(y”) and hence t/ — p° by construction.
Moreover, f(t/) = u? — u® € VoNdDy, where u? is different from ¢°. Denote
by o7, the sub-curve of 4/ with end-points p? and t7. Now, trace(f o o) is
contained in V5 N Dy, and hence, it follows from Proposition 6.2 that there
are constants v € (0,1) and C' > 0 such that

|v]
(6D, (2))"

for all points z on trace(c?). Integrating along the path o7, we obtain that

df(=)o] < C

. . . S 1—
FE) = f)| S| =]
a contradiction. Hence, f extends continuously to Dy U {p"}.

Now, we use the strong pseudoconvexity of D5 at ¢° and the continuity
of f at p® to get neighbourhoods U’ C U and V" C V of p" and ¢° respec-
tively, satisfying the following property: V" N 9Dy is C?-smooth strongly
pseudoconvex and f(U’' N D;) C V" N Dy. By the lower semi-continuity of
rank, there is a neighbourhood U” C U’ of p°, U” compactly contained in
U’ such that U” N 9D, is of Levi-rank at least n — 2. Furthermore, we may
assume U N dD; to be finite type and pseudoconvex. Let a® € U” N 0D,
and a’ be a sequence of points in D; with a/ — a”. The goal now is to
show that f extends continuously to the point a®. There are two cases to
be considered. After passing to a subsequence, if needed,
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(i) f(a?) = 10 € V' 19D,
(ii) f(a?) = b' € V' N Dy as j — oo

We investigate case (ii) first. Fix a/ € U’ N Dy and observe that the
quantity d’mez (f(aj), f(a’)) is uniformly bounded (say by R) because of
the completeness of V' N Dy. Therefore, for all j large

d]Bl (ajva/) = dl]f)rz (f(aj)7 f(a/)) < d]\c/ﬁDg (f(aj)7 f(al)) <R,

which implies that @’ € Bp, (a?, R). This contradicts the completeness of
D;. Hence, the sequence f(a?) — b° € V’NAD4 and consequently b° belongs
to the cluster set of a® under f. From this point, proceeding exactly as in
the first part of the proof yields that f is continuous at the point a®. Since
a® € U"NOD; was arbitrary, it follows that f extends as a continuous map
on U” NdD; and Theorem 1.5 is completely proven.

Next is the corrected version of one of the earlier works of the second
author (Theorem 1.2 of [42]), which follows as a corollary of Theorem 1.5.

THEOREM 6.3. — Let f : D1 — Dy be a C'-Kobayashi isometry between
two bounded domains in C?. Let p° and ¢° be points on 0D, and 0D re-
spectively. Assume that 0D is C°°-smooth weakly pseudoconver of finite
type near p° and that Dy is C%-smooth strongly pseudoconver in a neigh-
bourhood Uy of ¢°. Suppose that ¢° belongs to the cluster set of p° under f.
Then f extends as a continuous mapping to a neighbourhood of p° in D;.

7. Kobayashi metric of a complex ellipsoid in C" —
Proof of Theorem 1.6

Let D be a domain in C™, z € D and v € C™ a tangent vector at the point
z. Recall that a mapping ¢ € O(A, D) is said to be a complex geodesic for
(z,v) if (0) = z and Kp(z,v)¢’(0) = v. Such mappings are also sometimes
referred to as Kobayashi extremals in the literature. A complex ellipsoid is
a domain of the form

E(2my,...,2my,) = {z € C": |21 |2 4+ |z P < 1}

where m; > 0 for each j = 1,...,n. It is well known that complex ellipsoids
are convex if and only if m; > 1/2 for j = 1,...,n. Moreover, they are taut
domains (i.e., O(A, E(2my,...,2m,)) is a normal family) and hence, there
always exist complex geodesics through a given point z € E(2my,...,2m;,)
and any tangent vector at the point z. The primary goal of this section is to
describe the Kobayashi metric on the complex ellipsoids for the case my >
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1/2 and my = --- = m, = 1 — notice that these are exactly the domains
Es,, introduced in (1.1). To understand the Kobayashi metric on Es,,, we
use the characterisation of all complex geodesics ¢ : A — E(2my,...,2m,,),
each m; > 1/2, due to Jarnicki, Pflug and Zeinstra ([34]). Observe that it
suffices to consider only those complex geodesics ¢ = (¢1,...,¢n) : A = C"
for which

¢; is not identically zero for any j =1,...,n. (7.1)

After a suitable permutation of variables, we may assume that for some
0<s<n,

0¢ ¢;(A)forj=1,...,sand (7.2)
0€¢pj(A)forj=s+1,...,n :

The main result of ([34]) that is needed is:
THEOREM 7.1. — A non-constant mapping ¢ = (¢1,...,¢0n) : A = C"

with (7.1) and (7.2) is a complex geodesic in E(2myq,...,2my,) if and only
if ¢ is of the form

_ 1/m,
aj igéi) ' for j=1,...,s,
¢;(N) = \ _\1/m;
—Qy lfocj)\ -
aj(l—aj)\) (1_(1())\) for j=s4+1,...,n,
where
a; € C\ {0} forj=1,...,n,
at, ... 05 €A g, Qsp1y ..., 0 €A,
n
ag =Y _la;* 0y,
j=1
n
L Jaol” = 3 lag ™ (1+ oy ?),
j=1
the case s = 0,90 = a1 = - - - = Q15 excluded and,
the branches of powers are such that 1H/mi = 1,7=1,...,n.

Proof of Theorem 1.6.— We proceed by induction on the index n. First,
note that the case n = 2 is Theorem 2 of [10]. Next, assume that the result
holds for all integers between 2 and n — 1. To prove the inductive step, fix
(p,0,...,0) € Eyy, and (v1,...,v,) € C™. The main objective is to find an
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effective formula for 7 = Kg, ((p,0,...,0),(v1,...,v,)). It is well known
(see, for example, Proposition 2.2.1 in [33]) that if p = 0, then

T=Kg,, ((0,0,...,0), (v1,...,00)) = qg,, (V1,...,0p) (7.3)

where ¢g,,, denotes the Minkowski functional of Es,,. Furthermore,

4E,,, (V1,...,vy,) is the only positive solution of the equation
vy [2m 0o |2 o, |2
e, [ O Y
(qE2m (Ulv"'vvn)) (qEzm(Ula"' avn)) (qEZm (Ulv"'vvn))
(7.4)
For 0 < p <1, if o= (v,...,v,) =0, then
v
r=Kg, ((p,0,...,0),(v1,0,...,0)) = Ka(p,v1) = 1'_11|)2.
Hence, we may assume that © # 0 in the sequel.
Let ¢ : A — Ey,, be a complex geodesic with ¢(0) = (p,0) and 7¢(0) =
(v1,...,vy). Evidently, ¢ is not identically zero and ¢s, ..., ¢, cannot be
identically zero simultaneously. Suppose that ¢4 = --- = ¢, = 0, then the

mapping ¢ = (b1, 2, 03) : A — E(2m,2,2) C C? is a complex geodesic
through the point (p,0,0) in E(2m,2,2) and consequently,

T = KE2m ((pa 07 e 50)7 (vla cee ,’Un)) = KE(Qm,Z,Q) ((p70a 0)7 (U17U27U3)) .

The right hand side above is known explicitly by induction hypothesis,
thereby, yielding an explicit formula for 7. The above analysis shows that we
may assume that ¢; is not identically zero for any j = 1,...,n. This assump-
tion does not restrict the generality, since mappings with zero-components
are exactly lower dimensional complex geodesics, as observed above. Then,
¢ satisfies (7.1) and (7.2) (with s =0 or s = 1).

Consider the case s = 1 first. Applying Theorem 7.1 gives that

T—aa\Y™
\) =
a = (23)

/\—Oéj 1—@]‘)\ .
. = a. fi =2,...
(b](A) aj(].—o_éj)\> (1—6_¥0>\) or j ’ , 1,

where a;, a; are as stated in Theorem 7.1. It follows that

#(0) = (a1, —agaq, ..., —a,a,) and
$1(0) = ai(ao — az)/m,
¢;-(0) =a, ((1 — |aj|2) —aj(ag — O_zj)) forj =2,...,n.
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But we know that ¢(0) = (p,0) and 7¢/(0) = (v1,...,vy). Therefore,

a1 =p, ag =---=a, =0, and

Tp(Qp — @1)/m = v1,Tas = Vo, ..., TAp = Up.
These conditions, in turn, imply that
ap = p*™ay, and
L+ ]aol? = p*™ (1+ |1 [?) + |azf® + ... + |an %,
and consequently,
mpay (p*™ —1)/m = vy, and (7.5)
L+ p*"™ o |® = p*™ (L+ Joa|?) + 02 /72 + ..+ a2 /72 (7.6)
Eliminating 7 from the above two equations, we get

P2 (|v2|2 + ...+ |Un\2) _ 1 — |ay |?p*™
m?|v|? lag[? (1 —p2m)”

Observe that the right hand side above is at least 1 and hence for

m2|vy|?
[v2]2 + ...+ |up]

2
5 <P,
solving equations (7.5) and (7.6) for 7, it follows that

_ 1/2
B m2p?m =2y, |2 |vg v, |2 /
- (1_p2m)2 1_p2m "'+1_p2m :

(7.7)

2 2
To summarize, the condition s = 1 is equivalent to requiring that WZ_'%
< p? and in this case, 7 is defined by (7.7).

For the second case, when s = 0, let u and ¢t be parameters as defined by
equations (1.7) and (1.8) respectively. Observe that the condition s = 0 is
equivalent to requiring that w > p. Moreover, the parameter ¢ is a solution
of

(m —1)*p*t* — (u® + 2m(m — 1)p*) t + m*p® = 0, (7.8)

and hence, satisfies 0 < ¢t < 1. As before, Theorem 7.1 applied once again

gives
- )\70[1 175[1)\ 1/m
d)l()\) -n (1 —al)\> (1 —O[o)x) ’
/\—Oéj 1—073')\ .
) — a: fi =2,...
¢J(A) a] (1—07])\) <1-6¢0)\> OI'] ’ 7n7
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where a;, o; satisfy the conditions listed in Theorem 7.1. It is immediate
that

#(0) = (—a1a1,. .., —a,a,) and
« _
61(0) = a1 (1 = o) = (G0 — )
(ﬁ;(O) =a; ((1 — |0¢j|2) - Oéj(@o - @j)) forj=2,...,n.
It follows that
—aia1 =p, ag =...=a, =0, and
2 1 - ~ _ _
Ta, (1 —Jag]* = —=(ap — a1)> =01,TA3 = V2, ...,TAp = Up.
m

As a consequence,

Qo = |a1|2m041’ and

L+ [aof® = [ar[*™ (1 + |aa|?) + |az]* + ... + |an|?,

so that
2 2m
(L R P (Lo -1) ], and (7.9)
T laq | m \ay]

4m 2m 2 2

P P 2y _ |ve |vn|
1 — 1 = . 7.10
+ laa |2 Jay 2 (14 leal?) o Tt (7.10)

Writing || = «, the goal now is to solve the equations (7.9) and (7.10) for
a. To achieve this, first eliminate 7 from the above two equations, so that

((m _ 1)a2m — ma2m—2 +p2m)2 m2|’01|2

adm—2 _p2ma2m _ p2ma2m72 +p4m - p2 ("U2|2 + ...+ |Un|2) )

But the right hand side above is exactly the quotient u?/p? and hence,

p? ((m — 1)a2m — ma?m2 +p2m)2 =
u? (aAm2 — p2mgm _ pimo2m=2 | pdm)
The above equality can be rewritten as (refer Example 8.4.7 of [33])
™ —ta®m2 — (1 —t)p*™ =0, or (7.11)

2 2,2 2 2
P7 oo mp® gy (W2 —P?)
-1 28 2m m m — .
(m—1)"5 2 ¢ + (lft)u2p

Further observe that the equation (7.11) is equivalent to
EERT
O = qpama) (p(l —#) 2m,t2) , (7.12)
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where qp(2,,2) denotes the Minkowski functional of
E(2m,2) = {z € C?: [1|*™ + |22|? < 1}, and therefore satisfies

o[> |va|?

=1.

peein
(QE(2m,2)('U17'U2))2 (qE(zm,z)(v1,v2))2

It follows from the formulation (7.12) that the equation (7.11) has a unique
solution « in the open interval (0,1). Once we know « rather explicitly, it
is easy to compute 7 — Indeed, substituting (7.11) into the expression (7.9)
yields

p(m(l—1) + 1) (p>™ — a?m=2)

2m—1|v1|

T =

which, in turn, equals

ma(l — t)|v1]
= h . 1
T P a?) (=8 D) whenever u > p (7.13)

The equations (7.7) and (7.13) together give a comprehensive formula for
the infinitesimal Kobayashi metric of the ellipsoid Ey,,.

We assume that m > 1/2 for the rest of this section. To complete the
proof, it remains to establish smoothness of Kz, . To this end, we first show
that away from the zero section of the tangent bundle of the domain Fs,,,
both expressions (7.7) and (7.13) are C'-smooth in each of the variables
p,V1,-..,0,. While it is straightforward to infer smoothness from (7.7), to
verify the claim for (7.13), the following observation will be needed: The
Kobayashi indicatriz of the complex ellipsoid F(2m,2) at the origin, i.e.,
{(v1,v2) € C* : Kpgamao ((0,0), (v1,v2)) = 1} is given by the equation
|v1]?™ + |v3]? = 1. The indicatrix is evidently C* since m > 1/2. As a
consequence, the Kobayashi metric Kg(2m,2) ((0,0), (v1,v2)) must be a Ct-
function of the variables v; and vy. Equivalently, the Minkowski functional
qE(2m,2) of the domain E(2m,2) (which equals K2, 2) ((0,0), (vi,v2))) is
C1. 1t follows from (7.12) that « is C''-smooth with respect to the parameter
t, which in turn, varies smoothly as a function of p,vy,...,v,. This proves
the claim.

Recall that every point of Es,, is in the orbit of the point (p,0) for
0 < p < 1. Moreover, since the action of the automorphism group of Es,,
is real analytic, to conclude that Kp,  is C!, it suffices to show that the
Kobayashi metric is C'-smooth at the point v = (v1,0) # (0,0) in the
tangent space T(p,O)Egm = C™ with v = p. We will show that for each

- 367 —



G. P. Balakumar, Prachi Mahajan, Kaushal Verma

7=1...,n,

lim 2K ((p,0), (v1,9)) = lim 9K, ((p,0), (v1,9)), and (7.14)

p>u—p  O|vj] p<u—p O|vj|

lim OK by, ((p,0), (v1,9)) = lim MT? ((p,0), (v1,9)) . (7.15)

p—ut 3p p—=u—

When u < p, we have

_ 1/2
m2p2m 2|v1|2 |v2|2 |Un|2 /
(1 _p2m)2 1 _p2m 1 _p2m

Kea, (0.0). (00,8)) = (

from which it follows that

8KE2m mp2m— 1

,0), (v1,9)) = ———, and 7.16
p}hn—lm O|v1] ((p ) (0 U)) 1—p2m an ( )
Kg . m2|vi|? — p?lus)? — ... — p?lu,|? 1/2
2 ((p,0), (v1,9)) = .
p>%¢n—1>p 0|vs] ((p, )’(Ul’v)) ( m2|vy |2

(7.17)

The computation in the second case, 0 < p < u, will involve several steps.
To begin with, it is straightforward to check that

lim t=1 and lim a=1. (7.18)
p<u—p p<u—p

Next, differentiating (7.8) with respect to |vi| gives

o 2u?t
Ol o] (2(m — 1)p* (m(1 = 1) +1) + u?)’

which implies that

ot 2m —1/2
li = vl : 7.19
p<up dvi| (1 —2m)p (oo o o) (7.19)
Differentiating (7.11) with respect to |vi| quickly leads to
Oa ot
2 (ma®™t — (m — D)ta®™3) —— = (a2 - p*™) —. 7.20
( (m = D) By = (0 P e (20

Taking the limit as u tends to p from above in (7.20), and using (7.19), we
get

) Ao m (1 _ p2m)
lim =
p<u—p Ov| (I1=2m)p

—1/2

(Jv2® + ...+ Jon?) (7.21)
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Also, observe that the equations (7.11) and (7.8) are equivalent to

1—t 2m—2 2 (m(1 —t) + )
__« anduz:p(m( ) +1)
1— a2 a2m—2 _pZm t

respectively, so that (7.13) can be rewritten as

R R a2m—1 |’U2|2 |Un‘2 1/2
K, ((9,0), (v1,8)) = —7= — ( T ) . (7.22)
which upon differentiation turns out to be
0Kg, A .
- 70 ) ) =
8|U1| ((p ) (’01 ’U))
(2m —1)a*™= 2 da a?m—1 ot
/2 (@2m=2 — p2m) Jlog|  263/2 (a2m—2 — p2m) vy |
2(m —1a*m*  da 9 oy 1/2
_ 72 (o2m2 — 5o} o] (|vg| + .ot ol ) )
So that
KE2 R . mp2m71
= = — 2
p<usp A|v1 | ((p, 0), (v, 9)) 1 — p2m (7.23)

owing to (7.19), (7.21) and (7.18). The expressions (7.16) and (7.23) together
verify that (7.14) holds for j = 1. Furthermore, a similar computation yields
that

. ot 2p 20,12 2 (2 2 2y1/2
1 = m-|v|? — plugl® — ... —p°lv , and
p<nisp Olva|  (2m — 1)m2|v|? (mfon* = oo Plonl)
da p(1—p*") 20,12 20 |2 2, 12\1/2
li = — — = .
p<iip Ava|  (2m — 1)m?2|v |2 (mfon* = p7os| Plval’)
Consequently, we find that, in agreement with the first case (cf. (7.17))
1/2
Kg, . . m2|vi|? — p?lus|? — ... — p?lu,)?
2 ,0), (vy,0)) = .
p<1uni>p Olva| ((p ), (v )) ( m?|v|?

Finally, an argument similar to the one used above shows that

0K R . . OKg,,
Bam ((p,0), (v1,8)) = lim —7

p<u—p (9‘Uj|

((p,0), (v1,9))

im
pru—p  O|vj]
for each j =3,...,n.
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In the third case, 0 = p < u, the Kobayashi indicatrix of Fs,, at the
origin, defined as

(veC: Kg, ((0,...,0),(vi,...,v)) =1},

is given by the equation |v1]?™ + |v2|> + ... + |v,|? = 1. Since m > 1/2,
the indicatrix is C' which, in turn, implies that the Kobayashi metric
Kg,, ((0,...,0),(v1,...,v,)) is also a C! function of the variable v.

To verify that (7.15) holds, we evaluate the left hand side first. Note
that from (7.7), we obtain

A m|vy |

o Kan (00, (01, 0) = Sy

On differentiating (7.7) with respect to p, we have that

A - OKE,, . A .
2K, ((p,0): (01, 9)) =57 (0. 0), (v1,9))
2m 2m—1 2m—3
= (=g (0 et )

Letting p — «™, and using the above observation, we get

2m2(m — 1
+ ( 2)p2 |U1|2+72 v
(1—p>m) (1—p>m)

mu?m2 (u2m +2m — 1)

(1 —u2m)?

. O0Kg,, A R
tim =5 ((,0), (v1,9)) =

p—ut
Working with the right hand side of (7.15), observe that

Iim t=1and lim a=1.
p—u— p—u—

It follows from the definition of the parameter ¢ that

ot 2p (m(1 —t) + 1)
ap 202 (m—1) (m(1—t) +1) +u?’

which implies that

ot 2
lim — = ————. .24
pi}’trl.l* dp  (2m—1)u (724)

To compute o /Ip, we differentiate both sides of (7.11). After simplification,
we get
ot

(2moz2m71 o 2t(m - 1)0[277173) = (a2m72 7p2m) aip 4 2m(1 o t)pmel’
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so that

da 1 —y?m
li —_— = 7.25
pou- Op  (2m—1)u (7:25)

Using (7.13) to write the derivative of Kpg, with respect to p, it follows,
by virtue of (7.24) and (7.25), that

. 2m—2 2m 2 -1
fim. 22 (5,0), (0, ) = LA 2 )

U1l,
p—u— Bp (]_ _ u2m)2 | 1‘

as required.

0))

To conclude that K, is C', it remains to verify that K, ((p,0), (v1,
7) that

0)
is C1 at p = 0 with respect to the variable p. Firstly, recall from (7.
when u < p,

b

2, 2m—2|, |2 2 2 1/2
5 . mp*" 2| |v2] |vn|
KE2m ((pv O)a (1)1,1))) = ( (1 _p2m)2 + 1 —p2m Tt 1 —np2m ’

so that

m2p2m_2|v1|2 |1)2|2 ‘1} |2 1/2 0K 5
2 . n 2m O
( (1 —p2m)2 1— p2m + + 1 —p2m> ap ((p, ) (v1, ))
QmpZm—l 9 5 2m2(m _ 1)p2m—3 5 4m3p4m—3 )
= 4(1 _p2m)2 (|U2| +...+ |Un| )+ (1 2m)2 | 1| +(1 2m)3| 1| 5
from which it can be derived that
0K «
lim =227 ((p,0), (v1,0)) = 0. (7.26)

u<p—0  Jp

Next, we need to rewrite (7.13) (or, equivalently, (7.22)) so that the alternate
formulation of Kpg,,, ((p,0),(v1,9)) for u > p is well-defined for p = 0. To
this end, formally define

} 1/2
i e 1 - (7.27)
p(lv2]2+ ...+ Jval?)
and
~ p

so that the expression (7.22) for the Kobayashi metric takes the form
1

= 7.29
dt (1 _ p2d2m—2|vl|2m—2) ( )

Kg,,, ((pa 6)7 (vl’ ﬁ)) =
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whenever u > p. Note that, substituting for ¢ in (1.8) gives t as

2 2‘”1|2

a2 (1 5) 52 (el 4t oal?) + ol (a2 44 (1 2 p2 (ool ot o))
(7.30)

Next, write ¢t and a in terms of ¢ and & using (7.27) and (7.28) and plug
in the resulting expressions into the equation (7.12) in place of ¢ and «
respectively. This will show that & is uniquely determined by the following
equation:

(1 2p? (Jva]? + ... + |vn]

2
>> 0122 4 22 (jua2 + .. Jun[?) 62 = 1.

(7.31)
Henceforth, we use equations (7.30) and (7.31) to define ¢ and & respectively.
In particular, when v > p = 0 (i.e,, |v1] > 0), it follows from (7.30) that
t =1, and consequently, (7.31) and (7.29) reduce to

o1 |2 @2™ 4 vg2@% 4 ...+ un 2@ =1, (7.32)
and
1
K., ((0,0,...,0), (v1,02,...,vn)) = ~

respectively for |vi| > 0. Observe that the above formulae are in agreement
with the expression for the Kobayashi metric at the origin given in terms
of the Minkowski functional of Es,, (cf. equations (7.3) and (7.4)). More-
over, (7.29) gives a formula for the Kobayashi metric when u > p, that is
equivalent to (7.22). Furthermore, (7.29) has an advantage over (7.22) that
it defines Kg,,, at p=0.

We now use (7.29) to show that Kpg, ((p7 0), (vl,@)) is C'-smooth at
p = 0 with respect to p. To start with, differentiating (7.30) and (7.31) with
respect to p and letting p tend to 0 gives
i’ ~
lima—:() and lima—a:O,
p—0 Op p—0 Jp

respectively, for |vi| > 0. Moreover, differentiating (7.29) with respect to p,
we see that

9K By,
op
t~((2m _ 1)p2‘vll2m72&2m72 _ 1) g_i + & (p2|v1‘27n72&27n72 _ 1) g_i + 2p£‘U1|2m72&2M71

a2f2 (1 _ p2|01‘2m—20~[2m—2)2

((p,0), (v1,9)) =

)
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and hence

COKp, .
uilfio “op ((p,0), (v1,0)) =0

whenever |v1] > 0. Furthermore, it can be checked that

. 0Kg,, A R
uil;go sz ((p,0), (v1,0)) =0 for |v1] — 0.

This finishes the proof of the theorem.

8. Proof of Theorem 1.7

Suppose that there is a C'-Kobayashi isometry f from D; onto Do
with ¢° € cl¢(p°), the cluster set of p°. Firstly, from the explicit form of
the defining function for Uy N &Dy, it is clear that D, near p° is smooth
pseudoconvex and of finite type with Levi rank exactly (n — 2).

Assume that both p° = 0 and ¢° = 0 and choose a sequence p! =
('0,—4;) € U1ND; on the inner normal approaching the origin. By Theorem
1.5, it readily follows that f extends continuously up to p°. As a consequence,
¢’ = f(p’) converges to ¢ which is a strongly pseudoconvex point in dDs.
The idea is to apply the scaling technique to (D1, Ds, f) as in the proof of
Theorem 1.4. To scale Dy, we only consider dilations

1 1 1
— o -3 -3 -1
A (21,22, ooy Zn—1, 2n) = <5j 2’”21,5j 222,...7(% QZn,l,éj zn)

Note that A7('0,—d;) = ('0,—1) for all j and the domains D] = AJ(D;)
converge in the Hausdorff sense to

Dio ={2€C": 2Rz, + |21 + |22]> + ... + |20 |* < 0},
which is biholomorphic to Fo,;,.

While for D5, we use the composition T90h¢” as in Section 5 - we include
a brief exposition here for completeness: Consider points £/ € 9D, defined
by & = ¢ + (0, €;), for some €; > 0. As before, h&' are the ‘centering maps’
(cf. [47]) corresponding to &7 € D, and TV are the dilations

1 1
_ -3 -3 -1
Tj(wl,’LUQ,...,U)n)— (Gj 2W1y...5€5 2Wp—1,€; ’(Un)

It was shown in [47] that the dilated domains D} = T7 o he (Ds) converge
to
Do = {w € C": 20wy + i1 * + [wa]? + ... + w1 ]* < 0}
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which is the unbounded representation of the unit ball in C"”. Among other
things, the following claim was verified in [53]: For w € Ds o,

dy, (w,) = dfy, _ (w,") (8.1)

uniformly on compact sets of Dj .. As a consequence, the sequence of
Kobayashi metric balls B, (wR) = Bp, . (-, R), and, for large j,

Bp, . (+R) C Bp; (wR+¢), and
Bp; (wR—€) CBp, . (~R). (8.2)

The scaled maps f7 = T7 o h¥" o f o (A7)~! : D! — DJ are isometries
in the Kobayashi metric on DJ and D} and note that f7('0,—1) = (0, —1)
for all j. Exhaust D; o, by an increasing union {K,} of relatively compact
domains, each containing ('0, —1). Fix a pair K; compactly contained in Ky
say, and let w(K) be a neighbourhood of K such that w(K;) C K,. Since
the domains D] converge to Dy , it follows that w(K;) C Ko is relatively
compact in D{ for all j large. Now, to establish that f7 admits a convergent
subsequence, it will suffice to show that f7 restricted to w(K7) is uniformly
bounded and equicontinuous. For each z € K, note that for all j large,

dlz)% (f](z)v (/07 _1)) = dlZ){ (Zv (/07 _1)) < d%lym (Za (/01 _1)) +e

where the last inequality follows from Proposition 3.6. Observe that the
right hand side above is bounded above by a uniform positive constant, say
R > 0. Therefore, by (8.2), it follows that

JI(K2) € By, ((0,-1),R) € Bp, . ((0.-1),R+¢),  (83)

which exactly means that {f7(K3)} is uniformly bounded.

The following observation will be needed to deduce the equicontinu-
ity of f7 restricted to w(K;). For each z € w(Kj), there is a small ball
B(z,r) around z with radius r > 0, which is compactly contained in w(K7).
For R’ > 2R, we intend to apply Lemma 3.5 to the domain D} with the
Kobayashi ball B, (('0,-1), R') as the subdomain D’. Let £ € B(z,r),

then, for f7(2), f7(z) as p and q respectively, and R'/2 as b, it can be
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checked that all the conditions of Lemma 3.5 are satisfied. So that
by (F(2), 1 (2))

tanh (— b, (F1(2), 7(2)

dy, (17(2), 17(2))

tanh (% - 2]?)

dis o1y (F(2), F1(2)) <

(8.4)

X

where the last inequality above is a simple consequence of triangle inequality
and (8.3).

Furthermore, it turns out that for any small neighbourhood W of ¢° €
dDs and for all large j, Bp, _ (('0,—1), R’ +¢€) C T7oh® (W N Ds). On the
other hand, let R > 1 be such that

hfj(WﬂD2) c{weC:|w*+... 4+ |wa1]® + Jw, + R]? < R?}
C{w € C": 2RRwy,) + |wi]* + ... + |wp_1|*> < 0} = Dy =~ B".

Observe that T7 leaves the domain Dy invariant for each j, therefore, we
may conclude that

Bp, .. (("0,=1), R +¢€) C TV o ht' (W N Dy) C Dy ~ B".
Now, using the explicit form of the Kobayashi metric on B", it follows that

1F7(2) = F1(2) S dp, (F7(2), 17(3)) < '}%D2 o1y rre (F1(2), F1(2)) -
(8.5)

While from (8.2), we see that

d%%w(('o,q)ﬂwe) (f7(2), F1(2)) < dlstj((/o,q),Rf) (F7(2),F7(3)) . (86)

2

Finally, we deduce, using the expression for the Kobayashi metric (which
equals the Poincaré metric) on B(z,r), that

d’gg (F(2), F(2)) = 'Z, (2,2) < dp,py(2,2) S|z = 2. (8.7)
so that
1F(2) = P3| S |22

by virtue of (8.5), (8.6), (8.4) and (8.7). Hence, there is a well-defined contin-
uous limit of some subsequence of f7. Denote this limit by f : D100 — D2 cc-
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The proof now divides into two parts. The first part is to show that f is an
isometry between Dy o, and D; o, and the second step is to show that f is
either holomorphic or conjugate holomorphic.

I. f is an isometry

If f were known to be holomorphic, then the maximum principle would
imply that f : D1 oo = D3 o. However, f is known to be just continuous. To
overcome this difficulty, consider {1 C D , the set of all points z € D;
such that f(z) € Dy . Note that f((0,—1)) = ('0,—1) € Dy, and hence
Q1 is non-empty. Also, since f is continuous, it follows that 7 is open in
Dl,oo~

Assertion. — dj, _(p,q) =d}, _ (f(p% f(Q)) for all p,q € Q.

Grant this for now. Then, for s € 9Q; N Dy «, let s/ € ©; such that
s7 — s. Assuming that the assertion holds true, we have that

dh, . (57, (0,~1)) = db, _(F(s"),(0,-1)) (8.8)

for all j. Since s € 901 N D o0, f(sj) converges to a point of 0D3 .
Furthermore, Dj o is complete in the Kobayashi metric, and hence, the
right hand side in (8.8) is unbounded. However, the left hand side remains
bounded again because of completeness of D; . This contradiction shows

that Q1 = Di . In other words, f: Dio — Dao and d]z,l‘oo(p, q) =
dl}h,w (f(p)7 f(q)) for all p,q € Di .

To verify the assertion, recall that dDJ (p,q) = dIB;' (f7(p), f7(q)) for all 5.

The statement d’C ( q) — d, . (p, q) follows from the proof of Proposition

3.6. Hence, it remains to show that the right hand side above converges to
dlszm (f(p), f(q)) To achieve this, note that

[ (F2(0), £ (@) = dip, (F(0). F(@) | < dy, (£ (0). () + i, (F(a). £ (a))

by the triangle inequality. Since f7(p) — f (p) and D% — D3 , it follows
that there is a small ball B(f(p),r) around f(p) which contains f7(p) and

which is contained in D% for all large j, where r > 0 is independent of j.
Thus

dy, (F1(p), F(0)) <17 (0) = F(0)-
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Similarly, it can be checked that d% (~( ), f4(q)) is arbitrarily small. Fur-

thermore, it follows from (8.1) that dk (f( ), f(q ) — db, m(f(p),f(q))
Hence the assertion.

Next, we claim that f is surjective. To see this, consider any point t0 e
8(f(D17oo)) NDs o and let t7 € f(Dq o) satisfying t/ — t0. Pick 7 € Dy
such that f(s/) = #/. Then

b, (('0,-1),87) = db, _(F(('0,~1)), (7).

There are two cases to be considered depending on whether s/ — s € 9D;
or s/ — 5% € Dy o as j — o0o. In case s/ — s, observe that the right hand
side above remains bounded because of the completeness of Dj . But left
hand side is unbounded since D; » is complete in the Kobayashi metric.
This contradiction shows that s/ — s € Dy ., which, in turn, implies that
f(s%) = 9. Now, consider the isometries (f/)~! : D} — DI, Exactly the
same arguments as above show that some subsequence of ( fJ) converges
unlformly on compact sets of D3 o to § : Do oo — Di 0. It follows that
fog= idp, ... In particular, f is surjective and f is a isometry between
D1 o and Dj o in the Kobayashi metric.

II. f is holomorphic or conjugate holomorphic

The proof of the fact that f is a biholomorphic mapping follows exactly
as in [54]. To outline the key ingredients, the first step is to show that f is
differentiable everywhere, which implies that the Kobayashi metric Kp,
is Riemannian. By Theorem 1.6, we know that Kg,  or equivalently that
Kp, . is C'-smooth. Recall that D100 = E3y, and D3 oo = B™. So that f
after composing with appropriate Cayley transforms, leads to a continuous
isometry F between two C'-smooth Riemannian manifolds (Egm7 sz) and
(B",KBn). Applying the Myers-Steenrod theorem repeatedly to F', yields
the desired result.

Once we know that F : B, — B™ is holomorphic, which, additionally,
may be assumed to preserve the origin, it follows that 2m = 2. Indeed, F
is a biholomorphism between two circular domains, FEs,, and B™ such that
F(O) = 0 and is, hence, linear. In particular 2m = 2. Said differently, there
are holomorphic coordinates at p° in which a tiny neighbourhood around
p° can be written as

{z € C": 2Rz, + |21 + |22/* + ... 4+ |20_1|* + higher order terms < O},

which violates the assumption that the Levi rank at p® € 9D, is exactly
n — 2. Alternatively, one can use Theorem 1.4 or results from [5] to arrive
at a contradiction. Hence the theorem. (]
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9. Appendix

The group of all polynomial automorphisms of C™ is usually denoted by
GA,(C) and two special subgroups of GA,,(C) are the affine subgroup

Afn(C)={F € GA,(C) : deg(F) <1}
and the triangular subgroup
BA,(C) =
{F € GA,,(C) : F; =a;zj + H; where a; € C* and H; € Clz1,...,zj_1]}
whose members are also called elementary automorphisms.

The Jung-van der Kulk theorem says that every polynomial automor-
phism in dimension n = 2 can be obtained as a finite composition of affine
and elementary automorphisms; using this fact it can be derived (cf. [22])
that the degree of the inverse &' of a polynomial automorphism of C2 is
the same as the degree of ®. However, these facts are known to be false in
higher dimensions.

The weight of a polynomial automorphism — or more generally a poly-
nomial endomorphism of C™ — is by definition the maximum of the weights
of its components.

Let us assign a weight of 1/2m to the variable z; where m € N, 1/2
to the variables z, for all 2 < a < n — 1 and 1 to the variable z, as in
the introduction and consider the collection &1, = (1 /am,1/2,1), of all weight
preserving polynomial automorphisms of the form

F(z) = (alzl + 01, A("2) + Po(21), anzn + by + Pn(’z)) (9.1)

where "z = (29,...,2n-1), '2 = (21,-.+,2n-1), A is an invertible affine
transform on C"~2, P, is a vector valued polynomial all of whose com-
ponents are polynomials of weight at-most 1/2 and P, is a polynomial of
weight at-most 1 while by,b,, € C and ay,b, € C* = C\ {0}. One may also
note that if m > 1, then any (component wise) weight preserving polyno-
mial automorphism has necessarily got to be of the form (9.1). In general, it
is not true that the degree (resp. weight) of the inverse ® ! of a polynomial
automorphism @, is same as the degree (resp. weight) of ®. However, since
&1, consists of ‘elementary like’ polynomial automorphisms that preserve the
weight of each component, we have that the weights of the components of
the inverse of F' is same as those of F', for each F' € £,. Indeed, note that
the inverse of F' is given by

F~2) = (afl(zl —b1), A7 ("2 =Py (a7 (21 —b1))), a;l(zn—bn—PZL(’z)))

- 378 —



Bounds for invariant distances on pseudoconvex Levi corank one domains and applications

where P/ ('z) = P, (afl(zl —b1), A7 ("2 = Paa; (21 — bl)))) It is easy to
see that F'~! lies in €. Next note that if we pick another G € £, given by

G(2) = (121 + di, B("2) + Q2(21), enzn + dn + Qu('2))

say, then

G(F(2)) = (mm +erby +di, BA("2) + BPy(21) + Qa(arz1 + by),
CnGnZp + cnbn + dn + Qn (0121 + dlv A(//Z) + PQ(Zl)))

which is again in £ /2,n,1/2,1) completing the verification that £ is a group.
In fact noting that &, is in bijection with a product of finitely many copies
of CM\ {0}, CV for some M, N € N and GL,,_»(C) we see that &, is a
non-singular affine algebraic variety; next noting that the composition of
maps in £ when viewed as an operation on the various coefficients here, is
a polynomial operation on these coeflicients and likewise for taking inverses
as well, we conclude that £ is a complex algebraic group. Finally, we note
that the topology on &1, obtained from its identification as mentioned above,
is the same as the topology of uniform convergence on compacts i.e., the
topology of uniform convergence on compacts on &; is the same as the
topology of ‘convergence of the coefficients of the polynomial maps’.

Recall the special reduction procedure for the Taylor expansion of any
given smooth defining function for a piece of Levi corank one hypersurface.
Let ¥ be a smooth pseudoconvex real-hypersurface in C™ of finite type with
the property that the Levi-rank is at-least n — 2 at each of its points. We
assume that the origin lies in ¥ and that the D’ Angelo 1-type of the points
of ¥ is bounded above by some integer 2m. Let r be a smooth defining
function for ¥ with 0r/0z,(z) # 0 for all z in a small neighborhood U in
C™ of X such that the vector fields

L, =0/0z,, Lj =0/0z; +bj(2,2)0/0z,,

where b; = (81‘/62“)7187“/82]-, form a basis of CTMO(U) and satisfy
Lir = 0for 1 < j < n—1 and for each z € U, all eigenvalues of
00r(2)(Ls, Lj)2<i jen—1 are positive.

The main objective of this reduction procedure is to obtain a certain
normal form near ¢ € U in which there are no harmonic monomials of
weight less than one, when weights are taken with respect to the inverses
of the multitype at ¢ € U. Recall that Levi corank one hypersurfaces are h-
extendible/semiregular i.e., their Catlin multitype and D’ Angelo multitype
agree at every point.
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We digress a little here, to recall and introduce the term ‘weakly spheri-
cal’ used in the introduction. First, we recall the notion of weak sphericity of
Barletta — Bedford from [7]: a smooth pseudoconvex hypersurface M C C?
of finite type 2m at p € M can after a change of coordinates centered at
p =0, be defined by a function of the form

k

2Rz + Pam(21,21) + S22 Y Qu(21) + 02m11(21) +02(S22) + (S22) 011 (21)
=1

Here Py,(z1,71) is a non-zero homogeneous subharmonic polynomial of
degree 2m without harmonic terms, the @);’s are homogeneous polynomials
of degree [ and the ¢;’s vanish to order j in z; or Jz». To put it succinctly,
the lowest weight component in the weighted homogeneous expansion of the
defining function with respect to the weight (1,1/2m) given by the type,
is of weight one and of the form 2Rzs + Psy, (21, 21). Now according to [7],
M is weakly spherical at p if Py, (21,21) = |21]*™ = [27"|? — note that a
‘squared norm of a polynomial’ of weight 1/2 in the single variable z1, is
necessarily of the form c|z;|?™ for some positive constant c. We may extend
this notion to higher dimensions for h-extendible/semiregular hypersurfaces
as follows: call a smooth pseudoconvex hypersurface M C C™ which is h-
extendible at a point p € M, to be weakly spherical at p if there is a change of
coordinates that maps p to the origin, in which the lowest weight component
of the weighted homogeneous expansion of the defining function of M about
p € M which we may assume to be the origin, performed with respect to the
weights given by the inverse of the multitype (m,,...,m1) of M at p =0,
is of the form
2Rz, + |PL(2)]2+ ...+ |Pua('2)]?

This when expanded is of the form
2Rz, + cr|z1|™ 4+ eolza| T 4o+ ep—1]2n—1|""? + mixed terms  (9.2)

where the phrase ‘mixed terms’ denotes a sum of weight 1 monomials annihi-
lated by at-least one of the natural quotient maps C['z,'z] — C['z,'z]/(2;Zk)
for 1 < j,k < n—1, 7 # k. It was shown in [5] that if a h-extendible hy-
persurface admits a Lipschitz CR mapping into a strongly pseudoconvex
hypersurface, then the source must be weakly spherical i.e., the fibres of the
mapping must consist only of weakly spherical points. Stated differently,
the local model for the source of our CR-mapping must be the pull-back of
a piece of the sphere OB" via a proper weighted homogeneous polynomial
endomorphism of C".

Now, the mixed terms in (9.2) involving the z,’s for 2 < @ < n—1, must
be of the form z,%Zg where 2 < § < n—1 with 5 # «, since wt(z,) = 1/2. An
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application of the spectral theorem, removes the occurrence of such terms
with « # . The remaining mixed terms must be of the form z,%] where
2<a<s<n—1and 1< j<m and constitutes the polynomial

n—1 m

> D R(b5F ),
a=2j=1
say. Then an application of the change of variables given by
W1 = 21, Wn = 2n

Wo =24 — P(z1) for2<a<n—1

m .

where P(z1) = . b;*z{, removes the occurrence of such terms as well and
j=1

the transformed defining function when expanded about p = 0 reads

2Rz, + |21\2m + |22|2 + ...+ |zn_1|2 + R(z,2)

with the error function R(z,Z) — 0 faster than atleast one of the monomials
of weight 1. The domain D; in the hypothesis of theorem 1.7 has its defining
function about a boundary point p in the above form; we shall say that p is
weakly spherical if the integer m > 1.

Getting back from this digression about weakly spherical Levi corank one
hypersurfaces, to the afore-mentioned reduction procedure for arbitrary Levi
corank one hypersurfaces, we recall that it can be split up into five simpler
steps — for ¢ € U, the map ®¢ = ¢5 0 ¢4 0 ¢h3 0 b3 0 ¢ where each ¢; is
described below.

The first step is to normalize the linear part of the Taylor series as in
(1.2). Recall that this was done via the affine map ¢; given by

n—1
D11,z = (210= G2 = Guons (20 = Go = DB (2 = ) (06) ™)
j=1

= (zl — (1o Znm1 — Gu—1, (V(€), 2 — Q)

where the coefficients b$, = (9r/0z,(¢ ))_1 and bjc- are clearly smooth func-
tions of ¢ on U. Therefore, ¢, translates ¢ to the origin and

(7 (2)) = r(¢) + 2Rz, + terms of higher order.
where the constant term disappears when ¢ € X.
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Now, since the Levi form restricted to the subspace
L, =spancn (Lo, ..., Ly_1)

of T C(l’o)(a(z) is positive definite, we may diagonalize it via a unitary trans-
form ¢- and a dilation ¢3 will then ensure that the Hermitian — quadratic
part involving only 2, 23,...,2,_2 in the Taylor expansion of r is |zq|? +
|32+ ...+ |2n—2|%. The entries of the matrix that represents the composite
of the last two linear transformations are smooth functions of { and in the

new coordinates still denoted by z1,...z,, the defining function is in the
form
n—1 m n—1
r(z) =r(¢) + 2Rz, + Z 223‘% ((a§ 2+ by Zl)za + 2§RZCQ
a=2j=1 a=2
> auAE o+ Z zal? + z S 2R (bl hz)
2<j+k<2m a= 2]+k<m
7,k>0

+ O(lznllz] + 2 *[2] + |2ellea| ™1 + [ P (9.3)

This still does not reduce the quadratic component of the Taylor series as
far as we can; more can be done: the pluriharmonic terms of weights up to 1
here i.e., 22 as also 2§, 2§ 2¥2,, 2F%, can all be removed by absorbing them

into the normal variable z,, by the following standard change of coordinates
¢4 given by

Zj:tj (1 j n—l)

Zn =ty — (tla .- )
where
n—1 m n—1
Q1 (ty,. .. Z aroth — Z Z aftoth — Z Cat?
a=2 k=1 a=2

with coefficients that are smooth functions of (. Even with this, we may still
have quadratic (degree 2) terms involving z, remaining in the expansion.
We do not care to remove them, as they are of weight > 1.

The final step removes all other harmonic monomials of weight up to
one remaining in (9.3), rewritten in the ¢-coordinates, which are of the form
t]to by applying the transform ¢5 given by

1 = wy, ln = wnp,
to =we —Q5(w1) 2<a<<n-1)
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where
m
Q3 (w1) § : g

with coeflicients smooth in ¢, as before (since all these coefficients are simply
the derivatives of some order of the smooth defining function r evaluated

at ¢).

We then have that the composite ®¢ of these various simplifying maps
is as given in (1.4) and the normal form for the Taylor expansion is as given
in (1.3). Further, ®° belongs to the group &, for each fixed ¢ € U. Let Q¢
denote the biholomorphically distorted polydisc Q(¢, €(¢)), which is also the
ball of radius €(¢) about ¢ in the pseudo-distance d defined at (1.6). Then
in particular we now have that, the collection {Q¢, ®¢}, where ( varies over
points in the one sided tubular neighbourhood U~ the pseudocovex side of
Y (in our particular setting it is UND) forms an atlas of special charts, giving
U~ the structure of a £y-manifold i.e., the associated transition maps lie in
the complex Lie group £, the group of weight preserving, elementary-like,
weight one polynomial automorphisms described above. Alternately, we may
cover the tubular neighbourhood U with the atlas of charts {Q((, 6.), ®¢}
which gives U itself the structure of an £y, manifold. It is the former atlas
which is of interest to us.

We need to compute the inverse W, = (®¢)~! in the last subsection of
Section 2. Let

(wr, - wa) = (2) = (21=C1, Ge(E-0)—Qa(z1—Cr), ((C), =)= @Qu (2='0)

(9.4)
where Q5 : C — C" 2 is a polynomial map whose components are the
polynomials Q% as above. Now, we find out the components of W, the first
component of which is

n=w+G (9.5)
Next, @ = G¢ (2 — ) — Qa(z1 — (1) ie., Ge(2 — ¢) = @ — Qa(w) so that
= He(+ Qa(wn)) +¢ (9.6)
and finally
wn = (v((),2 = ¢) — Q1('z = 'C)

/02O o — G) + 3 0/025(C) (25 — &) — Qa2 =€)
j=1
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Now note that 2—6 = HQ (IZH-QQ(UM)) So Ql(zl—cl, 2—5) = Q1 (wl, Hc(ﬁ)-i-
Q2(w1))) and subsequently,
Wp = ar/azn( ( —Cp — Z b Cj - b (Zl Cl))

— Q1 (w1, He (w0 + Q2(w1)))
= (08)7" (20 = G = (4,2 = O = bwr ) — Qu (wr, He(@ + Qa(wn)))

and subsequently,
bSw, = (zn — G — (08,2 =) — bgwl) — 050, (w1, He (0 + Qa(w1)))
giving finally that the last component of z = ¥¢(w) is of the form
2n = bSwy + G+ (08,2 = O) + bwr + b5,Q1 (wr, He (0 + Q2(w1))). (9.7)
which we shall also write more shortly as
2z = bSwy, 4+ 05,Q1 (W) + ¢,

where for some slight convenience in the section where it is used, we take
Q@1 to be of the form

Qu('w) = (1) (5%, H (+Qalwn))+bws ) + Q1 (wr, He (+ Qa(w1) ).

with Q1 and @2 are the same very polynomials occurring in the expression
for ®¢ as in (9.4). Now, altogether, equations (9.5), (9.6) and (9.7) give the
expressions for the various components that constitute the mapping ¥.(w).
A straightforward computation shows that the derivative of the map ®¢(2)
in standard co-ordinates, is represented by the matrix

1 0 --- 0 0
— 922 (2 — (1) 0
D3¢ (z)= : G :
~2% (21— (1) 0
5“—;(@ %8;( R e (SR C RO B = (9]
(9.8)
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so that in particular, the mapping occurring in the definition of the M-
metric namely,

D*(2)(X) = (Xl,GZ(X),zn:ar/azj(z)Xj) = (X1.G=(%), (v(2), X))

which of course is linear for each fixed z but also is weighted homogeneous
in the variables z; through z,_1, with respect to the weights that we have
assigned to the variables z1, ..., z,, as well. The above expression is needed
in section 3. We notice in passing that D®¢ for each fixed ¢ € U belongs
to the linear Lie group £L,, = &, N GL,(C) and gives the tangent bundle
of the £r-manifold mentioned above, the structure of a fibre bundle with
structure group £L,.

Next, we record the derivative of the inverse map ¥, needed in the last
sub-section of section 2.

1 0 0 0

() s 292 (w) 0

DU (w) = : H .
(H) o 222 (w) 0

bS0Q1 /w1 (w)  b0Q1/Ows('w) ... b50Q1 /Own_1('w) bS
(9.9)

where we index the rows and columns of the square matrix H; = GEI of
order n—2 by the integers 2,...,n—1 and denote its rows herein by (H¢)g,, -
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