ANNALES

DE LA FACULTE
DES SCIENCES

Mathématiques

PAUL CHLEBOUN,
ALESSANDRA FAGGIONATO AND FABIO MARTINELLI

Mixing time and local exponential ergodicity of the East-like process in 7.¢

Tome XXIV, n°4 (2015), p. 717-743.
<http://afst.cedram.org/item?id=AFST_2015_6_24_4_717_0>

© Université Paul Sabatier, Toulouse, 2015, tous droits réservés.

L’acces aux articles de la revue « Annales de la faculté des sci-
ences de Toulouse Mathématiques » (http://afst.cedram.org/), implique
I’accord avec les conditions générales d’utilisation (http://afst.cedram.
org/legal /). Toute reproduction en tout ou partie de cet article sous quelque
forme que ce soit pour tout usage autre que I’utilisation a fin strictement
personnelle du copiste est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/



http://afst.cedram.org/item?id=AFST_2015_6_24_4_717_0
http://afst.cedram.org/
http://afst.cedram.org/legal/
http://afst.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Annales de la Faculté des Sciences de Toulouse Vol. XXIV, n° 4, 2015
pp. 717-743

Mixing time and local exponential ergodicity
of the East-like process in 74

P. CuLeBOUN) | A, FacGIONATO®) | F. MARTINELLI®)

RESUME. — Le processus East est une chaine linéaire de spins réversible
et bien connue, qui représente le prototype d’une classe générale de syste-
mes de particules en interaction avec des contraintes modélisant des dy-
namiques vitreuses réelles. Dans ce papier, nous considérons une générali-
sation d-dimensionnelle du processus East et nous obtenons de nouveaux
comportements hors équilibre. Bien que la convergence a ’équilibre réversi-
ble ne puisse pas avoir lieu en norme uniforme, de par la présence de con-
figurations bloquantes, nous prouvons une ergodicité exponentielle locale
pour les distributions initiales différentes de la probabilité stationnaire.
Nous établissons également la croissance linéaire en la taille de la boite
du temps de mélange dans une boite finie.

ABSTRACT. — The East process, a well known reversible linear chain of
spins, represents the prototype of a general class of interacting particle sys-
tems with constraints modeling the dynamics of real glasses. In this paper
we consider a generalization of the East process living in the d-dimensional
lattice and we establish new progresses on the out-of-equilibrium behav-
ior. Despite the fact that convergence to the stationary reversible measure
in the uniform norm cannot hold because of the presence of blocked con-
figurations, we prove a form of (local) exponential ergodicity when the
initial distribution is different from the stationary one. We also establish
that the mixing time in a finite box grows linearly in the side of the box.
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1. Introduction

Kinetically constrained spin models (KCMs) are interacting 0-1 particle
systems, on general graphs, which evolve with a simple Glauber dynamics
described as follows. At every site x the system tries to update the occu-
pancy variable (or spin) at z to the value 1 or 0 with probability p and
g = 1 — p', respectively. However the update at z is accepted only if the
current local configuration satisfies a certain constraint, hence the models
are “kinetically constrained”. It is always assumed that the constraint at site
x does not depend on the spin at z and therefore the product Bernoulli(p)
probability measure 7 is the reversible measure. Constraints may require,
for example, that a certain number of the neighbouring spins are in state
0, or more restrictively, that certain preassigned neighbouring spins are in
state 0 (e.g. the children of x when the underlying graph is a rooted tree).

The main interest in the physical literature for KCMs (see e.g. [25, 33] for
areview) stems from the fact that they display many key dynamical features
of real glassy materials: ergodicity breaking transition at some critical value
qc, huge relaxation time for ¢ close to g., dynamic heterogeneity (i.e. non-
trivial spatio-temporal fluctuations of the local relaxation to equilibrium)
and aging, just to mention a few. Mathematically, despite their simple def-
inition, KCMs pose very challenging and interesting problems because of
the hardness of the constraints, with ramifications in bootstrap percolation
problems [37], combinatorics [14, 38], coalescence processes [18, 19] and
random walks on upper triangular matrices [32]. Remarkably, some of the
mathematical tools developed for the analysis of the relaxation process of
KCMs [7] have proved to be quite powerful also in other contexts such as
card shuffling problems [3] and random evolution of surfaces [9].

Among the KCMs, the most studied model is the Fast process, a one-
dimensional spin system that was introduced in the physics literature by
Jackle and Eisinger [26] (cf. also [35, 36] and [17] for a recent mathematical
review). In this case the base graph is Z (or finite connected subsets of it)
and the constraint at « € Z requires that the vertex x — 1 is empty (i.e. its
associated spin is 0).

It is the properties of the East process before and towards reaching
equilibrium which are of interest, with the standard gauges for the speed
of convergence to stationarity given by the relaxation time Ty (= inverse
spectral-gap) and the total-variation mixing time Ty, on a finite interval
A={0,...,L} (cf. e.g. [29]), where we fix n(0) = 0 for ergodicity.

(1) In the physical applications g =~ e~ at low temperature, where 8 is the inverse-
temperature and c is a constant.

- 718 -



Mixing time and local ergodicity of the East-like process in Z¢<

That Tre = O(1)? in L for any ¢ small enough was first proved in [2]
and, later on, for all ¢ € (0,1] in [7] by different methods. Subsequently
the analysis of the relaxation time in the physical relevant setting ¢ \, 0
(corresponding to the low temperature limit) was developed to a high level
of precision in [10, 11] where the relevant questions of dynamical hetero-
geneities and time scale separation have been rigorously settled. The fact
that the relaxation time is O(1) in L implies, in particular, that Tiix ~ L
(cf. Theorem 5.1). It is then natural to ask whether the finite volume East
process exhibits the cutoff phenomenon (coined by Aldous and Diaconis [1];
see also [2, 15, 16] and the references therein): over a negligible period of
time (the cutoff window) the distance from equilibrium drops from near 1 to
near 0. As easily seen, the cutoff problem is strongly linked to the following
front progression problem for the East process. For a initial configuration
n with sup{z : n(xz) = 0} < oo, call this rightmost 0 its front and denote
by X (n) its position. At any later time the process starting from n will also
have a front X (n;) and the key step to prove cutoff is a detailed analysis
of the asymptotic law of X (1) as ¢ — oo. In [4] a kind of shape theorem
was proved: as t — oo the law of the process behind the front converges
to an invariant measure v and %X (1) — Voo in probability for a suitable
constant v, > 0. As a consequence Tinix ~ L/vs. To prove cutoff one has
to go beyond the law of large numbers and to control the fluctuations of
the front around the mean value voot. In [21] it was proved that the latters
obey a CLT, and cutoff with the optimal window ~ /L follows.

In several interesting contributions (cf. [22, 23, 24, 28] and references
therein) a natural generalization of the East dynamics to higher dimensions
d > 1, in the sequel referred to as the Fast-like process, appears to play a
key role in realistic models of glass formers. In d = 2 the East-like process
evolves similarly to the East process but now the kinetic constraint requires
that the South or West neighbor of the updating vertex contains at least
one vacancy (i.e. a zero spin). In general n(x) can flip if n(x —e) = 0 for
some e in the canonical basis of Z9.

In [12, 13] the authors thoroughly analyzed the East-like process with
emphasis on its low temperature (small ¢) behavior. Among the main results
it was proved that the process on Z? is ergodic with a finite relaxation
time T,e1(Z%) and that, as ¢ N\, 0, Tre(Z%) < Trel(Z)l/d, correcting in this
way some heuristic conjectures which appeared in the physical literature.
In finite volume with ergodic boundary conditions (see Section 2.2 below)
the asymptotics of the relaxation time as g N\, 0 was also computed quite
precisely and it was shown to depend very strongly on the choice of the

O(g) means that there exists a constant C' > 0 such that

g(g) < g=0(f)

(2) We recall that f
- =719 -

/1 < Clg| and that f
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boundary conditions. Finally the asymptotics as g N\, 0 of the persistence
times (see Section 4.3 below) was also established but only up to a spatial
scale O(1/¢/?).

Other natural questions concerning the out-of-equilibrium behavior of
the East-like process, for example the convergence as t — oo of the particle
density to the equilibrium value p for a general class of initial laws or the
asymptotics as L — oo of the mixing time Ty« in a box of side L, remained
open.

A main difficulty posed by the above questions for KCMs is that the
presence of blocked configurations (i.e. configurations which violate all the
constraints) prevent the infinite system to have a finite logarithmic Sobolev
constant. In particular the (local) convergence to the reversible measure in
the uniform norm || - ||oo does not hold and the standard strategy (see e.g.
[34]) to prove local exponential decay to equilibrium via the hypercontrac-
tivity property cannot be used. Thus, answering the above two questions for
KCMs (concerning the convergence of the particle density and the mixing
time in a finite box) is, in general, a very difficult task and few results are
available [5, 6, 8, 21].

In this paper we develop a new technique which allows us to prove a form
of local exponential ergodicity for the East-like process in Z? (cf. Theorem
4.3) with a stretched exponential decay. As a consequence we derive, in
particular, convergence of the time dependent particle density (cf. Corollary
4.5). The local exponential ergodicity (with a pure exponential decay) has
been already established for d = 1 (cf. [5]) using special features of the
one dimensional East process which do not hold in higher dimensions (cf.
Remark 4.4).

Finally, the main ideas entering in the proof of the local exponential
ergodicity, combined with the key results from Section 3, also prove an
exponential tail for the law of the persistence time of the spin at a given
vertex (cf. Theorem 4.7). Such a bound is the main input for our last main
result, namely that the mixing time in a finite box grows linearly in the
side of the box (cf. Theorem 5.1). As a consequence the East-like process
provides an example of a dynamics for which the relaxation time, the mixing
time and the entropic relaxation time (inverse of the logarithmic Sobolev
constant) lie on three different time scales of order 1, L, L% respectively (cf.
Remark 5.2).
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2. The Model

2.1. Notation

For any x = (21, ...,24) € Z¢ we denote its £!-norm by ||z|/; = Z?Zl ||
For any z € Z¢ we define the positive quadrant Zg’ L at z as the set
{yeZ?: y; > 2, i=1,...,d}. When z is the orgin we will simply write
Z4. We will also let Ziﬁ £ 7% .\ {z} and Zii 2{yezi:ze Zﬁm}' The
interpretation of these two sets is as follows: Zﬁ,T is the set of vertices other
than x which are influenced by the spin at z, while Zi’ | are those vertices
other than x which influence the spin at x.

We denote by B = {ey,ea,...,e4} the canonical basis of Z¢ and, given
a set X C Z%, we define its East-boundary?® by

OpX 2 {yezi\ X : y+e; € X for some ¢;}.

Given A C Z?, we will denote by 2, the product space {0,1}* endowed
with the product topology. If A = Z¢ we simply write Q. In the sequel we
will refer to the vertices of A where a given configuration n € Q4 is equal
to one (zero) as the particles (vacancies) of n. If V'C A and n € Q, we will
write n[y for the restriction of n to V. In particular we will simply write
nly = 1 to mean that n(x) = 1 for all x € V. Finally, for any A C Z%, a
configuration o € Qp, 4 will be referred to as a boundary condition.

2.2. Finite volume process and boundary conditions

Given a region A C Z? and a configuration o € Qg,_ 5, we define the
constraint at site x € A with boundary condition o, in the sequel denoted
by ¢)7(n), as the indicator function of the event in Q4 that there exists
e € B such that (o-n)(z —e) =0, where 01 € Qaug,a is the configuration
equal to 0 on dgA and n on A. Then the East-like process with parameter
q € (0,1) and boundary condition ¢ is the continuous time Markov chain
with state space 24 and infinitesimal generator

L) =Y e () n(@)g+ (1 —n(@)p] - [f(n") = f(n)]

zeEA

= e m)[m(f) = fl), (2.1)

zeA

(3) The label “East” is inherited from the one dimensional case and is there only for
historical reasons.
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where p = 1 — ¢, n* is the configuration in {24 obtained from 7 by flipping
its value at x, and 7, is the Bernoulli(p) probability measure on the spin at
x.

We call the boundary condition o ergodic if the process given by (2.1)
is ergodic. For example if A = H?Zl[ai,bi] then a boundary condition o
is ergodic if and only if o(a —e) = 0 for some e € B. If ¢ is such that
by removing some single vacancy in ¢ one obtains a non-ergodic boundary
condition then o is said to be minimal. On the other hand if o is identically

equal to zero we call it a maximal boundary condition.

Since the local constraint ¢+ (n) does not depend on 7(z), it is simple to
check that the East-like process is reversible w.r.t. the product Bernoulli(p)
probability measure wp = erA 7, on p.

In what follows we will adopt the following convention:

e We will write 7 instead of mp whenever no confusion can arise.

e Our results will be uniform in the choice of the ergodic boundary
condition o, hence the superscript ¢ will be usually omitted.

e We will write P (-) and EZ(-) for the law and the associated expec-
tation of the process with initial condition 1 and boundary condition
0. The only exception is when A = Zi and the boundary condition
o is minimal, i.e. o(—e) = 0 for some e € B and o(z) = 1 otherwise.
In that case we will write P*"(-) and EJ'™(-).

e The dependence on p of the various constants will be omitted.

2.3. The infinite volume East-like process

We also define the East-like process on the entire lattice Z¢ as follows. Let
cz(n) = 1(Je € B such that n(x — e) = 0), be the constraint at z*. Then
the Bast-like process on Z% is the continuous time Markov process with
state space {2, with reversible measure given by the product Bernoulli(p)
probability measure 7 = [] .7« 7, and infinitesimal generator £ whose
action on functions depending on finitely many spins is given by

Lfn) =" caln) n(x)g+ 1 —n@)p] - [f(n®) - f()]
YA
=D am[m(f) - flm). (2.2)
YA

(4) We will adopt the notation 1(A) for the indicator of the event A
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We will denote by PP, (-) and E,(-) the law and the associated expectation of
the process started from 7). In general, if the law of the initial configuration
is v, we will write P, (-), E, (")

2.4. Spectral Gap

In the sequel, the spectral gap of a reversible Markov generator A will
be denoted by gap(A). It is defined as the infimum over all non-constant
functions f in the domain of A of the ratio between the Dirichlet form of
f and its variance w.r.t. the reversible probability measure. In the finite
dimensional case, if A is irreducible then gap(A) > 0. A positive spectral
gap implies, in particular, that the reversible measure is mixing for the
semigroup generated by A and that the variance contracts exponentially
fast:

Var(e!Af) < e 2822 Mvar(f), Vfe L2 (2.3)

We now recall some properties of the spectral gap for the East-like process
which will be important in the following (for more details see [12, 13]). The
infinite volume East-like process has a positive spectral gap for all p € (0, 1).
If A C Z% then gap(L£g) is bounded from below by a positive constant
uniformly in choice of the boundary condition ¢ among the ergodic ones.
Moreover the spectral gap satisfies the following monotonicity property. Let
A =TT, [1,4] and A = [T, [1,£)] with ¢; < £, for any i and let o,0” be
boundary conditions for A, A’ respectively, such that o(x) < o'(z) for any
x € dgA. Then gap(L3,) < gap(LZ) (cf. [12, Lemma 3.1]).

2.5. Graphical construction

We recall a graphical construction of the East-like process on Z¢, which
will be very useful in the sequel. A similar construction, with slight mod-
ifications, holds also in the finite volume case. To each = € Z¢, we as-
sociate a rate one Poisson process and, independently, a family of inde-
pendent Bernoulli(p) random variables {s,, : £ € N} (N := {0,1,...}).
The occurrences of the Poisson process associated to x will be denoted
by {tz¢ : £ € N}, labelled in increasing order. We assume independence
as x varies in Z%. Sometimes in the sequel we will refer to the collection
{te,0, Sz} een as the clock rings and coin tosses associated to the vertex x.
We write (©,P) for the probability space on which the above objects are de-
fined. Notice that, P-almost surely, all the occurrences {t,,: { € N, x € Z¢}
are different (this property will be often used below without further men-
tion).

- 723 -
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Given a probability measure v on {2 we consider the product probability
measure P, £ v ® P on the product space Q ® ©. Then on (? ® ©,P,)
we can define a cadlag Markov process (n:); > o which is exactly the East-
like process on Z¢ given by (2.2) with initial distribution v, as follows. The
initial configuration 7y associated to the element (n,9) € Q ® © is given by
n. At each time ¢ = t, ¢(9) the site x queries the state of its own constraint
¢z (mi—). If and only if the constraint is satisfied (i.e. ¢z (m—) = 1), then
t is called a legal ring and the configuration 7; is obtained from 7;_ by
resetting its value at site x to the value of the corresponding Bernoulli
variable s, ¢(?). Using the Harris’s percolation argument [27] the above
definition is well posed for P, a.e. (n,9). When v = §,, we simply write P,
instead of P,,°.

Finally, for A C Z¢ and t > 0, we let Fa (Fa,) be the o-algebra gen-
erated by all clock rings and coin tosses associated to vertices in A (all the
clock rings and coin tosses up to time t).

3. Local stationarity

In this section we prove two results showing a kind of local stationarity of
the reversible measure 7. In the first case the region where we want to prove
stationarity of 7 is a non-random subset A of Z%. In the second case the set
A will be random and determined by the dynamics itself in the graphical
construction (the definition uses clock rings and coin tosses).

PROPOSITION 3.1. — Let A be a finite subset of Z* and assume that
the initial distribution v of the East-like process in Z.% is the product of its
marginals on Qp, Qpe and that the marginal on Qp coincides with w. Then,
for anyt >0 and any o € Qy,

Pu(elp = 0| Fae) =Pu(nly = ‘7|]:A“,t) =7(0).

Proof. — The first equality follows immediately from the graphical construc-
tion and we will therefore focus on the second one. Let * € A be such that
Zg*,T NA=0,let A* 2 A\ {z*} and let F} £ Fya\ (44}, Clearly such a
vertex always exists. Then

P, (n: A=0 ‘ ]:Ac,t):/dy(n)En (]1(771& A :UrA*)Pn(nt(x*):U(x*) | ]:t*) |]:A“,t)

= [avnE, (1mlr =o1r) 3 7la(a") =€)y (mla") =o(a") | 77) | Faes).

£e{o0,1}

(5) Although we have defined an P, also for the law of the East-like process, it will be
clear from the context when the notation is referred to the above graphical construction.
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where the notation P, ¢(-) indicates that the initial configuration is equal
to n outside x* and equal to & at z*. Above we used the definition of x*
to guarantee that, once the initial condition 7 is given, the event {n;[,. =
o[-} is measurable w.r.t. F; . Also, by the same reason, the event does not
depend on the value n(z*). Finally, we have used the assumption on v to
perform a partial average over the initial value of n(z*).

We now claim that
> wn(@) = OPye(m(z*) = o(a®) | Fy) = w(o(z")).
£e{0,1}

To prove the claim we condition on the event 4; that there has been at
least one legal ring at x* before time t. Notice that also A; does not depend
on the initial value n(z*). Thus

Y wn@*) = OPye(m(a™) = o(a™) | F)

£e{0,1}
= > wn(") = OPye(m(z") = o(a") | A, F7 )Py (Ar | Ff)
£e{0,1}
+ ) w(a”) = OPpe(m(z™) = o(a®) | Af, Fi )Py (AF | F7)
£e{0,1}

We now observe that, for any 7,
(1) Ppelm(z™) =o(z") | A, Ff) = m(o(z7)),

because in this case n;(z*) takes the value of the last coin toss at a* before
t, and

(i) D wn(") = Opelm(a®) = o(a”)| A7 F7) = w(o(a”)),
¢ef{o,1}
because n:(x*) = £ on the event A§. Hence the claim.
In conclusion

Py(nila = 0 Fac) = Pu(nilae = olp [Fac) m(o(z7))
= Pu(melae = olpe [Faeyer) m(o(@”)).

Since 7 is a product measure, the term P, (1:[5« = 0[5« | F(a=)¢) has the
required form on the reduced set A* and the proof follows by iteration. [

Remark 3.2. — In the sequel we will use the above proposition but only
in the special case in which the set A has empty intersection with Zi i for
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any « € dpA (e.g. A is given by a box, Z9 or some Z{ .). In this case, under
the same assumptions of Proposition 3.1, the dynamics in 0g A never queries
the state of the dynamics in A. Moreover, calling t; < t3 < --- < t,, the times
at which a spin of dgA flips in the time window [0,¢] and setting ¢ty = 0,
tnty1 =t, for any i =0,1,...,n in the time interval [t;,;11) the projection
on A of the East-like process equals a.s. the East-like process on A with
fixed boundary condition 7, [, o. In particular in this case Proposition 3.1
follows immediately from the stationarity of 7 for the East—like process on
A with fixed boundary condition.

We now extend Proposition 3.1 to a case in which the set A is itself
random. Given a realization of the clock rings and coin tosses at all vertices
and an initial configuration 7 such that n(0) = 0, let 7o = 0,2(®) = 0 and
define

Tpe1 = inf{s > 75 : at time s there is a legal ring at z(*)}
2 = min{z € 9p{zW}: n_ (2) =0},

k+1

where the minimum is taken w.r.t. the lexicographic order. Notice that
n:(2®)) = 0 for any k, t € [1g, Thr1) a.s. We will refer to this special vacancy
as the distinguished zero (cf. [2] and [17] for an analogous definition for the
one dimensional East process).

DEFINITION 3.3. — We define the trace of the distinguished zero up to

time t as the set
r, 2 {z(o),z(l), . ,Z(Nt_l)} ,

where Ny 2 max{k >0 : 7, <t} and we use the convention that Ty = 0 if

Ny =0.

The above definition is well posed P,,—a.s. since limy o 7% = +00 P;—a.s.
Let also Qél) be the o-algebra containing all information “below” the origin

and the clock rings at the origin, up to the first legal ring 71. Formally gé” is
defined as follows. Given s > 0, let H, be the smallest o—algebra generated
by fzg i and all the clock rings at the origin up to time s:

H = ]:Zgws\/d(to)g:KEN, toe < S).

Note that 71 is a stopping time w.r.t. the filtration (Hs)s > o, i-e. the event

{m1 < s} belongs to H for any s > 0. Then we define gél) as the o—algebra
H,, given by the events F such that FN{r < s} € H, for any s > 0. Note

that the event {z(l) = z} belongs to gél).
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The above construction is of course valid for any initial vacancy of the
initial configuration 7. If the distinguished zero is initially at x then we will

write Ny ¢, Tty Har and gV,

We will now construct recursively the o-algebras Qg(ﬁn), x € 7% We first
need the following definition.

DEFINITION 3.4 (Time shift in ©). — Given u > 0 together with w =
{ty.> 8y, yeze jen € O, let

A
euw - {tyvj"l‘uy,u —u, S:‘hj"l‘”y,u}yeZdJEN’

where vy, £ min{j : t,; > u} (recall that N={0,1,...}). In other words
the first ring and coin toss at y for 8,w are the first ring and coin toss at y
after u and so on.

We then define recursively the family {gg(c”)}nﬂ as follows. G is the
o-algebra generated by all events of the form

i — g {2(1) =2yN{b,we F(n_l)}, 2 € Op{a), (3.1)
where E® e ¢V and F(n-1 ¢ gV,

We are finally ready to state our main result on the law of 7 [, .

PROPOSITION 3.5. — For alln > 1, alln such that n(0) = 0 and allt > 0

the conditional distribution of n:[p, given Qén) and {N; = n} coincides with
the reversible measure m.

Proof. —Fixn > 1, 0 = (0¢,...,0n-1) € {0,1}"™ and z € 9g{0}. Let also
F) ¢ gé"). We must prove that®

P, (N; = n; ™ I, = 0) = 7(0)P,(N; = n; F™). (3.2)

Above, the event {n;[r, = o} has to be thought of as {n:(z%)) = o3, VEk =

0,1,...,n — 1}. By the definition of gé”) it is enough to consider events
F™ as in (3.1) with 2 = 0. We will exploit (3.1) and use induction. Let 7,
be the configuration in Z¢ \ {0} equal to 7,, at all vertices different from
the origin. Let also P () be the law of the East-like process with initial
condition equal to 7, outside the origin and sampled from 7 at the origin.
The strong Markov property” w.r.t. the Markov time 7; together with (3.1)

(6) We write P(A; B) instead of (A N B) for shortness.
(7) Here we appeal to the strong Markov property of the underlying Poisson point
process given by the clock rings.
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imply that
P,(N; =n; F™5 gy lp, = 0)
~E, []l(E(l) N {0 = 2)1(n < t) x (3.3)

Pﬁrl , (Nz,t—ﬁ =n—1 F(nil); M—mry eryt_Tl = 0'/; Mt—7y (O) = UO>:|7

where ¢/ = (01,...,0,-1) and we adopt the convention that the event
{m—r lp., ., =o'} is the sure event if I'. -, =10.

Given s > 0 and using Proposition 3.1 we get

Piy o (Now == 1 FO7D5 1 = o' ,(0) = o)

= Egp o [ LN = 0= DUFC DU lr_, = 0Py, = (15(0) = 00| Froye)]

z,8

= W(Uo)Pﬁnm(Nm =n—1; F*~U; Nslr. ., = a). (3.4)
If we now apply (3.4) to (3.3) we get
]Pn(/\/t =n; F(n)§ ntfrt =0)
=n(o0)E, |L(EW N {zV =2 P1(r, < t)
Piy Moy == 1 FO s le =o))] (35

and (3.2) follows for n = 1. If n > 2 and we inductively assume (3.2) for
n — 1 to write

I[D"A]‘rl )W(Nz,thl =n— 1; F(TL—I); 77t—7—1 er,tiTl
= W(U/)Pﬁ-rl,ﬂ'('/\/’z,tf‘rl =n — 1; F(Tl—l)) .

= g'/)

In particular, from (3.5) we get that
Py(N; = n; ™5 milp, = o)

=7(0)E, [H(E(l) N{zM = 2H1(n < O, a (N, =1 — 1 F(n—1))}
= W(U)Pn (-A/t =n,; F(n)) ,

i.e. (3.2) for n. O
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4. Out-of-equilibrium results

In this section we begin by proving two results (cf. Lemma 4.1 and
Corollary 4.2 below) showing that, given an initial vacancy at a site x, then
at any given later time ¢ > 0 it is very likely to find a vacancy in Zg’ Uiz}
close to x. These results will be the keystone for the main outcome of this
section (cf. Theorem 4.3), namely the fact that an initial vacancy is able
to generate a wave of equilibrium (7.e. the reversible measure ) in front of
itself. Finally, in Theorem 4.7 we will estimate the tail of the time needed
to create a vacancy at a given site for the East—like process in the quadrant
z¢.|

4.1. Persistence of the vacancies

Given z € Z4 we say that z is of class n € N = {0,1,...} and write
x € Cp if min; z; > n. Clearly C,, C Cp,—1.

LEMMA 4.1.— Let p,, £ sup,ec, Sup;so SUPy. p()=0 P (e la, = 1), where
Ay =TI, [0, 2], Then p, < p™t.

Proof.— Let us fix x € C,,, t > 0 and an initial configuration 7 such that
n(z) = 0 and recall Definition 3.3. If we make the initial vacancy at x
“distinguished”, then {n,[,, = 1} C {N; > n+1} N {n(z®)) = 1 Vk =
0,1,...,n}. Thus, using Proposition 3.5,

Py (mly, = 1) <p"HP, (NG = n+1) < pitL. 0

The next is a simple but useful consequence of the above result. Fix ¢ > 1
and let G; be the event that there exists a vertex € V(¢) £ [¢ + 1,0]?
such that 7;(z) > t/¢¢, where

H@éA@MmWZW (4.1)

is the total time spent in the zero state by the spin at x up to time t.

COROLLARY 4.2. — There exist positive constants C, ¢ such that
sup  P,(G) =1 - Ctele™, V> 1.
n: n(0)=0

Proof. — Observe that, if the box V(¢) was never completely filled during
the time-lag ¢, then necessarily the event G; occurred. Thus it is sufficient
to prove that

sup Py(Is <t nslyy=1) < Ctede=ct,
n: 1(0)=0
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for some constants C,c¢ > 0. Furthermore, using a union bound over the
possible rings in V' (¢) within time ¢ (cf. the discussion after equation (5.14)
in [17]) it suffices to prove that

sup  supPy(nsly ) =1) < e
n: n(0)=0 s>0

for some ¢ > 0. Such a bound follows from Lemma 4.1 with ¢ = —log(p). O

4.2. Local exponential ergodicity in Z?

THEOREM 4.3. — There exist two positive constants C,c such that the
following holds. Fix t > 0 and let f be a function depending only on the
spins in (1,124 with || f|leo = 1. Then

1/2d

sup  |E,(f(ne)) — 7(f)] < Ce
n: 1(0)=0

Remark 4.4. — The above result has been proved in [5] for d = 1, with
a pure exponential decay, using the following 1d property: conditionally on
the trajectory of a distinguished zero (&;)¢>o (cf. Section 3) the evolutions to
the left and to the right of & are independent. Hence, between consecutive
jumps of &, the East process to its right behaves like (and relaxes like) the
East process on the half-line with a frozen boundary vacancy. For d > 2
there is no analogue of the above feature. The solution is then as follows.
Using Corollary 4.2, for each time ¢ there exists x € [—£,0], £ ~ /24,
which spends at least a time /¢ in the zero state during the time window
[0,t]. We can then exploit such an “intermittent vacancy” as a source of
equilibrium in Zg7+.

COROLLARY 4.5. — Let v be a probability measure on Q = {0, 1}Zd such
that, for all € > 1 and all x € 72,

v ({n(y) =1Vy€[z,x+{— l]d}) <e ™,

for some positive m. Then there exist A = X(m) > 0 and C > 0 such that

sup [E, (nt(x)) —p| < Ce_’\tl/%l.

A special choice of the initial measure v is any product Bernoulli proba-
bility measure with parameter p’ < 1. In particular the above corollary cov-
ers the physically interesting case of a system starting at high temperature
and evolving towards its equilibrium under a lower temperature dynamics.

- 730 -



Mixing time and local ergodicity of the East-like process in Z¢<

Proof of the Corollary. Without loss of generality consider only the case
x =0 and, for ¢ > 1, write

IE, (7:(0)) — p| < 2e~™ + / dv(n)|Ey (1:(0)) — pl.
{n: Jz€[—£,—1]%: n(xz)=0}

Using Theorem 4.3 the second term in the r.h.s. above is smaller than
Ce‘“tl/w for any ¢ < t1/2d Hence the thesis. O

Remark 4.6. — A similar result holds if one replaces the spin at x with
an arbitrary function f depending on finitely many spins. In that case the
constant C' will depend on f through || f||e and the size of the support of
f while the constant A\ will stay the same.

Proof of Theorem 4.3.— In what follows ¢ will denote a generic constant
depending on p which may vary from line to line. Fix f as in the theorem
and assume for simplicity that w(f) = 0. Given 7 such that 7(0) = 0, we use
Corollary 4.2 with ¢ = [6t'/2?] for some small positive constant § together
with || f]lec = 1 to write

B, (f(n:)) = Ey(f (1) 1(Gr)) + O™ "%,

where G; is the event that there exists x € [—¢ + 1,0]¢ with T;(z) > t/¢4.
On the event G; let & = (&1,...,&4) be the position of the smallest (in
the lexicographical order) vertex of V(¢) = [—¢ + 1,0]¢ with the property
that 7;(€) > t/¢? and let A¢ be the box [¢; + 1,#1/29] x H?ZQ[fi,tl/Qd] (see
Figure 1).

A
$1/2d

A\g

(%1/ 2d

/2d

5t1/ 2d

Figure 1. — The box A¢
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We then write

E,(f0)LG0) = Y By (LGes)En(F() | Fasr))

yeV (£)

where g}yy £ G,n{¢ = y}. Notice that, given 7, the event _C';t,y is measurable
w.r.t. Fpe +. Clearly, for each y € V(£), one has

By (1(G0)En(F () [ Fag.) )|

< B (1Gy) Y R0)Een(F(00) | Fage)).

where o - ) means the configuration equal to o in A, and to 7 outside it.
Above oy £ (-1)] A, and we used the fact that f depends only on the spins
in A,. We now observe that, given F, Ac,ts the evolution in Ay up to time ¢ is
the standard East like process with boundary conditions that vary at times
say t1,ta,...,t,. Moreover, once the initial 7 is given, the times {¢;}7
and the actual value of the boundary conditions {n:,(2)}.co,a, become
measurable w.r.t. ]:Ag- Call L&), i = 0,...,n, the generator of the East-
like process in A with boundary conditions given by 7, (we set tx = 0
and tp41 = t). If n,(y) = 0, then n,, is an ergodic boundary condition
and the spectral gap of £ is not smaller than the spectral gap A in the
positive quadrant with minimal boundary conditions [12]. Thus, using the
Cauchy-Schwarz inequality,

(0) _ (1) _ (n)
> w(0) o (f(o0) | Faga)l = Y _m(o)|ehc elt2mt)E  e(t=t)E™ £ ()|

O'GQAy O'GQAy

< [t etz LD ) gy

< exp[—A Z(ti+1 —t:)1(m, (y) = 0)].
= (4.2)

Above || - ||» denotes the norm in L?*(A,,7). Note that in the last step
we applied the classical inequality Var(et* f) < e=282P(£)Var(f), valid for
any reversible continuous time Markov chain, to the chains with generators
{£@}n_ together with the fact that 7 (f(i)) = 0 for all functions

f(i) = e(ti_"”“l)ﬁ(i) .. .e(t_t")ﬁ(n)f.

This last property can be proved by induction on i from n to 0 using that
7(f) = 0 and that £? is reversible (hence stationary) in L2(A,, 7).
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We now observe that Y . (tis1 — t;)1(n, (y) = 0) = Te(y), the total
time spent in state zero by the spin at y. By construction the latter is at
least t/¢% > §=%/t/2 for t large enough. In conclusion

1 A
mingeq, 7T(U)]E77 <]1(gt,y) g;m TNl F o) | ]:Ag’t”)
1 |Ay| 7)\67(1\/5/2 o 76\/5
< (p—/\ q> e =0(e )

for § small enough and ¢ large enough. Thus

B, (f(n:)1(Gr))| < Crde vt

for some constant C' and the result follows. O

4.3. Exponential tail of the persistence times in Z‘i

Consider the East-like process in fo_ with minimal boundary condition,
and let ]P’g“n(-) denote its law when the initial configuration is 7. Recall also
definition (4.1) of the random variable T¢(z).

THEOREM 4.7. — There exist K,\ > 0 and § € (0,1) such that the
following holds. For all x € Z4 and t > |z,

sup anin('ﬁ(x) < 0%) < de™ . (4.3)
n

In particular _
sup P (1, > 1) < de=t, (4.4)

where 7, = inf{t : n,(x) = 0}.

Remark 4.8. — For simplicity we have stated the result with minimal
boundary conditions. Actually the same proof, with minor modifications,
holds for any ergodic boundary conditions with uniform constants «, A, d.
From the result it follows that EM*(7,) = O(|z|). It is also easy to show,

using the finite speed of propagation, that E"™ (7, ) = Q(|x).

Proof.— It is obvious that (4.4) follows from (4.3). To prove the latter we
first need a technical lemma. Let « € Z% and write z = (2%, z4) where 2* =
(1. @a—1) € 29 Let I = {y = (v*,j), j = 1,...2q} if 24 > 0 and
I = 0 otherwise (see Figure 2). For the East-like process in Z4 with ergodic
boundary conditions and initial configuration 7, the variable 7;((z*,0)) is
measurable w.r.t. Fr. ;. Moreover, since the projection on the slab Z‘fl x{0}
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of the East-like process in Zi with minimal boundary conditions coincides
with the East-like process on Z‘j__l with minimal boundary conditions, the
law of T;((z*,0)) under Py coincides with the law of 7;(z*) in (d — 1)
dimensions. In the sequel, for notation convenience, we will simply write
Ti(z*) instead of the more precise T¢((z*,0)).

Figure 2. — The interval I and the point z* in three dimensions.

LEMMA 4.9. — There exist constants § € (0,1) and ¢ > 0 such that

sup PR(Ty(x) < 0Te(¢™) | Fre) < (pAq) ™" e T,
n

We postpone the proof of the lemma and write
sup P;nin (Te(z) < 6%) < sup ]P’;nin (Te(z*) < 697 1)
n n
+sup Py (Ti(z) < 6% Ti(x®) = 6% 't)
7

< Sllp]anin (7;(1_*) < 5d_1t) + (p/\q)—a:d e—cédflt’
n

where we used Lemma 4.9 to bound the second term in the r.h.s. of the first
inequality. Notice that the first term in the r.h.s above has the same form
of the starting quantity but now in (d — 1) dimensions. We can then iterate
on the dimension d to get

d
SupPy™ (Ti(@) < 0%) < supPE™ (Tulan) <0t) + 3 (pAg) ™™ e,
! ! =2
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where ]P’S?*St(-) is the law of the one dimensional East process on the interval
[0,21] with ergodic boundary conditions. As in [7, Theorem 3.6], the first
term in the r.h.s. above can be bounded by

sup PP (Ti(w1) < 6t) < (p A g) " PR (To(1) <6 < (pAg) " e,
n

for some constant ¢’ > 0 provided that § is small enough (independent of t).
The proof of (4.3) is finished by choosing e.g. kK = 2log (1/(p A q)) /(cA')é
and A= (cAd)/2. O

Proof of Lemma 4.9.— Using the exponential Chebyshev inequality we get

sup Po™ (Ti() < 0Ti(a") | Fie.r)

n

< sup inf e Y07 (@) min (ewt%(x)) | Fre t)
n >0 n ,

< (1/p A g)*sup inf(’) e (t=0Tu(=")) Enm;f (ey(t_ﬁ(m)) ‘]:Ic,t) )
n > 7

where E%“T?() denotes the expectation w.r.t. the East-like process with ini-
tial law v(n’) =« (n'[;)L(n’ fZi\I = UTZ1\1)~

We will now bound the term

Egt;{l (eV(t_T‘(x)) |]:IC,t) = E?‘; (e'y J5 ds L(ns(2)=1) | ]:]c’t) using the Feynman-
Kac formula. Firstly notice that it is enough to compute the above expec-
tation w.r.t. the process in the box A, = Hle[O,xi]. Secondly, since the
East boundary of any vertex in A, \ I does not intersect I and since the
initial configuration in A, \ I is deterministic, the projection of the process
in Az \ I is measurable w.r.t. Fre . Denote by 0 < t; < ta,...,<t, <t the
successive times in [0,¢] at which one of the spins at the East boundary of
the interval I changes. During any time interval of the form [¢;,¢;11) (define
to = 0 and ¢,41 = ¢) the process in I is nothing but the usual one dimen-
sional East process with possibly certain vertices which are unconstrained,
namely those with a zero spin at their East boundary (in particular, the
initial law 7 in I is preserved at any later time). Let L be the correspond-
ing Markov generator. Because of what we just said £ is self-adjoint in
L?(I,7) and, if the boundary spin at (x*,0) is zero, it has also a spectral
gap which is not smaller than the spectral gap gap(Lgast) on the East pro-
cess on Z [7]. Moreover, for any function F' : Q; — R and any s > 0, the
Feynman-Kac formula

£ (F(Utmfti)e”gm_ti ds]l(ns(x):l)) _ (e(ti+1—ti)(ﬁ(i)+7Am)F) (o)
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holds, with A, F(o) = 1(o(z) = 1)F(0) and E(i)() being the expectation
over the process with generator £(Y) and initial condition o.

Thus
IE"““ (e“’ Jo ds L(ns(2)= V| Fre, t)
= (1, e (EDH7Aa) | lta=t) (L7 A0) L (tta) (LY 47 Ae) 1y
< ﬁ ||e(ti+1—ti)(ﬁ<i)+VAz)||7T (4.5)
i=0
where (-); denotes the scalar product in L?(I,7) and || - ||, denotes the

operator norm on L?(I, 7).

For i such that ns((z*,0)) =1, s € [t;, ti+1), we simply bound
||e(ti+1_ti)(ﬁ(i)"’”““ﬂ)H7T by eY*i+1=4) Indeed, £ +~A4, < 1 as self-adjoint
operators. In the opposite case and provided that v is small enough (e.g.
v = gap(LEast)/2) we can use a result from [7, Theorem 3.6] to get that

||e(ti+1 —t:) (LD +vA,) ||7T < P (tit1—ti)

where = pq/(1+p)+p < 1.

In conclusion

n
H ||6(ti+1*ti)(£(i)+'YAz)||7T < PV Te(@ )+ (t=Te(z"))

i=0
and
sup By (Ti(w) < 0Ti(w") | Fre.) < (1/p A q)ee 00T,
n
The proof is complete if we take e.g. § = (1 — 3)/2. O

5. Mixing time of the East-like process

Consider the East-like process in A = [1,L]? with ergodic boundary
conditions and let

Tmix = inf{t >0: max||]P’ﬁ,\(77t € —m|rv <1/4}
n

be its mixing time.

THEOREM 5.1. — There exists C > 0 such that C™'L < Tmix < CL for
all L>1.

- 736 —



Mixing time and local ergodicity of the East-like process in Z¢<

Remark 5.2. — Notice that the standard inequality Ty < const.
log(1/7*) x Tyer with 7 = mingeq, (1) (see e.g. [34]) only gives Tiix =
O(L%). Also, if the boundary conditions are minimal, it is easy to see that
the logarithmic Sobolev constant a, (cf. [34]) satisfies apy ~ L~9. The
upper bound is proved by plugging into the variational characterization
of a, the test function given by the indicator of the configuration with-
out vacancies. The lower bound follows at once from the general bound
ap = gap(LPi) /(2 + log(1/7*)). Thus the East-like process with minimal
boundary conditions has Tyl = O(1), Tiix ~ L and a logarithmic Sobolev
constant ~ L~¢.

We first establish three key preliminary results before proving Theorem
5.1. We denote by Qa the set of configurations such that in any interval
I C A parallel to one of the coordinate axes and of length |(log L)?] there
exists at least one vacancy. The first result says that any initial configuration
will, with high probability, evolve into {4 in a time ¢t = O(L).

LEMMA 5.3. — For any ¢ € (0,1) there exists M such that, for all initial
configurations n € Qp and all L > 1,

sup ]P’ﬁ (77t ¢ QA) <e.
t>ML

Proof. — Fix an interval I C [1,L]? of the form I = [z,x + |(log L)?]€],
e € B. Using Theorem 4.7 and its notation, there exist M > 0 and ¢ >
independent of L and of the initial configuration such that

PA(ry > ML/2) < emME/2,

The strong Markov property at the hitting time 7, together with Theorem
4.3 gives that, for t > ML,

PMre < ML/2; mu(2) = 1Yz € 1)

—E? (11(796 <ML/2)PY (., (z) =1Vz € I))

)1/2d

<7ln(z) = 1Yz € I) + Cemet=ML/D* _ (o= (log L)*)

Since the number of such intervals I is O(e¢ 16 L), a union bound over the
choice of I finishes the proof. O

The next result is a small refinement of the arguments used in the proof
of Theorem 4.3. Consider the East-like process in Zi with ergodic boundary
conditions and let G;(x; A) be the event that the spin at z was unconstrained
(i.e. with at least a vacancy in its East-boundary) for a total time 0 < A < ¢
during the time interval [0,¢]. By construction, given the initial 1, G;(z; A)
is measurable w.r.t. Fza Lt
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LEMMA 5.4.— Givenx € Z<%, let V be a boz of the form V = H?Zl[xi, i+
=1, ¢ > 1, and let f : Z‘j_ — R be a bounded function which does not
depend on the spins in Zin \ V. There exist positive constants ¢, \ so that,
on the event Gi(xz; A),

d

Z e
max [By " (f(m) = £ (m) | Fve)| < Cllflloo e %,

A

where fV(n) £ my(f)(n) is the equilibrium average in V of f. The con-
stant A can be chosen as the spectral gap of the process in Zf,l_ with minimal
boundary conditions.

Proof.— Let W =V U (Z4 \ Z¢ ;) (see Figure 3).

A
114 ZZAV

\/

Figure 3. — The set W when d = 2.

Using the assumption that f does not depend on the spins in ZiT\V and
the oriented nature of the constraints, we can safely replace the East-like
process in Z4 with the East-like process in W, i.e.

En (Fn) — £ () | Fres) = B (F(ne) = f¥ (ne) | Frer).

Clearly, given the initial 7, the dynamics of the spins in W\ V' is measurable
w.r.t. Fye ;. Moreover, using Proposition 3.1,

% (EZV (f(ns) |]:V078)) = fV(Us) as. Vse [Ovt]v
where 7y averages only over the spins in V. The proof now follows the
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pattern of the proof of Theorem 4.3 (cf. (4.2)). We write

L(Ge (2 A)EY (F(ne) — £V (me) | Fre ) |
<1/ A @) W(Gi(w; Ay ([EW (F(me) — £¥ () | Frre) |)
< 1/(p A @) LGy (w5 A)) [Varny, (EY (F(1:) | Fre))] ™ < || flloo 32,

where Vary,, denotes the variance w.r.t to my and ¢ = —log(p A q). The
fact that A can be taken equal to the spectral gap of the first quadrant with
minimal boundary conditions follows immediately from the monotonicity of
the spectral gap in the boundary conditions and in the volume. O

The third result says that the East-like process in the box A = [1, L]¢
with ergodic boundary conditions reaches equilibrium (in total variation
distance) in a time lag O(log(L)*?) if the initial configuration belongs to
Qx. More precisely, let p denote the law of 7; under IF’Q()

LEMMA 5.5. — For any € € (0,1) there exists Ly such that the follow-
ing holds. Let T = (log L)* and let d(T) = max, cq |up — 7alvv. Then
supz.r, d(T) <e.

Proof.— Fix 1 € {15 and let us order the vertices of A = [1, L]? as follows.
We first choose some order of the vertices on each hyperplane P = {z € Zi :
|[z|li = comst.} in such a way that two consecutive vertices have distance
O(1) for large L (e.g. they have exactly two coordinates where they differ
by one). Then, for any pair 2,y € A, we say that x < y if either ||z||; < |ly||1
or if  comes before y when they have the same ¢'-norm. The i*" vertex in
the above order will be denoted by ().

Next, for any f: Qp — R with ||f|lec =1 and any j = 1,...,n, where
n = L%, we denote by fU) the new function obtained by averaging f w.r.t.
the equilibrium measure 7 over the last j spins in the above order. For
notation convenience we set f(°) = f. Notice that f() = m;(fU~1), where
7;(-) denotes the marginal of 7 over the (L% — j +1)*-spin, and that f(") =
w(f). Then

| (F) = m(HI< D (FU79) = wd (fD)], ve=o.
j=1

We now choose t = (log L)@ and 7 € {25 and prove that each term in the
above sum is smaller than O(e~(°8 L)Z) for large enough L.
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%
'aj(n_j+1)
z
Figure 4. — The shaded quasi-triangle corresponds to vertices larger than z("~7+1) and

the white region corresponds to Aj;_.

Let A; be the set {zM 22 (=) Using the assumption that the
initial configuration n belongs to €24, there exists a vertex y € (A;U0A;)N
Zimﬂ-ﬂ),i such that |y — (7| < (log L)? and n(y) = 0. Corollary 4.2

implies that, with probability greater than 1 — e~ (g L)2, there exists C' > 0
independent of j and a vertex z € (A; U9dgA;) N Zi(n,jﬂu such that:

(i) [z =2t < Clog L)?,

(ii) one spin in the East boundary of z spends a time greater than
(log L)3? in state 0 up to time .

Notice that, if V = [[_, [z, 2 + 3C(log L)?], then neither ) nor fG-1
depend on the spins in Zi? \ V (see Figure 4) and we can apply Lemma 5.4
to both (V, fU~1) and (V, f(9)). Using the fact that my (fU—1) = 7y (f))
we finally get that

I (FOD) =l (FD)] < e 008 L)y 07 eellon L)™' =Allog L),
In conclusion, for any L large enough
e (f) = m(f)] < 2L o8 1)*
and the lemma follows. .

We are finally in a position to prove our main result.
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Proof of Theorem 5.1.— The lower bound is straightforward by choosing
as initial condition the configuration without vacancies and using the finite
speed of propagation of information (see e.g. [21, Section 4.4]) to prove that,
with high probability, the process is not able to create vacancies near the
vertex & = (L,...,L) in a time ¢t = §L, if ¢ is small enough.

To prove the upper bound we proceed as follows. Using Lemma 5.3,
uniformly in the initial condition, in a time ¢ = O(L) the East-like chain
will enter the good set Qa with probability e.g. greater than 7/8. Using the
Markov property and Lemma 5.5, in an additional time lag O((log L)°?) the
chain will reduce its variation distance from the target distribution m to
less than 1/8. O
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