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Central limit theorem through expansion
of the propagation of chaos
for Bird and Nanbu systems

SYLVAIN RUBENTHALER(

RESUME. — Les systémes de Bird et Nanbu sont des systemes de par-
ticules en interaction approchant la solution de I’équation de Boltzmann
mollifiée. Ces systemes vérifient la propagation du chaos. Dans ’esprit
de [6, 7, 8], nous utilisons des techniques de couplage pour écrire un
développement asymptotique dans la propagation du chaos, en terme
du nombre de particules. Ce développement nous permet de démontrer
la convergence p.s. de ces systémes, ainsi qu'un théoreme central-limite.
Ce théoreéme central-limite s’applique & la mesure empirique du systéme.
Comme dans [6, 7, 8], ces résultats s’appliquent aux trajectoires des par-
ticules sur un intervalle [0;T].

ABSTRACT. — The Bird and Nanbu systems are particle systems used
to approximate the solution of the mollified Boltzmann equation. These
systems have the propagation of chaos property. Following [6, 7, 8], we
use coupling techniques to write a kind of expansion of the error in the
propagation of chaos in terms of the number of particles. This expansion
enables us to prove the a.s. convergence and the central-limit theorem for
these systems. Notably, we obtain a central-limit theorem for the empirical
measure of the system. As it is the case in [6, 7, 8], these results apply to
the trajectories of particles on an interval [0, T].
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1. Introduction

In [3], we obtained an expansion of the propagation of chaos for a
Feynman-Kac particle system (which means, in the context [3], that the
particles are interacting through a “selection of the fittest” process). This
particle system approximates a particular Feynman-Kac measure, in the
sense that the empirical measure associated to the system converges to the
Feynman-Kac measure when the number of particles N goes to co. What is
called propagation of chaos is the following double property of the particle
system:

e ¢ particles, amongst the total of N particles, looked upon at a fixed
time, are asymptotically independent when N — +oo (g is fixed)

e and their law is converging to the Feynman-Kac law.

In [3], we wrote an expansion, in powers of N, of the difference between the
law of ¢ independent particles, each of them of the Feynman-Kac law, and
the law of ¢ particles coming from the particle system. This expansion can
be called a functional representation like in [3]; in the present paper, we call
it an expansion of the error in the propagation of chaos. In the setting of [3],
the time is discrete. In [3], we showed how to use this kind of expansion to
derive a.s. convergence results (p. 824). In [4], we extend the result of [3] to
the case where the time is continuous, still in the Feynman-Kac framework,
and we establish central-limit theorems for U-statistics of these systems of
particles. The proof of the central-limit theorems for U-statistics relies only
on the exploitation of the expansion mentioned above.

In this paper, our aim is to establish a similar expansion for a family of
particles systems including Bird and Nanbu systems. We do not go as far
as obtaining an expansion in the terms of Theorem 1.6 and Corollary 1.8 of
[4], but our expansion is sufficient to prove central-limit theorems (Theorem
2.8 and Corollary 2.9). Bird and Nanbu systems are used to approximate
the solution of the mollified Boltzmann equation. We refer mainly to [7] and
take into account models described in (2.5), (2.6) of [7] (a similar description
can be found in [8], Section 3). Another reference paper on the subject is
[6]. Our paper is mainly interesting in the following: it provides a sequel to
the estimates on propagation of chaos of [7], [8] and it allows to apply the
techniques of [3], [4] to Bird and Nanbu systems. In particular:

e In the present paper, we obtain a central-limit theorem for the em-
pirical measure of the system (Th. 2.8) under less assumptions than
in [11] Th. 4.2, 4.3. (we only make assumptions that are sufficient to
ensure a solution to the problem 2.2 defined in Definition 2.2). Note
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that the results of [11] hold under the assumption that the operator
L, describing the “free” trajectories of the particles (see below), has
a certain form, and that its coefficients and their derivatives up to
a certain order are bounded (see in particular (H(}) p. 215 of [11]).
These assumptions are stronger than our and are more than what is
required to have existence of a solution to 2.2. Note also that the re-
sult in [11] is a functional CLT for the empirical process whereas our
result is a Gaussian fluctuation field result for the empirical measure,
it considers only a finite number of centered real test functions. A
result similar to [11] can be found in [19] (with similar assumptions).

e Our convergence results (Theorem 2.7, Theorem 2.8, Corollary 2.9)
hold for particles trajectories on any interval [0, 7.

Here, the proofs are radically different from those in [4] and this is why we
decided to write them in a different paper. In [4], we deal with combinatorial
problems related to the particle system studied there whereas in the present
paper, we deal with coupling problems.

In Section 2, we will present Bird and Nanbu models, as they can be
found in [7] and we will state our main results: Theorem 2.4 is a refinement
of the propagation of chaos results for the above-cited models, Theorem
2.7 is an a.s. convergence result for these systems and Theorem 2.8 and
Corollary 2.9 are central-limit theorems for these systems. In Section 3, we
will introduce various particle systems which will be useful in the proofs and
we will prove Th. 2.4. The proof of Th. 2.4 relies on estimates on population
growth found in [1] and on coupling ideas. In Section 4, we will prove a
convergence result for a particular kind of centered functions (Proposition
2.6), from which we will deduce Corollary 4.7. The kind of result found in
Corollary 4.7 is called a Wick-type formula in [3] (see (3.6) p. 807 in [3] and
[4], p.15 and Proposition 2.6). Corollary 4.7 and Proposition 2.6 are used
in Section 5 to prove Th. 2.7 and Th. 2.8 and Cor. 2.9. Similar results can
be found in [2, 15, 18, 20]. We will compare them to our result after the
statement of Th. 2.8.

Note that CLT’s of the same kind as our can be found in [16, 17]. The
equation approximated by particles systems in these papers are quite dif-
ferent from our limit equation.

An important point is that here we want to discuss the mathematical
properties of a certain class of particle systems. We will not discuss the
physical models. Such a discussion can be found in [8].
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2. Definition and main results

2.1. A first particle model

In the following, we deal with particles evolving in R?. We set the
mappings e; : h € R? — e;(h) = (0,...,0,h,0,...,0) € RN (h at
the i-th rank) (1 < ¢ < N). We have a Markov generator L and a ker-
nel 7i(v,w,dh,dk) on R?¢ which is symmetrical (that is ji(v,w,dh, dk) =
fi(w,v,dk,dh)). We set ju(v,w,dh) to be the marginal fi(v,w,dh x R%) up
to mass at zero. Our assumptions are the same as in [7]:

HyPOTHESIS 1. —

1. We suppose that the generator L on R? acts on a domain D(L) of
L>(R%). (See [7] p. 119 for a discussion on D(L)).

2. We suppose sup, , fi(z,a,R* x R?) < A < oo.

In Nanbu and Bird systems, the kernel i and the generator L have
specific features coming from physical considerations. In these systems, the
coordinates in R? represent the position and speed of molecules. However,
these considerations have no effect on our proof. That is why we claim to
have a proof for systems more general than Bird and Nanbu systems.

The Nanbu and Bird systems are defined in (2.5) and (2.6) of [7], by
the means of integrals over Poisson processes. Here, we give an equivalent
definition.

DEFINITION 2.1. — The particle system described in [7] is denoted by

—i

(Zt)ez0 = (Z1)e=0,1<i<N -

It is a process of N particles in R and can be summarized by the following.

1. Particles (Zo)r<icn in R are drawn i.i.d. at time 0 according to a
law Py.

2. Between jump times, the particles evolve independently of each other
according to L.

3. We have a collection (N; j)1<i<j<n of independent Poisson processes
of parameter A/(N — 1) (the parameter A coming from Hypothesis
1.). For i > j, we set N;j; = N;;. If N;; has a jump at time t,
we say that there is an interaction between particles i and j. If there
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is an interaction at time t, then the system undergoes a jump with
iz, .z, R*)

probability =t
iZ,_.Z_,.,.
7= 7o+ ei(H) + ¢;(K) , with (H,K) ~ “ﬁNt; St )
2,2, z, ", R*)
(2.1)
(independently of all the other variables).
~Z7t 7 2d
And with probabzlzty 1- (Z+“R) there 1s no jump at time t.

We will use (ZO +)1<i<n to denote the system of the trajectories of

particles on [0,t] (Vt > 0), that is for all i: Zy., = (7;)0@@. We will
use this notation ‘0 :t” again in the following for the same purpose.

We denote the Skorohod space of processes in R? by D(R*,R?) (or
D([0;¢], R?), depending of the domain). As in [6], we define the total varia-
tion norm by the following: for all signed measures v on a measurable space

(5.5).
IWlizy = sup {/ F@w(dn), | fll < } .

DEFINITION 2.2. — Let £ be the canonical process on the Skorohod space
D(R,,RY). We say that P € P(D(R,,R%)) is a solution to the martingale
problem 2.2 with initial condition Py if, for all ¢ € D(L) and for all t > 0,

o) —otco) — [ [ Lo+ (0(6 + W) - o€l 0. P (da)s

s a ﬁ-martingale and the marginal ofﬁ at time 0 is Pp.

In view of the above equation, the reason why the mass of p(v,w,.) in
zero (for any v, w) is not important is clear. According to Theorem 3.1 of [7],
there exists a solution P of the problem 2.2 defined above (under hypothesis
1). We denote the marginal of P on D([0, 7], R?) by Py.r. We will work with
this particular solution in the following. This theorem also proves that (for
all g, t):

1 _ 1 At + A%?
I£(Zo.ts -+ Do) = £(Zo.0) v < 2q(q — V——1
and
eM 1
N+1 "~

—1 ~
1£(Zo.) — Po:tllrv <6 (2.2)
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Remark 2.3. — If p is fixed, there exists different i’s having the proper
marginal (that is, such that 7i(., .,.,R?) = u(.,.,.)). In fact, it is the choice of
1t that leads to having different systems such as the Bird and Nanbu systems.
We refer the reader to [6, 8], [7] p. 119-120 for very good discussions on the
difference between the Bird model and the Nanbu model. What matters
here is that our result applies to any system satisfying Hypothesis 1. and
having jumps of the form (2.1).

We can deduce propagation of chaos from the previous results, that is
for all ¢, for all F' bounded measurable,

71 - 5 At + A2 M
£ Zo ) By < (a1 AT 60

In Theorem 2.4, we will go further than the bound in the equation above
by writing an expansion of the left-hand side term in powers of N (see the
discussion below Theorem 2.4 concerning the nature of this expansion). We
will use techniques introduced in [7]. The main point is that one should look
at the processes backward in time.

2.2. Statement of main results

From now on, we will work with a fixed time horizon 7" > 0 and a fixed
q € N*.

2.2.1. Expansion of the propagation of chaos

We define for any n,j € N*, j < n:

n]={1,2,...,n}, (j,n)={a: [j] = [n],a injective }, (n); =#(j,n)=

We take ¢ € N* and T > 0. Let us set

Z 5 (o)™ = ( Z 5(2““’ 7o)y -

1<Z<N aG(q N)

For any function F : D([0,7],R%)? — R, we call (n);)??(F) a U-statistic.
Note that for all functions F',

—1 —q
E(F<ZO:T? cee ZO:T)) = E((n(])VT)Qq(F)) (23)
because (7(1):7«, e ,73]71) is exchangeable. We define
Fsym(xl,..., y Z 0(1)7___’$a(q)) ,
q oES,
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where the sum is taken over the set S, of the permutations of [g]. We say
that F : D([0,T],R%)4 — R is symmetric if for all o in S, V1,...,24 €
D([0,T],R)?, F(z,(1), .- To(q) = F(z1,...,24). If F is symmetric then
Foym = F. Note that for all F,

(16:0) 7 (F) = (067)* (Fsym) -

THEOREM 2.4. — For all ¢ > 1, for any bounded measurable symmetric
F, foralllp > 1

E((nhr)®U(F) = ) [(Nl_lyAfx;(F) +WZ%O+1(F)
0<I<ly
(2.4)
Nlo+

where the AN:,{, A, are nonnegative measures uniformly bounded in N
(defined in Equatzons (8.11), (3.12)).

We will give a bound on these measures A and A in (3.14). Let us
define PY (F) = E((n})®4(F)). Regarding the fact that the theorem above
is or is not a proper expansion, what we can say is that according to the
terminology of [3], p. 782, we cannot say that the sequence of measure
(]P’% q) ~>1 is differentiable up to any order because the Aé\’”j{ appearing in
the development depend on N.

2.2.2. Convergence results

The main interest of Th. 2.4 is that it gives us sufficient knowledge of the
particle system to prove an almost sure convergence result and central-limit
theorems. The key is to focus on functions centered in the right way.

DEFINITION 2.5. — We define a set of “centered” functions:

B (q) = {F :D([0, T),R9) — RT, F measurable, symmetric, bounded,

vvvvvv

We set (for k even)

k!

o= Sk )

(2.5)

(this is the number of partitions of [k] into k/2 pairs).
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PROPOSITION 2.6. (Proof in Subsection 4.8). — Forq> 1, F € Bgym(q),
we have:

1. for q odd, N2E((ni)®U(F)) — 0,

N—+o0
2. for q even,
N2E((noir)*9(F))
a/2 \ i\ i—k
N—>—+>o<> Jq ( k ) ( 1)2
1<k<q/2
=~ ~ok ~2k+1 ~q ~1 ~q ~
XE[EET(F(ZO:Tv ] ZO:T? ZO:T Yttty ZO:T)_F(ZO:Ta e ZO:T)‘LLQ)
T
< 1 / AKZ1K2%ds]  (2.6)
1<i<q/2”0

where the limit, indeed, does not depend on N (the notations 2, Z,
Z, IN{, E,%T will be introduced in Subsection 3.2). This limit takes a
particular form if F = (fi ® -+ ® fy)sym (with f; € ByY™ (1), Vi)
(see Corollary 4.7).

Using the above Proposition, some combinatorics and Borel-Cantelli
Lemma, we prove the following theorem (see the proof in Subsection 5.1).

THEOREM 2.7. — For any measurable bounded f, T > 0,

Using the above results and a computation on characteristic functions,
we then prove the following theorem (see the proof in Subsection 5.2).

THEOREM 2.8. — For all fy,..., fq € By (1), for all T >0,

N2l (1), il (f) 228 N0, K)

“+oo

(the matriz K is given in (5.27)).

A similar result can be found in [18], under the assumption that the
initial law Py falls in some particular set. This assumption makes it difficult
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to compare our covariance K to the ones found in [18] (the expressions of K
varies according to the subset Py is in). A similar result can also be found
in [20], this time for particles moving in a set which can only be countable.

The result in [15] has common points with the theorem above, but the
kernel Q™) defined in [15] is asymmetric. The variance appearing in Th. 2.1
of [15] (Equation (2.7)) could be expressed as an expectation over random
trees (if one uses Equation (2.22) of [15]) but the asymmetry of the kernel
would make it different from our K anyway. The fact that we do not need an
assumption of the kind of (2.4) p. 443 of [15] is another difference between
our result and Th. 2.1 of [15]. [2] extends the result of [15] to a case where
the jump rate is not bounded (without the second part of our Hypothesis
1.) but it is limited to processes in Z .

Using classical techniques, we obtain the following Corollary.

COROLLARY 2.9. — For any q € N*, F' bounded measurable and sym-
metric, we have

~ l ~
VN (0072)°%(F) = Por(F)) 2% N(O.¢*(Por(FD)) + Vour (FD)?).
where F(Y (z,) = f]D)([O,T],Rd)qfl F(xy,... ,xq)lgOZT(d:rg, ..., dxg) and Vor is
defined in (4.19).

3. Other systems of particles

In this section, we introduce the particle systems that we will need for
the proofs of the main results.

3.1. Backward point of view

For A > 0, we denote by £()\) the exponential law of parameter \. For
any ¢ € R, we define |z :=sup{i € Z,i < z}, [z] =inf{i € Z,i > x}.

We intend to construct a system of particles (Zé;T)KK N such that the

first ¢ particles have the same law as (7(1);:,1, - Zg.p) (see Lemma 3.4). We
use the fact that the processes (N; ; (T — t))o<t<r are Poisson processes to
construct the interaction graph for the first ¢ particles moving backward in
time. The system of particles (Z{.r)1<i<q is indeed the central system in our
paper, hence all other systems will be compared to it.

We start at s = 0 with C§ = {i}, for all i € [g]. For i € [g], we want
to define (C%)ss0, (K%)ss0 (respectively taking values in P(N), N*). We
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take (Ug)i<ks (Vi)ick id.d. ~ £(1). In all the following, we will use the
conventions: inf ) = +o0o and (...)y is the nonnegative part. The processes

(C?), (K') are piecewise constant and make jumps. At any time ¢, we set
K} = #Cj. For all t € [0,T], we set Ky, = # (C{ U---UCY).

Before considering the technical details, let us explain our purpose. The
population C1U---UC1Y is allowed to get a new particle from [N]\(C'U---U
C?) by growing a link to this particle (this particle is chosen uniformly). If
such an event happens at time tg, then the waiting time until the next such

W) To put it briefly, we say that this kind

event is of law &£ (
of event happens at a rate % The population C* U --- U C9 is

allowed to form links between particles of C1U---UC? (we will call “loops”
AK (K.—1)
2(N=T)
(the newly linked particles are chosen uniformly). The processes ct, ...,
C'? are used in Definition 3.1 to define the process (Z")1<i<n. As will be seen

below, the link times correspond to the interaction times of some particles.

these particular links), and this kind of event happens at a rate

We define the jump times recursively by Ty = 0 and:

AK N - K
T]é = inf{Tk_lgng:(S—Tk_l)X Tkil(]\fil Tk71)+ ZUk}
AK K -1
T/ = inf {Tk1 <s<T:(s—Te1) % T’“Q—(lz(v Tkl—)l ) Vk}
Ty = inf(T),T)).

Here, we use a representation with inf’s to emphasize the fact that these
jump times are the jump times of Poisson processes with certain intensities.
At Tk:

o If T}, =T}, we draw

r(k) uniformly in Cp, _U---U Cf, _ , j(k) uniformly in
[N\(Cp,_U---UCE ). (3.1)

For any ¢ such that r(k) € C’%r, we then perform the jump: C}k =
Cr,— U{i(k)}.

Note that the (...)4+ in the definition of T}, above prevents us from
being in the situation where we would be looking for j(k) in 0.
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o If T, =T/, we draw

r(k) uniformly in C%;r U---uCf _, j(k) uniformly in
Cr,_U---U Cf, \Mr(k)}. (3.2)

For each k such that Ty, < T, if l1, I3 are such that r(k) € C’lle_, jlk) € C'lT2k_,
we say that there is a link between C'* and C'2. This whole construction is
analogous to the construction of the interaction graph found in [7], p. 122.
For all t < T, we set

Ky = (K;)Kigq,ogsét ’

Let us now define an auxiliary process (Zs)ocs<T = (Zg)ogng,lgigN of
N particles in R%.

DEFINITION 3.1. — Let k' = sup {k, Ty < oo}. The interaction times of
(Z)1<s<racisy are T — T < T —Ty—1 < --- < T —Ty. (We say that the
interaction times are defined backward in time.)

o 7L, ..., ZY areiid. ~ Py

o Between the times (T — Ty )i>1, the Z'’s evolve independently of each
other according to the Markov generator L.

o At a time T — Ty, (Z%)1<i<y undergoes an interaction that has the
same law as in Definition 2.1, with (i,7) replaced by (r(k),j(k)).

It is worth noting that for N large and i ¢ |q|, it is very likely that the
particle © has no interaction with the other particles.

For all 0 <t < T, we set
Lt:#{k/’EN:Tkét,Tk:T]g

Ezxample 3.2. — Take q = 2. Suppose for example, that Ty = 0, T} =
T/27 I3 = 3T/47 T3 = +o00, 7"(1) = 13 .7(1) = 2& T(Q) = 2, .7(2) =3.

Then
o forse€[0,7T/2], Ks=2,L,=0, K} =K?=1,
o for s € [T/2,3T/4], Ks =2, L, =1, K} = K2 =1,

o forse [37/4,7), K,=3,Ly=1, K} =1, K2=2.
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0 T
T74 + + 3774
T/2 + + T/2
T 1 2 3 0

Figure 1. — Interaction graph for (2., Z2.7)

Figure 1 is a pictorial representation of the example above. The time
arrow for the particles is on the left. The time arrow for the processes (C?),
(K%) is on the right. What we draw here is called the graph of interactions
(for Z}., Z2.7) in [7, 8]. Suppose we want to simulate Z{., Z2.,. We first
simulate the interaction times of the system. Suppose that these are exactly
T—-Ty,, T—T, with T1, T5 coming from the example above. In Figure 1, solid
vertical lines represent the trajectories we have to simulate to obtain Z&T,
Z(%:T. The particle numbers are to be found at the bottom of the graph. The
horizontal solid lines stand for the interaction we have to simulate in order to
obtain Z{.r, Z2+ (they may or may not induce jumps for the particles). For
example, a horizontal solid line between the vertical solid lines representing
the trajectories of Z} ,, Z2, stands for an interaction between particle 1
and particle 2. The interactions are simulated following Definition 3.1. The
trajectory ZS’:T is represented by a solid line between the times 0 and 7/4
and by a dashed line between the times T//4 and T, with the number 3 at
the bottom. As we want to simulate Z} . and Z2, and we have simulated
the jumps as in the example above, then we are not interested in Z; for
t > T/4 and we are not interested in any Z&T with ¢ > 4. Again, the time
for the particles should be read on the left.
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The following lemma should be kept in mind throughout the whole pa-
per.

LEMMA 3.3. — Let us denote an inhomogeneous Poisson process of rate
(A)e=0 by (NM)is0 () is supposed to be piecewise constant).

1. Let us denote the jump times of N* by 7 < 175 < .... Then for all
k € N*¥,

L(T1,T2y oy Th|T T < Tig1)

is the law of the order statistics of k independent variables of law of
density t — \¢/ fOT Asds on [0,T].

2. For any j € N*, take piecewise constant processes (a{)t>0 such that
forallt, 0 < atl < a,}—kaf <o < a,}—i—-n—l—ag < 1. Suppose we take
(W) k=0 i.i.d. random variables of uniform law on [0,1] independent
of N*. Suppose we set j processes (N)iz0,1<i<j such that Ni =0 for
all i, the processes N'’s are a.s. piecewise constant and may jump
at the jump times of N* following this rule: AN} = 1 if and only if
AN} =1l anda} +---+ai ' < Wy < at+---+at. Then the N*’s
are j independent inhomogeneous Poisson processes such that N* has
rate (o X At)eso for alli.

3. Take j € N*. Take j independent inhomogeneous Poisson processes
(N%)1<icj respectively of rate (AL)e=o (the N' are piecewise constant
processes). Then Ny = N} +--- + Nj is an inhomogeneous Poisson
process of rate (\}+- - -+ )i=0 and for alli, s, P(AN;} = AN;|/AN; =

1) = P(AN} = ANy|AN; = 1,(NF¥)1cpejocsct) = ﬁ

The point 1. of the above Lemma is derived from the Mapping Theorem
of [9] applied to Cox processes (see [9], p. 17 and 71). The point 2. of the
above Lemma is derived from the Coloring Theorem of [9] (see p. 53). The
point 3. of the above Lemma is derived from the Superposition Theorem of
[9] (see p.16).

We then obtain the following Lemma.

LEMMA 3.4. — For allT > 0, (Zip,...,20.) "2 (Zt .. 22 0.

The proof can be found in Section 6.1.
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3.2. Auxiliary systems

We now define an auxiliary system (Z(%;T)Dl with an infinite number of
particles. We start at s = 0 with C§ = {i}, for all i € [¢]. For 1 <i < N, we
define (C?)s20.1<icq, (K')ss0,1<i<q (respectively taking values in P(N),N)
by the following. The processes (C~'Z), (IN{ %) are piecewise constant. At any
time ¢, Ki = #C.

Before going into the technical details, let us explain the purpose of the
construction. We intend to build a process C = C Ly..-UC1 that grows at
arate AK (by creating links to new particles) and that forms links between

two particles of ClU---UCY at a rate % (in this case, the links will

also be called loops). Note that for k € N*, w ~ Ak, and that,
N-1 N—+oco

for all N, Ak > % Given the processes C1, ..., C9, we add to them

jumps (and elements) so as to form populations 6’1, - C with the desired

growth rate. It will be easier to write inequalities if the populations C' and
C" are coupled (see for example the proof of Theorem 2.4). That is why we
use the jump times Ty, T}, T}/ in the construction below.

se take (Up)ps1, ([71;)1@1 iid. ~ &(1). We define the jump times recur-
sively by Thp = 0 and

. . . _ AKz (N-Kgz )4 ~
T,;:inf{Tklgng,(sT,H)(Aka _ Tk Thoa >>Uk}

-1 N-1

AK: (Kx —1)—AKz (Kz —1)
T 7 = T T T T ~
T/ =inf{Tp_1 <s<T,(s—Th_1)X k=1 “k—1 k-1 k-1 > i
k { k-1 XS X ( k 1) 2(N71) > Uy,

’f‘k = inf(ﬁ;, ’f};/, inf{Tl Ty > Tk_1})
(recall the definition of the process (K;) and the Tj’s from Subsection 3.1).
Note that {Tk,k > 0} C {Tk,k > 0} At Ty

SO ~ N-K
o If T = T; (note that it implies that Kz _ — W > 0):

— With probability

Ky (N—Kp )
K’f'k— - N—1 - (3 3)
7 Kg (N-Kz )i’ :
To— N-1
we draw 7(k) uniformly in Cl U C’% and
-

7(k) = min {N*\(&%k_ U UGL U [N])} :
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The following jump is performed: for all [ such that (k) € C~’§Tvk_,
AL o =
CL =CL U {j(k)}.

— With probability

K. _ Bn (NoKgy )+
Ty — N—1

~ . . ~1 1 L ~q q
we draw 7(k) umfoimly in (C’TkZ\CTr)U U(ka_\C’Tk_) and
(k) = min {N*\(Cgﬁr U uCE U [N])}. The following jump
is performed: for all [ such that 7(k) € élﬂ—’ 5% =CL U

{iw}. o

o If T\ = f,;/ (note that it implies K7, _ > K7 _):
— With probability
(Kg_ — Kg, K5 _ + (Kz _ —Kg _)(Ky _ — K5 _ —1)

fk—
Ky (Kg_—1) - Kg _(Kg_—1)

(3.5)

we draw 7(k) uniformly in (5%k

and j(k) uniformly in (%_ U---UCL O\ {F(k)}-
— With probability

\C} JU---U (cL \c% )

To— \ Th—

(K, - — Kg, )K5 - (3.6)
Kg (K7 _ —1)—Kg (Kg_ —1)

we draw 7(k) uniformly in (CN’%F\C%F) U---u (5’% \CL )

and j(k) uniformly in C; U--—-uCL .
kE— k—

o If T}, = T} for some I, we take 7(k) = r(I), j(k) = j(l) as in (3.1). The
following jump is performed: ClTk = Ckr u{jk)}.

o If T} = T} for some [, we take 7(k) = (1), j(k) = j(I) as in (3.2).
We define

ft:#{k:f“ke {Tl",ﬁ”,l>1},fk<T}. (3.7)
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We set for all s,¢ < T, i € [q],

Ki = (K)1<j<qocset.

NoratioN 3.5. — We set Ex,(...) =E(...[Ky) , Pre,(-..) =P(... |[Ky),
Eg () =E(..|K), Pg,(...) =P(..|K), B, g, (..) =E(...[K¢, Kt).

For all k, I3, 12 such that 7(k) € 5IT~1 ,j(k) € 5’% , we say that there is
k— k—
a link between C'* and C'2. We define for all I subset of [q],

71— {fk <T k>0, T, e {T{,'T}',z > 1} JF(k) or j(k) € Uiéfé%r}

U {Tk <T, k>0, Ty€ {Tl”,fl”,l > 1} ,7(k) and j(k) € Uielé%k_} :

(3.8)
In other words, 77 is the set of jump times Ty such that
o if Asz =0, dl € I such that C! jumps in Tk,
o if ALz # 0,3y, 1y € I such that 7(k) € éliu j(k) € 5%_.
We define for all ¢, 7,
z{:#{SETI7s<t,s€{T/',T[’J}l}}. (3.9)

We have L; = ZE. The following lemma is a consequence of Lemma 3.3.
Its proof is elementary but quite long. It is written in Section 6.2.

LEMMA 3.6. —

1. The process (Ks)o<s<T 1S piecewise constant, has jumps of size 1 and
satisfies, for all s,t such that 0 < s < t,

P(K; = K,|K,) = exp(—A(t — 5)K,) .

The process (Ls)o<s<T 1S piecewise constant, has jumps of size 1 and
satisfies for all s,t such that 0 < s <t

S CAR(Ry -1
P(L; = Lu|Ls, (Ku)ocuct) = exp ( / ]\S_l)du> .

Hence, knowing ([?u)ogugT, (L)m is an inhomogeneous Poisson
process of rate (AK, (K, —1)/(N —1))ocu<T-
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2. For all t, I~(t > K; and Et >L; as. .

3. Ile :Tl, ey Tk :Tk then I?Tk :KTW ET;C :LTk-

4. The processes (K})o<s<r are independent. They are piecewise con-
stant, have jumps of size 1 and satisfy for all s,t such that 0 < s < t,
for alli € [q],

P(K] = Ki|K}) = exp(—A(t — 5)K) .

These processes are thus q independent Yule processes (see [1], p.
102-109, p. 109 for the law of the Yule process). We have for all
k>q,

P(Kp = k) = ( qf ) ) (e™ATy1(1 — e~ AT Yk—a (3.10)

5. Conditionally to Kr, the processes ((Et{%—“”}) re

Ogth) a
ie{1,....q/2}

independent non homogeneous Poisson processes of rates, respectively,

f{tziflf{tm'
N -1 '
0<t<T

Let us carry on with the definition of (Z).

DEFINITION 3.7. — Let k' = sup {k, fk < oo}, The interaction times of

the Z1 areT—Tv%,gT—T

Yoy <o <T =T

o The (Zé) are i.i.d. ~ P,.

e Between the jump times, the 7 evolve independently of each other
according to the Markov generator L.

o At a jump time T — Tk, (Z) undergoes a jump like in Definition 2.1,

(3.), with i, j replaced by 7(k),j(k).

In so doing, we have coupled the interaction times of the systems (Z}.1)iso,
(Zt 1)is0. We can couple further and assume that for all i, Z}r and Z

coincide on the event {T, k > 1}H{Tv,é, k> 1} =0 (in which case, {Ty, k >
0} = {Tx, k > 0}).
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DEFINITION 3.8. — We define the auziliary system (Zo.r)iso such that

e it has interactions at times {T — Ty, k > 1} \ {T — Ty, T — f,:.’, k> 1}
o the rest of the definition is the same as for (Z&T)@O.

In so doing, we have coupled the interaction times of the systems (Z¢.1)iso0,
~1 f;’vi

(ZOIT)Z‘>0. We can couple further and assume that for all i, ZS:T and Zo.1
coincide on the event {Ty, k> 1} N {T,g’,T,;’,k > 1} = 0.

It is worth noting that the laws of (Zg.p, ..., Zl ;) and (Z.p, ..., Zg:T)
=1 =q
and (Zg.p, ..., Zg.) are exchangeable.

The g-uple (Z} 1) 1<i<q is obtained from (Z¢ 1)1<i<q by adding links. The
g-uple (ZO:T)lgigq is obtained from (Zé;T)1<i<q by erasing the loops. When
~1

~ ~q

N — +o0, the probability that (Z.1,...,Z87) = (Zo.g, -+ Zo.r) gO€S t0
=1 =4

1. The law of (Zy.p,...,Zyr) does not depend on N (see its law in the

theorem below). In fact, (Z )i<i<q is the asymptotic object appearing in the
limit results (see Proposition 2.6, Corollary 4.7). The following result can
be found in [7] (Section 3.4, p. 124) (or, equivalently [6], Section 5).

=1 ~
THEOREM 3.9. — The variable Zy.p has the law Po.p (recall the defini-

tion P from below Definition 2.2)

Suppose ¢ = 2. The figures 2, 3, 4 are realizations of the interaction
~ ~ ~l =2
graphs for (2}, 221), (Z3 1+, Z2+), (Zors Zo.r), N = 10, for the same w.

3.3. Proof of Theorem 2.4 (asymptotic development in the prop-
agation of chaos)

Proof.— By Lemma 3.4, we have for all [, > 0:

E(F(Zy.....Z7)) = . [EF(Zb,....Z8)|Lr = DP(Ly = )]

0<i<lo
+E(F(Zg, ..., Z3)| Ly > 1o + 1)
XP(LT >l + 1)
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T
+ Th=Ty
T T1 = TIN
11 1 2 3 0
Figure 2. — Interaction graph for (Zé\:’i,l, Zévq’?
T
T+ T=TY
|7
T fg = T2/
+ h=T)
11 1 2 3 0

~N,1 7~N,2
Zo.p s Ly

Figure 3. — Interaction graph for ( 07 s Lot
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T
+ Ty =T}
T, =T}
11 1 2 3 0
~N,1 ~N,2
Figure 4. — Interaction graph for (Zy.r, Zg.1)
Hence, we take, for any bounded measurable F',
AVE) =B(F(Zhp .. Z3p)| Ly = )P(Ly = )N' (3.11)
—N,I
A, r(F) =E(F(Zp,..., Z87)| Ly > )P(Ly > )N' . (3.12)

It is sufficient for the proof to show that P(Ly > 1) is of order < 1/N', for all
I € N*. We write N* for an inhomogeneous Poisson process of rate (\s)s>0-
Using Lemma 3.6, we have

P(Lr>1) < P(Ly>1)

- EPg (N2 AK (K.—-1)/(N—=1) > 1))
< E(PK ( AKT Kr—1)/(N-1) > l)
l
ATKp(Kr —1)
< S S S~ : 1
I ( N-1 (3:13)
And E((K7)?) < 0o by (3.10) of Lemma 3.6. O

Note that we have the following bounds (for all F' € C;" (D([0, T], R%)?))

—N,I AT
sup(A4(r), By < ST g

E(K3)|Fllae™ < 00. (3.14)
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4. Rate of convergence for centered functions

4.1. Definitions and results

T

— T7 T6/I

Ts = T.

Ts =1,

Ty =T}

[ Tg = T2
T2 T2

T, = T/

1 2 3 0

Figure 5. — q = 3, interaction graph for (Z3,p., Z2.5, Z3.1)
For i € [q], I C [g] such that ¢ € I, we define the event
Al = {{Tk k> 0,Ty <T,Tp € TL,7(k) or j(k) € éiﬁf} Tl k> 1}} :
and we set
A = qu]

Recall the definition of 77 from (3.8). For all 4,/ such that 1 < i < ¢,
1 <1 < ¢q, we define

Liivi = {#({Tk ({7’( ), (k)}m(é;ruégi)):2,k>o}):1},
for q even, El,q:Zu N--N Eq,lyq N {#({Tk, k}l}ﬁs {T[QT{’,Z} 1}) :q/2} s,

E%F:#({Tk,k:>1,fk<T F(k) e CL Yy {T,i }).
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Note that we do not write anything about } in the last definition because
7 and j do not play symmetrical roles (see Section 3.2). For a fixed w, we
define an relation on N by

i< j if 3r such that T, € {T}",T}",1 > 1}

and # ({?(r),j(r)} N (5%,., N 6%‘7)) —2.

We extend it into an equivalence relation by imposing i > ¢, (i > j and
j<ik) = i k. For all i € [k], C; denote the class of i for the relation .
For I C [q], k € [q], we define

L= {Cmax(I) n [q] = I}, (41)
Ly=LiN (Amx(f)) n (ﬂléisk,ieI(AEk])c)

N (ﬂkﬂgigq,iel\ max(z)AE[k]U”\max(I)) . 4.2

Let us have a look at Figure 5 to clarify the notions above. Suppose
w € Q is such that the graph in Figure 5 occurs. Note that: w € Ay, w € A§,

weAg, we Al e = {1}, 0= {2,3}, B} = 1.

Let us now write some sentences designed to illustrate the meaning of
the definitions above. Let I C [g]. When a time of 77 is a jump time for

C’" C’J we say that a link between C™ and C7 is formed at this time; and if
r,j € I we say that this is an internal link (or a loop) of (C%);c;. We can
define the same notions for the processes (Ck)1<k<q Using this terminology,
the event AI (with I € I) is the event that the links happening at a time in

Tt and between C! and the rest are external links of C! and do not belong
to {Tk, > 1}. The event Lm+1 is the event that there is exactly one link

between C’i and C+!. The event Zl,q is the event that there is exactly one
link between C?*~! and C? for all i € [q/2], and that Lz is ¢/2. The relation
i< j expresses that C* and C7 are linked by a string of links.

4.2. Technical lemmas

Before going into the proof of Proposition 2.6, we need some technical
results.

LEMMA 4.1. — For alll € N*,
(g+1—1)!
(e ATY(1 — e AT) (g — 1)~
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Proof.— By (3.10), with a = e AT

E(KL) = :ikl ( qf ) >aq(1 —a)ka

q +o0
< mg(lﬂ—’—”(k‘—’_l_1)"'(k_Q+2)(1—a)k q+
af (g+1—1)!

N

I—a)g—1!

LEMMA 4.2. — For all r € {0,1,...,q}, i1,...,i» €[q], | > 1,

~ _ (AT) (g +2r + 21 —1)!
= T.T(N_1)r+l(e—AT)2r+2l(1_e—AT)(q _ 1)!11'

Proof.— When Kr is fixed, for any ¢, the law of ]lEiT>1 is Bernoulli of
parameter

T i AKI(N - Ky)y
1 — exp —/ AK? - =2t U gy
( o ¢ N -1

and 1 ,IlE;‘r>l are independent. So we have for all ¢, w,

7>l

- LATKEK
Ex, (H L N I

Basic estimates then leads to EET (H;Zl ]IE;J>1) < % We have,
as in (3.13),

-~ l
1 (ATKT(KT - 1))

Ly > 1K) < =
Pllr > Ikr) < 5 N-1

Now, as E%l, ceey E’TT , ET are independent conditionally to IET, by Lemma
4.1, we obtain:
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) . - (AT)T“( KNT)2r+2l
PEY>1,...., B >1,Lr>1)<E
(Ez >1,..., By r =) < rr(N — 1)+

(AT)™ (g +2r + 21 —1)!

< (N — 1)+l (e=AT)2r+20(1 — ¢=AT) (g — 1)!

O

We write Py, for the set of m-uples (I1,...,I,,) of subsets of [g] parti-
tioning [¢] and such that max(l;) > max(I3) > --- > max(,,).

DEFINITION 4.3. — We define the auzxiliary particle systems
(Zbr, 282, ZEE) (one system for each k € [q]) by saying that

e it has interactions at times {T — Ty, k > 1} N {T —t,te T{l’k}},

e the rest of the definition is the same as for (Z r).

In so doing, we have coupled the interaction times Of(Z(];?%)lgigk with the in-
teraction times of the other systems. We can couple further and assume that
(Zbrs o ZEr) and (ZEoy, ..., ZEE) coincide on the event {T — Ty, k > 13N
{T—t,teTHR} = {T—Ty,k>1}. Note that for all k, the law of
(Zgz’%, cey Z(]f:’;) is exchangeable.

LEMMA 4.4. — If q is odd then for all k € {0,...,q}, for oll F €
ByY"(q), m € lql, (I1,...,In) € P,

~k+1

~q
k, k.k =
NPR(F(Zgigs - 2y Zoir o+ Zor) 1] Bag) (=20,
i€[m)]

(we use the following convention: in the case k =0,
~k+1 ~q ~1 ~q
k, kk ~ ~ =
E(F(ZO:’Il“’ Tt ZO:T’ ZO:T [ ZO:T)) = IIE(ZO:T’ RS ZO:T))‘

If q is an even integer and k € [q],

~k+1

= =4
Nq/QE(F(Z(])C;%’ Tt Z(IJC:’YIa ZO:T A ZO:T) H ]]'L’I“Z)
i€[m)]

~ ~ ~k+1 =4 ~
N::OO E (EIZT <F(Z3:Ta ) Zg:Tv 2o s ZO:T)|L17Q>

q/2
<]] /T AK?-TK?ds | (4.3)
0 S S N
=1
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if
Vi, #I; =2and(I; C k] or [; C {k+1,...,q}), (4.4)
and
/2 k1 ki 5 =1
q R b
N E(F(ZO:T7 ety Z’O:T ’ ZO:T PR ZO:T) H] ]ILIICI) ij O
e(m

otherwise.

Moreover, these limits still hold if we replace (Z(’i’%, cee, Z(]fj’f) by

~1 ~k ~1 k

(ZO:T""vzozT) and (Z&;Tw--»ZcI)C:T) by (ZO:T7~-~7ZO:T) in the formulas
above.

Note hat the expectation in (4.3) does not depend on N and that it
cannot be simplified by the use of the tower formula because the conditional
expectation is conditional with respect to Kr, Ly 4.

Proof. — We define the event

= U ((m;l{Eéz‘ > 1}) N{Lr> [q;TD . (45)

1<r<q 1<i1 << <q

Suppose that ¢ is odd or that ¢ is even and (4.4) does not hold. Then for
allm e [q], (I1,...,Im) € Pm, k € [q],

N i c (B U{Lr > g + 1}) . (4.6)

1<j<m

Let us write a short justification of the last formula. Suppose that m € [q],
(I1,...,In) € Pp,w € ﬂ1<j<m L’}j. We note that, forall I C [¢], w € L1 =

Lh(w) > #I — 1 (recall the definition of L%, from (3.9)). We note also that
(w € LY with I = {i}) = Ei(w) > 1. Indeed, for such an w, w € (Az{i})

so there exists a T, € T} such that T). ¢ {T],1 > 1}; as w € Lyyy, @ is not
linked to any i’ in [g] by the relation >, so EX(w) > 1. So, we have (4.6) for

g odd. If ¢ is even and we do not have (4.4), then (by the same reasoning
as above):

o If there exists j such that #1I; # 2, then w € B U {ET > 141}
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o If #I; =2, for all j, and, say, for some [, [k]NI; # 0, {k+1,...,¢} N
Iy # 0, then 3370, LY > q/2. Let ip = min(I}). As w € Lk, we have
w e (AEIZ])C, so: either EX > 1, either there exists 7 # ig, r € [k] such
that Z;r’iO} >1.80,w € BU {ET > 441}

Using Lemma 4.2 and Equation (4.6), we then have

N2P( () L) — 0.
NF++00
1<j<m
Now, suppose that ¢ is even and that (4.4) holds. Note that ( 0. T, el Z(’i’jlf)
and (Z(}T, . Z(’)“_T) coincide on the event Llyq N {E} = Ef = 0}.
Then, using the symmetries of the problem and Lemma 4.2, we see that the
limit we are looking for is the same as

~k+1 ~q
. k,1 k.k
NIEEOON‘I/Q]E(F(ZOT,... Zyirs Zor s+ Zo) g, )
/2 51 Zhtt =1
= lim NY?E(F(Zip,....Zt..Z Al
N (F(Zo.z» 0:T) 20T 57+ s O.T)ﬂLl,q)

We set for all j,¢
L, = {7 = 1fnen{Zia 1)

We set for all j € [¢/2]

(2j — 1,2§) /T ARPTRY,
a(2j —1,2j) =exp | — —= s ds| .

‘We have
NPPe (L5, = I INO = a2i-1,2))) (4.7)
1<j<q/2
T ~ . ~ .
a5 AK%~'K2%ds .
N—+oco . 0

1<j<q/2

‘We have

Pe, (L1\L1g) <Py, (L7 > q/2).
So, by Lemma 4.2, N/*Pg (L1 q\Ll ) Nﬁ 0. And so :

N2Pg (Ly,q) Nt 11 / AKZ-1R% s

1<i<q/2
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Now,
NP (Lig) < NPPg (Lf,)

q/2
<%) / AKQl 1K21d8

1<j<q/2

24/2T9/2N9/2 ()9 |

N

(by (4.7))

N

which is of finite expectation by (3.10). Thus, using the dominated conver-
gence Theorem, we obtain

~ ~k+1 =~4q ~ ~
NEIEOOE(]E (F(Z3:T7~- Z0T7ZOT7"‘7ZO:T)|L1,Q)Nq/2Pi€T(Ll,q))

=~4q

+1 (I/2
=E | Eg, (F(Ziop, ... ZOT,ZOT7.. ZOT)|L1q / AK? 1 K2 s

By Lemma 3.3, 1. and Lemma 3.6, 5., the law of

= ~k+1 ~q ~
;ET(F(ZO:Ta e Zo T Zo T aZO:T)‘LLQ)

does not depend on N.

E

We do not write the proof of the last point of the lemma because it is
very similar to what is written above. O

4.3. Proof of Proposition 2.6

Proof. — Since Zi = Zy.p on A; (for all i), we have

E(F(Z(%:T7 et ZgT)) =

E(F(Zyr, - Zg) Wasnnage) + BOF(Zor, -, Zgp) M aynna,) =
~1 ~q
E(F(Z3.p,---, Z8 )L aynenage) + B(F(Zog, - - -, Zor))

= ~q
~E(F(Zrp,. .., Zor) L (a,nna,)e) =
~1 ~q

E(F(Zsgs -+ Z80) Lan-nagne) = E(F(Zor, - Zoa) Liain-naye)
(4.8)

~1 ~q
where, to obtain IE(F(Z0 T Z0 7)) = 0, we have used the fact that Z,.

is independent of ZO:T ZO ., and that fID) (o1 Ry Fz1, - zq) Po.r(dzy)
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= 0, for all z;,...,24—1. This kind of reasoning will be used again in the
following. We have (using the symmetry of the problem)

E(F(Zg.rs -+ Zg) L (arnena,)e)

q
= (Z) E(F(Zyp . 28 La . Laclla,, ... 1a,)

~ (q k1 A
=> (k> E(F(Zgips - Zoirs Zor 0 Zo) L g0y A gy Lag -, )

For all Hy C Hy C Hjz C [q], such that H3\Hy # 0 (the equality being
otherwise obvious), we have

mi'EHa}\HlAfLI3 = (miEHz\HlAiH2> N (mi€H3\H2AzH3> . (49)

This will be used many times in this proof. We obtain already (with H; =
[k], Hy = [q— 1], H3 = [q] )

E(F(Zé:T7 e ZgT)]1 AiN---NAg) )

) S q k1 kr SETL ~q
E(F(Zos s Zor)Wagnnag+ (k> E(F(Zyr,- -+ Zoirs Zor -5 Zo.r)
k q—1
% Hﬂ(AE’“])c 11 Iyia-n x (1= 1Tag)). (4.10)
i=1 i=k+1

=q
We look at one term in the last sum above for a fixed k < ¢—1. As Z. is

~k+1 ~q—1
. k,1 K.k
independent of Z;,..., Zyr. Zo.p 5+ -+, Zo.p and HA[lk], 7]1AEJQ]7]1AE§;11]7
; I ,a-11, we obtain that this quantity is equal to
q—1
k1 ok S =1
IlE‘:(F‘(ZO:’T7 . ZOT7ZOT7 . 7ZO:T)]1(A[1’€])<;"':“-(A Ye XI]-A[q 1 I]-ALLI 11 ( D-Az))
(4.11)

Let us set i1 = ¢. Let J; C [g]. Recall the definition of L} from (4.2) and
the definition of Ly, from (4.1). For all I; C [¢] such that ¢ € I;, we have

Asn Ly =(AM°nLy, (4.12)

then (using (4.9) with Hy = [k], Ho = [f]U (i n{k+1,...,q — 1}),
Hs =[q—1])
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ﬁk+1<i<q—1f4£q71] = (ﬂiehm{k+1,...,q71}A£k]U(lm{k+l’m’qil}))
N (ﬂk+1<i<q—1,i¢hA£’q_1]> : (4.13)

We have:
(mléigk(AEk])c) N (ﬂk+1<z<q7114£q71}> NAg=

|| [(mlggk(AE’“])c) n (mk+1<i<q_1A£q‘1]) nASN Lh} . (4.14)

I.Clq], g€l

(the symbol LI means “disjoint union”). For each term in the union above,
we have (using (4.12), (4.13))

(ﬁlggk(AEk])c) N (ﬂk+1<i<q—1A£q7H) NAgN Ly,
= (ﬂie[k],ieh (Agk])c) n (ﬂk+1<z‘<q—1,z‘¢hA£q_l]) NL} . (4.15)
For each I; C [g] such that ¢ € I, we set io = max([q]\]1), if it exists.
If i3 > k + 1, we can then write (using (4.9) with Hy = [¢ — 1], Hy =
[ =1\ {iz}, Hy = [K] U (I N [g—1]))
(mze K],igT ( A[k] ) (karlgigqfl,igéllAEqil]) ﬂLlfl =

k — 7 —
( ici ign (A7) ) N (mk+1<i<q—1,i¢(Ilu{i2})A£q M 2}) nAl ULk
(4.16)

=iz
Z .7 is independent of Z(’i’%, . ZgT7 (ZO T)je{k+1, g \{in}> ]].Lk ,

(]I(A[k )r)1<j<k7 Gl (]lA[‘I—ll\“2})k+l<J<q 1,j¢{U{iz}} So, for Iy such that
>k + 1, we obtain (usmg that F' € B;Y"(q)) and (4.15), (4.16))

~k+1 ~q

K, k.k
E(F(Zgips - Zoits Zor - Zor) || LT 11 1o xLagly, ) =
i€[k] k+1<i<qg—1
E(FC..) JI 1, ). 11 LVRINESECES RN TR
i€[k],i¢l k+l<i<q—1,i¢lUfis}
—E(F(...) H H(A[k])c H 1A£q71]\{¢2} XIl(A£271])CIlL1;1) .

iclkligl,  ktl<i<q—1,igLU{is}
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For I such that iz € [k], we have (using (4.15))

~k+
E(F(ZE7, ... Z(’;;,ZOT,.. ZOT IT v ). 11 1y xTagl,)
i€ [k] k+1<i<q—1

=E(F(..) ][] LIVCIES SYDF

i€[k]i¢

Recall P, defined in Section 4.2. Starting from (4.10), (4.11), (4.14), and
proceeding recursively, we obtain that

q q
E(F(Zyp, -, Z&r) L aynna,)e) ZZ() Z (—1)5(nl)

k=1m=1 (Ila 7 )epnl

XE(F(Z(];:’%, quliaZOT, : ZOT H ]1Lk ;o (417)

J€[m]

where s(I1,...,In) = #{j € [m],max([;) > k + 1}. And in the same way

~1 ~q
E(F(Zogs- - Zor)L (A1ﬂ~--ﬂAq)“) =

q q -1
ZZ(Z) Z (1) T Im) S B(F(Zgp, - .- ZOT H nLk ,

k=1m=1 (I, I )EPm j€lm]
(4.18)

By Lemma 4.4, we then obtain that, for ¢ even, using the symmetry of the
problem (recall the definition of Jj from (2.5)),

Nq/2E(F(Z(%:Ta ceey Zg;T)]l(AmmmAq)”) N_>_+>OO

SN ( ! )Jqu_k

1<k<q, k even

~ ~k+1
XE(]E)ET(F(ZOlT) ZOT’ZOT g ZOT ‘qu H / AK2Z 1K21ds)
1<i<q/2
/2 ~1 =q
NYE(F(Zo, - -5 Zor)Lan-naye) (52

> -y ( ; )Jquk

1<k<q, k even
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=1 =g T o
(F(ZO:T%'WZO:TNLL(I) H AKszl_lezlds)’

1<i<q/2” 0

X E(EIET

and for g odd, these limits are 0. We then use the equality ( Z ) Jpdg—k =

q/2 .
( k)2 ) Jq to finish the proof. O
COROLLARY 4.5. — For F' € B;"""(q), we have

. 920+ (AT Vv 1)4+1(3¢)! 1| oc 1 1
) IS eyt (a1 (v - 1)o7 <(f%1)!+ <N—1>3>

Proof.— For m,m’ € [q] and (I1...,L,) € Pum, (I{...,I')) € Pu, we
have that (ﬂje[m]LIj)m (ﬁje[m’]ng) =Qif (Il R i, ) 75 (Il . 7I7/n, Note,
also, that for all m,k € [q], ({1 . ,Im) € Pp,, we have that ﬁje[m]Llfj -
(B U{Lr > [q/2] }) (by (4.6) and the inequality £ +1 > [£]). Hence, by
(4.17) and Lemma 4.2,

|E(F(Zy.r, - - -, 28

T Am mA))
Z( )RBU Er > [0
<2P(BU{Lz > [¢/2]1})||F |l

q
gng( I )P(E;>1,...,E%>1,LT> [qJW)IIFIIw
r=0

(note that Vr € {0, ..., ¢}, using the notation | = ’Vq ; T-‘ :

2r+20<2q+1, r+1<qg+1,
(q+2r—|—21—1)!< (2g+7)! - (3¢)!

(q—Drrll = (g— DN T (g —1)lg! )
&g (AT v 1)1 (3)! | F |
<2 ( r ) N = 1)t (emAT) 2001 (1 - e=AT) (g — 1)1g! ([452])!
. ATVDTIEF. (g !
<V AT (e AT T | 2 < r ) (N = 1a2 ([2])!

> (”(N—l)q/iuv—l)i

r=lq/2)+1
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220(AT v 1)7+1(3¢)! I1Floo ( 1 1 >
([41) '

S A2 (1 — AT (g — 1)lg! (N = 1)1/ AT

The same is true if we replace the Z%’s by Z ’s. Thus (4.8) gives us the
desired bound. O

4.4. Wick formula

We suppose here that ¢ is even.

DEFINITION 4.6. — We introduce an auziliary infinite system of parti-
cles (Z3.py Z2 1, .. .) such that

e it has interaction times

{T*Tk,k> 1}ﬂ{T—t,teT{l’Q}U...UT{qfl,q}}

e the rest of the definition is the same as for (Z{.p)is1-

By doing this, we have coupled the interaction times of the system (ZVé:T)@l

and of the system (Zir)is1. We can couple further and assume that
. . ~1 ~q -~

(Zyops s Z8q) and (Zo.p, ..., Zo.p) coincide on the event {Tk,k > 1} N

(7'{1;2} U---U T{qfl,q}) = {fkv k> 1},

The system (Zi.,)1<; is obtained from (Z{.;)i<i<k by stripping off the
links which are not internal to C*,C? or C3,C%, ... .

We set for all f, g bounded D(R,,RY) — R

Vor(f,9) =
1

. . ~ ~2 ~ - T
E (E(f(zé:T)g(Zg:T) - f(Zo:T>9(Z0:T>|L1,2,K&;TaKS;T)/0 AK;K?d:;) :

(4.19)

Note that for all f, g, Vo.r(f,9) = Vo.r(g, f). Note that the formula above
cannot be simplified by the use of the tower formula. For all k£ € N*, we set
T}, to be the set of partitions of [k] into subsets of cardinality 2.

COROLLARY 4.7. [Wick formula). — For F € By?""(q) of the form F =

(1 ® - ® fq)sym and q even,

q/2 1 q
N E(F(ZO:T7 ceey ZO:T)) N—)_-‘:oo Z H VO:T(fav fb) .
JELy {ab}ed

- 860 —



Central limit theorem through expansion of the propagation of chaos

The name “Wick formula” comes from the Wick formula on the expecta-
tion of a product of Gaussians. In this formula, there is a sum over pairings,
just as in the above Corollary. See Theorem 22.3, p. 360 in [13] for the Wick
formula.

Proof. — To shorten the notations, we will write:
o2

H/ AK?1K%ds = p.

i=170

With this particular form for F', the limit in (2.6) of Proposition 2.6 becomes

52 ()

0€ES, k=1
~ ok ~2k+1
x E(Eg, (foy(Zor) - - - foem)(Zor) fo2ksny(Zor ) -+ fora)(

ZZ:T)
=1 =q ~
- fa(l) (ZO:T) s fo(q) (ZO:T)|L17q)p)

1 a2 q/2
_ 4k
2 x> () e
€S, k=0
=1 2k Z21
XE(EET (fa(l)(ZO;T) s fo’(Qk) (ZOZT)f(T(2k+1)(ZO:T ) s fo(q)(

(—1)2+!. Using the exchangeability

~q
ZO:T)|L17Q)p)’

2
because ZZ/:Ql q]é (-1)z=F =
property of the particle systems, we can transform the last expression into

/2
1 . a_ ~2i— ~2i
= Z ZJq(—1)2 k Z E(E;@T(H foi-0) (257 ) fo2i (Z5ir)
& 0€S, k=0 IC[q/2),#1=k iel
~2i—1 ~2
Hfa(Qifl)(ZO:T )o@ (Zor)|L1,4)P) =
il
1 /2 o . ~2i—1
a Z JQE(EET(H(fa(%fl)(Zg;lzjl)fa(Zi)(Zg;lT) - fa(2i71)(Z0:T )
T oeS, =1
<2 ~
fcr(2i)(Z0:T))|L1,q)p) =
1 qa/2 i1 . ~2i—1 ~2i
P > LEE, (J[(fo@i-n (2551 foiy(Z5i) = fo2iot)(Zor Vo Zoar))
T oeSs, =1
|El,2, cee Zq—17q)p) . (4.20)
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the last equality being true because
. ~i o o~ . ~i ~  ~ -~
LU(Zo.r)iz1: (Zour)iz1|Kr, Li,g) = L((Zo.r)iz1, (Zo)iz1 K, Lz, -, Lg—1,q)-
By Lemma 3.6, 5., the processes L2}, .. L{2:9-1} defined in (3.9), are
independent, conditionally to 7. And for all i € [¢/2],
91 Y ~21—1 ~2i _
Eg, (f(Zoir ) fo2iy(Zoir) — fo(2io) (Zo.r ) fo(2i) (Zy, T)|L1 2oy Lg14)

~2i—1 ~2i

:]E(f(ngfl)fa(2i)(Z§fT) fa(Qz 1)(ZOT )fa 2i) (ZOT)|L21 12“K01T17K )~

So, the quantity in (4.20) is equal to

q/2

Z JE( H (fo2i-1)(Z07 ) o2y (Z0ir)
'aes i=1

~2i—1 ~2i T
*fo(2z 1)(Z0T )fo(Qz (ZOT))|L21 1217K31T1,K ) /0 AKsmilezlilds)])

= (by Lemma 3.6, 4)

q/2
q' Z J HE fo 21— 1)(Z01T1)f0 21) (ZOT)
ocES, =1
=2l =2 1 T maici maic
fU(Q'L 1)(ZOT )fo(Qz)(ZOT)”LQz 1217K01T aK )/ AK3747 Ks747 ds)
0

=S [I Ver(fats).

JE€Zq {ab}eJ

5. Proof of convergence theorems

5.1. Proof of Theorem 2.7 (almost sure convergence)

Proof. — We recall the notations of [3]. For any empirical measure m(z) =

+ vazl di (based on N points xl,a:Q, A
m(x) Z 6(ma(1) (@)
ae[N

where [N]9 = {a : [q] — [N]}. Note that for any F,
m(x)®1(F) = m(z)®(Fsym) -
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We define, for all p € [g], [¢]y" = {a € [¢]7, #Im(a) =p}, and (Vk < g),

oL, = Z s(p, Z a,

q—k<p<q ac(q]l¥!

(the s(.,.) are the Stirling numbers of the first kind), and for all F (of ¢
variables), for all b € [q]!9],

Dy(F)(z', ..., 29) = F(z*®, ... 2*@)

Doer,(F)= 3 s(p,q—mé S Du(F) .

q—k<p<q aclq)¥

The derivative-like notation %L comes from [3], where it makes sense to
think of a derivative at this point. We keep the same notation in order to be
consistent, but it has no particular meaning in our setting. We then have,
by Corollary 2.3 p. 789 of [3], for any empirical measure m(z) (based on N
points) and for any F' of ¢ variables,

m()29(F) = m(@)* | 3 < Do, ()
0<k<q

Suppose F' € BiV"(q), we then obtain

(D)= Y O sma-k) Y E(n)(Du(F)) -

0<k<q q—k<p<q aclql?

(5.21)

We take a € [¢][@ with p = #Im(a) > ¢ — k and k < ¢/2. Note that
#{i € [q), #a" ' ({i}) =1} > ¢ — 2k > 0.

We have now to use the Hoeffding’s decomposition (see [14, 10], or [4],
Section 4, for the details). For any symmetrical G : D([0, 7], (R%)4) — R,
we define

0—/GI1,... POT(dl‘l,...,qu),

G(J 1'1,... /G o R P®(q j)(dl'jJrl,...,diL'q),

and recursively
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i1
h(k)(xl,...,xk) = G('j)($17~~.7€€k) _ Zzh(i) —9,

=1 (4,1)
where Z( i) h(®) is an abbreviation for the function
(X1,...,25) — Z R (), .z,
I<ry<---<r;<Jj

For all j, hU) is in ByY™(j). We have the formula

G(x1,...,x,) = W'D (z; +Zzh(3)

J=1(q,j)

We take now G(z1,...,24) = Do(F) (still with F € B3 (q)). For j <
q—2k, GU) = 0. So we can show by recurrence that h¥) =0 for j < q — 2k.
So

qg—1
G(x1,... 1) = hD(xy,... 2,) + Z Z R

J=a—2k (q,5)

So, by Corollary 4.5, we have for some constant C'

C
E(DoF(Zyy .-, Zip)) < N2z

And so, by (5.21),

C
N3~

E ((n5:0)®7(F)) <

Suppose that we take a bounded function f : D([0,T],R?) — R. We set
f = f—Pox(f). We then have (with the notation f®(z*,...,29) := f(2')x
X f(x))

E(((nyr(f) = Por(£)?) = E((mdir(£)9)
= E((ngir)®(f*7)
= E(n)r)®(F*")sym )
C
< NT- (5.22)
Provided we take ¢ = 4, we can apply Borel-Cantelli Lemma to finish the
proof. O
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5.2. Proof of Theorem 2.8 (central-limit theorem)

Proof. — To simplify, we suppose here that || fillcc <1, ... , || fgllec < 1. For
any ui,...,uq € R, we have:
E <exp (NnéYT <log <1 fmhde t “‘qfq>)>) (5.23)
N . 7
) H 1_|_W1f1(Zo:T)+ -+ iug fo(Z.1)
j=1 VN
E( > NE2 g g <Y F (2o - Fi (Zekr))
0<k<N 1<g,0Jk<q 1<ip < <ipg <N
(N . 1
= Z NFk/2 Z Zkujl u]kyE ((77(1)\:[T)®k(fj1 ®"'®fjk))
0<k<N 1<1,--,Jk<q ’
(N 1
= Z Nk/2 Z Uy e Uy, HE ((néYT)Gk(fjl @ ® fjk)sym) :
0<k<N 1<g1,- 0k <q ’

By Corollary 4.5, for all k € [N], we have (computing very roughly)

N 1
E\fk)/]; Z *ug, g, EE ((né\:]T)Qk(fjl ® @ fi,)sym)

1<g1,--,Jk<q

- ¢ (max(|usl, ..., |ug)))k 22F+1(3E) (AT Vv 1)K+
S k! "k — 1)lkl(e=AT)2R+1(1 — ¢=AT)
(oo (N)x
(I3DY (N =—1)F ) (N —1)F/2Nk/2

_ ¢ 2 3k) (max(fu, .., fug)F(AT v 1) 1 1
= (e=AT)2k+1(] — =AT) (%“), + (N — 1)§ ’

and this last term is summable in k if N is big enough. Using Corollary 4.7
and Proposition 2.6, we then obtain:

E (eXp (Nﬁé\:’T (log (1 + w>>>)

Njoo Z (_1)k/2 Z ujl qu Z H VOT f]a?f]b)

k>0,k even 1<g1,--,Jk<q Iy €Ty {a,b}e}
(-1
= Z WX Z Ujy "'ujkVO:T(ijsz)"'VOiT(fjk—lﬂfjk)

k>0,k even 1<g1,--Jk<q
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(-1 -
= Z W Z uj1uj2V0:T(fjnfj2)

k>0,k even 1<71,72<¢q

1
= €xXp _5 Z Ujy Ujy VO:T(fj17 fj2) (524)

1<g1,52<q
We can also write a series development of the log in (5.23) and obtain:

E (exp (NnéYTaog(l s Tttt q»))

_r (D ke N o k
= exp Z ? N Nor(Gur f1 + -+ - +iug f)") . (5.25)

k>1

. . k k
We have, for all k, \|M§V+W|\oo < WV# for some constant
C (independent of k). So, the remaining term in the series development of
the log can be bounded by

Cllur| + - - + |ug|)*
N 9

(CDH ke, .
|32 NI g f g f) oo <
k>3

for some constant C, if N > 2(|uq |+ - -+|ugy|)?. So, the limit when N — +o0
of (5.25) is the same as the limit of

B (oxp (VR Guaniin (1) . g () exp (s .o+ waf,))).
We have, for some constant C' and f := juq f1 + - - +iuy fy (recall z € R =
e = 1),
IE(eVNmoir(F =310 (1)) g (VN0 (D=3 Por (£))
<CE(| Por () =iz (£2)]) (5:26)
So, by Theorem 2.7, the left-hand side of (5.26) goes to 0 as N — +o0. So

. N iulfl"‘"""iuqfq
]1[1210 €xXp <\/N770:T (10g(1 + \/N )

— lim E (ex/ﬁnéYT(iu1f1+~~+z‘uqfq)e§13m((u1f1+~~.+iuqf1)2)) ’

(meaning that if these limits exist, they are equal), which concludes the
proof with, Vi, 7,

K(i,§) = Por(fif;) + Vor(fi, 1) (5.27)
O
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Note that we can bound the two terms of rhs above. Take fi,..., f; as
above and such that || fi]leo <1, ... , || fqlloo < 1. For all 4, j:

|150;T(fz'fj)| <1,

Vor(fi, ;)] < 2E(TAKLKZ)

2TAe*T2 (g + 1)g
(by Lemma 4.1) < (1= ATy

5.3. Proof of Corollary 2.9

Proof. — The result is a consequence of Theorem 2.8 from this paper and of
Theorem 4.1 from [4]. We only have to prove that for all j > 2, f € B (j),

E ()™ (1)") < %

for some constant C' which may depend on j, f, T. Looking at the proof of
Lemma 4.3 of [4], we see that we need only to prove that for all k € {j +
1,...,27}, r € [k], for all F:D([0,7],R%)* — R bounded measurable, sym-
metric in the k—r last variables and such that f]D)([o,T],E) F(z1,..., zk)ﬁOZT(dmi) =
0, forallie {r+1,...,k}, we have

C

B ()] € o= -

for some constant C' depending on F', k, r. The proof of this inequality
follows the outline of the proof of Proposition 2.6. Here, we write only the
beginning of the decomposition. We have (for F', k, r as above)

E((noi7) " (F)) = E(F(Zops - -, Zbir)
(F(Z(%:T7 ceey Z(])C:T)H(ArJrlﬁ-"ﬁAk)c) + E(F(ZéTa SRR Z(IJC:T)]IAwrlﬂ'“mAk)
(F(Z(}:T7 RS Z(IJC:T)]I(ArJrlﬂ“'ﬂAk)C)

E
E

~r+1 ~k
- ]E(F(Z(%:T’ ceey Zngv ZO:T PR ZO:T)]l(Ar-Hﬁ--*ﬁAk)C) .
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6. Appendix

6.1. Proof of Lemma 3.4

Proof. — Let us here give a brief explanation of why this equality is true.
We start the construction of the link times at time 0. We first look at the
times {Ty,k > 1} N {T},1 > 1}. The law of 7 = inf{T}, k > 1} N {T},l > 1}

is 5(%) . At time 7, we choose r(k) in C:_U---UCI_ and j(k) €

[N\NCL_U---UC?_ and the jump cr® = C:@ U {j(k)}is performed.
For example, in Figure 1, we wait 37/4 and then we add 3 to the set
Ct (BT/4)— = ={2}.

The situation in Definition 2.1 is the following. We have Poisson pro-
cesses IV; ; like in Subsection 2. Let us start at the bottom of the interaction
graph and then move upward. As the processes (IV; ;j(T'—t))o<t<T are Poisson
processes, we wait for 7/ = inf{¢ : jump time of N; ;(T'—.),i € [q],j ¢ [q]}.
And then, if 77 is a jump time for N, ;; with ' € [q], we add a branch
corresponding to j’ to the branch corresponding to r’ (in the same way as
in Figure 1, where we added the branch with the label 3 to the branch with
the label 2). The random times 7 and 7’ have the same law due to Lemma
3.3, 3.. The random couple of indexes (r(k), j(k)), (r’, j') have the same law
due to Lemma 3.3, 2..

We now look at the horizontal lines between existing branches (such as
the line between 1 and 2 in Figure 1). Let 0 < t < T. We set j = #{k, T} <
t}. We compute

P<Vk ];1% # U713a757“-7 ( ) )
JAg(g—1) (+J) +j-1)
]P’(T172(N_1) Vi 0= T ML
< ‘/3+1|j,T1,7T2""’ T; s (Ku)o<ust)

PAK, (K, — 1) >
=exp|— | ————=——Zdu] .
P < / 2N 1)
So, conditionally to (Ky)ocu<r, (#{Tk = T}/, Tk < t})i>0 is an inhomoge-

neous Poisson process of rate (%) . When a jump time of the
o<u<t

form T}, = T}/ occurs, we choose (k) uniformly in C%k_ U---u C%r and
j(k) wniformly in Cf, _ U---UCY _\{r(k)}. We then add a horizontal line
between branches r(k) and j(k). Due to Lemma 3.3, 2., this is the way hor-
izontal branches are added to existing vertical branches in Definition 2.1.

O
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6.2. Proof of Lemma 3.6

Proof.— The process (K )o<i<r is piecewise constant and has jumps of size

1. The jump times of K, belong to {T},k > 1} or to {f,& k> 1}. The jump

times of K belong to {T},k > 1}. Suppose we are at time s, and we know

K We set j = #{Th,s < T < t}, ko = sup{k, Ty, < s}, j = #{Tk,s <
< t}, ko = sup{k, Ty < s}. We compute

E(]lf(,,:f(g K) = E(]E(]lf(t:f(JKs, Ko, Ty, - - kao+j7TEO7 o ,T%O+3)|Ks)
J

=E|E ([t AR (N— KL
b Ungti>(Thoti—Thg+i-1) ——n—1—+
x 1 AKs(N=Ks)

Ukgt5>(t=Thg 1) — =1+

X H 1- ~ ~ AKs(N—Ks) 4

k +i” k0+1 Tk0+i—1)(AK57 SN—l s )
X Il ~  AKs(N—Ks)i

e

Ko Ko Thgs oo T Ty Ty 5] 1K) =

exp(—(t — s)AK,) .

The process (L;)o<i<r is piecewise constant and has jumps of size 1.
The jump times of this process belong to {1}/, k > 1}, or to {T,;’, k> 1}
Suppose we are at time s and we know ES, (IN(U)(KKT. Let t > s. Due to the
properties of the exponential law, the probability P(ft = ES|ZS, (Ku)ogugT)
is equal to This probability is equal to

E(17,_; |Ls, (Ku)ocusr) =
E(E(]l~ L |L57( )0<u<T7Tkoa"'7Tko+jafEOa"'7fEO+3)|z8a([}u)0<u§T)

| I 1 AK (K —1)
Tho+i  Tho+i
L_1 Vieg+i > (Thg+i—Thg4i—1) —— 2y
x 1 AK (K -1
Tro+j  Tko+i
Vk0+j>(t7Tk0+J) 0 J]\]71

X 1 AR (R -1 AKg  (Kp o -1
i=1 UL  >(Tp ., —Te . 1) koti  Thoti  Tho+i  Tkoti
Fo+i ko+i  Thoti—1 N—1 N-1
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x 1 AK - (K, —1)  AK4 (K~ -1y
o T - Tro4i  Trgti Troti Trg4i
%o => (= k0+.7‘) N-1 B N-1

|Lsa (Ku)0<u<T7 Tkuv e 7Tko+j7 T’I::()’ e aT%O+5:| |L87 (Ku)0<u§T1| -

exp(—(t — s)AK,).
This probability is equal to P (ft AK., < V(K )O<u<T) (for some
Vi of law £(1)). This proves the pomt 1. of the lemma.

We have for all w,t, AK,;(w) = 1 = AK;(w) = 1 and AL(w) = 1 =
AL;(w) = 1, so we have the point 2. of the Lemma. The point 3. of the
Lemma is immediate.

Let £ > 1. Suppose we are at time Tk 1, with Tk 1 < T. The vari-
ables mf{Tl’, T > Tjo— 1} Tk 1, mf{Tl”,T” Te-1} — Th1, 1nf{Tl,T’
Th 1} — Th 1, 1nf{Tl”,Tl” > T 1} — Ty_1 are of exponential law (recall the
definition from sections 3.1, 3.2). The infimum of four independent expo-
nential variables F1, ..., F, of parameters, respectively, A1, ..., \s satisfies
P(Ey = inf(Ey, ..., Ey)|inf(Ey, ..., Ey) < 1) = 552245 (V> 0) (see Th.
2.3.3. of [12]). So,

ARz (N—-Kgz )+

AK~ — — Tk Th—1
P(Ty € {T/,1> 1}|KCr K To<T) = — e N1
* v Tkil’ Tk717 4§ ~ Al?’f“k—l(l?’fk—lil) ’
AK,fk_l + —NTh)
AK'fk 1(N7K’1N“k_1)+
T 1 K T, _ N-1
P(Ty € {T},1 > }|K7,_ Kz, Tu <T) = — T S
Aka,l + — -
so, recalling (3.1), (3.3), (3.4),
P(AK, —1|Tk€{Tl,Tl, >1},K5, Ky Th <T) =
~ KTk 1 Tk 1 Tk 1(N KTk 1)+ i
KTk*l _ Tk 1 N—-1 % K’—Z‘:kfl
K N—K ~
KTk ! Tk 1 Tk 1(NflTlC 1)+ Kkal
Tk—l Tk 1 Tk N - ka71
+ 7> T (N KT )+ x RV'N K“
KTk—l - = N—1 = Tro1 Tk
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Ky, (N=Kz )+ ) .
N—1 K% K%
+ - X Kwk“ = —"= (6.28)
Kﬁc71 Tk kaa

and this last expression depends only on ’Ef‘;r' By point 1 of the lemma, the

process (125)520 is equal in law to the sum of ¢ independent Yule processes

Ys(l), ey Y;(Q), and its law is thus independent of N (see [1], p. 102-109,
p. 109 for the law of the Yule process). We have, for all s,

P(YD) = k) = e 381 — e75A)k1 (6.29)
and so (see for example [5], p. 288),

k

P(Ky = k) =PV, 4+ + v =k) = ( .

) (efAt)q(l _ efAt)qu.
(6.30)

Using the point 1. of the lemma, Equation (6.28) and the point 2. of Lemma
3.3, we obtain the point 4. of the Lemma.

Reasoning as above, we can show that, conditionally to Kr, I%T7 the

process (#{Tx, T = T}, Ti, < t})o<t<r is a homogeneous Poisson process of
AKG (K —1 ~ ~ = .
rate (ﬁ)os&T and the process (#{Tk, Tk = T}/, Tk < t})o<i<r IS a

homogeneous Poisson process of rate

(Af(t(f(t —1) = AK (K — 1))
0<t<T

2(N — 1)

So, by Lemma 3.3, 3.,

~ ~ AK (K —1
Pt e {T),l > 1}|Kr,Kr,AL; = 1) = M
AK (K — 1)
We have, for all ¢ (recalling (3.2)),
2K K[!

"'{i,i-‘rl} _ - 1/ > _ 't
]P(ALt 1|’CT7]CT7t € {1} 7l = 1}) Kt(Kt — 1) ’

and (recalling (3.5), (3.6))

PALY = 1|Kp, Kyt € {T), 1> 1))
(K, — KK, + (K, — K)(K; — K, — 1)
Kt(Kt — 1) - Kt(Kt - 1)
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(K - KHK™ (K - KK
(Ky — Ki) (K —1) (K — K)(K - 1)
(K, — K))K, " (Ki - E)K™ (K7 - KMKG
Ki(K;—1)— Ky (K — 1) (K — Ki) K (K: — Ki) Ky
(Ki— KDE + K + (K7 - KY(K] + K))
Ri(Ri—1) — Ki(K; — 1)

So,

KK, —1)
y ((fﬁ' — KK 4 K + (B - KK + Kz'))

BALEH 1|k g, ALy = 1) (Kt(Kt —1) — Ky(Kq — 1))

KK, — 1) — Ki(K, — 1)
. (Kt(Kt— 1)) ( QKK ) KK

I?t(fgt — 1) Kt(Kt - 1) [?t([?t — 1) ’
S0,
. . . 2%iki+l
PALI Y = 1|Kp, AL = 1) = —Lt
Ki(Ky—1)
So, using Lemma 3.3, 2. we have the point 5. of the lemma. O

The author would like to thank the following colleagues for their in-
put: Christophe Giraud, Nicolas Champagnat, Benjamin Jourdain, Tony
Lelievre, Patricia Reynaud-Bouret.
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