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ABSTRACT. — We give an overview of Umemura’s mathematical research on algebraic geometry, the Painlevé equations and the Galois differential theory.
RÉSUMÉ. — Nous donnons un aperçu des recherches mathématiques de Hiroshi
Umemura sur la géométrie algébrique, les équations de Painlevé et la théorie de
Galois différentielle.

1. A short biography of Hiroshi Umemura
Hiroshi Umemura was born in 1944 at Aichi prefecture in Japan. In 1967
he graduated from Nagoya University, where he spent most of his career.
At that time Hisasi Morikawa was a Professor in algebra and Tadao Oda
came to Nagoya from the United State in 1968. He went to IHES at Paris
in 1971-1972 and stayed at Strasbourg twice, 1975-1976 and 1984-1985.
In the 1970s he studied algebraic geometry, especially on vector bundles
over abelian varieties and maximal connected algebraic groups contained in
the Cremona group Autk k(x1 , x2 , . . . , xn ). Umemura and Mukai [U6] found
a new Fano threefold U22 , which was missed by Fano and Iskovskih. The
classification of the Fano varieties were reconsidered after their construction.
When he visited Strasbourg in 1984, he analyzed Painlevé’s Leçons de
Stockholm [8] in detail and he unveiled Painlevé’s theory on irreducibility
of nonlinear differential equations. He gave a rigorous definition of classical
functions, which are reduced to known functions, such as abelian functions
or solutions of linear equations, in terms of the differential Galois theory
based on Grothendieck’s scheme theory.
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He also gave a precise definition of irreducibility of the Painlevé equations based on his theory on classical functions. Any classical solution of the
Painlevé equations is either an algebraic solution or a hypergeometric-type
solution. A complete classification of all the classical solutions of the Painlevé
equations has been achieved by many researchers. Thus the irreducibility of
the Painlevé equations of all types are completely shown until 2014.
It might be a dream of Galois and Lie to build a theory on transformation
groups of differential equations. In the beginning of the twentieth century,
Drach and Vessiot proposed a differential Galois theory, but their theory
was not rigorous and difficult to understand. After a fierce struggle against
long papers by Vessiot, Umemura constructed an infinite dimensional Galois
theory in a rigorous framework. His infinite Galois theory is one of the most
successful differential Galois theories which go beyond classical differential
Galois theories in finite dimensions, such as the Picard–Vessiot theory and
Kolchin’s theory. His theory is essentially equivalent to Malgrange’s theory
on differential Galois groupoids. He tried to determine the differential Galois
group of the Painlevé equations and gave the Galois group Infgal of the first
Painlevé equation under a conjecture.
He received the MSJ Algebra Prize in 1998 for his study of the Painlevé
equations and differential Galois theory from the Mathematical Society of
Japan. He published 55 papers and two Japanese books. One is a text book [I]
on elliptic functions and the other is a monograph [II] on Galois’ dream on
la théorie de l’ambiguïté. He retired from Nagoya university in 2008 and was
bestowed the title of emeritus professor. His theory on the differential Galois
group is a monumental work in the study of differential equations and many
researchers are studying his infinite Galois theory now.
The authors would like to express our gratitude to Shigeru Mukai for
helpful comments and advice.

2. Works on algebraic geometry
Umemura started to research algebraic geometry before he became assistant professor in Nagoya University in 1970. He was thoroughly acquainted
with classical literature and reconstructed many modern theories from classical mathematics. He studied Italian classical research on algebraic geometry by Enriques and Fano, who gave a classification of maximal connected
algebraic groups contained in the Cremona group Cr3 of three variables.
Although their works are difficult to understand and not rigorous from the
viewpoint of modern mathematics, Umemura developed a theory of maximal
connected algebraic groups contained in Cr3 [U23, U24, U29].
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In the 1970s, Iskovskih gave a classification of the Fano threefolds when
the second Betti number b2 = 1. One Fano threefold was missed in the list of
Fano and Iskovskih. Umemura found a new Fano threefold U22 , which is the
unique minimal model of the quotient of PGL2 by the icosahedral subgroup,
with Shigeru Mukai [U6]. Before the construction by Mukai and Umemura,
double projection from a line with normal bundle O ⊕ O(−1) was a standard
tool to study Fano threefolds. But the new one has no such a line on it.
After reexamination, the classification of Fano threefolds became complete
with adding U22 .
One of his famous work is the appendix [U26] in Mumford’s Tata Lectures
on Theta II. Abel proved that quintic equations cannot be solved by radicals.
Hermite and Kronecker showed that quintic equations can be solved by elliptic modular functions. Moreover Jordan proved that algebraic equations of
any degree can be solved by modular forms and Thomae gave a clear formula
of solutions. In [U26], Umemura explained how to solve algebraic equations
by Siegel modular forms. This appendix has been a standard reference on
resolution of algebraic equations.
Around 1983, he had an interest on Painlevé’s works on the birational automorphism groups of algebraic surfaces in [8, 9]. In [U25], he found a cubic
threefold with an infinite dimensional birational automorphism group, which
contains no algebraic subgroup of positive dimensions. The paper [U25] is
the first paper in which Umemura referred to Painlevé’s work, but it seems
that he had no interest on Painlevé’s works on differential equations at this
stage. Leçons de Stockholm was known by Japanese school of algebraic geometry in the 1960s and Umemura studied Painlevé’s classical research on
algebraic surfaces in his study on birational automorphism groups of algebraic threefolds. Painlevé’s Stockholm Leçons was also referred to by the
Italian school, for example in [2].

3. Works on differential Galois theory and
the Painlevé equations
When Ellis Kolchin visited Nagoya in 1970, Umemura was a graduate
student and picked up Kolchin from his hotel to the University. Umemura
said to Kolchin that he would go to Strasbourg to study under Pierre Cartier.
He never considered that he would study the differential Galois theory in the
future even when he met Kolchin. Umemura visited Strasbourg in 1971, but
he soon moved to IHES with Cartier.
In 1983, Jean-François Pommaret visited Japan with his new book [11].
He also gave a talk on his differential Galois theory at Nagoya. Umemura said
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“I cannot understand Pommaret’s talk. But he taught me many researches
on the differential Galois theory since Lie, Picard, Drach and Vessiot. I was
excited over the Galois theory on differential equations.” But even when
Umemura met Pommaret, he did not consider that he would study the differential Galois theory later.
When Umemura went to Strasbourg in 1984, he investigated minutely
Painlevé’s Leçons de Stockholm [8]. He realized that Painlevé understood
irreducibility of differential equations very well but Painlevé did not have a
mathematical language to express it. Umemura started to study irreducibility of the Painlevé equations and the differential Galois theory. He gave a
talk [U27] at un colloque Franco-Japonais “Équations différentielles dans le
champ complexe” at Strasbourg in 1985. He published two long papers in
1990. One [U36] is on irreducibility of the first Painlevé equation and the
second one [U35] is on the differential Galois theory. When he wrote a short
survey [U28] on works of Fano in 1885, he pointed out that Fano studied
not only algebraic geometry but also linear differential equations and the
Picard–Vessiot theory.
Painlevé himself gave a proof on irreducibility of the first Painlevé equation, but his proof was far from complete. When Painlevé has ‘shown’ irreducibility [10], it caused a dispute against R. Liouville. Painlevé’s proof is
based on Drach’s theory [3], but Drach’s theory is a kind of infinite dimensional differential Galois theory and it was difficult to construct a rigorous
theory on infinite dimensional group theory around 1900.
Umemura considered what is a “known function” by analyzing Leçons
de Stockholm. In order to give a precise definition of irreducibility, we need
to give a definition of known functions. He gave a definition of classical
functions, which are reduced to elementary functions, abelian functions and
solutions of linear differential equations, in terms of the differential Galois
theory. For a differential field extension by classical functions, the differential
Galois group is an algebraic group. By Chevalley’s theorem, any algebraic
group is an extension of an abelian variety by a linear algebraic group. Since
Umemura’s classical functions contain abelian functions, Umemura’s first
theory [U35] goes beyond the Picard–Vessiot theory which treats only linear
differential equations, but it is still finite-dimensional like Kolchin’s theory.
Based on rigorous theory on the differential Galois groups, he gave a
modern definition of irreducibility of the Painlevé equations [U32]. In 1987,
K. Nishioka [7] also gave irreducibility of the first Painlevé equation independently. Nishioka’s proof does not depend on infinite dimensional differential
Galois theory, contrary to Painlevé’s guess.
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There exist two types of classical solutions of the Painlevé equations.
One is algebraic functions. Let K be a field of rational functions. For any
algebraic solution y, the transcendence degree tr.d [Khyi; K] = 0. The second
is classical transcendental solutions. Any classical transcendental solution y
satisfies a Riccati equation and tr.d [Khyi; K] = 1. When tr.d [Khyi; K] = 2,
y is not a classical function (irreducibility). The irreducibility of the Painlevé
equations is a good testing ground to apply the differential Galois theory.
Umemura’s strategy to show the irreducibility of the Painlevé equations
is as follows:
• Classify all algebraic solutions.
• Find invariant polynomials in the initial value spaces.
We explain invariant polynomials in the case of the first Painlevé equation.
We take a differential field K = (K, δ), an extension of (C(t), d/dt). We
consider a polynomial ring K[p, q]. We take a vector field X = δ + p∂/∂q +
(6q 2 +t)∂/∂p. If there exist G ∈ K[p, q] such that XF = GF , the polynomial
F ∈ K[p, q] is called X-invariant. Moreover, when F 6∈ K, F is called a
nontrivial X-invariant polynomial. Geometrically, X is a vector field on the
affine space and the curve F = 0 is tangent to X. We can define an invariant
polynomial for other Painlevé equations.
When any X-invariant polynomial is trivial, Umemura [U36] said that
a “condition (J)” is satisfied. He found an algorithm to determine an invariant polynomial [U41], and proved irreducibility of the Painlevé equations of higher type with H. Watanabe. The notation (J) means the initial
of the Japanese word “Joken”, which means “condition”. This is a joke by
Umemura!
He also studied rational solutions of the fifth and sixth Painlevé equations [U44]. The corresponding τ functions are called the Umemura polynomials. Since his first announcement [U42] on the Umemura polynomial for
the sixth Painlevé equation was not in print, we publish it in this volume
(see section 4).
Umemura made the most of opportunity that the Painlevé equations are
actively studied in Japan. Moreover, Georges Reeb in Strasbourg considered
that the Painlevé equations are pioneer works of foliations, and he edited
three volumes of Oeuvres de Paul Painlevé in 1972-1975 (K. O. also stayed
at Strasbourg and assisted editorial work).
In the 1990s, Umemura studied a theory of differential Galois groups in
infinite dimensions. He always carried papers by Vessiot [12, 13, 14, 15] for
many years. Drach and Vessiot considered differential Galois theory for nonlinear differential equations, but their theory is far from rigorous. Umemura
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finally constructed his infinite differential Galois theory [U40, U41, U43], but
few researchers had an interest on his theory at first. In 1995, he gave a talk
at Colloque Trajectorien à la mémoire de Georges Reeb et Jean-Louis Callot
at Strasbourg-Obernai (The proceeding is [4]) and André Lichnerowicz appreciated his talk. He also gave a talk [U45] at Kyoto in 1999 and Bernard
Malgrange had a deep interest in Umemura’s theory. Malgrange constructed
his theory on Galois groupoids in 2001 [6].
Umemura’s theory is one of the most successful theoris on the differential
Galois groups. It might be Galois’ dream on “la théorie de l’ambiguïté”.
His infinite Galois theory goes beyond classical differential Galois theory
by Kolchin. Although Umemura’s theory looks different from Malgrange’s
theory on the differential Galois groupoids, both are coincident with each
other in many examples. For example, Umemura explained the equivalence
in the absolute case [U52] where the base field consists of only constants. He
also tried to connect his theory to Malgrange’s theory on differential Galois
groupoids over a general base field, but this work was not finished.
Umemura, Pommaret and Malgrange met at IHES in the fall 2010. Three
researchers have their own differential Galois theory. After a stormy discussion, Umemura and Pommaret did not achieve consensus on differential Galois theory. This is the last time that Umemura met Pommaret. Umemura
met Anand Pillay at the same time and he appreciated a talk by Pillay.
He continued to apply his infinite Galois theory to other equations such
as soliton equations or difference equations. See [5] for a unification of the
Taylor morphism with the Euler morphism of Morikawa and Umemura [U5].
It is a difficult problem to determine infinite Galois groups. Umemura
tried to determine the Galois group Inf-gal(L/K) of the first Painlevé equation with Daniel Bertrand [U1] and he succeeded partly in [U48]. See [1] for a
computation of the Malgrange groupoid of the Picard–Painlevé equation, inspired by Umemura’s study of classical functions. Thus Umemura’s research
has influenced younger generation. He proposed many unsolved questions in
his talk [U49] at Angers. They would be future works for us, successors of
Hiroshi Umemura.

4. Unpublished paper on special polynomials associated with the
Painlevé equations
This volume contains an unpublished paper [U42] by Umemura. Umemura
gave a talk at the conference “Theory of nonlinear special functions: the
Painlevé transcendents” held at Montreal in 1996, but the proceeding is
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not published. Umemura showed a series of rational solutions of the sixth
Painlevé equations. The τ -function of the rational solution is now called the
Umemura polynomial, which has a rich structure related to the Young diagram. The first half of [U42] is a good survey of special solutions of Painlevé
equations.
Some researches might wonder why the title of the paper [U7] is part
II without part I, but [U42] shows that Umemura did write part I. One
of the authors (Y. O.) received a copy of the paper [U42] from Umemura
himself and it is our pleasure to present in this memorial issue. We express
special thanks to Mrs. Yuko Fujii, a secretary in Tokushima University, for
typesetting the manuscript in TEX.

5. List of Umemura’s works
Published papers
[U1] D. Bertrand & H. Umemura, “On the definitions of the Painlevé equations”, RIMS
Kokyuroku 1296 (2002), p. 29-34.
[U2] S. Fukutani, K. Okamoto & H. Umemura, “Special polynomials and the Hirota
bilinear relations of the second and the fourth Painlevé equations”, Nagoya Math. J.
159 (2000), p. 179-200.
[U3] A. Masuoka, K. Saito & H. Umemura, “Toward quantization of Galois theory”,
Ann. Fac. Sci. Toulouse, Math. 29 (2020), no. 5, p. 1319-1431.
[U4] S. Morikawa, K. Saito, T. Takeuchi & H. Umemura, “Discrete Burgers’ equation,
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[U6] S. Mukai & H. Umemura, “Minimal rational threefolds”, in Algebraic geometry
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p. 490-518.
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I”, Nagoya Math. J. 88 (1982), p. 213-246.
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[U27] ——— , “Birational automorphism groups and differential equations”, in Équations
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[U29] ——— , On the maximal connected algebraic subgroups of the Cremona group. II,
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[U30] ——— , “Minimal rational threefolds. II”, Nagoya Math. J. 110 (1988), p. 15-80.
[U31] ——— , “On the irreducibility of Painlevé differential equations”, Sūgaku 40 (1988),
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[U32] ——— , “On the irreducibility of the first differential equation of Painlevé”, in
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[U34] ——— , “On the Lie-Drach-Vessiot theory”, in Proceeding of symposium on algebraic geometry, 1989, p. 173-198.
[U35] ——— , “Birational automorphism groups and differential equations”, Nagoya
Math. J. 119 (1990), p. 1-80.
[U36] ——— , “Second proof of the irreducibility of the first differential equation of
Painlevé”, Nagoya Math. J. 117 (1990), p. 125-171.
[U37] ——— , “Classical solutions to Painlevé equations”, RIMS Kokyuroku 857 (1994),
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[U46] ——— , “On the transformation group of the second Painlevé equation”, Nagoya
Math. J. 157 (2000), p. 15-46.
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