ANNALES

DE LA FACULTE
DES SCIENCES

Mathématiques

HIrRoSHI UMEMURA
Special polynomials associatedwith the Painlevé equations 1

Tome XXIX, n°5 (2020), p. 1063—1089.
https://doi.org/10.5802/afst.1657

© Université Paul Sabatier, Toulouse, 2020.

L’acces aux articles de la revue « Annales de la faculté des sciences de Toulouse
Mathématiques » (http://afst.centre-mersenne.org/) implique I’accord avec les
conditions générales d’utilisation (http://afst.centre-mersenne.org/legal/). Les
articles sont publiés sous la license CC-BY 4.0.

A
A AV
.4 Publication membre du centre t
’ > Mersenne pour I'édition scientifique ouverte AA }t A‘A
AA
A e vy

v
http://www.centre-mersenne.org/ A v AV:

MERSENNE A


http://www.centre-mersenne.org/
https://doi.org/10.5802/afst.1657
http://afst.centre-mersenne.org/
http://afst.centre-mersenne.org/legal/

Annales de la faculté des sciences de Toulouse Volume XXIX, n°5, 2020
pp- 1063-1089

Special polynomials associated
with the Painlevé equations I

Hirosur UMEMURA (V)

ABSTRACT. — The Painlevé equations have rational or algebraic solutions on spe-
cial parameters. We can find rational or algebraic solutions of the Painlevé equations
as fixed points of the Backlund transformations. The 7 function of the rational or
algebraic solution can be written as the product of a special polynomial and an
exponential factor. Since a series of 7 functions satisfies the Toda equation, we ob-
tain a recursive relation of the special polynomials. The coefficients of the special
polynomials for the sixth Painlevé equation are described by the Young diagram.

(The original manuscript by the author was submitted to the proceeding of the
Montreal conference in 1996, which were not published. The abstract was not part
of the original manuscript and has not been written by the author.)

RESUME. — Pour certaines valeurs spéciales des parameétres, les équations de Pain-
levé ont des solutions algébriques ou rationnelles. Elles sont associées aux points fixes
des transformations de Backlund. La fonction 7 de la solution rationnelle ou algé-
brique peut alors étre écrite comme un produit de polynémes spéciaux et d’un fac-
teur exponentiel. Puisque une série de fonctions 7 satisfait I’équation de Toda, nous
obtenons une relation de récurrence pour les polyndémes spéciaux. Pour la sixieme
équation de Painlevé les coefficients des polynomes spéciaux sont décrits a 'aide de
diagrammes de Young.

(Le manuscrit original a été soumis aux comptes-rendus de la conférence de
Montréal en 1996, qui n’ont pas été publiés. Le résumé ne faisait pas partie du
manuscrit original et il n’a pas été rédigé par 'auteur.)

1. Introduction

We have systems of classical orthogonal polynomials such as the Jacobi
polynomials, the Laguerre polynomials, the Hermite polynomials, etc. They
are solutions of linear differential equations of the second order: Namely the
hypergeometric differential equations or their confluents.

(1) Graduate School of Polymathematics, Nagoya University
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FEzample 1.1. — The Hermite polynomials. Let us set
n /2 dne—t2/2
et /22 5
der

for every non-negative integer n. Then H,(t) is a polynomial of degree n,
the Hermite polynomial and is a solution of the Hermite equation

y' —ty +ny=0.

The Hermite polynomials are orthogonal each other, i.e.
/ Hy () H, (8)e ™12 dt = §nn!v/27.

‘We have a recurrence formula

Hpi1(t) = Hy(t)t — nH, 1 (t). (1.1)

As is well-known, we have the following diagram of confluence of the
linear differential equations

Hermite
Hypergeometric —— Confluent hypergeometric Airy

Bessel
(cf.[12]).
The diagram above is compatible with the degenerations of the Painlevé
equations
Py
P6 —> P5 PQ — Pl

N,

Namely the hypergeometric equation is a part of the sixth Painlevé equation,
the confluent hypergeometric the fifth and so on. Since the Jacobi polyno-
mials and the Legendre polynomials satisfy hypergeometric equations, they
are contained in the sixth Painlevé equation. Similarly the Laguerre poly-
nomials that satisfy a confluent hypergeometric equation, and the Hermite
polynomials are respectively included in the fifth and the fourth Painlevé
equations.

The Painlevé equations, however, involve also non-classical polynomials.
Yablonskii [13] and Vorob’ev [11] discovered such polynomials in P; and the
Okamoto in Ps. So the following natural question arises.
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Special polynomials associated with the Painlevé equations I

QUESTION 1.2. — Are there non-classical special polynomials related with
the other Painlevé equations?

In fact, we can generate many special polynomials using the Painlevé
equations. We present in this note some of them. The other polynomials and
the details will appear in [8]. Things go miraculously well. Is it because the
Painlevé functions (=the solutions of the Painlevé equations) deserve special
functions? The most interesting series of polynomials arises with algebraic
solutions of degree 2 of the sixth equation Ps, which seem new (cf. Section 6).
In Section 7 we observe that our polynomials are related with the Young
diagrams.

2. Yablonskii—Vorob’ev polynomials (review)

The second Painlevé equation
Py(a) v =20 +ty + o
is equivalent to the system

¢=p—q*—
p' = 2pq+b,

t
Sa(b) 2

where o and b are related by b = o+ 1 (cf. [3]). The system S2(b) is a Hamil-
tonian system parameterized by b € C. Namely let H = %p2 — (q2 + %t) p—b.
Then S3(b) is written as

{dq/dtz@H/@p7 2.1)

dp/dt = —0H/0q.

We denote by Sola(b) the set of solutions of Sz(b). We have a transformation
T(b,b—1): Sola(b) — Sola(b—1)
defined by
T(b,b—1)(g,p) = (—¢+ (b—1)/(p—2¢* —t),—p+2¢°> + 1)
and a transformation
I(b, —b) : Sola(b) — Sola(—b)

given by I(b, —b)(q,p) = (¢ +b/p, p) for (g,p) € Sola(b).
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THEOREM 2.1.

(1) Pa(«) has a I-parameter family of classical solutions for a € % +7Z.

(2) Py(a) has a unique rational solution for a € Z.

(3) Except for those solutions in (1) and (2), other solutions are not
classical.

This theorem is the irreducibility of the second Painlevé equation. For
the definition of classical functions, see [8, 9] and for a proof of the theorem
see [10]. Let us illustrate the theorem by examples.

Ezxzample 2.2.
(1). — If @ = —1 or equivalently b = 0, then S5(0) reduces to
t
/I __ _ 22

P’ =2pg.
So if ¢ is a solution of a Riccati equation ¢’ = —q? — t/2, then (g,0) is a
solution of S3(0). The solutions of this type form a l-parameter family of

classical solutions of S2(0). We notice that by setting y'/y = ¢, we linearize
the Riccati equation to get the Airy equation

y”+1ty:0
5 .

(2). — If @ =0 so that b = %, we have

Hence (¢,p) = (0,t/2) is the unique rational solution of S(3). It is natural
to ask how we can calculate the unique rational solution of Py(n) for n € Z.
The first idea that comes to our mind is to start from the rational solution
(0,¢/2) of S(1) and use the transformations 7'(b,b — 1) and I(b, —b). There
is a very elegant method due to Yabloskii and Vorob’ev.

Let us define rational functions T, (t) for m € N recursively by

TR (t) —4 (T} () Tn (8) = T2 (1))

B Trn—2(t) ’
with To(t) = T1(t) = 1. We can show that for every m € N, T,,,(¢) is a monic
polynomial with integral coefficients of degree m(m —1)/2, which we call the
Yablonskii-Vorob’ev polynomials (see 8.1, [11] and [13]). We can show that
dm =T}, 1/Tms1 — T}, /T is the unique rational slution of Py(—m — 1) for

Tpn(t) (2.2)
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m € N. We want to generalize the Yablonskii—Vorob’ev polynomials. To this
end, we must clarify the following points.

(1) How to find rational or more generally algebraic solutions of the
Painlevé equations?

(2) Where does the recurrence formula (2.2) come from?

(3) How to prove that the T, (t)’s are in fact polynomials?

3. How to find rational or algebraic solutions

To this end let us review how the transformations T'(b,b — 1), I(b, —b)
are introduced ([3]). As we explained above S3(b) is the Hamiltonian sys-
tem (2.1) with the Hamiltonian H (b, t,q,p) = %pQ - (q2 + %t) — bg. Let us
set h(b, q(t),p(t)) = H(b,t,q(t),p(t)) for a solution (q(t),p(t)) of Sa(b). Then
h(b, g, p), which is a function of ¢, satisfies

dzn\ 2 dr\®  dh [ dh 1
E 2 4 (=2 2 (+Z2 _h) — 2 =o.
2 () (dt2) + (dt) 2% (td h) =

The following lemmas are due to Okamoto [3].

LEMMA 3.1. — Let (q,p) be a generic solution of Sa(b). Namely we have

tr.d. [Q(b, t)(q, p) : Q(b,1)] = 2.
Then h(b,q,p) is a generic solution of E(b), i.e. we have
tr.d.[Q(b,)(h(b, ¢, p)) : Q(b,1)] = 2.

Here we denote by Q(b,t)(h(b,q,p)) the differential field generated by
h(b,q,p) over Q(b, ).

LEmMA 3.2. — If (q(t),p(t)) be a generic solution of Sa(b), then
Q(b,t)(q(t),p(t)) coincides with Q(b,t){(h(t,q(t),p(t)). In fact we have

2d2h(b,g£§),p(t)) +b

q(t) = L dhbap®)
dhtb.a(®).p(t))

p(t) = _,dhtb, qg;),p(t))

(3.1)

(cf. [3, Formula (1.1), p. 227]).

Let now h be a generic solution of E(b). Then it follows from Lemma 3.1
that (g, p) being a generic solution of S3(b), we have a differential Q(b,t)-
isomorphism Q(b,t)(h) — Q(b,t)(h(b,q,p)), h — h(b,q,p). So if we set

{q(b, h) = (2d2h/dt? + b)/(4dh/dt),

p(b, h) = —2dh/dt, (32)
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then (g(h),p(h)) is a generic solution of Sy(b) and we have

h = h(b,q(b,h),p(b, h)) (3.3)

so that
Q(b, t)(h) = Q(b, 1) (q(b; 1), p(b, 1)) (3.4)
Let (g,p) be a generic solution of S3(b). Then by Lemma 3.1 h(b, ¢,p) is a

generic solution of F(b) and hence is a generic solution of E(—b). Therefore
we have by Lemma 3.2 and (3.4).

Q(b,t)(q,p) = Q(b, 1){R(b, ¢, p)) = Q(b,)(q(=b, h), p(=b, h)), (3.5)

where h on the right should be read h(b,q,p)). A calculation using (3.1)
shows

{q(—b, h(b,q,p)) = ¢ +b/p, (3.6)

p(fba h(b7 qap)) =D,
This is the transformation I(b, —b).
Remark 3.3. — The transformation I(b, —b)(g,p) is defined for a generic

solution (g, p) of S2(b) but we can show I(b, —b)(q, p) is well-defined for every
solution (g, p) of Sa(b).

When b= —borb=0,I(0,0) is an automorphism of Q(¢)(g, p). It follows
from (3.5) that 7(0,0) is the identity automorphism.

LEMMA 3.4. — 1(0,0) is identity automorphsim of Q(t)(q, p).

Now we analyze the transformation T'(b,b — 1) : Sola(b) — Sola(b—1).

PROPOSITION 3.5 (Okamoto). — If (¢,p) s a generic solution of Sa,
then hi(b,q,p) := h(b,q,p) + q is a generic solution of E(b—1). The differ-
ential subfield

Q(ba t)<h1(ba Q7p)>
coincides with Q(b,t)(q,p). Namely we have

Q(b,t)(h1(b, q,p)) = Q(b,t)(q; p)- (3.7)

In fact, we have

dehld(tl;,q,p) —b+1

q= )
e (3.8)
b2 1(d;q7p) Lo 1t

(cf. [3, Formula (2.5), p. 235]). Now it follows from Proposition 3.5 and (3.4)
Q(ba t) (q7p) = Q(b7 t)<h1(b= Q7p)> = Q(b7 t)(q(b - 1a hl)ap(b - 17 hl))? (39)

- 1068 —



Special polynomials associated with the Painlevé equations I

where h; should be read hq(b, ¢, p). A calculation using (3.2), (3.8) shows
b—1
b—1,h)=—q+ ———

e 1) q p—2¢% —t (3.10)
p(b—1,h1) = —p+2¢* +1.

This is the transformation T'(b,b — 1) : Sola(b) — Sola(b — 1). The value

T(b,b — 1)(q,p) is defined for a generic solution (g,p) of S2(b) but we can

show that it is well-defined for every solution (g,p) of S2(b). Let us now

consider the composite of the translation b — b — 1 and the reflection at 0

of C:b—b—1+ —(b—1) =1—1b. So 3 is its fixed point. This affine

transformation b — 1 — b of C lifts to the transformation

It follows from the definition of the transformations that I(b — 1,1 — b) o

T(b,b—1) comes from

Q(b, 1) (q(b), p(b)) = Q(b, 1) (h1 (b, q,p)) = Q(b,£) (¢ (1 = b,h1),p (1 = b, 1)) .

At the fixed point b = %, we get an automorphism I(b — 1,1 — b) o
T(b,b—1) = I(—%,4) o T(3,—3) : Sola(3) — Sola(3). Let us look for a
solution

(s(3:0)2(3)) = (a(3)-#(3))
fixed by this automorphism.

LEMMA 3.6. — The following conditions for a solution (q(3,1),
p(3.1)) of S2(3) are equivalent.

(1) I(_%’ %) OT(%’ _%)(Q(%vt)ap(%’t)) = (Q(%at)v p(%,t))
(2) hi(5:4:p) = h(3,4:p).

(3) a(3,t) =0.

4) (a(3.1),p(3.1) = (0./2).

Proof. — Tt follows form (3.2) that we have

Q(b, ) {1 (b, q,p)) = Q(b,t)(q,p) (3.11)
if dh/dt # 0. We notice dh/dt = 0 implies b = 0 by E(b). So if b # 0, we
have (3.10). Similarly, it follows form (3.8) that if b # 1, we have

Q(b, £){h1 (b, ¢, p)) = Q(b, 1) (g, p)- (3.12)
Now since b = 1, we have both (3.11) and (3.12). So I(b — 1,1 —b) o

T(b,b—1)(q,p) is defined for every (g,p) € Sol2(%) by the equalities (3.11)
and (3.12) as for a generic Solutlon We have Q( p) =Qt)(h1(%,q,p)) =

)(a,
) (a,p) = (a(3

Q( )( (z’hl)v (27h1>) and I( 27 2) ( » T2 s ha ),p(%,hﬂ)
So since hi(3,q,p) = h(%,q(3,h1),p(3, M), if q(3,h) = q(3,t) and
p(5,h1) = p(3,t), then we have hi(3,4(3),2(3)) = h(3,4(3),p(3)). This
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shows the conditions (1) and (2) are equivalent. It follows from the defini-
tion that the second condition is equivalent to the third. By the first equation
of S5(3), ¢(3) = 0 if and only if p(3) = t/2. O

Remarks 3.7.

(1). — We have seen that the rational solution (g, p) = (0,t/2) of S2(3)
is the unique fixed solution of the automorphism

1(-3) o 7(5-5) - @0a(3)0(3)) > 2 (a(3) o(3))

As Theorem 2.1 shows, (¢,p) = (0,t/2) is the unique rational solution and

hence (0,¢/2) is fixed by the birational automorphism I(— oT(%,—1).

2’2) 27 2

(2). — Now we fix the parameter b € C. Let

0 OHO O0HJ
X= b — o,

ot Op dq Oq Op
which is a vector field on X = C? with coordinate (¢,q,p). We denote by
p: X = C3 — C the first projection. A section (t,q(t),p(t)) of the pro-
jection p is tangent to the vector field X if and only if (q(¢),p(t)) sat-
isfies dq(t)/dt = O0H/Op,dp(t)/dt = —0H/0q, i.e. (q(t),p(t)) is a solu-
tion of Sa(b). We consider the pair (X, X) and a birational automorphism
[ (X, X) = (X, X) that commutes with the vector field X and with the
projection p. Let S C X be the set of fixed points of the automorphism f.
Then we can show that if a solution of S3(b) has initial conditions in S,
then it remains in S or equivalently S is X-invariant. So if the restriction
pls: S — C is finite algebraic over a Zariski open set of C, then S gives
an algebraic solution of S3(b). In our example, f = I(—3,3)oT(5,—3) and
S ={(t,0,t/2) € X = C3|t € C} so that p|s: S — C is biregular and we
find the rational solution (q(t), p(t)) = (0,t/2).

Geometrically, regarding now b € C as a parameter, we consider the affine
space Z = C* of dimension 4 with coordinate (b, ; ¢, p) so that X is a vector
field on Z. The transformation T'(b, b—1) induces a birational automorphism
T(-1):(Z,X) = (Z,X),(b,t;q,p) — (b— 1,;T(b,b — 1)(¢,p)) lifting the
translation ¢t(—1) : C — C,b — b — 1 of the parameter space so that the
diagram

z,x) 25 (7, %)
Pll \Lp1
t(—1)
C———=C
is commutative, where the vertical arrow p; is the first projection.
Similarly the transformation I(b, —b) defines a birational automorphism
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I1:(Z,Xx)— (Z,X), (bt;q,p) — (=b,t;I(b,—b)(q,p)) that lifts the re-
flection ¢ : C — C, b — —b at the origine so that the diagram

(Z,X)—L~ (2, x)

|k

c—* >

is commutative. Let G be the subgroup of affine transformations of C gener-
ated by the translation ¢(—1) and the reflection ¢ at the origine of C. So the
subgroup (t(—1)) ~ Z generated by ¢(—1) is the group of translations by in-
tegers and G = (t(—1),4) is the semi-direct product (¢(—1)) x (i) ~ Z x Ss.
Let G be the subgroup of X-birational automorphism of Z generated by
T(—1) and I. Hence we have a canonical morphism f : G — @ such that
f(T(-1)) =t(—1) and f(I) = i. Namely the projection p; : Z — C is equi-
variant: For every g € CNT', we have p1(g - (b,t;q,p)) = f(g) - (p1(b,t;q,p)) for
all (b,t;q,p) € C*. Here the dots mean the operations of G and G respec-
tively on Z and C. It follows from the definition I? = Id. A calculation shows
(I o T(—1))2 = 1d and hence G = (T(=1)) x (I). Therefore the canonical
morphism f : G= (T(-1)) x (I) = G = (t(—1)) x (i) is an isomorphism. In
other words, G operates birationally on (Z, X).

Now we introduce a new parameter space V :={ (v, v2) € C? |v1+vy = 0}
so that {(1,—1),(—1,1)} is the root system of type A;. The root lattice
is a subgroup Z(1,—1) of V generated by the roots (1,—1),(—1,1). The
affine Weyl group is the group of affine transformations of the affine line V
generated by the reflections with respect to the points (n,—n) € V,n € Z.
We know that the affine Weyl group of type A; is the subgroup of affine
transformations of V' generated by (i) the translations by the elements of the
root lattice Z(1,—1) and (ii) the reflection at the origin (0,0). The weight
lattice is the subgroup of V generated by $(1,—1),3(—1,1). The extended
affine Weyl group is the subgroup of affine transformations of V' generated
by (i) the translation by the weight lattice and the reflection at the origin
(0,0). As Okamoto did it, customarily we identify the parameter space C
of the Painlevé equation Pi(«) or of the system Sa(b) with V' by setting
v =—vy =b=a+1 (cf. [3,4,5,6,7,10]). So the subgroup G of the affine
transformations of the parameter space C of the system S3(b) generated by
the translation b — b+ 1 and the reflection at the origin is identified with the
affine Weyl group of type A;. We had better, however, identify the subgroup
G of affine transformations with the extended affine Weyl group. Namely in
this paper we set 2v; = —2vo =b=a + %

In real picture, {(v, —v) € R?|0 < v < 3} is an alcove or a fundamental
domain of the operation of the affine Weyl group on Vg = {(v1,v2) € R?|
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v1 + v2 = 0}. So with the above identification {b € R|0 < b < 1} is an
alcove. Hence {b|b € Z} is the set of walls of the affine Weyl group. So the
affine Weyl group is generated by the reflections at n € Z of R. Similarly
{b € R|0<b< i} isafundamental domain of the operation of the extended
affine Weyl group on R = {b € R}. Thus the extended affine Weyl group
is generated by the reflections at the point of % + Z. Now we can rephrase
theorem as follows.

THEOREM 3.8.

(1) Sa(b) has a 1-parameter family of classical solutions if b € C is a
wall of the affine Weyl group of type A;.

(2) S2(b) has the unique rational solution if b € C is a wall of the
extended affine Weyl group but b is not a wall of the affine Weyl
group.

(3) Except for those solutions in (1) and (2), no solutions of Sa(b) are
classical.

The above observation is summarized as follows. The point b = % of the
parameter space C is the fixed point of the operation of g =iot(—1) € G.
So g induces an automorphism of the fiber p;*(3) of the first projection
p1 + Z — C and consequently the automorphism I(—3,1) o T(3,—1) :
Sola(3) — Sola(%). The rational solution (¢,p) = (0,t/2) is the solution of
S5(%) invariant by the automorphism I(—3,1) o (3, —3). So the principle
is that first we look for an element g of the extended affine Weyl group that
has a fized point b = % on the parameter space C so that g induces an
automorphism of Sg(%). Then we look for a solution of 52(%) fized by the

operation of g.

4. Recurrence formula

We need theory of m-function. Let us introduce a 7 function of a solution

(q(t),p(t)) of Sz(b) by
7'(t)/7(t) = H(b,q(t), p(t)),

where H = %pZ — (q2 + %t)p — b is the Hamiltonian. Let us now fix the
parameter b and the solution (q(b,t),p(b,t)) of S2(b). We set 79 = 7p(t)
a 7-function of ¢(b,t),p(b,t). By iteration of the operations T'(b,b — 1),
T(b—1,b—2),..., we get from the given solution (¢(b), p(b)) = (¢(b,t), p(b, 1))
of S3(b) a solution (¢(b —m),p(b —m)) of Sa(b —m). Let 7, = 7 (t) be a
7-function of (g(b — m), p(b —m)) so that

7 [Tm = H(b—m,q(b—m),p(b —m)), (4.1)
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THEOREM 4.1 (Okamoto [3]). — The 7, s satisfy the Toda equation
d?log 7 /dt? = ¢(m) T 1Tmi1 /T2 1, (4.2)
where ¢(m) is a non-zero constant.

Ezample 4.2. — We have a rational solution(q(3),p(3)) = (0,¢/2) of

S3(3) so that H(3,t,q(3),p(3)) = —&t* So since 7g is a solution of 7§ =
(—t?/8) 10, 7o = exp (— [ t?/8dt) = exp (—t3/24). Now let us set
T = exp (—t%/24) Ty, (2). (4.3)

It follows from the Toda equation (4.3) with ¢(m) =1 that

{Tm+1<t> — (T ()%t = 4 (T T (t) = T, (%)) /Trua (1)

To(t) = Ta(t) = 1. (4.4)

We find here the Yablonskii—Vorob’ev polynomials. It follows immediately
from (4.3) that the T, (t)’s are rational functions. In Section 5, we will discuss
proofs that the T,,(¢)’s are in fact polynomials. It follows from the definition
of ¢(b—1),p(b—1) we have

H(b—=1,t,q(b=1),p(b 1)) = H(b,1,4(b),p(b)) + q(b).  (4.5)
Therefore by (4.1), (4.3) and (4.5) we get
Tt/ Tl = T [T = Q<—% - m) (4.6)

So (4.6) shows that the Yablonskii-Vorob’ev polynomials give an effective
method of calculating the rational solution q(—% —m) of the second Painlevé
equation Py(—m — 1) : ¢ = 2¢3 +tq — (m + 1) for m € Z.

The conclusion is that the recurrence relation (2.2) comes form the Toda
equation satisfied by the 7-functions.

5. Proof that the T,,(¢)’s are polynomials

The quickest way of proving that the T, (¢)’s are polynomials is to use
the following fundamental

THEOREM 5.1. — For the second Painlevé equation, a T-function 7(t) is
holomorphic over C.

If we admit the Theorem, since 7, = Tp,(t) exp (—t3/24), the rational
function T, (t) is holomorphic over C and hence T),(¢) is a polynomial. The-
orem 5.1 is a deep and transcendental result, which we would like to avoid for
the following reason. When we want to generalize the Yablonskii—Vorob’ev
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polynomials to the other Painlevé equations, the analogous theorems for the
other Painlevé equations do not allows us to prove that the rational functions
in question are polynomials but they show only that the rational functions
are regular over C\{0,1} for example if we deal with the Ps. The best way
of showing that the T,,(t)’s are polynomials is as follows. As we noticed
above, the T,,(t)’s are rational functions by the recurrence relation (4.4).
So 7, = T exp (7t3 / 24) is meromorphic over C. Consequently 7/, /7, =
H(—3 —m,t,q(—5 —m),p(—5 —m)) = h(—5 —m,q(—5 —m),p(—5 —m))
is meromorphic over C and satisfy the differential equation E( —% —m). We
can easily show

LEMMA 5.2. — If a solution h of E(—% —m) is meromorphic at a point
a € C, then t = a is at most a pole of order 1. Moreover if the point a is a
pole of order 1 of h, then the residue is equal to 1.

Now Lemma 5.2 shows that 7, is regular over C so that T,,(T) is a
polynomial.

6. Special polynomials

We apply the method of the previous sections to the Painlevé equations
P; (3 < j <6). As we illustrated in Section 3 taking the second equation as
an example, the Painlevé equation P; has a Hamiltonian representation
dg/dt = 0H;/0p,
S5;(v) o/ 510
dp/dt = —0H;/dq,
where H; = H;(v,t,q,p) is a polynomial of ¢, p and v with coefficients
in Q(¢). Namely S;(v) is a Hamiltonian system parametrized by v which
belongs to a complex vector space V;. An appropriate extended Weyl group

G; operates not only on the parameter space V; but also on the set of
solutions of the system S;(v).

Remark 6.1. — Precisely speaking, we must enlarge G; to C:'j or we must
consider an extension G; of the group G; so that G; operates on the set of

solutions of Sj(v). Namely we can find a group G, such that G; is a quotient
group of G; and such that G; operates on the set of solutions of the system

S;(v) as well as on the parameter space V;. We know, however, G; = G; for
j=24.
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6.1. The fourth Painlevé equation. The fourth equation

y/2 3y3 9 9 ﬁ
Pya,8) y'="—+ "2+t +2(t° —a)y+—

is equivalent to the Hamiltonian system

dg/dt = 4pg — ¢* — 2tq + 2(v1 — va),

S. » V2,
4 (v1,v2,v3) {dp/dt = —2p® + 2q + 2t + (v; — v3),

with Hamiltonian Hy = 2gp? — (¢ + 2tq — 2(v1 — v2))p — (v1 — v3)q, where
(v1,v2,v3) € C3 belongs to the paprameter space Vy = {(vy,v2,v3) € C3]
vy + va +v3 = 0} (cf. [3, 7]). Here the parameters vy, vq,vs are related
with the usual parameters «, 8 of the Painlevé equation Ps(c, ) by a =
3vs + 1,8 = —2(v; — v9)?. The extended affine Weyl group of type A oper-
ates on both the parameter space V; and the set of solutions of the system
S4(v1, v, v3). We consider a translation v v+%(—1, —1,2) and a permuta-
tion (v1,vq,vs) — (vs, v1,v2), which are affine transformations of the param-
eter space and belong to the extended affine Weyl group. Their composite is
the affine transformation (vy,ve,v3) — (v3+2/3,v1 —1/3,v9 — 1/3) so that
£(1,0,—1) is the fixed point. Let (¢(¢), p(t)) be a solution of S4(1/3,0,—1/3).
Let h = Hy((1/3,0,—1/3),t,q(t),p(t)). Then the argument of Lemma 3.16
shows (q(t),p(t)) is fixed by the transformation v + v+ % (-1, —1,2) if and
only if h+ g + 2t/3 = h or equivalently ¢ = —2¢/3. If ¢ = —2t/3, then p =
t/3+ 1/(2t) by the first equation of S4(1/3,0,—1/3). We discover the fixed
solution (q(t),p(t)) = (—2t/3,t/3+1/(2t)) at v = (1,0, —1). Substituting
the solution into the Hamiltonian, we get Hy(1/3(1, 07 1),t,q(t),p(t)) =
4¢3 /2742t /3 and the T-function 7o (¢) satisfies 7)(¢)/70(t) = 4t3/27+ 2t/3 so
that 7o = const. exp( [ (4t3/27+42t/3)dt) = const. exp(t*/27+2/3). We con-
sider the solutions translated by the above translations v +— v+ (—1,—1,2)
with n € Z as well as their 7-functions 7, (¢). It follows from the Toda equa-
tion ([3, Formula (3.18), p. 242])

d?log 7, /dt* 4+ 2(n — 2/3) = c(n)Tp_1Tpns1 /72
with ¢(n) =1 that we have
Toi1(t) = (T (OTn(t) — T (1) + (44%/9 4 2(2n — 1)/3) T, (£)?) /Tr—1(2)
with To(t) = Th(t) = 1. If we set & = /3/2t and T, (t) = S,(x) with
c(m) = 2/3, we get
St (@) = (SL()Sn(x) — Sy(@)? + (2% + (20 — 1) Su(2)?) /S (2),

with Sg(z) = S1(z) = 1. S (z) is a polynomial of degree n(n — 1), which is
called the Okamoto polynomial (cf. 8.2). The Okamoto polynomials appear

at the barycenters §(1 — k, —k,2k — 1),k € N of the alcoves, whereas the
Hermite functions are on the wall v; — v3 = 0. In particular the Hermite
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polynomial appear at the points %(—1, 2,-1),k=0,1,2,.... We notice here
that the reflection with respect to a wall induces the identity transformation
of the solutions on the wall as for P;.

6.2. The third Painlevé equation. The third equation
2 /

ay? + )
P3(a757735) y//:yj_yi'i_u—’_’yy?)"_;

is equivalent to the Hamiltonian system

tdg/dt = 2¢°p — ¢®> —viq +t
tdp/dt = —2qp* + 2qp 4+ v1p — (v1 + v2) /2

S3 (v1,v2) {

with Hamiltonian Hs(v,t, ¢, p) = (c]2p2 - (q2 + v1q — t) P+ % (v1 + v2) q) /t,
where (v1,v2) belongs to the parameter space C? (cf. [6, 7]). In this case
the equivalence is exceptional. Namely we replace ¢ in the third equation
P3(a, 3,7, 6) by t; and introduce t by t? = t. Then S3(v) is equivalent to
Ps(a, B,7,0). Namely after the field extension Q(t) — Q (¢1), S3(v) is equiv-
alent to Ps(a, 8,7, ). Here we normalized v = 4,5 = —4 and vy, v2 and a, 8
are related by o = —4wvs, 8 = 4 (vy + 1). The corresponding Lie algebra is
Bs. We consider a translation (vi,vs) — (v1 + 1,v2 + 1) and the reflection
with respect to a line vy + vy = 0. So their composite is the reflection with
respect to a line v; + vy +1 = 0. Let (q(¢),p(t)) be a solution of Sy (vy,v2)
with v; +vg + 1 = 0. We set h = tHsz (vy,v2,t,q(t),p(t)) + v/4 — t/2.
Then the argument of Lemma 3.6 shows that the solution (g(¢), p(t)) is fixed
by the reflection with respect to the line v; + v3 + 1 = 0 if and only if
h+ (2v1 +1) /4 —q(t)(p(t) — 1) = h or equivalently

2’1}1 + 1
g(B)(p(t) = 1) = ——- (6.2.1)
Differentiating (6.3.1) and eliminating ¢’, p’(t) by using Sz (v1,v3), we get
q+2q° — 2pg® — 2t + 2pt + 2qu; = 0. (6.2.2)

Eliminating p from (6.2.1) and (6.2.2), we get
(142v) (¢*+1t) =0

We have either v; = f% or ¢> = —1. In the first case, it follows from
(6.2.2) that we have ¢(t) = 0 or p(t) = 1. Since ¢ = 0 contradicts the
first equation of system S (vi,v2), we conclude p(t) = 1. Then it follows
from the first equation of system S (v1,v2)tdg/dt = 2¢®> — ¢*> — v1q +t so
that we find a classical solution (¢,p) = (¢,1), where ¢ satisfies tdg/dt =
2¢°> — ¢*> — viq + t. Since we are looking for a fixed algebraic solution,
let us study the second case ¢> = —t. Then it follows from (6.2.1) p =

1+ (201 +1) /(4q). In other words, we find the fixed solution (g(t),p(t)) =
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(s,14 (1 4+ 2v1) /(4s)), which is algebraic, on the line v; +v2 +1 = 0, where
52 = —t. So we assume from now on v; + vo + 1 = 0. Substituting the solu-
tion into the Hamiltonian, we get Hj (v1,va,t,q(t),p(t)) = 1—(v1+ 3)st ™1+
(14 2v1) (1 — 2v1) /16) t 1. We consider the translations by n(1,1)(n € N)
of the fixed solution on the line v; +vo+1 = 0 and their 7-functions 7, (t). We
set 7(t) = T, (t)exp ([ (Hs (v1,v2,t,q(t), p(t)) — 2 (201 +1)t7') dt). Then
it follows from the Toda equation ([6, Formula (3.12), p. 328])

d d Tn—1Tn+1
&t& lOng = (n)Tig

with ¢(n) = 1 that we get
2
— (*dTg'S(s) 4 §4Tn(s) g;}s)) To(s) + sdT (S) + (48 + 2v1 + 1) Ty, (s)?
45Tn_1(5)

with Tp(s) = Ti(t) = 1. The polynomials T, (s)’s contain the parameter
vy so that we may denote T, (s) by T), (v1,s). If we set u = 1/(4s) and
Sp(a,u) =T, (v1,s) and a = 2v; + 1, we get

Tn+1(5) =

Sn-i—l (CL, u)
- (4u3 OSnlau) | got 625&53’“) ) S (a, u) 44t 25nlw) w? 4 (1+au)Sy,(a,u)?
Sn—l(a7u) '

The general theory of the 7-function tells us that 7, (¢) is regular over the
universal covering space of C\{0} so that S, (u) is a Laurent polynomial of
u. We can show, however, that Sy, (a,u) is a polynomial of ¢ and u such that
deg,, Sn(a,u) =n(n—1)/2 (cf. (8.3)).

6.3. The fifth Painlevé equation. The fifth equation
1,1 v (y—1)? B\ v, yly+1)
P S "__ 2_J §
s5(a, 8,7,0) v (2y+y 1>y T ay+y +t 1
is equivalent to the Hamiltonian system
tdg/dt = 2q(q—1)*p + (v1 —v2)(q — 1) + 2(v1 +v2)q(qg—1) — tq,
Ss5(v) { tdp/dt = —(3¢* — 4q + 1)p* — ((6v1 + 2v9)q — 4vy — t)p

— (v1 —v3)(v1 — va),

the Hamitonian Hj being

qlg—1)%p* 4+ ((v1 —v2) (g — 1) +2(v1 +v2) q(g — 1) —tq) p
'

n (v1 — v3) (Ult* vg) (g — 1)’
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where (v1,vs,v3,v4) belongs to the parameter space {v = (v1, v2,v3,v4) € C*|
vy + ve + v3 + v4 = 0}. Here we normalize 6 = f%, and the parameters
vy’s and a, 3,7 are related by a = (v3 — v4)%/2,8 = —(v1 — v2)2/2, v =
2(v1 4+ vz + 1). The corresponding Lie algebra is As. So the extended affine
Weyl group of type Az operates on the parameter space. We consider the
translation v — v+1/4(1,—3,1, 1) and a permutation (1432) that naturally
operates on the parameter space. These are operations of elements of the
extended affine Weyl group. Their composite f sends v = (vq, v2, v3,v4) to
(vg —3/4,v3 + 1/4,v4 + 1/4,v1 + 1/4). The transformation f is of order 4
and 1/8(—3,3,1,—1) is the fixed point. The fixed solution at the fixed point
and its translations by n/4(1,—3,1,1), n € N give special polynomials but
f? yields more general and interesting polynomials involving a parameter.
Namely the set of fixed points of f? is a line {(v, %—v, v— %, —v)eC?|v e C}
of the parameter space. The fixed solution of the Hamiltonian system on this
line is (¢(t), p(t)) = (—1,t/8+v) which contains a parameter v. Substituting
(p(t),q(t)) in the Hamiltonian, we get Hs(v, 2 —v,v — %, —v;t,q(t),p(t)) =
t/16 4+ v + 2v(2v — 1)/t so that 7o = exp([(¢/16 + v + 2v(2v — 1)/t)dt) =
20(2v — 1) exp(t?/32 + vt). Let 7, be a 7-function of the solution obtained
from the solution(g(t),p(t)) of Ss(v,% — v,v — %, —v) by the translation
v v+n/4(1,-3,1,1).

We set 7, (t) = T,,(t) exp( [ (/16 + v+ 2v(2v — 1)t — n(t/4 — 2v — 1) /t)dt.

Then it follows from the Toda equation

d d _
ata logm, +v4—v1+n= c(n)M

([5, p. 68, Formula (2.9)])
Toi1 = ((t/8 —v+3n/4)T7 + T, T, +tT) T, — tT)7) /T—1
with Ty = Ty = 1. The general theory of the 7-functions shows that T, (v, t)

is a Laurent polynomial of ¢. We can, however, prove that T, (v, t) is a poly-
nomial in ¢ and v of degree n(n —1)/2 (cf. 8.4).

6.4. The sixth Painlevé equation. The sixth equation

/'fl 1+L+L 2 1+L+i !
T \g g1 =) t -1 g—t)1
q(g—1)(g — 1) t t—1 5t(t1))

MEIESE <“+/3q2”<q—1>2+ VEDE
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is equivalent to the Hamiltonian system

g _ oH;

dt  op
56(b) tdl B _8H6

dt  0q

with Hamiltonian Hg(b, t,¢,p) = [¢(g—1)(¢—1)p* —{(b1+b2) (¢ —1)(g—t) +
(by — b>)alg — 1) + (bs + ba)a(g — 1) }p+ (b1 + bs) (br + b))/ (£t — 1)), where
(b1, ba, b3, by) belongs to the parameter space C*. The parameters are related
by o= (b3 —b4)2/2, b= —(U1 —|—b2)2/2, ¥ = (bl —b2)2/2, 0= —(b3+b4)2/2.
The corresponding Lie algebra is D4. We consider a translation v — v +
(0,0,1,0) and a linear map (b1, bo,bs,bs) — (b1,b2, —b3, —by), which are
operations of elements of the extended Weyl group of the Lie algebra of
type Dy. Their composite is (b, ba, b3, by) — (b1, ba, —b3 — 1, —by) and hence
(b1, ba, —%, 0) is the fixed point. We look for fixed solutions for (by, ba, —%, 0).
To this end, let us set according to [4] h(b,t) = Hg(b,t,q(t), p(t)) + o5 [b]t —
oz2[b] for a solution (q(t),p(t)) of Se(v), where o4 is the second symmetric
polynomial of by,bs,bs and og[b] is the second symmetric polynomial of
b1, b2, b3, by. We denote h(b,t) —q(t)(q(t) — 1)p(t) + (b1 + ba)q(t) — (b1 + b2 +
by)/2 by hT(b,t). Then it follows from [4, Formula (1.13), p. 352] a solution
(q(t),p(t)) of Sg(b1,ba, —3,0) is fixed by the above transformation if and
only if AT (b1, ba, —3,0) = h(by,ba, —3,0) or equivalently

—q()(q(t) — )p(t) + big(t) — % (by +by) =0 (6.4.1)

by definition. Differentiating (6.4.1) and eliminating ¢'(¢), p’(¢) by using the
system Sg (bl, ba, f%, O), we get
— P’ +0°¢" — PPt + 30t — 2p°°t + pg°by — 2pg°by + ptby
— 4dpqtby + 4pg*tby + ¢°bT + b7 — 2qtbT + pg*bs + ptbo
— 2pqtb2 — qb1b2 + tblbg =0. (642)

It follows from (6.4.1)
1

p(t) = OO (bllJ(t) - % (b + b2)> : (6.4.3)
Substituting (6.4.3) into (6.4.2), we get
(—bF + 2b1by — b3 — Atbyby)q® + 2t(by + ba)?q — t (by + b2)* = 0.
So we have

_ (b b2)® + (b1 + by) (by — by) \/E(t — 1)

q(t
() (by — ba)® + 4tb1by

- 1079 —



Hiroshi Umemura

and consequently
big — 5 (b1 + by
pie) = 112 (rbe)
(g —1)

by (6.4.3). Substituting (g(t), p(¢)) into the Hamiltonian Hg, we get

1
H6 (bh b2> _§a 07 t7 Q(t)ap(t))

= —by + 2thy + b7 — 2tb7 + 2\/t(t — 1)b?

2./t(t —1)b3
— by + 2b1by + b3 — 2tb3 — 4t((t_1))2,

which we denote by Hg. So we have 15 = exp( f Hodt). Let 7, be a 7-function
of the solution of S (b1, b2, —% + n,0) obtained from the solution (q(t),p(t))
by the translation v — v 4+ n(0,0,1,0). We set

(8 = Tu(t) exp (/ (Ho (bt t—(tg_(bll)Jr b2))> dt) _

Then it follows from the Toda equation

d d n— n
it = Dgplog T + (br +bs + 1) (bs +ba + 1) = o(n) n=tintL

with ¢(n) =1 (cf. [4, Formula (4.4), p. 368]),
_ 2
{4 (268 — 263+ (67 - 83) 2= ) + (n— §)°} 72
Tn—l
(2t — )TLT, + (t — 1) (TV'T, — T72)
+ T .
n—1

n

Tn+1 -

(6.5)

Now we introduce a new variable v by v = \/t/(t — 1) + /(t — 1)/t. Then
the recurrence formula (6.5) is translated into
2
{4 (=262 - 23+ 13— 3)0) + (n - §)"} 72
Tnfl
10— ) {(0? - ) G5 40l T, - (4 (0 - 4) )
Tnfl .

Tn—i—l -

Since T,,(v) contains parameters by, be, we denote it by T (by, by, v). We can
show that T, (b1, b, v) is a polynomial in by, by, v and deg, T,, = n(n — 1)/2
(see 8.5).
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7. Special polynomials and Young diagrams

We do not know any significance of our polynomials. Attending at our
talk at Montreal, a weekend is enough for Noumi and Okamoto to reveal a
hidden structure of our polynomials for Ps.

7.1. Polynomials in (6.4) for P;. We already need several pages to
print the polynomial T5 (b, be,v) of Section 6 for Ps. Let z = (2 — v)/4,
w=(2+v)/4, d = —4b?, c = —4b3 and

dp = (d+1*) z- (d+3%)z-- (d+ (2n — 1)) 2,
cni=(c+1?)w- (c+3)w-(c+(2n—-1)*)w
for n € N. Denoting 2" ~VT}, (b, by, u) by U, (w, z), they observed Uy =
dy + ¢1, Us = dids 4+ 3ciday + 3cody + cica, Uy = dydads + 6¢1dads +

1502d1d3 + 106102d3 + 1003d1d2+ 150163d2 + 60263d1 + cicacs. Here it is
convenient to attach a pair of Young diagrams

©, L)
for dy,
(L1,0)
for ¢4,
0.
for dids, ..., etc. so that for example the corresponding pair for cidads is
O
So

Uy = (0, J 1)+ 6([J, H}j) + 15(LL, H:D) + 10(C1T 1], Hj)

n 16(51 00 + 15( . C) + 6, ) + (ﬁﬂj,@).

Here two monomials with coefficients 10 give the coefficients of w3z3. The
question is whether the U,’s have such expressions for every n € N and
if so how the coefficients are determined. For example, in U; the binomial
coefficients (1, 6, 15, 20, 15, 6,1) appear. Why 20 is divided into 10 for

(0. )
(BH,D:D)?

and 10 for
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In this case, 20 = 10 + 10 is reasonable because two diagrams are dual and
because the polynomial is symmetric for the permutation of (d, w) and (¢, z)
but we have a non-trivial decomposition say in Us: 120 is divided into 50 for

P

(O, -

and 70 for

A thorough investigation on this deco;lposition will be done in [2].

Noumi noticed further the constant terms of the Okamoto polynomials
have simple factorizations. Let S, (x) be the Okamoto polynomials in 6.1.
Then we have Sp(0) = S1(0) = So(0) = 1, S3(0) = 5, S4(0) = 5%.7,
S5(0) = 537211, Se(0) = 5*7311213, S7(0) = 5°7*113132.17, Sg(0) =
507°11413%17219, .... So looking at the exponents, we have a feeling that
they are related to the Young diagram too. The constant terms of the
Yablonskii—Vorob’ev polynomials have similar factorizations. Namely let
T,.(t) be the Yablonskii-Vorob’ev polynomial. We have T»(0) = 22, T3(0) =
—245, Ty(0) = 0, T5(0) = —2195372 T4(0) = —214547311, T%(0) = 0,
T (0) = —224567°113132, Ty(0) = 230577611413317,. ...

7.2. Our polynomials for P; and Ps resemble and they look also related
with the Young diagrams. To illustrate this, let us take our polynomials
T, (v,t) of (6.3) for Ps. It is convenient to introduce I(¢) := (i — 4v)/4. Their
constant terms T),(v,0) are 1, 1, 1(3), 1(3)I(4)L(5), 1(3)I(4)I(5)%1(6)I(T),
1(3)1(4)1(5)%1(6)21(7)%1(8)1(9), .. .. Moreover if we set z = t/8, we can in-
terpret a first few of them as To(v,t) = Th(v,t) = 1, Ta(v,t) = z + 1(3),
Ts(v,t) = 23 + 31(4)2% + 31(3)1(5)z + 1(3)(4)I(5), Ta(v,t) = 2%+ 61(5)2° +
150(4)1(6)2*  + 20 (U()IB)L6) + SIB)B)(T)) 25 +  151(3)I(5)21(7)z>
+ 61(3)()1(5)L(6)1(7)z + 1(3)1(4)1(5)21(6)I(7). It is easy to attach a Young
diagram to a monomial [()I(j) ... 2" as we did for Ps but we do not under-
stand how their coefficients are determined.

8. Table
We give a first few terms of the polynomials in Section 6.

8.1. The second Painlevé equation.

The recurrence formula for the Yablonskii—Vorob’ev polynomials:
TR () — 4 (T ()T () — T2 4 (1)

T (t ;
( ) Tn72
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TOt) ()_17

To(t) =4+ 13,

&3

Ty(t) =t (11200 + 60t° + °) ,

(

(

3(t) = —80 + 20t + ¢,

(

Ts(t) = —6272000 — 3136000¢® 4 78400t° + 2800t + 140t'% + 1%
(

Te(t) = —38635520000 + 19317760000¢> + 1448832000t° — 17248000t°
+ 627200t'2 + 18480t1° + 28018 + 21,

Ty (t) = —3093932441600000t — 49723914240000t” — 828731904000 *°
+ 13039488000¢'3 + 62092800¢6 + 5174400¢*°
+ 75600t + 5045 + 128

Ts(t) = —991048439693312000000 — 74328632976998400000t>
+ 37164316488499200000t° 4 1769729356595200000¢°
+ 126696533483520000t1% + 407736096763000t°
— 6629855232000 + 124309785600¢%! 4 2018016000¢24
+ 3277120027 + 24024030 + 840t33 + 36,

Ty(t) = 5396694815443548897280000000 —404752111158261672960000000¢
— 404752111158266167296000000t5+9636955027577765888000000¢°
— 55850538189165977600000t'2 — 18430315465453731840000¢°
— 318108851847987200000t® + 483515342069760000¢
+ 8403341506560000¢%* 4 46132742656000t%7 + 1876485811200¢3°
+ 2152550400033 + 160160000t + 646800t3° + 132042 + 47,

T1o(t) = —558360178500369459236883660800000000¢
— 17947291451797589761185546240000000¢"
— 299121524196626496019759104000000¢°
+ 11766143871370797483294720000000¢
+ 56029256530337130872832000000¢ ¢
+ 9157516514955772035072000000¢°
+ 136012478911949832192000000¢%2
+ 716670308138534830080000t%° — 2587344319342182400000¢8
+ 4351638078627840000t>! + 182934280488960000¢*
+ 2227039406592000¢37 + 24080581324800¢*° + 155387232000¢43
+ 639038400t%¢ + 1544400t*° 4 19802 + °°.
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8.2. The fourth equation. The recurrence formula of the Okamoto
polynomials:

Sn(z) = (S0_1(2)Sp—1(z) — S (x)? + (;r,2 +2n —3) Sn(:r)z) /Sn_2(z),
So(z) = S1(z) =1,
Sy

x) =

Sy(x) =5+ 522 + 5at 4 25,

(
(
(
S3(z) =1+ 22,
(
Ss(x) = 175 + 35022 + 1752* + 1402° + 652° + 1420 + 2!
Se(x) = 67375 + 1347502% + 202125z + 1078002° 4 423502% 4 200202:'°
+ 8050212 + 22002 + 355216 + 302! 4 229,

So(x) = 337211875 + 101163562522 + 10116356252 4 11465203755
+ 8382123752 + 371896525210 4 11824312522 + 36295875214
+ 11836825216 + 35708752 + 854315220 + 147525272
+ 1732522 + 1295226 + 5522 4 230,

Sg(z) = 28691672384375 + 860750171531252% + 1721500343062502*
+ 1491966963987502° + 100830734379375z% + 69023966136125x1°
+ 4018324610300022 + 17590898325000z* + 57257227527502:1¢
+ 1496006762250x'® + 3567971407002 + 8658619970022
+ 2134507375024 + 4874150050226 + 939138200228 + 1438267602>°
+ 16851835232 + 1461425234 4+ 90090236 + 371023° + 9120 + 242,

So(z) = 46383387951666390625 + 1855335518066655625002
+ 278300327709998343750x" + 4081738139746642375002.°
+ 404198095007378546875x° + 2650479311523793750002:1°
+ 134451586893661537500% + 634949988914491250002:14
+ 294351482142023556252'6 + 1247066325183428750018
+ 44614747190876362502%2° + 13066694365850125002:%2
+ 3172804872756268752%* + 667947544684420002:%°
+ 130505531606450002% + 25329295011020002>°
+ 50006288719887522 4 965620550895002>* + 170760964874502:36
+ 2618834718500x% + 33605532922520 + 352181830004
+ 29541071002 + 1941282002*¢ + 9725275248
+3571402°° + 90302°2 4 1402°* + 256,
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8.3. The third equation. The recurrence formula:

2
— 43 (as" LR 65"2 1) Sp_1 + du? (L%’u’l) + (14 au)S2_,

Sn(a'a U) = Sn72 )

So(a,u) = Si(a,u) =1,
Sa(a,u) =1+ au,
S3(a,u) =1+ 3au + 3a*u® + (=2 + a)a(2 + a)u®

Si(a,u) =1+ 6au + 15a*u* 4+ 20(—1 + a)a(l + a)u®
+15(—=2+ a)a®(2 + a)u® +6(—2 + a)a(2 + a)(—6 + a?)u®
+(—4+a)(—2+a)a®* (2 + a)(4 + a)u®

Ss(a,u) = 1+ 10au + 45a%u? + 60a(—1 + 2a%)u® 4 210a% (-2 + a?)u*
+252(=2 + a)(—1 + a)a(l + a)(2 + a)u®
+210(=2 + a)a®(2 + a)(—6 + a*)u®
+60(—2+ a)a(2 + a)(60 —27a® + 2a*)u”
+45(—4 +a) (=2 +a)a*(2+a)(4 + a) (=8 + a*)u®
+10(—4 +a)(—2+ a)a®(2 + a) (4 + a)(—22 + a*)u’
+ (=6 +a)(—4+a)(—2+a)?a*(2 + a)?(4 4+ a)(6 + a)u'®

Se(a,u) = 1+15au+105a%u*+35a(—4+13a?)u’+105a*(—16+13a%)u*
+21a(192—440a® +143a*)u’® +385(—2+a)a*(2+a)(—28+13a?)u®
+45(—2+a)a(2+a)(720—968a +143a*)u”
+45(—2+a)a*(2+a)(5424—1892a” +143a*)u®

+35(—2+a)a(2+a)(—20160+18416a% —3124a* +143a°)u”

+21(—4+a)(— 2+a) 2(2+a)(4+a)(7632—2420a° +143a*)u'”

+105(—4+a)(—24a)a®(2+a)(4+a) (2592 —400a 4+ 13a*)u!?
+35(—4+a)(—2+a)a*(2+a)(4+a)(—5760+7312a* —620a* +13a°)u'?
+105(—6+a)(—4+a)(—2+a)?a®(2+a)?(4+a)(6+a)(—28+a*)u'®
+15(—6+a)(—4+a)(—2+a)?a®(2+a)?(4+a)(6+a)(240—52a +-a*)u'*

+(=8+4a)(—6+a)(—4+a)*(—2+a)?a®(2+a)?(4+a)?(6+a)(8+a)u'®

8.4. The fifth equation. The recurrence formula:

T, oT2_ 0Tn_1\>
( 'U+3(n 1))T2 1+ Tat n— 1+t 3t21 nfl_t( Tat 1)
Tn72 ’

T.(v,t) =

To=T =1,
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23Ty (v,t) = 6 — 8v + t,

29T (v, t) = 32(1 — v) (=5 4 4v) (=3 + 4v)
+12(—5 + 4v) (=3 + 4v)t + 24(1 — v)t* + 3,

28Ty (v,t) = 512(—1 4 v) (=3 + 20)(—7 + 4v) (=5 + 4v)? (=3 + 4v)
+1536(1 — v) (=3 + 20) (=7 + 4v) (=5 + 4v) (=3 + 4v)t
+ 240(—7 + 4v) (=5 + 4v)* (=3 + 4v)t?
+ 80(—5 + 4v)(—45 + 80v — 320%)t3
+480(—1 4 v) (=3 4 2v)t* +12(5 — 4v)t® 4+ t°,

23075 (v, t)
= 65536(—24+v)(—14v)(=3+20)%(=9+40)(—T+4v)?(=5+4v)?(—3+4v)
+163840(1—v)(—2+0)(—3+20)(—9+4v) (=7+4v)?(=5+4v)* (=3 +4v)t
+737280(—2+v)(—1+0)(—3420)*(—9+4v) (= 7+4v) (—=5+4v) (—3+4v)t?
+7680(15—8v)(—3+2v)(—9+4v)(—7+4v)(—5+4v)(—3+4v)(—9+8v)t*
+6720(—7+4v)(—5+4v) (1959 —6048v+6624v* — 30720° +5120v%)t*
+8064(—3+2v)(—7+4v)(—5+4v)(—59+96v —32v%)t°
+1680(2235— 64320+ 67520% — 3072v% +5120*)¢°
+480(—3+42v)(—133+192v —64v2)t”
+180(—T7+4v)(—5+4v)t® +40(3—2v)t° +110,

25T (v, t)

= 16777216(1—v)(—2+v)?(—5420v)(—3+2v)*(—11+4v)

X (—94-4v)? (= T+4v)3(—5+4v)?*(—3+4v)
+125829120(—2+4v)?(—1+v)(=5+2v) (—3+2v)?(—11+4v)

X (—94-4v)? (= T+4v)*(—5+4v)? (=3 +4v)t
+55050240(1 —v)(—2+v)(—=5420)(—3+2v)(—11+4v)

X (—9+40)? (= T+40)> (=5+4v)? (=3 +4v)t?
+9175040(—24v) (—14v)(=5+20)(—=3420v)(—11+4v)

X (—9+40) (—T+4v)?(=5+4v) (—3+4v) (609 — 728v+208v?)t>
+1720320(—2+4v)(=3+2v) (=11 +4v) (=9+4v) (= T+4v)(—5+4v)

X (—3+4v)(—25815+65072v — 5936002 +23296v> — 332804 )t
+172032(—2+v)(—3+20)(—9+4v) (=7 +4v)?(—=5+4v)

(205725 —612304v+6233920% — 2562560° +36608u*)t°
+17920(—944v)(—7+4v)(—5+4v) (— 107392054 432447120 — 6972248002

+57894144v3 — 262085120 +6150144v° — 585728v°)t°

+11520(—9+4v) (—7+4v)*(—5+4v)

x (239805 — 6615840 463747202 —256256v° 4+ 366080 )t7
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+92160(—24v)(—342v)(—7+4v)

x (—123135+3338720—319616v> + 12812803 —18304v* )¢5
+17920(1613115 — 60656820 + 930492402

—74659200° + 33088000 — 768768v° + 7321605 )t°

+1344(—T+4v) (—142695+358512v —326656v> +128128v> — 18304v*)¢1°
43360(13905— 337120 +300160% — 1164803 +1664v* )t
+2240(—7+4v)(=75+91v — 260%)t'?
+3360(—2+v)(—3+20)t"3+30(7—4v)t1 415,
8.5. The sixth equation

The recurrence formula:
{4(~203 263+ (82 3)) o+ (n—3)*} T2,

Tn(b1>b27v): T 5
o
2 2
L= 0{ (- 0) Tt 0Bt b - (02 -0 D)
+ Tn72 ,

To(b1,ba,v) = T1(by,b2,v) =1,
4T5(by, by, v) = 1 — 2b? — 2b2 + b3v — bav,

64753 (b1, by, v) = 9—38b% +28bT —8bS —38b3 +12002b3 — 24b7T b3 +28b3
—24b3b5 —8bS + 15070 —36bTv+12b5v — 15650+ 1251 bav
+36byv— 12b7b50 — 12b5v+15bv* — 6b5v* — 3007 b30°
+6b1b3v? +15b502 +6b2b3v? —6bSv% +biv® — 20103
+b§v3 —b3v® —3b1b3v3 + 26507 4+ 3bTb50° — bSv3,

4096T4 (b1, ba, v) = 2025—13212b3 +24364b7 — 1465615 + 427265 —832b1°
+64b}2 — 1321203 +74648b2b3 —105280b1b3 + 475520503 — 672005 b3
+384b1°b3 +24364b3 — 10528007 b3 -+66080b7 b3 — 1600065 b3 +-96005 by
— 1465605 +47552b7b5 — 160006705 + 12806565 +427205 — 67206705
+96007 5 — 832050 +384b7b1° 4+-64b32 +5130b3v — 24252b v +2352005v
—10656b5v+240001% —192b1 20— 5130030+ 74400b1 bav — 5126465 b2v
+1104065b3v —768b1°b3v+24252b50 — T44000b3bav
+8640b5b5v — 96005 by v — 23520050 45126402 b5v — 864001 bSv
+10656b3v — 11040b2b5v 496007 b3 v — 240005 v + 7686330 v+ 1926320
+5175b%w? — 157206502 + 1116065 v2 — 28806102 +240b1 %02
—10350b2b2v2 + 15720b1b20% + 4800656202 — 480065 b2 02 +480b1°b2 12
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+5175b3v2 +15720b2b30° — 3192067 bav® + 768065 b3v* — 24005 bav?
— 157206502 +4800b215 v2+7680b4b2v —960065b5v? 111606502
—4800b2b5v% —240b1b50? — 28805702 448002 b5 w2 4- 24003 %02
+45b2v3 —280b}0> +6940b5v° — 63606503 + 184061 %0° — 16061 20>
—45b20° —18420b%b32v3 + 1080065620 — 120065 b2 w3 +280b50°
11842063 b3v° —432065b30° +480b5 b3 v —6940b5v> — 1080062 b5v?
+4320b7b50° 4636005 v3+1200b2b2v —480b4b2v —1840b3%°
+160b3%03 + 975010 — 2490650 +-21156501 — 6600190 +60b] 20
—195003b3v* +2490b1b3v* — 390068 b3v* + 150065 b3v* — 12061 b3v*
+975b3v" +2490b2b3v* + 35700 b3v* —840b5b3v*t —60b5b3v?
—249065v* — 390003 bSv* —840b7b5v* +-24068bSv* +2115b5v*
+15000205v* —60b7b5v* — 66005 v* — 1200205 v* +60b5%v* +-81b30°
— 342005 4-543b50° — 396b50° +126b1Yv° — 1251205 —81b320°
—45b1b30° +-504b5b3v° — 39065 b3v° +48b1 b30° +342b30° +45b3b30°
+54008b30° — 6063 b3v° — 543b50v° —504b2bS0° — 54067bSv° +396b50°
+39002b50° +60b7b5v° — 12655 v° — 48636500 +12b3%0° +16b7v°
—40b5v° 43350 — 106100 +b1205 — 32676305 44067 b30° — 685300
+30b3030° —6b1 2305 +16b50° +40b7b50° + 7001 b3 —20b5b30°
+15b5b50° —40650° —68b7b50° — 2067 b50° — 2068550 +33b50°
+30b7b505 +15b7b50° — 1065005 — 66255 00 453205,

Remark. — [2, 8] was published as [1]
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