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Discrete Hamiltonians of discrete Painlevé equations

TAKAFUMI MASE (V)| AKANE NAKAMURA (2 AND HIDETAKA SAKAI (%)

ABSTRACT. — We express discrete Painlevé equations as discrete Hamiltonian
systems. The discrete Hamiltonian systems here mean the canonical transformations
defined by generating functions. Our construction relies on the classification of the
discrete Painlevé equations based on the surface-type. The discrete Hamiltonians we
obtain are written in the logarithm and dilogarithm functions.

RESUME. — Nous exprimons des équations de Painlevé discrétes sous forme de
systémes hamiltoniens discrets. Les systémes hamiltoniens discrets désignent ici les
transformations canoniques définies par la génération de fonctions. Notre construc-
tion est basée sur la classification d’équations discrétes de Painlevé basées sur le type
de surface. Les hamiltoniens discrets que nous obtenons sont écrits dans les fonctions
logarithme et dilogarithme.

1. Introduction

At the beginning of the 20th century, P. Painlevé and B. Gambier classi-
fied second order ordinary differential equations of normal form that possess
the so-called Painlevé property [1, 6]. They discovered six new transcenden-
tal equations, which are known today as the Painlevé equations. About 80
years later, singularity confinement has been proposed as a discrete analogue
of the Painlevé property [3] and, with the help of this test, discrete analogues
of the Painlevé equations have been discovered [8]. Today, a large number
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of discrete Painlevé equations are known, but most of them have been con-
structed by deautonomizing QRT mappings [2, 5]. Since QRT mappings can
be solved by elliptic functions [7], this deautonomization procedure is paral-
lel to that in the continuous case, where the (continuous) Painlevé equations
can be thought of as deautonomized systems of ordinary differential equa-
tions of elliptic functions. Using a specific type of rational surfaces, one
of the present authors classified (and in a sense, defined) discrete Painlevé
equations [9]. According to this classification, the discrete Painlevé equations
consist of 19 classes depending on the surface type, which we will see later.
The surface associated to an equation is called the space of initial conditions
and, through the theory of spaces of initial conditions, both discrete and
continuous Painlevé equations, including their relations, are well-studied.
See a concise review paper [4] for more information on the discrete Painlevé
equations.

These days, research on discrete Painlevé equations is performed almost
in parallel with research on the continuous Painlevé equations, such as the
reduction to the compatibility conditions of linear equations (Lax pair), the
calculation of special solutions, and so on. One of the biggest differences is
that, while the Painlevé differential equations are all expressed as Hamil-
tonian systems, such a description in the discrete case was not yet known.
Let us take a look at the Hamiltonian functions of the Painlevé differential
equations:

ai,a
Hyr <a1 %t q, p)q(ql)(qS)p2
3, a4

+ {(a1+2a2)CI(q—1) +az(s—1)g+ass(q— 1)}?

d
+ as(ay+asg)q, di s(s —1),
ai,a
Hy ( 1613 %t p) p(p+1)q(g+e") +arq(p+1) + aspg — aze’p,

Hui(Dg)(a1,bi;t;q,p) = p(p + 1)g*> — arp(q — 1) — bipg — €'q,

Hui(Dr)(a1;t;q,p) = p*q® + argp + e'p + g,
t
e

Hui(Ds)(t;q,p) = p°¢* +qp—q — 7

Hyy (a1, a2;t;9,p) = pq(p — q — t) — azp — asq,
p( *q 725)7(11(],

P’ —q¢* —tq. (1.1)

HH (ala t? q,p

) =
) =
) =
Hi (t;q,p) =
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Discrete Hamiltonians of discrete Painlevé equations

Expressing an equation as a Hamiltonian system has many advantages.
One of the most important benefit is that the Hamiltonian function auto-
matically becomes a conserved quantity if it is autonomous. In the case of
the Painlevé equations, however, this does not hold since the systems are
non-autonomous. Another important advantage is that using a Hamiltonian
system we can write an equation concisely. For example, this can be of help
when one considers the problem of identifying equations. Since the time evo-
lution is determined by a single function, one can compare the Hamiltonian
functions instead of the time evolution equations themselves.

Roughly speaking, when a discrete dynamical system is “easily” expressed
by a single function W on some phase space, we call W a “discrete Hamil-
tonian” of the system. As an example of such a function, we already know
what is called the generating function of a canonical transformation.

A canonical transformation on a phase space with a symplectic structure
is defined as a transformation of the Hamiltonian system that preserves
the symplectic form. It is known that each canonical transformation can be
written with a function W = W(q, p) as

oW oW
= Jr = —— k=1,... 1.2
Pk 6qka qk 8}%7 ) y 1, ( )

where W is called the generating function. In the case of discrete Painlevé
equations, however, it is usually more important to write a system as a
birational mapping than to write in canonical variables. Therefore, in this
paper, we sometimes give priority to choosing good variables over writing
discrete Hamiltonians or equations in canonical variables

Remark 1.1. — Let us take a look at a relation with the Lagrangian
form of discrete dynamical systems by Veselov [10]. Given a Lagrange func-
tion Li(r,s) : X x X — C, the variation of the formal sum S(\) =

> vez Lk (Mes A1)

0S(A) =D SLk(Mks Aey1)

kez
:Z {Le (A + 0Aks Aet1 + 6Akt1) — Li(Aks Arg1) }
kez
oL OL
:Z J()‘k’ Ak1)0Ak + J(/\Iw Akt1)0 kg1
or Os
kez
oL OLj_
:Z{ak()\kyAk-ﬁ-l)“F ak 1(Ak_1,)\k)}5)\k =0
keZ T S
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gives the discrete Euler-Lagrange equation

0Ly, OLj_1
— (Mg, A Ak—1,Ax) = 0. 1.3
or (Mks A1) + D5 (Ak—1, Ak) (1.3)
This equation is a second-order single equation. Let us rewrite it into a
Simultaneotls form. Plltting e = %(Ak,)\kﬂ) = —6L6’“S’1()\k,17)\k) and
W (A ) = A + L(A\, ), we can write the equation as
- 0w ow
A= — = — 1.4
on Mo (1.4)

which is an expression as a canonical transformation by the generating func-
tion W. In fact, the symplectic form duAdA is preserved under this transfor-
mation. However, in order to calculate W as a function in A and f, we need

to solve an implicit function. A similar problem occurs when one computes
L(X\ A) from W(A ).

In this paper, we do not consider the Lagrangian form but focus on gen-
erating functions of canonical transformations.

It is known that each discrete Painlevé equation can be formulated as
a discrete dynamical system determined by a Cremona isometry of infinite
order on a generalized Halphen surface [9]. Generalized Halphen surfaces are
classified according to the type of the anti-canonical divisor. The list of the
surfaces is as in Table 1.1.

Table 1.1. List of generalized Halphen surfaces

elliptic multiplicative additive

A A, A AD) AT AT A
AR A0 A A7 a0 | ) p) bl bl bg)
Eélz E§1) Eg(;l)

)

The surfaces of type Aél), Dél), and Eél) have no Cremona isometries
of infinite order. That is, there are no discrete Painlevé equations in these
cases. In addition, all the surfaces other than of type Eél) have a blowing-
down to P! x P'. In most cases, the image of the anti-canonical divisor can
be taken as fo2go? = 0, fofigog1 = 0, or fofigo> = 0 on P! x P!, where
(fo : f1),(go : g1) are a bi-homogeneous coordinate. The exceptions are of
type ASD* A A AW A A ang A(Y.

In Sections 2-4, we consider the three regular cases, respectively. We first
look at concrete forms of discrete systems and then we write them as discrete
Hamiltonian systems. In Section 5, we consider the exceptional cases. We will

— 1254 —



Discrete Hamiltonians of discrete Painlevé equations

only look at a specific calculation of type Aél). It should be noted, however,
that the discrete Painlevé equations we will see here are nothing but well-
known representatives for each surface and that each surface can have an
infinite number of different discrete equations.

2. The case: fy%go2 =0

These are cases where the image of the anti-canonical divisor can be cho-
sen as fy?go? = 0. The surfaces of type Dél), Dél), Dgl), Eél), and E§1) fall
into this category. In addition to discrete equations, the differential Painlevé
equations arise from these surfaces. Using the inhomogeneous coordinate

= fi/fo and g = g1/go, the Hamiltonians of these differential Painlevé
equations are expressible in biquadratic forms:

df 9H dg  9H

dt ~ ag’ dt  af’

Mo2 Ma1 Moo I? (2.1)
H = (927971) mi2 Mi1 Mio fl,
M2 M1 Moo 1

where the matrix M = (m;;); j=2,1,0 can be chosen as follows:

1 s 0 1 0 0
MZMD5= 1 s+4+ai+as —ass |, MDGZ 1 —a;—by -s]|,
0 ay 0 0 —ay
(2.2)
1 0 0 0 1 0 0O 0 1
MD7: 0 a S|, ME(;: -1 —s —as |, ME7: -1 0 —s
0 1 0 0 —a; O 0 —a; O

Discrete Painlevé systems can be expressed in terms of these matrices M =
(mij)ij=2.1,0 a8

g=—g— mif? +mif+ e _ Mg’ + Mg+ mo

= = =~ f=—f-—F——"=
Maa f2 4+ Moy f + Moo’ Ma2g” + M127 + Moz’
where m;; denotes an intermediate parameter between m;; and m;; and the
time evolution of the parameters is given by

(2.3)

Ds5:ay =a1—1, ay = as+1, az =az—1, (
Dﬁiﬁlialfl,?)l:bl*l, (
D7 a1 =a1 — 2, (
Eg:a1=a1 -1, ag =ags+1, (
E7:61:a1—|—1, (

H
I
S
S
S~—"
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Remark 2.1. — The parameters {m;;} in the first equation of (2.3) are
slightly different from {m;;}. The authors would like to thank an anonymous
referee for pointing it out.

Defining the generating function W by

Mo f? + My f + Mo

Moo f2 4+ Mo1 f + Mao
J— 72 J— —_ J—
m219° +m11g + Mo1 ,_
———————————dg, (24)
Mo2g” + M12g + Mo2

W=W(fg)=-fg— df

the discrete system (2.3) is expressed as

ow - 0w
g= Tfa f= 7@ (2-5)

The explicit forms of these discrete Hamiltonians for each type are
W =Wp, = —fg—gs— [ —aslog(g +1) —a1logg + azlog f
— (a1 +ag+az—1)log(f +s), (2.6)

Woy = —fg—f - ; +(a1+b1 —1) log f+a1 log g+by log(g+1), (2.7)

] 1
Wo, ==fg+ 5+ = = (a1 = Dlog f — a log3, (28)
f? 7’
WEG:_fg‘f'?"‘sf"‘?_Sg"’_a’Qlng_allOgg’ (29)
f3
We, :_f§+sf+§—allog§. (2.10)

For instance, when the surface is of type Egl), the discrete Hamiltonian Wg,

gives the system

_ = 2
- af - +S+f7
- OWg, a
f=—"gt=-f-=
g g

which is in fact a discrete Painlevé system of type E;l).

3. The case: fyfi19091 =0

These are cases when the image of the anti-canonical curve can be chosen
as fofigogr = 0. The surfaces of type Agl), Afll), Aél), Aél), A;l), A(71)/
and Aél) fall into this category. There are no differential Painlevé equations
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attached to these surfaces and there are no discrete Painlevé systems of
type Aél). Discrete Painlevé systems are expressed with a 3 by 3 matrix
M = (mij)i =210 as

M20g> + M107 + Moo
f(Mi2eg? + Mi12g + Mo2)

_ Moz f2 + Mo1f + Moo
G(Maoa f2 + M1 [+ Mag)’

f= (3.1)

The symplectic form is w = % = dlogg A dlog f. Using G = log g and

F =log f, the system can be expressed as

G = 7@ + lOg (m0262F + T/)’\L()leF + 7/7\100) — IOg(T?L2262F + ’//T\L216F + ﬁlQO),

o _ _ - - 3.2

F=—-F+log (mgoezc + mloeG + moo) —log (m2262G + mlgea + ’IT’L()Q) ( )
Defining the generating function W by

W = W(F, é) = —Fé—l— /log(ﬁiogeQF + ﬁz()leF + moo)dF

— /log(ﬁlggezF + 7/7\1216}7‘ + ’fr\Lgo)dF

+

/log (TT’LQ()GQG + mloeé + moo)dé

— /log (m22€2é + ’I’T’leeé + mog)dé, (33)
the discrete system (2.3) is written as
oW oW
G=—, F=— 34
In order to write the system in f and g, we introduce W(f,g) = W(log f,logg):
_ _ o o\ df
W(f,g) = —log flogg+ [ log (Mo2f? + Mo f + Moo) 7
. N ., d

- /log (a2 f? + Moy f + M) 7f

5, _ . _ \dg
+ /log (207> + M107 + Moo ) 59

dg

7 (3.5)

- /log (m22§2 + M127 + Mo2)

with which the discrete system (3.1) is expressed as

g= exp< ?jj) , f=exp <988Vg[/> . (3.6)
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For each type of surface, the matrices M can be chosen as

apas —1/(a1a22a3) — apaszas 1/(&1@22)
MA3: —(1—|—a0)a5 0 —(l—l—al)/alag s
as 7170,5 1
0 1 -1
MA4: Cl,o/ag 0 1+(1/a4) R
—apas/az  agaz+(1/asas) —1/ay4 3.7)
0 bi/as 0 0 1/b 0 '
MA5= Qg 0 —bl/ag s MA6: 1 0 —1/b 5
1/(11 —1—(1/a1) 1 0 —aq ai
1 —ap 0 0 —ap 0
Mpy=|0 0 0], Msg=(1 0 0
0 -1 1 0 -1 1

The time evolution of the parameters is given by

A3 1@y = ag, @1 = a1, G2 = qag, asz = as/q,
(ao = aO/Q7a1 =ap, a2 = az, az = ag, as = a5)

Ayt ag = ag, G2 = az/q, a3 = qag, G4 = a4,
(@o = ag, @2 = az/q, @3 = az, G4 = a4)

As 1 Gy = ap, a1 = a1, Gz = az, b1 = qby,

(@o = ag, a1 = a1, A2 = a2, b1 = gb1)
Agzc’zlzal,l;:qb, (61:a17 b:qb)
AL A7 s @ = ao/q, (@p = ao/q).

The corresponding discrete Hamiltonians can be explicitly written as

W =Wy, = —log flogg + Liz(g) + Li2(dog) — Liz (g) — Liy (g )
a2 a1a2
2
~Lisf+ Lig(f)  Lis(asf) + Li2(aoa1aza3a#)
as q
— log @s log g + log(aias?) log f, (3.8)
WA4 = — logflog§ + ng(f) — ng (Zf> — LiQ(a0a3a4f)
2
— Lip(g) — Liz(asg) + Lis (53) —logaylog f
+ (log - ?27 )1ogg, (3.9)
apasaq
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Wa, = —log flogg — Liz(f) — Liz (f> — Liy (blg)

ay ag
1 bif\?
+Li2(—a0a1g)—2(1og qalf) + logay log g, (3.10)
1
_ 2
. (g 1 /
Wa, = —log flogg — Lia(f) — Lis [ 2= ) — = (10g
As og flogg — Lia(f) 12(a1b> 2(ogqb)
1
- §(log 9)? +logay log f 4 log @, log g, (3.11)
W = —1 L. . (af
4, = —log flogg — Lia(f) + Liz w0
1 2 _\2 —ag
= 5 (log )" — (log 9) *logfq log f, (3.12)

1/, —aof\> 1
Wy, = —log flogg — Lia(f) — 3 <10g C;Of> - 5(10g§)27 (3.13)

where Lis(z) is the dilogarithm function

) log(1 — ) = gk
Lig(z) = —/de = Z 7z
k=1
For instance, the discrete Hamiltonian Wy, gives rise to

OWa,
of )
:exp(—logg—logf—l—log(l -0 —log(l — a) —1og>
__1-f

Sy

_ oWy,
f:exp(g 67> :exp(—logf—2log§)
g

g = exp <f

_ 1
fg*

which is in fact a discrete Painlevé system of type A(71)/.

4. The case: fofi1g0> =0

These are cases when the image of the anti-canonical curve can be chosen

as fofi190% = 0. The surfaces of type Dfll), Dél), Dél), Dgl), and Dél) fall into

)

this category. There are no discrete Painlevé system of type Dél . Discrete
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Painlevé systems are expressed with a 3 by 3 matrix M = (m;); j=2.1,0 as
M20g” + M10g + Moo
f(M22g® + M127 + Mo2)

g:_g_m12f2+m11f+ﬁ110 7=
Maa f2 + Mo f + Moo’

(4.1)
Defining the generating function W by

Mz f? + M f + e df
Moz f? + Mmar f + Moo f

W =W(fg)=-glogf - /
+ /log (M20g” + M10g + Moo) dg

— /log (77122@2 + M12g + 77102) dg, (4.2)

the discrete system (4.1) is expressed as

ow — ow
9= faffv f= eXp<ag> : (4.3)

We have already treated the cases Dél), Dél), and D;l) in the previous

section. Therefore, let us consider the remaining case: type of Dfll). The
matrix M can be chosen as follows:

1 —1-—s S
Mp, = a1 +2a3 —a; —2a2+ (s—1)ag+sags —say | . (4.4)
as(ay + ag) 0 0

Note that although the Dil)—type surface also possesses a differential equa-
tion, the Hamiltonian (1.1) is not completely the same as the biquadratic
one defined by Mp, since the canonical variables are not g and log f but
p = g/f and ¢ = f. The Hamiltonian in the continuous case is given by

2
Hyy = 4 (¢°p* qp, 1) Mp, (qg )
In the case of Dfll), the time evolution of parameters is given by
ag=ap+1, @ =a, ag=az—1, az=az+1, a4=ay,
(@p=ap+1, @ =a—1, ax=as, az = as, Gy = ay)
and the discrete Hamiltonian is given by
Wp, = —glog f + a4 log f+azlog(l — f)
— (a1 + 2a2 + a3 + as—1)log(1 — f/s) + g(log g + log s)
— (g + @y + a2) log(g + a1 + az) — (g + az) log(g + az)
+ (g — @) log(g — @s). (4.5)

- 1260 —



Discrete Hamiltonians of discrete Painlevé equations

The discrete system determined by Wp, is

_ LOWp, azf (a1 +2az +az+as—1)f
g=1r af g+ay 1—f+ P
as a1 +2az +as +as—1

= —§—|—1 —a; — 20,2—1

f=ex Wb,

= exp(— log f +log g +log(g—a4)+log s —log(g+ai+asz) —log(§+62))
$9(g — @a)
f(G+ar+a)(g+a2)’

7 1= f/s

which is in fact a discrete Painlevé system of type Dfll).

5. The other cases

The surfaces of type Agl)*, Agl), Agl)*, Agl), A(()l)**, Agl)*, and A((Jl) fall
into this category. Elliptic difference systems arise for the A(()l)—type surface
but, at this moment, a discrete Hamiltonian is difficult to write down for
some technical reasons. Therefore, we do not consider the case A((Jl).

In the other cases, we can take F' = F(f,g), G = G(f, g) so that the sym-
plectic form can be expressed as w = dlog GAd log F' or dGAd log F'. Discrete
Painlevé systems are expressed by a generating function W = W (F,G) as

ow — ow
or
ow — _OW

Such a W is an algebraic function in F and G but does not have concise
expression since it is not single valued.

However, if the system has the form g = o(f,3), f = ¥(f, 9), W has a con-

cise expression in f, g. Here, we use the notation W(f,g) = W(F(f,¢(f, 7)),

G(o(f,3),9)). Nevertheless, even with W(f,g), the expressions are not as
simple as we want.

While the additive type surfaces Aél)*, A(ll)*7 and Aél)** correspond
to (5.1), the multiplicative type surfaces Aél), Agl), and A((Jl)* correspond

- 1261 -
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to (5.2). Let us consider the function W for the multiplicative surface of

type Aél). One of the discrete systems of type Agl) is

by by b3 b b b b by = _
P (0 M) (o i)
(fg—-D(fg—1) _ (=) - ba)(f — b3)(f — ba)
qbrbsg (f —bs)(f — be) ’ (53)

)

(f7-1D(fg—1) _ (G—=1/b1)(F—1/b2)(g—1/b3)(G —1/bs)
(g — abr)(g — gbs)

qbsbs
O bsbg
4= bybsbsbrbs )

The symplectic form is w = dlogG A dlog F', where F' = fg—1, G = g.
Putting

1 (f = b)(f —b2)(f — b3)(f — ba)
@”ﬂ”‘fo*”“% (fg— 1)(f —bs)(f — bo) )’

1 (@ =1/b1)(g = 1/b2)(g = 1/b3)(g — 1/b4)
o) = (1 b T LA RS ).

W(f,9) = W(fe(f.5) — 1,9) satisfies
OW _OWOF _( . 00\ 0W
af — oF af af) oF"
oW _OWOF W _ 9pdW OW

95 0F o5 oG o5 oF oG

Therefore, we have

oW e+ 1% ow 1 F5e
— = —log y, — = —log(gy — 1)+ Y log ¢,
of = fo_1 8% 9 7 (g ) 7o 1198%



Discrete Hamiltonians of discrete Painlevé equations

we obtain W = WAQ as

G (0 F/b) /)~ /)~ /)
i, = i) + i (S g P )

+ log flog(1 — fg) + Zng(l—) ZL12< l{;)

1=5,6

- f f
—I—Zbgbklog(l — bk) — Z logbllog<1 - b)

=1 1=5.6 !

4
- ZLig(bkg Z L12< ) +mv/—1logg. (5.4)
k=1

1=7,8

Using W, the discrete system (5.3) is expressed as

_ o 1/by 1/ 7 oW
=\ S\ L T 2T m 1og) or ) Y
_ oW  fg OW
f—<1+exp( o7 1—fg§f)>’ (5.6)

which is, however, probably not a satisfactory answer one hopes.

For the other cases, let us merely write coordinates F' and G. In the cases
of type Agl)*, Agl)*, and Aél)**, the coordinates
2r >
) g 7
f+yg (5.7)

AD* L (F,6) = (f+9.9), A@*wRG>O

AP (F,G) = ((f = )2 = 81%(f +9) + 161, f — g)

. . 1 1
give the symplectic form dG A dlog F. For the surfaces of type Ag ), Ag ),
and Aél)*, the coordinates

re—1
AD L (F,6) = (fg—1,9), APWRazQ—,@,

AT (FG) = ((f+g)2— <r2+;> fg+r*— ;,—i—&—w)

give the symplectic form dlog G A dlog F.
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