ANNALES

DE LA FACULTE
DES SCIENCES

Mathématiques

BINRU L1
Cyclic covers of Stable curves and their moduli spaces

Tome XXX, n° 1 (2021), p. 33-61.

https://doi.org/10.5802/afst.1665

© Université Paul Sabatier, Toulouse, 2021.

L’acces aux articles de la revue « Annales de la faculté des sciences de Toulouse
Mathématiques » (http://afst.centre-mersenne.org/) implique I’accord avec les
conditions générales d’utilisation (http://afst.centre-mersenne.org/legal/). Les
articles sont publiés sous la license CC-BY 4.0.

A
A AV
.4 Publication membre du centre t
’ > Mersenne pour I'édition scientifique ouverte AA }t A‘A
AA
A e vy

v
http://www.centre-mersenne.org/ A v AV:

MERSENNE A


http://www.centre-mersenne.org/
https://doi.org/10.5802/afst.1665
http://afst.centre-mersenne.org/
http://afst.centre-mersenne.org/legal/

Annales de la faculté des sciences de Toulouse Volume XXX, n°1, 2021
pp. 33-61

Cyclic covers of Stable curves and their moduli
spaces *)

Bmvru L1

ABSTRACT. — We study the deformation of G-marked stable curves in the case
where G is a cyclic group, and construct a parameterizing space for G-marked stable
curves of a given numerical type.

This is then used in order to study the components of the locus of stable curves
admitting the action of a cyclic group of non prime order d, extending the work of
F. Catanese in the case where d is prime.

RESUME. — Nous étudions la déformation des courbes stables marquées de G dans
le cas ou G est un groupe cyclique et construisons un espace de paramétrage pour
les courbes stables marquées par G d’un type numérique donné.

Ceci est ensuite utilisé afin d’étudier les composantes de ’ensemble des courbes
stables en admettant ’action d’un groupe cyclique de non-premier ordre d, extension
du travail de F. Catanese dans le cas ou d est premier.

Introduction

The purpose of this article is to study the structure of the locus (Wg —
M,)(G) of (non-smooth) stable curves of genus g inside the compactified
moduli space M, admitting an effective action by a cyclic group G.

In [4] and [5] M. Cornalba determined the irreducible components of
Sing(9M,), the singular locus of the moduli scheme of smooth projective
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curves of genus g > 2. The result was obtained by showing that 9,(Z/p),
the locus inside Sing(9M,) of curves admitting an effective action by a cyclic
group of prime order p, is irreducible and maximal (i.e. being not contained in
another locus) except for finitely many cases. The main ingredient Cornalba
used is that the locus corresponding to cyclic covers of prime order of smooth
curves with a fixed combinatorial datum, called the numerical type (see
Definition 2.1), is an irreducible Zariski closed subset of the moduli space
M,. Catanese in [1] extended this result to the case of cyclic groups of any
order (cf. Theorem 2.3).

The studies of such loci can be continued in two directions:

In one direction more finite groups G are considered. For instance the
case where G = D,,, the dihedral group of order 2n, was investigated in a
series of papers by F. Catanese, M. Lonne and F. Perroni (cf. [2, 3]) and
later by B. Li and S. Weigl (cf. [7]). The main difficulty there is that for
general groups a numerical type might correspond to a reducible subset of
the moduli space. In [3] the authors introduced a new homological invariant
which enables them to distinguish the irreducible components asymptotically
(i.e., when the genus of the quotient curve > 0).

The other direction is to consider the boundary of the compactified mod-
uli space M,. In [1], Catanese determined the irreducible components of
Sing(9M, — M) by studying the loci (9, — M,)(Z/p) and obtained analo-
gous results as in the smooth case. In this case, the locus of stable curves
with a given numerical type is not necessarily Zariski closed: if a stable curve
(' is smoothable to another stable curve Cs, then the corresponding locus of
C is contained in the closure of that of Cy, hence one should look at the non-
smoothable stable curves. Hence in the boundary case the notion of maximal
means that the Zariski closure of the locus is maximal (cf. Definition 2.13).

In this article we go into both directions, studying the loci (D,—9M,)(Z/d)
of non-prime order d and generalize several results in [1].

This article is organized as follows.

In Section 1 we give the definition of a G-marked stable curve (i.e., a
stable curve C' admitting an effective action by a finite group G, cf. Defini-
tion 1.1) and associated notions.

In Section 2 we study the G-equivariant deformation (cf. Definition 2.4) of
G-marked stable curves, and determine when a G-marked stable curve is G-
equivariantly smoothable. Then we define the associated numerical type for
G-marked stable curves and prove the main result of this section that, for G-
marked stable curves with a given numerical type, there is a parameterizing
space (cf. Theorem 2.11):
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Cyclic covers of Stable curves

THEOREM A. — Given a G-marked stable curve (C, G, p), there exists a
connected complex manifold Tip(c,a,p)) parameterizing all G-marked stable
curves with numerical type [D(C, G, p)].

If moreover (C,G,p) is G-equivariantly mnon-smoothable, denoting by
Mipc,a,p) the image of the natural morphism Tipc,a,py) — M, — My,
then each point inside Mip(c,G,py has finite inverse image in Tipc,a,p)s
and the closure Mip(c,q,p) consists of G-marked stable curves which can be
G-equivariantly deformed into a curve with numerical type [D(C, G, p)].

In Section 3 we study the irreducible components of (M, —9M,)(G) for the
case G = Z/d, the idea is to determine when a G-stratum (i.e., the image
inside (M, — M,)(Z/d) of the parameterizing space of a given numerical
type, cf. Definition 2.13) is maximal. For this we need to compare all the
order d cyclic subgroups of the stratum (cf. Definition 3.2).

Due to some phenomena arising from the smooth case (cf. Proposi-
tion 3.5), the automorphism group of a stratum might become very com-
plicated, making it impossible to give a brief and explicit description for
maximal strata. Hence we make some technical assumptions.

ASSUMPTION (cf. Assumption 3.6).

(0) (C =31 Ci, G, p) is G-equivariantly non-smoothable.
(1) For a general stable curve (C,G,p) in the stratum we have H; =

Aut(C;) and g(C;) = 2 for all i.

(2) For anyi € I, the parameterizing space Tp, r. has dimension> 0.

isT4
With the above assumptions we prove the main result of this article (cf.
Theorem 3.17):

THEOREM B. — Under the conditions of Assumption 3.6, we have the
following:

(1) For a G-equuariantly non-smoothable G-marked stable curve (C =
> ic1 Ci, G, p), the induced stratum Mcr, where C' = C/G, is maz-
imal iff for a general stable curve (by abuse of notation we denote
still by) (C, G, p) in the stratum:

(a) The cases in Lemma 3.10 do not occur.
(b) For any B € Aut(C) (of order d) and any node p where
Case (II-i) happens (cf. page 58), the following holds:
CHp DB D) AP 2B 4 g

s

(¢c) For any B € Aut(C) (of order d), there is no node p of type E
with respect to 8 (see Definition 3.16).
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(2) The Zariski closure of each mazimal stratum in (1) is an irreducible
component of (M, — M) (G).

1. Notation

Let C be a (non-smooth) stable curve (i.e., C' has at most nodes as
singularities and Aut(C), the automorphism group of C, is finite),

C:Zq.

iel

We define Z to be the graph whose set of vertices is the set I, and whose
set of edges is the set A of the nodes P € C.

We let NV; := N'NC;, i.e., these are the edges of the graph containing the
vertex 1.

Note that if P € N, P € C;NCj,i # j, then P yields an edge connecting
two distinct vertices, else, if P € C; and P ¢ C;, V j # i, P yields a loop
based at i. Hence we have

N; :'/\/i(l) UM(2)7

where /\/;-(1) corresponds to edges connecting two distinct vertices (one of the
vertex is ¢) and M(Q) corresponds to loops based at i.

Set further C' — C; = C'\ C;.
DEFINITION 1.1.

(1) Let G be a finite group. A G-marked stable curve is a triple (C, G, p),
where C is a stable curve, p : G — Aut(C) is an injective homo-
morphism, i.e., G acts effectively on the stable curve C. When p is
clear, for instance if G is a subgroup of Aut(C), we write for short
(C, G) instead of (C, G, p).

(2) We call (C,G,p) a smooth (resp. irreducible) G-marked curve if C
is smooth (resp. irreducible).

Remark 1.2. — In the case where p is clear from the context, we identify
G with its image p(G) and write G C Aut(C).

Given a G-marked curve (C, G, p), then G acts naturally on the graph Z,
and on the set I.
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DEFINITION 1.3.

(i) Let K, be the kernel of the action on I, and let instead G; be the
stabilizer of © € I; in other words,
Gi:={gl9(C;) = Ci}
and K, = (;¢; Gi

(ii) Let K be the kernel of the action on the graph T, and let, for P € N,
Gp be the stabilizer of P; hence K = K, N (pey Gp). We let
moreover G, be the subgroup of G; which fizes the nodes in N, the
nodes of C belonging to C;, and we let G be the subgroup which
acts trivially on C;. Hence K = (,.; Gi. We denote by n; the order
of G/G;.

(iii) In the case G is an abelian group, let H; be the quotient group
Gi/GY, respectively H! := G'/G/. Necessarily H! is a cyclic sub-
group if N; # 0. We denote by d; (resp. d};) the order of H; (resp.

(iv) Setting where In={i€I|G=G}}, L ={i€I|G=G; and G#G}}
and Iy = {i € T|G # G;}, then the set I has a natural partion
I=LULUIL.

el

In the rest of this article G shall denote a cyclic group Z/d with generator
v and (g := exp(%T‘/jl). We work over the field of complex numbers C.

2. Parametrizing space of cyclic coverings

In this section we will construct parameterizing spaces for G-marked sta-
ble curves, first we review the case of smooth G-marked curves.

Let (C,G) be a smooth irreducible G-marked curve. The action of G on
C induces a (ramified) covering map C — C’ := C/G. For any 1 < i < d—1,
we define a divisor D; as the sub-divisor of the branch locus D C C’ where
the local monodromy is ¢} (cf. [1, p. 4, L. 20]).

DEFINITION 2.1 ([1, Definition 2.2]). — Let C' be a smooth irreducible

projective curve of genus g on which G = Z/d acts faithfully, and set C' =
C/G, h := genus(C").

Denote by k; = deg(D;) fori=1,...,d —1, and by (k1,...,kq—1) the
branching sequence of v. A change of generator of Z/d corresponds to a
(Z/d)*-action on the set of sequences, we denote the resulting equivalence

class by [(k1,...,ki—1)], and call it the numerical type of the cyclic cover
C—C.
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DEFINITION 2.2 ([1, Definition 2.3]). — Given a branching datum cor-
responding to a sequence [(ki,...,kq—1)], set
d—1 .
2(g—-1) 1 ged(i, d)
=14 2L SN (1 - Y

The branching datum is said to be admissible for d and g if the following
two conditions are satisfied:

(1) S kii =0 (mod d),
(2) h is an positive integer; h = 0, ged{d, gcd{i|k; # 0}} = 1.

Note that the branching datum of a cyclic cover C' — C’ is admissible.

The main result for the parameterizing space of smooth G-marked curves
is the following;:

THEOREM 2.3 ([1, Theorem 2.4]). — The pairs (C,G), where C is a
complex projective curve of genus g > 2, and G is a finite cyclic group of
order d acting faithfully on C with a given branching datum [(k1,...,kq—1)]
are parametrized by a connected complex manifold Ty 4.k, ) of dimen-
sion 3(h — 1) + k, where k=3, k;.

,,,,, ka—1

The image My i:((ky,....ka 1)) O Tg.dil(ks,....ka_r)] inside the moduli space
M, is a closed subset of the same dimension 3(h — 1) + k.

We will give an analogous result for G-marked stable curves.

DEFINITION 2.4. — Let (C, G, p) be a G-marked stable curve: a G-equiv-
ariant deformation of (C, G, p) is a triple (p: € — B, G,n) such that

(1) p: € — B is a deformation of C over an irreducible base B with all
fibres stable curves and the central fibre €o ~ C (O € B).

(2) n: G — Aut(€) is an injective homomorphism inducing an effective
action on € such that p is G-invariant (where the action of G on B
is trivial) and n|e, =~ p.

DEFINITION 2.5. — We say that a G-marked stable curve (C,G,p) is
G-equivariantly non-smoothable (or has no G-equivariant smoothing) if
(C,G,p) can not be G-equivariantly deformed to (C', G, p') such that C' has
less nodes than C'.

We have the following criterion which tells when a G-marked stable
curves is G-equivariantly non-smoothable, and generalizes the prime case
in [1, Lemma 4.3]:
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PROPOSITION 2.6. — Let P € C =", C; be a node, set Gp := Stab(P)
the stabilizer group of P in G, then the following are equivalent:

(1) All points in G(P)(:= the orbit of P) can by simultaneously G-
equivariantly smoothed.

(2) The induced group homomorphism Gp — GL(Ext'(Qe, Oc)p) ~
C* is trivial.

Proof. — Recall the local to global spectral sequence:

0— PH (9@- (— > (cin q-))) — Ext}(Q}, 0¢)
i i
— P ext' (9L, 0c)p — 0, (%)
PeN

where Q}, is the sheaf of differentials of C' and ©¢, denotes the tangent sheaf
of CZ

Here I shall explain why the first term of (*) has this form, since in the
original sequence the first term should be H!(Hom(Q2c,O¢)). Denote by
t; : C; = C the natural embedding. As C has only nodes as singularities, a
local computation yields the following exact sequence:

0— Q¢ —)@Li*(bjgc) — @ —0
icl
and
1i Qe ~ Qc, ® Qi

where Q(resp. Q;) is supported on the nodes of C' (resp. Zjﬂ C;NC;). Now
Applying the dual functor Hom(—, O¢), since @ and Q; are supported on
0-dimensional sets, we have

0 — Hom <@ Lixe;, Oc> 5 Hom(Qe, Oc).
iel

After some local computation (again note that C' has only nodes as singu-
larities), we get the following:

(1) ¢ is in fact an isomorphism.

(2) ’Hom(Li*QC“OC) ~ Li*((‘)i(— Ej;éi Cj n CZ))

As Hl(Ci, @i(_ Zj;éi Cj N Cz)) =~ Hl(C, Li*(ei(— Zj;éi Oj N Oz))), we com-
plete the explanation of the first term of (x).
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The exact sequence (%) remains exact after taking the subspaces of G-
invariant vectors. Hence we have a surjection:

G
Ext' (Q¢, 0c) — <@ 5Xt1(QICvOC)P> : ()
PeN

Since Gp is a subgroup of G = Z/d, we have Gp ~ Z/m for some m/|d,
define r := m/d. Denoting by % the image of v in G/Gp, clearly 7 is a
generator of G/Gp. Up to a change of index, we can assume that G(P) =
{P, = P,..., P}, such that 4(P;) = P;+1. The surjection (*x) means that
all combinations of possible local G-equivariant deformation can be realized
by global ones, hence we only need to consider the local deformation at each
node P. On the other hand if a G-equivariant deformation smooths a node P,
it must smooth all the points in G(P) simultaneously. Therefore we see that
all points in G(P) can be simultaneously smoothed < 3 v = (vq,...,v,) €
(DBp.ccr Ext!(Qo,0c)p, )¢, such that v # 0 (since v is G-invariant, v # 0
is equivalent to v; # 0 for all 7).

Assume (v, ...0.) = (A0r, A1U1, ... Ap_10,—1) for some \; € C*. Tt is
easy to see that yv =v & [[[_, A = L.

If there exists 0 # v € (B p,cq(p) Ext!(Qc,0c)p,), then we have yv =
v. Noting that 4" is a generator of Gp, the induced homomorphism Gp — C*
is then given by v" — J][A\; = 1, hence trivial. Conversely, if Gp — C* is
trivial, let v = (vy, Moy, ..., (]_[:‘:_11 Ai)v1) with vy # 0, it is clear that yv = v,
since [[A; = 1. O

Remark 2.7. — From the proof of Proposition 2.6 we see that a G-marked
curve C' is G-equivariantly non-smoothable iff () p.  Ext' (L, Oc) p)¥ =0.

DEFINITION 2.8. — A G-marked stable curve (C, G, p) has the following
associated combinatorial datum D(C,G,p):

(1) A G-marked graph (Z,G,p), i.e., the graph T with induced G-action
p from the action p : G — Aut(C).

(2) For any i € I, recall that H; = G;/GY and d; = Ord(H;). The
image of an element B € G; in H; is denoted as 5. We get a H;-
marked curve (C;, Hy, p;), denote by a the normalization of C; and
set g; = genus(a), h; = genus of C| := a/Hl The element "
generates H; (recall that n; = Ord(G/G;)), it induces an action p;
of H; on C;, and hence a branching sequence (k1(2), ..., ka,—1(2))
on C;. B

(3) Note that the ramification points of C; consists of three parts:
(a) points which are not from nodes of C, (b) points which are
inverse images of intersection points of two distinct C;,Cj, and
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(¢) points which are inverse images of nodes of some C;. Hence

we record the following data:

(a) For each i € I U Iy, we record the branching sequence
(K1(3), -+, kg, 1 (i) corresponding to the ramification points of
pi on éz which are not coming from nodes of C'.

(b) For each node p which is the intersection of two different com-
ponents C; and Cj, we record the monodromy m(p,i) (resp.
m(p,j)) induced by ¥ (resp. ¥ ) at p.

(¢) For each mode p which is a node of some C;, we record the
monodromy ni(p,i) and na(p,i) (an unordered pair) induced
by v at p.

The automorphism group Aut(G) = (Z/d)* acts naturally on the set of data
{D(C,G,p)}, we call the resulting equivalence class, [D(C, G, p)] the numer-
ical type of (C, G, p).

Remark 2.9.

(1) As in the smooth case, we can determine an “admissible condition”
for the above combinatorial data (for the case G has a prime order,
see [1, Definition 4.8]), which we will not use in later discussion.

(2) For the H;-marked curve (6’;, H;, pi), it is important to consider the
branching sequence (k1 (), ..., kq,—1(7)) (induced by 4™) instead of
the equivalent H;-class [(k1(i), ..., ka,—1(%))]. Later we will see the
differences.

(3) For a non-smoothable G-marked curve, using Proposition 2.6, we

see that V¢ € Iy, the component C; is smooth (i.e. M(2) =0).

Now we come to the main result of this section, which is a partial gener-
alization of [1, Theorem 4.10].

We denote by Orb the set of G-orbits in I, for any o € Orb, we define a
subcurve of C' consisting of all components in the orbit o,

C(O) = U C,L
i€o
We have an induced G, := G/GY-marked (nodal)-curve (C(0), G,, po) (note
that C(0) might be disconnected). The following lemma shows that we have
a “canonical form” for (C(0), Go, po)-
LEMMA 2.10. — The G,-marked curve (C(0), Go, po) is Go-equivariantly
isomorphic to the canonical form (U;ZIC((,]), Go, Po), where n, = #|o|(= n;),

Y are n, copies of an irreducible component C; in C(0), and U?;lC(()j) is a
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quotient of |_|?;1 cy by identifying a finite set of (unordered) pair of points
P, and p, is determined by the following morphisms:

id: CY) — CUTY V1< j<n,—1; 37 : O0) — O,

Proof. — 1t is clear that the morphisms given in the lemma define an
action of G, on |_|;L;1 CY) Tt is easy to check that the morphisms F\Q :
c¥ )(: C;) — ~I-1(C;) induce a surjective G,-equivariant morphism
|_|;.l;1 c - C(0). Denoting by P, the set of inverse images of nodes in
C'(0) which do not have two branches on the same irreducible curve, we ob-
tain a quotient curve u?;lc,ﬁj ) by identifying the pairs of points lying in
the same inverse image in P,, then we have a G,-equivariant isomorphism

Go U?;lCt()j) — C(0), since C'(0) is a subset of a stable curve and no three
components can meet in a point. U

THEOREM 2.11. — Given a G-marked stable curve (C, G, p), there exists
a connected complex manifold Tip(c,a,p) parameterizing all G-marked stable
curves with numerical type [D(C, G, p)], i.e., there is a family of G-marked
curves over ﬁp(c,g’p)], such that

(i) each fiber of this family is a G-marked stable curves with numerical
type [D(C, G, p)],

(ii) every G-marked stable curves with numerical type [D(C,G,p)] is
G-equivariantly isomorphic to a fiber of this family.

Denoting by Mip(c,a,p)) the image set of the natural morphism Tipc,a,p) —
ﬁg — My, then each point inside Mp(c,a,p)) has finite inverse image in
Tip(c,a.,p)); and the closure m consists of curves with a faithful ac-
tion of G which can be G-equivariantly deformed into a curve with numerical
type [D(C, G, p)].

If moreover (C, G, p) is G-equivariantly non-smoothable, then Tip(c,a,p)
has the same dimension as the Kuranishi space Extl(Qlc, Oc)C.

Proof. — Tip(c,a,p)) 18 a product of three products of Teichmiiller spaces,
corresponding to the partition I = Iy U I; U I5:

76 = H 7;Li,’(‘7;7
i€l

where r; = #|M(1) | —i—Z#\./\fi@) |, and Ty, r, is a parametrizing space of smooth
irreducible curves of genus h; with r; marked points. Over each 7y, ., we have
a family of curves of genus h; = ¢g; with r; marked points.

71 = H 7;”,7‘1"

i€l
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Cyclic covers of Stable curves

where 7; = Zf;}l k(@) is the number of ramification points of the covering
a — a/ H;. Here Ty, », coincides with the parametrizing space for smooth
H;-marked curves of type D(@-, H;, p;) constructed in [1, Theorem 2.4], and
in the proof of [1, Theorem 2.4] Catanese has also shown the existence of
the family of H;-covers with numerical type D(CN'Z-7 H;,pi) over Tn, r,. Hence
over each T, r, we have a family of H;-marked curves of genus g; with the

branching sequence (k1(%),...,kq,—1(¢)) with respect to a fixed generator
vi := 7 of H; (See [1, Theorem 2.4]).
7-2 = H 777,7;,7"1‘7
[i]EI_Q

where I is the set of orbits in I, r; = Zld:Il ki (2). In each orbit [i] we
pick one 7, r,, over which we construct a family of n; disjoint copies of
H;-marked curves of genus g; with the branching datum (k1 (7), ..., kq,—1(7))
with respect to a fixed generator v; := "¢ of H;.

Define
Tioc,G.p) = To X Ty X Ta.
Now we can glue the pull back of the families over each factor, by identifying
the sections according to the numerical type [D(C, G, p)], to get a family
Cipe.a.) over Tipe,c o)
Each fibre of Cjp(c,,p)) is a stable curve, on which we will define an action
of G, making it a G-marked stable curve with numerical type [D(C, G, p)].

We pick a fibre C' =}, ; Cy, first we use part (3) of the numerical type
[D(C, G, p)] to define the action on each orbit of the curves:

If i € Iy, v acts trivially.

If ¢ € I, we have a natural action of H; on C; which is induced by the
branching datum (k1 (%), ..., kq,—1(¢)) with respect to 7;, the chosen genera-
tor of H; (by abuse of notation, the corresponding automorphism is also de-
noted as 7;). Then the action of G is defined by the homomorphism G — H;
which sends v to ;.

If i € I, we have to define the action of G on C([i]). First we have the ac-
tion of H; on C; which is determined by the branching datum
(k1(9), ..., kq,—1(2)) with respect to 7;. The action of G, equivalently the
automorphism corresponding to -, is defined as follows:

v C,Yl—l(i) — C’yl(z’)a rr—1x ifl1<I< nu — L,
Yol C’Yn[,i]—l(i) — CZ', T — ;.

By Lemma 2.10, this should be the expected action.
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Then we use conditions (1) and (3) of the numerical type [D(C, G, p)] to
glue the action on each orbits and obtain an action of G on C.

For two G-marked stable curves (C,G,p) and (D, G, p’) with the same
numerical type, C and D are isomorphic iff for each ¢ € I, (@, H;,p;) and
(D;, H;, 7,) are isomorphic. In the smooth case, by [1, Theorem 2.4], T, ..,
parametrizes all the H;-marked curves with numerical type [D(éi, H;, )],
hence the same holds for Tip(c,a,p)-

The finiteness of the morphism Tipc,a,p)) — Mip(c,a,p) follows from
the stability of curves and the fact that the automorphism group of a stable
curve is finite.

If (C, G, p) is G-equivariantly non-smoothable, our parameterizing space
has the expected maximal dimension. By Remark 2.7 we have that

G
(@ Ext (0L, Oc)p> =0.

pEN

Taking the G-invariant subspaces of (x), we get

G
<@ H! <®CL (— Z c; N C]> )) o~ Eth(QIC, Oc)G.

J#i

It is easy to see that

(e[

- @ (@ (00 (-xane)))

For each ¢ € I, it is clear that

H1<®ci (;Cmcj»gﬂl (907., (;Cmcj)),

hence has dimension equal to dimg¢ 7y, ;-

Vi € I;, we have the following:
G
dim <H1 <@ci (— >y cin q)) ) =dim H' (e& (—Bi)) = dim Tp, 1,
i '
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where B; is the branching locus of the covering a — CN’Z’ The second equality
follows easily from the Riemann—Rock formula, while the first one needs some
explanation.

First note that

H (@Ci (—;cmcj»G:Hl (6@- (—%ﬁ;cmchHi.

Let o : 5, — C; be the normalization map, since C; as only nodes, we have

COMCFS (‘ > Uil(P)> = O¢;,

pGNi(z)

here recall that /\/’;2) is the set of nodes which are nodes of C;. Using the
projection formula we get

(az-)*<@5i (— > ail(p)—Zcmcj)) = O, <—Zcmcj>.

peN® i J#i

Since the action of H; on @ is induced by the one on C;, we have

H;
dim H' (@a (— > ail(p)—zcimcj»

peN i

H;
:dimH1<@Ci<—ZCiﬂCj>> .
J#i

Therefore the first equality is equivalent to showing

H;
dimH1<@a <— 3 agl(p)—Zcij)) = dim H' (0 (~B)).

pEN® ji
which follows from the following lemmas:

LEMMA 2.12. — Let 7 : C — C/G =: C’ be a cyclic cover of order d be-
tween smooth projective curves. Denote by R (resp. B) the ramification divi-
sor (resp. the branching divisor) and R = Supp(R) (resp. B = Supp(B)) the
ramification locus (resp. the branching locus). Let D C R be a G-invariant
effective divisor, then we have

HY(C,0¢c(-D))¢ ~ HY(C',0c:/(—B)).
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Proof of the lemma. — For any G-invariant line bundle L on C, we have
a decomposition
d—1
7. (L) = @L(t)7
i=0

where we fix a generator v of G, L) is the y’-eigen-subsheaf of 7. (L) (spe-
cially, we have 7, (L) = L(®). Moreover, in this case all L(*) are line bundles
on C'. Using this decomposition, we have

-1 \¢ d—1 \¢
H(r.(L))¢ = H! (@ L“’) = (@ H1<L<”>> =H'(L). ()
i=0 i=0
Recall (dual version of) the Riemann-Hurwitz formula:
@C = Tl'*(@c/) —-R

where, setting ep to be the ramification index at a point P € B (to be
precise, the ramification index should refer to a point Q € 7~1(P), but in
the case of cyclic covers, for all Q € 7~!(P), e remain the same, here we

write ep instead.),
R=Y Y e
PeB Qen—1(P)

Since by assumption D is a reduced d1v1sor, we have

S Y r-10=R<R:D<Y Y aQ=rH)

PEB Qern—1(P) PEB Qern—1(P)
therefore

m(Oc) =7 (B) < O¢c — D < Oc =71%(0¢) — R

Using the fact

(m(7*(O¢) — 7*(B)))Y = Oc/(—B) @ (1.0¢)°
= @C/(—B) R Ocr = @C/(—B),
the statement is then reduced to the case of D = 0.

We do local computation to show that (7.(0¢))¢ = ©¢/(—B). Let P € B
and 7P} = {Q1,Q2,...Qs} for some s|d and set e = d/s. Let z (resp.
21,-..,25) be a local coordinate at the point P (resp. Q1,...,Qs), in local
coordinates 7 is expressed as z = z{ for 1 < ¢ < s. Up to a change of indices
and coordinates (see the proof of Lemma 2.10), we may assume the action of
v sends (21,...,2s) t0 ({J%s, 21, .-, Zs— 1) We compute when a vector field
is G-invariant, con31der n=>, fz(zz) , then

Zfz Zz+1 4 fG(Cjzl)i

0%i11 ¢; 0=
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If n is G-invariant, we have fi(u) = fao(u) = -+ = fo(u) and fi(u) =
f1(¢5w)/¢5. This implies f;(u) = ug(u®) for all ¢, noting that Zia%i = eza%,
we can rewrite n as n = (e > ;_, g(zf))z% and this finishes the proof of the
lemma. O

Now we continue the proof of Theorem 2.11.

For each ¢ € I, consider the map

ot <@Ci (—é@m@)) —>j§{?}H1 (@Cj (—%C}n&))

vi— (v,7(),. ..,y ().

It is easy to see that this induces an isomorphism between the subspaces

H* <@Ci (—;o mq))m ~ (g% H* <@Cj <—;cj mcl>>>g.

Therefore we obtain that

(g (o (50))

H;
= dim H! (9(% <— Z c; N Cj>> =dim Tn, r, .

J#i

We see that the family 7ip(c,q,p)) has the same dimension as the Kuran-
ishi space Ext' (Q}, 0c)¢. O

DEFINITION 2.13.

(1) We call the image of the natural map Tipc,c,p) — m, — M,
a stratum with numerical type [D(C, G, p)], which we denote by
Mip(c,a.p)-

(2) A stratum Mip(c,a,p) is called maximal, if it is not contained
in the Zariski closure of another stratum Mpcr a,py), such that
dlm m[’D(C7G,p)] < dlm W[D(CI,G”O/)].

It is clear that (90T, — 9M,)(G) is a union of all the strata (with group
G). By Theorem 2.11 we see that the closure of any stratum is an irre-
ducible Zariski closed subset of (M, —9M,,)(G). Therefore to understand the
components of (M, — M, )(G), is equivalent to understanding the maximal
strata.
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Remark 2.14. — Note that when we say a “stratum” we remember the
numerical type, the possibility of two strata of different numerical types
having the same support is not excluded.

3. The maximal strata

In the previous section we have interpreted the problem of determining
irreducible components of (M, — M, )(G) into determining the maximal G-
strata.

In this section we first discuss in general when a stratum is maximal.
Then with certain additional conditions we give an explicit description via
the associated combinatoric data.

Remark 3.1. — If a stable curve (C, G, p) can bee smoothed to another
stable curve (C', G, p’), then inside the moduli space, [C] € Mp(c,q,p)) and
[C] € Mip(cr,c,p, in fact we have a stronger result that

Mipc,c,m) € Mipcr,ao) — Mp(er,6,0))-
Hence we have dim Mp(c,a,p)) < dimMpcr,G,p01))-

The fact that W[D(C7G,p)] N DJT[D(C/7G7,,/)] = () is clear since the number of
nodes of C’ is strictly less than that of C', we only need to show W[D(QG,‘,)] C
Mp(cr,a.py)- Note that this is enough to show that general (in fact, every)
[C1] € Mipc.a.p), With [D(C1, G, p1)] = [D(C, G, p)], can be deformed G-
equivalently to a curve (Cs, G, p2) such that [D(Cs, G, p2)] = [D(C', G, p')].
Recall that part (3) of the numerical type remembers the local monodromy
at each node P, hence by Proposition 2.6, whether a node is smoothable
only depends on the numerical type [D(C, G, p)].

For our purpose, it suffices to consider the case where C’ is obtained by
smoothing a single orbit G(P) of some node P. We will see that [D(C’, G, p')]
is then uniquely determined by [D(C, G, p)].

e Let 7’ be the dual graph of C’, then Z’ is obtained by contracting
the edges in Z which correspond to nodes in G(P), the action of G
on 7' is then naturally induced from the one on Z.

e We denote by Con : Z — Z’ the contraction map. For each vertex
i’ € I’, the arithmetic genus associated to ¢’ (here for i’ we remember
the loops based at 7', i.e., the set of nodes J\/i(,2)) is just the arithmetic
genus of Con™'(i'). Gy is the subgroup which leaves the sub-graph
Con™! (i) invariant and G, is the subgroup which acts trivially on
Con™*(i"), thus we obtain Hj.
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Let G(P) = {P = P,...,Ps}, we choose a small Gp-invariant
analytic open neighborhood U of P, such that U (here we mean
the analytic closure) do not contain any other nodes of C' nor fixed
points of some H; on C;. Possibly after shrinking U, we require more-
over G(U) is a disjoint union of connected Uy, ..., Us, each U; is a
connected G p,-invariant neighborhood of P;. Then (C—G(U), G, p)
is G-equivalently isomorphic to a G-invariant open subset V of
(C', @G, p'), therefore, the fixed points in V' with their monodromies,
and the monodromy at each node in V are inherited from those on
C — G(U), which is determined by D(C, G, p). Note that C' — V is
smooth (since it is the local smoothing of G(P) in G(U)), we only
need to determine the fixed points in C’ —V and their monodromies.
Locally the deformation is given by xy = t, where C' corresponds to
{t =0}, P =(0,0) and C’ is given by xy = to for some tq # 0, fix
a generator yp of Gp. There are two cases:

— Gp dose not exchange the two branches, the action on the
family is given by

vp i (z,y;t) — (ax,a ty;t), for some o # 1.

Then it is clear on C’, there is no new fixed points, we are done
in this case.

— Gp exchanges the two branches (this also implies 2||G p|), the
action on the family is given by

v (z,yit) v (ay,a”la,t).
We find two new fixed points on C': Q1 = (ayo,yo) and Qo =

(—ayo, —Yo), where yo satisfies ay? = tg. Then u =y — yo is a
local parameter near 1, the action of + sends

to U u?
ur— —————yo=—u{l——+—5 —--- |
a(yo +u) Yo g

We see the monodromy of yp at @1 is —1, a similar computa-
tion shows this holds also for Q).
Combining the above arguments, we see that [D(C’, G, p')] is com-
pletely determined by [D(C, G, p)].

Hence we only need to consider the strata of G-equivariantly non-smooth-
able curves. In the rest of the article, we do only consider strata whose general
curve is G-equivariantly non-smoothable.

We first recall some results on Teichmiillar space of smooth curves. Given
a smooth H-marked curve (C, H,p), there is an induced map p : H —
Map, (cf. [3, Section 2]), which induces an H-action on T,. Fix(H) is an
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irreducible analytic subset of 7,, whose image inside M, equals My o ,.
(cf. [3, Appendix B]).

Set G(H) = Necerixm) Stabc, (Aut(C) =~ Stabc C Map,), a general
curve in Fix(H) has automorphism group G(H) (cf. [3], Appendix B). Since
both Ty mr,, and Fix(H) maps finitely onto M g7 ,, a general curve in Ty g7,
has the same property as the one in Fix(H ). Therefore, given a subgroup H’
of a general curve C' in T, g ,, which induces an H'-marked curve (C, H', p’),
H' can be considered as a subgroup of general curves in 7y #,,, which induce
the same numerical type as (C, H', p”), this implies that My m,, C Mg f7 prr.

Given a G-marked stable curve (C, G, p), write

Sx
C=>Ci=>> Cu

AEA t=1

where A is the index set of isomorphism classes of the irreducible compo-

nents with marked points (Ci7/\/;(1),/\/'i(2)) and sy is the number of curves

(C’m/\fi(l)J\/;(Q)) belonging to the isomorphism class A.

Clearly Aut(C) is a subgroup of [T, (IT;2; Aut(Ch¢)) xSy, ) consisting
of elements preserving the nodes of C, where for each class A we fix an
identification of Aut(Cy ;) for all curves Cy; and the semi-direct product is
determined by the following group homomorphism:

E3
Gsx — Aut <H Aut(c)\,t)> ,O Qstf : (gla s 7gs>\) — (ga(l)a s aga(s/\))'
t=1

Now assume C' is a general curve of a stratum, and D is another curve inside
the same stratum. Applying the previous mentioned results on smooth curves
to the components of C and D, we may identify [T, ((TT;2, Aut(Cx))
S, ) with [T ca (TT;21 Aut(Dx¢)) x S, ) and consider Aut(C), Aut(D) as
subgroups. For an element (gx,0x) € Aut(C), each gy corresponds to a
gh.+ € Aut(D;), such that the numerical type induced by g} , is the same as
that of g, hence {g} ,} satisfy the compatibility condition and yields an
element (gg\7t,a>\) € Aut(D), moreover, the numerical type of (gx,,ox) and
(954, 0x) are the same.

In fact, we have deduced the following proposition:
PROPOSITION 3.2.

(1) Given a stratum, the automorphism groups of general curves in the
stratum remain the same, hence we define the automorphism group
of a stratum to be the automorphism group of a general curve inside
the stratum.
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(2) Let G be the automorphism group of a stratum Mp(c,a.py), for any
cyclic subgroup H of G, the induced H-numerical types on general
curves are identical, say [D(C', H, p')], this means there is an open
subset U of Mp(c,a,p)) with U C Mip(cr 1,0

DEFINITION 3.3. — Gliven a stratum, we say that (the action of) G is
maximal if for any general curve (C,G,p) inside the stratum, there is no
subgroup G' C Aut(C) isomorphic to G (including G itself) such that the
induced G'-marked stable curve (C,G') is G'-equivariantly smoothable or
the dimension of the stratum corresponding to (C,G') is larger than the
dimension of the given one.

Remark 3.4. — Let Mpc,a,p)) and Mpcr,a,py be two strata whose
general curves are G-equivariantly non-smoothable. If Mpc,p) C
Mp(cr,G,p)» We have two cases:

(1) If there is a general curve [C] € IMpc,q,p) such that [C] €
Mp(cr,G,p), then this means there is a subgroup G of Aut(C) iso-
morphic to G, such that the induced G’-numerical type is exactly
[D(C, G, p)], by Proposition 3.2(2), there is an open subset U of
gﬁ[D(C,G,p)] such that U C m[D(C’,G,p’)]'

(2) If no general curve in Mp(c,a,p)) is contained in Mp(cr g, ), since
(C, @G, p) is G-equivariantly non-smoothable, the only possibility is
that there is a subgroup G’ of Aut(C) isomorphic to G, such
that the induced G’-marked curve (C, G’ ~ G, p"") can be G-equivar-
iantly deformed to a G-marked stable curve with numerical type
[D(C, G, p')].

Hence we see that the notion of maximal G-action is enough to determine
the maximal strata (although a maximal stratum may correspond to more
than one numerical type).

Once we know the automorphism group of the stratum, we can find the
subgroups which are isomorphic to G and hence determine whether the stra-
tum is maximal.

Now for fixed genus ¢ and group G, we can determine the irreducible
components (equivalently, the maximal strata) of (M, — 9M,)(G) since the
possible configurations are finite. However if we do not fix the genus g, due
to the following phenomena, it is not so easy to obtain a brief description of
the irreducible components even for cyclic groups.

Recall that in the smooth case a stratum with group G is called full if the
automorphism group of the stratum equals G. Now for a G-marked stable
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curve (C' = ), C;, G, p), if for some 4, the group H; is not full for the induced
action of H; on Cj, the complicity of Aut(C) increases.

We give an example for the automorphism group of a non-full stratum
of smooth curves. By [8, Lemma 4.1] we know that for a general smooth
curve C' inside a non-full stratum, G is a normal subgroup of Aut(C) and
Aut(C)/G is isomorphic to Z/2Z, (Z/2Z)?, etc. In the case of G being
cyclic and Aut(C)/G =~ (Z/27Z)?, by [8, Lemma 4.1] there are three ele-
ments by,bs, b3 € Aut(C) — G, such that b; has order 2 and the product
b1b2bs is contained in G. The following proposition tells us in this case all
the possibilities for Aut(G): ([6, Lemma 5.7))

PROPOSITION 3.5. — Let G(H) be a group containing a normal cyclic
subgroup H of order d such that G(H)/H ~ (Z/2)%. Assume in addition that
there exist three elements by, ba,bs € G(H) — H such that b; has order 2 and
the product bibabs is contained in H. Then G(H) has the presentation:

{a, B1, B2 | a® = 1,8 = 85 = 1, 1o = &' By, Bocy = a2 By, B1 B2 = Bafra* 2}

such that 0 < ly,la,e12 < d, ged(l;,d) = 1, 12 = 1 mod d, d|(l; + 1)e1 2, for
i=1,2 and ged(d, l1la + 1)|eq 2.

Moreover, vy := & is a generator of H; b; = [3;, bivb; = A% fori = 1,2
and bab1by = biy°12; by = biboy/, where f is an integer such that 0 < f < d
and d|((l1l2 + 1)f + 6172).

In the smooth case, in order to determine if a stratum is maximal, we
only need to compute the subgroups of G(H) which are isomorphic to H.
However, for stable curves, we have to compute all the cyclic subgroups of

Aut(C;) and solve a combinatoric problem concerning the dual graph and

all the cyclic subgroups of Aut(C;) for each C;.

In order to have a more detailed discussion, for the rest of the article we
make the following assumptions:

ASSUMPTION 3.6.

(0) (C =31 Ci, G, p) is G-equivariantly non-smoothable.(!)
(1) For a general stable curve (C,G,p) in the stratum we have H; =

Aut(C;) and g(C;) = 2 for all i.
(2) For any i € I, the parameterizing space Tn, r, has dimension> 0.

(1) Of course, this is a necessary condition for having a maximal stratum by Re-
mark 3.1.
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Remark 3.7.

(1) By assumption (2), for a general curve (C,G,p) in the stratum,
two irreducible components coming from different G-orbits must be
non-isomorphic, hence we have Orb = A. Therefore any 5 € Aut(C)
fixes the G-orbits and induces 3, := f|¢c(o) € Aut(C(0)), conversely

(Bo)ocorb determines 3.
(2) Given 8 = (B,) € Aut(C), the order of 8 is lem{Ord(S,)}. Using

the isomorphism in Lemma 2.10 and regarding [, as an element in
(I, Aut(C((,j))) X G, we can write Bo = ((Bo1,---»Bon, ) Bo)-
What is the order of 3,7 Assume that 3, has ,(3) orbits in o with
lengths I1,...,1, (3), then we have

Bo = (ity- eyt ity 1o sty ia) « o (imoty oy 15 -+,

and

ord(8,) = 1cm(ord(ﬂo,il e Boi s

Ord(ﬁo’(ino—lua(g) +1) e ﬁo’i"Lo)lHO(ﬁ)) :

We want to understand when the stratum is maximal. For this purpose
we study first quotient curves of type C/(8), where § € Aut(C) — G is an
element of order d.

LEMMA 3.8. — For any 8 € Aut(C), the quotient map 7w : C — C' :=
C/G factors through the quotient map C — C/{B).

Proof. — Note that we have the following decomposition of C’ into irre-
ducible components: C' =3 ., C1.(2)

For the lemma, it suffices to show that for any P € C, n(P) = n(8(P)).
By assumption (2) we have that 3(C(0)) = C(0), therefore it suffices to
consider the map 7|¢(,) : C(0) — C} and B, := B|c(e). Using Lemma 2.10
we see this is equivalent to considering the map m, : L]?;l Céj ) C!, where

7, is the composition of 7|¢(,) with the natural map | |72, c¥) = (o).

We determine first the fibre of 7,: noting that 7 acts transitively on
the vertices inside o, hence any fibre of 7, must contain at least a point
in 051)7 say M e C’,gl). Here we only discuss in detail the case where
(1) does not lie in the inverse image of a node of C(0), the other case is
similar. Then using the isomorphism of Lemma 2.10 we see that
7 (2 D)) = {20, yme (@ D), ..y ma (@), 2@, ynd o (o),

Sa(ne) o Ame=no (o))} swhere n! := d/|GY| for any i € o and 2()

(2) For any i € o, C! = normalization of C},
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denotes the point on Céj ) which equals to (V) via the identification C(gj ) =
CSY. Now since fo = ((Bort, - - -, o), Bo) and ¥ ) € OF), B,(2) =
607E(j)1‘(ﬁ°(j)), by assumption (1) we have that Bomi) € {(y™*) and hence
Bo(z) € 75 (o (2M)). 0

Remark 3.9. — For simplicity we denote by ¢ the stratum correspond-
ing to C' — C’ and by Mg the stratum corresponding to C' — C/(f) (sim-
ilarly for 7¢ and 73), Lemma 3.8 says that an open subset U of e is
contained in Mg (not just in Mg!). If M is not maximal, by Remark 3.4
there are two cases:

(1) there exists a 8 € Aut(C) of order d, such that dim Mg > dim Mer;
(2) there exists a 8 € Aut(C) of order d, such that dim Mg = dim M
and (C, B) is G-equivariantly smoothable.

Recall that T is the product of the parameterizing spaces of all the
coverings C(0) — Cj,, which is isomorphic to the parameterizing space Tc:

of the covering oV - C! (strictly speaking, of the covering cfV - 6’:’))
Denoting by (C/{8))(0) the inverse image of C/ in C/(j3), the number of
irreducible components of (C/{3))(0) is po(B). Hence the parameterizing
space of C(0) — (C/B)(0) is a product of u,(3) parameterizing spaces of
the irreducible components of (C/5)(0), all of which have dimension greater
than or equal to dim 7¢. Now we can characterize case (1) of Remark 3.9:

LEMMA 3.10. — Case (1) of Remark 3.9 happens if and only if 3 o €
Orb, such that one of the following cases occurs:

(a) po(B)>1;

(b) po(B) =1 and 30rd(BL°) < Ord(H;) for any i € o;

(c) po(B) =1, 20rd(Bl°) = Ord(H;) for any i € o and we are not in
the exceptional cases of Proposition 3.183.

Proof. — First note that Ord(H;) does not depend on the choice of i € o.
By assumption (2) dim 7c: > 1, hence (a) follows from the preceding dis-
cussion. If p,(8) = 1 for all o, we have that C'/(8)(0) is an irreducible curve,
in case (b) by Proposition 3.13 we always have dim T/ (g)(0) > dim Ter; if
20rd(By°) = Ord(H;) then dim T(c/(gy)(0) > dim Tor except for the cases
in Proposition 3.13. ]

Now we discuss briefly the exceptional cases mentioned in 3.10, since the
technique we use here is independent of the other part of this paper, we
only sketch the proof and for reader who are interested in details we refer
to [2, 8, 7]. First we introduce a few settings (cf. [8, Section 2]).
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DEFINITION 3.11. — Let C — C/G =: C' be a cyclic cover and B =
{P1,...,P.} C C' the branching locus, then topologically this is determined
by a surjective group homomorphism

f:m(C"—B) — G.
Fiz a set of small circles {v; }1<j<r with each v; around the point P;, denote
by ¢; the order of f(v;) in G. We call the (unordered) sequence (c1,...,cr)

the signature of the G-marked curve C (or equivalently, of the G-cover
c—C).

Remark 3.12. — Under the condition of Definition 3.11, assume that d =
|G| and Pj € D;;. Since f(v;) = [i;] (possibly after replacing some [v;] by
[v;]171), we have ¢; ged(d,i;) = d.

ProprosIiTION  3.13. — Given an admissible branching sequence
[(k1,... ka—1)] for g = 2, assume that dim Ty.q [(k,,... k,_y)) = 1 and for any
general curve C € Tg.q (k. ,....ka_1)], G = Aut(C). For any proper subgroup G’
of G, we have an induced cyclic cover of degree d' := order(G'): C — C/G’
and hence an admissible sequence [(k}, kb, ... k)] for d and g. Then
dime Tg.d [(ky,... ka)] > dime E%d’v[(k’lw,k;,,l)] except for three cases:

(1) d=2d'>4,2|d. C/G =P, (k... kar)] = [(LO.....0 kg =

2,0,...,0,1)] and [(k},.... Ky )] = [(1,0,...,0, kq s _2 0,...,0,1)];
(2) d=2d > 6,24 d, CIG ~ B\, [(r, .. ko] = [(0.1,0,.. 0.k =
2,0,...,0,1,0)] and [(K},.... k)] = o,...,0, )]

[(1,

(3) d=2,9(C) =2, C/G =P, [(k1)] =[(6)]-

Proof. — If dim¢ E;d,[(kl,.~.,kd_1)] = dim¢ E?d,’[(kivwk;/,l)]’ then we have
that T d[(k1yekao1)] =

Lemma 4.1], is satisfied, we see that the pair (C,G’) must be one of the
cases there.

E%d/v[(kiw~~vk;/,1)]' Now since the condition of [8,

By assumption dim¢ E;d’,[(ki """" K, )] > 1, hence only the cases I, II, IIT
in [8, Lemma 4.1] may happen. Note that in [8, Lemma 4.1], indices of
signatures satisfy ¢; < ¢j41.

Case III-c is excluded since here Aut(C) is a cyclic group, which can not
have a quotient group isomorphic to (Z/2)2.

For the remaining cases, we have d = 2d’ and C/ Aut(C) ~ P*. We now
treat the cases separately, for a branching point P; € P!, denote by i; the
index satisfying P; € D;;.

Case I. — The covering map has 6 branching points Pi,..., Ps with
signature (2,2,2,2,2,2). By Remark 3.12 we get ¢; = d’ for all 1 < j < 6,
Definition 2.2(1) is automatically satisfied, and 2.2(2) implies d’ = 1, i.e.,
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G ~ 7Z/2Z. Then by Riemann-Hurwitz formula we see that g = 2 and the
branching sequence is (6).

Case II. — The covering map has 5 branching points Pi,..., P; with
signature (2,2,2,2,¢5) (¢5 > 2). This implies ¢; = d’ for 1 < j <4, by 2.2(1)
we must have d|is, which is impossible, since by definition we have 1 < i5 <
d—1.

Cases IlI-a. — C — C/G has 4 branching points (Py, P2, P3, Py) with
signature (2,2,2,¢4) (c4 > 3 since we assume g > 2), this implies i; = iy =
i3 = d’ and (i4,d) = d/c4. Now if Definition 2.2 (1) is satisfied, we must have
iy = d’, then Definition 2.2(2) implies d’ = 1 and d = 2, which contradicts
the fact d > ¢4 > 3.

Case IIT-b. — C — C/ Aut(C) has four branching points Py, Ps, P3, P,
with signature (2,2, ¢3,c¢4) such that 2 < ¢z < ¢4 (since we assume g > 2).
Using Remark 3.12, we get i1 = is = d', ¢c3 = d/ged(d,i3) and ¢4 =
d/ ged(d, i), since 2 < ¢z < ¢4, we have i3,i4 # d’ and d > ¢3 > 2. Moreover
Definition 2.2 (1) says that d|(d’ +d’ + i3+ i4), which implies that d|(i3+i4);
2.2(2) says that ged(d,d',i3,44) = 1, which is equivalent to ged(d’,i3) = 1.
Therefore we have ged(d,iz) = 1 or 2, where the = 2 case happens only if
2t d'. Since we are interested in the equivalent class of branching sequences,
after possibly a change of generator of G, the above numerical restriction on
{i3,14} yields two possibilities:

{Z'3,7:4} = {l,d— 1} and [(k‘h...,kjd_l)] = [(1,0,...,0,]{3,1/ = 2,0,...,0,1)]
or
2¢d, {is,ia} ={2,d — 2},
[(k1,... ka_1)] =[(0,1,0,...,0,ky =2,0,...,0,1,0)].

Noting that there is one more restriction in case ITI-b that C/G’ — P! is a
double cover branched in two points on P!, we see that if

[(k1,...,ka—1)] = [(1,0,...,0, ke = 2,0,...,0,1)],

then we must have 2|d’, otherwise C/G’ — P! is branched on four points on
P!; in this case

(k1o k)] = [(1,0,...,0,kg )2 = 2,0,...,0,1)].
For the other case where 2 1d’ and
[(ky, ... ka—1)] = [(0,1,0,...,0, kg = 2,0,...,0,1,0)],
we get [(k1,.... k)] =1(1,0,...,0,1)]. O
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Remark 3.14. — Let us look at the case when dim 7z = dim 7¢v: first
to(B8) = 1 for all o € Orb, which means that 8, acts transitively on the
vertices in o.

For the subcurve C'/(3)(0), if we are not in the exceptional cases, then we
have (C/(B))(0) ~ C; and 87|, = [[;2, Bo,k is a generator of Aut(CSV).
Otherwise C is rational and C/(3)(0) — C}, is a double cover and ([ ]2 Box)

is the (unique) index 2 subgroup of Aut(C(El)) which arises from the excep-
tional cases in Proposition 3.13.

We assume to be in one of the above cases, that is under the condi-
tion dim 73 = dim 7¢r, and determine when (C, ) is G-equivariantly non-
smoothable. Here we apply Proposition 2.6 to a node p € N;, NN;,. We have
two cases: i1 = 49 =:4,p € /\/1(2) and i1 # i9,p € /\fi(ll) ﬂ]\fi(zl), which we treat
separately.

Case (I). — If p € M(Q), we must have G), C G;. Denoting by {p1,p2}
the inverse image of p of the normalization map C; — C;, we have the
following easy lemma:

LEMMA 3.15. — For any g € H;, (regarding g also as an automorphism
of C;,) there are three possibilities:

(a) g(pi) = pi fori=1,2.

(b) gﬂn):: zandeh) p1-

(¢) g(p1) = P} and g(p2) = p,, where {p},ph} is the inverse image of
9(p)(# p)-

Proof. — QObvious. |

We apply Proposition 2.6 to (C;, H; = (v™|¢,)) and (Cy, (8™ |c,)). If
(B"|¢,) = H;, then by assumption (0) it is clear that p is non-smoothable
for (C;, {B™|c,)) and hence non-smoothable for (C, (5)).

Assume we are in the exceptional cases of Proposition 3.13. First we
consider exceptional case (1), recall that m; : a — a/HZ is branched on
four points Py, ..., Py with signature (2,2,d;,d;) with d; > 4. Note that p;
or py does not belong to either ;' (P;) or m; '(Py):

Case (a) in Lemma 3.15 does not occur since #m; ' (Py) = #m; ' (Py) =
di)2 > 2.

For the same reason, if d; > 6, then Case (b) does not occur; if d; = 4,
Case (b) does not occur, either, otherwise p is H;-equivariantly smoothable.
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Case (c¢) does not occur, otherwise p is H;-equivariantly smoothable.

Hence we may assume p; = 7; '(Ps) and py = m; *(Py). Let z; be a local
coordinate near p;, j=1,2, the action of H; near p is

T4 —1
Ytz e Cap 21, 2a > (g 2o,

This implies that p is H;-equivariantly smoothable, a contradiction. There-
fore we see that exceptional case (1) does not occur.

Using a similar argument we see that exceptional cases (2) and (3) do
not occur, either.

Case (II): iy #ia,p € M(ll) ﬂ./\/i(;). — We have two subcases:

(i) Gy fixes i1 and iy respectively.
(ii) G, exchanges i; with 5.

Subcase (i). — Let x (resp. y) be a local parameter on C;, (resp. on C;,)
near p. Denoting by a; the smallest positive integer such that vy (p) = p
for I = 1,2 (note that we necessarily have n; a3 = nwag), then locally
the action of v™@* around p is given by (z,y) — (C;ll p?Qy) for some
natural numbers by, by, where (;,; is a primitive n;’ /(n;,a;)-th root of unity
and nj := d/|G7} | (we require that by, by < nj /(n,a;)). The condition that

(C, @, p) is non-smoothable implies that Q ( # 1.

nil

By our assumption (1) we have 8"t |c, € Aut(Cy,) = (y"t|c;, ), hence we

get that 8" |c, = (y")® for some 0 < ¢; < Ord(Hj,). By Proposition 3.13
we have two possibilities:
e (B"i|c, ) = Aut(C;,), which is equivalent to ged(c;, Ord(H;,)) = 1.

e We are in the exceptional cases where (5" Ciz> is the index 2 sub-
group of Aut(C;,), and ¢ = 2¢] for some 0 < ¢ < Ord(H;,)/2 with
ged(cp, Ord(Hy,)) = 1.

The action of 5™ is given by (z,y) — (Cblflx £2§2y) We see easily that
)T (e £ 1,

Subcase (ii). — Observe that i1 and i lie in the same orbit, hence we
have d;, = d;, and we may identify H;, with H;,. For any element in H;,
fixing the node p, the induced monodromies on two branches of p are the
same.

p is non-smoothable for (C;, (™|

First we deduce a restriction on I, ;,, the length of the G, -orbit of p.
Assume G, = (y*) for some a|d and consider the group K, ;, := G, NG;, =
{(7%) for some b|d, which is the subgroup of G simultaneously fixing p and
leaving C}, invariant. Regarding K, ;, as a subgroup of G, we should have

— B8 —



Cyclic covers of Stable curves

b = 2a; on the other hand regarding K, ;, as a subgroup of G;,, we have
b=n;,1,;, . Hence we have 2a = n;,l, ;, . if 2|l, ;,, we see that n;, |a, which is
absurd since in subcase (ii) G, is not contained in Gj,, therefore [, ;, must
be an odd number.

If (8" |c,, ) = Hi,, then the same holds for C;, and for G,. For the same
reason as in case (I), p is non-smoothable for (C, (53)).

Now we consider the exceptional cases, where (8" [c, ) C H;, is the
unique index 2 subgroup of H;, (the same for C;,), let = (resp. y) be a local

parameter on C;, (resp. on Cj,) near p.

We discuss according to the monodromy of H;, at the node p, there are
two cases:

(a) The monodromy order is greater than or equal to 3, including the
ramification points over P, P4 in the exceptional cases (1) (the case
of ramification points over Ps, Py in the exceptional cases (2) dose
not occur because there P; or P, has inverse images of even length),
locally the action of G = (va) 18 7a : (7,9) = (Ca,, ¥, ), the ac-

tion corresponding to (™) is then (z,y) — (Cily, x). Since in the
exceptional case (1) d;; > 4, we see that p is non-smoothable.
(b) The monodromy order equals 2, and the length of the H;,-orbit of
p is an odd number. This includes the following:
e exceptional case (2), p is a ramification point over Py or Ps.
(note that in exceptional case (1), d’ is even, hence the case
that p is a ramification point over P, P, of exceptional case
(1) does not occur.)
e exceptional case (3), p is a ramification point.
With a similar argument as in (a), we see that p is smoothable.

DEFINITION 3.16. — We say a node p is of type E with respect to 3 €
Aut(C), if it is in the case of (b) above.

Now we fix the local parameters for each nodes where subcase (II-i)
happens, then we obtain an unordered pair ((;ff’l), ;(5’2)) at each node p
which is determined by 7. For any § € Aut(C) with degree d such that
dim 7 = dim T¢r, we get a pair of integers (c¢(8,p,1),c(3,p,2)) at each
node.

Combining with the previous argument, we obtain our main theorem:
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THEOREM 3.17. — Under the conditions of Assumption 3.6, we have the

following:

(1) For a G-equvariantly non-smoothable G-marked stable curve (C' =
> i1 Ci, G, p), the induced stratum Mcr, where C' = C/G, is maz-
imal iff for a general stable curve (by abuse of notation we denote
still by) (C, G, p) in the stratum:

(a) The cases in Lemma 3.10 do not occur.
(b) For any B € Aut(C) (of order d) and any node p where Case
(I1I-i) happens, the following holds:
Cb(p,l)c(ﬁ,p,1)<b(§,2)c(5,p,2) 7& 1.

s

(c) For any B € Aut(C) (of order d), there is no node p of type E
with respect to 3.
(2) The Zariski closure of each mazimal stratum in (1) is an irreducible
component of (M, — My)(G).

Remark 3.18. — The above argument also shows that, unlike in the

smooth case (cf. [4, Theorem 1] and [1, Theorem 3.4]), for stable curves,
usually a component corresponds to more than one numerical types.
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