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Nadel-Nakano vanishing theorems of vector bundles
with singular Hermitian metrics **)

MASATAKA Twat (D)

ABSTRACT. — We study a singular Hermitian metric of a vector bundle. First,
we prove that the sheaf of locally square integrable holomorphic sections of a vector
bundle with a singular Hermitian metric, which is a higher rank analog of a multiplier
ideal sheaf, is coherent under some assumptions. Second, we prove a Nadel-Nakano
type vanishing theorem of a vector bundle with a singular Hermitian metric. We
do not use an approximation technique of a singular Hermitian metric. We apply
these theorems to a singular Hermitian metric induced by holomorphic sections and
a big vector bundle, and we obtain a generalization of Griffiths’ vanishing theorem.
Finally, we show a generalization of Ohsawa’s vanishing theorem.

RESUME. — Nous étudions une métrique hermitienne singuliére d’un fibré vecto-
riel. Premiérement, nous montrons que le faisceau de sections holomorphes locale-
ment carrées et holomorphes d’un faisceau vectoriel avec une métrique hermitienne
singuliére, qui est un analogue de rang supérieur d’un faisceau d’idéaux multipli-
cateurs, est cohérent sous certaines hypothéses. Deuxiémement, nous prouvons un
théoréeme d’annulation de type Nadel-Nakano d’un faisceau de vecteurs avec une
métrique hermitienne singuliére Nous n’utilisons pas une technique d’approximation
d’une métrique hermitienne singuliére. Nous appliquons ces théorémes & une mé-
trique hermitienne singuliére induite par des sections holomorphes et un fibré vecto-
riel gros, et nous obtenons une généralisation du théoréme d’annulation de Griffiths.
Enfin, nous montrons une généralisation du théoréme d’annulation d’Ohsawa.

1. Introduction

The aim of this paper is to study the vanishing theorem of a vector
bundle with a singular Hermitian metric. Here is a brief history of a singular
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Hermitian metric of a vector bundle. A singular Hermitian metric of a vector
bundle is a higher rank analog of a singular Hermitian metric of a line bundle.
The singular Hermitian metric was originated by de Cataldo [5], and was
later defined in a different way by Berndtsson and Paun [3]. We adopt the
definition of a singular Hermitian metric of a vector bundle in [3]. They also
defined the notion of a singular Hermitian metric with positive curvature,
called positively curved. In [19], Pdun and Takayama proved that a direct
image sheaf of an m-th relative canonical line bundle f.(mKx,y) can be
endowed with a positively curved singular Hermitian metric for any fibration
f: X = Y. Recently Cao and Paun [4] used this result to prove Iitaka’s
conjecture when the base space is an Abelian variety. For more details, we
refer the reader to [18].

Although a singular Hermitian metric of a vector bundle has been in-
vestigated in many papers (for example [3, 14, 15, 19, 20]), there exist few
results on vanishing theorems for vector bundles with singular Hermitian
metrics. We explain the details of the investigations of a singular Hermitian
metric of a vector bundle below. Let (X,w) be a compact Kéhler manifold
and (E,h) be a vector bundle with a singular Hermitian metric. In [5], the
sheaf of locally square integrable holomorphic sections of E with respect to h,
denoted by E(h), is defined as

E(h)e = {fe € O(E)s: | falf, € Line} © € X,

which is a higher rank analog of a multiplier ideal sheaf. In this paper, we
will denote by O(E), the stalk of E at z, defined by lim . H°(U,E). We
consider the following problems.

PROBLEM 1.1.

(1) Is E(h) a coherent sheaf?

(2) Does there exist a Nadel-Nakano type vanishing theorem, that is,
the vanishing of the cohomology group HY(X,Kx ® E(h)) for any
q = 1 if h has some positivity?

We do not know if E(h), unlike a multiplier ideal sheaf, is coherent, In [5],
de Cataldo proved that E(h) is coherent and a Nadel-Nakano type vanishing
theorem if & has an approximate sequence of smooth Hermitian metrics {h,}
satisfying h,, 1 h pointwise and /=10g ;, —nw ® Idg > 0 in the sense of
Nakano for some positive and continuous function 7. However, h does not
always have such an approximate sequence (see [15, Example 4.4]). Therefore
these problems are open.

Nonetheless, we can provide a partial answer to Problem 1.1. First we
prove the coherence of E(h) under some assumptions.
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THEOREM 1.2. — Let (X,w) be a Kidhler manifold and (E,h) be a holo-
morphic vector bundle on X with a singular Hermitian metric. We assume
the following conditions.

(1) There exists a proper analytic subset Z such that h is smooth on X\ Z.

(2) he™¢ is a positively curved singular Hermitian metric on E for some
continuous function ¢ on X.

(3) There exists a real number C' such that /—10p ), — Cw @ Idg > 0
on X \ Z in the sense of Nakano.

Then the sheaf E(h) is coherent.

Next we study the cohomology group HY(X, Kx ® E(h)) for any ¢ > 1.
We prove a vanishing theorem and an injectivity theorem for vector bundles
with singular Hermitian metrics under some assumptions.

THEOREM 1.3. — Let (X,w) be a compact Kihler manifold and (E,h)
be a holomorphic vector bundle on X with a singular Hermitian metric. We
assume the following conditions.

(1) There exists a proper analytic subset Z such that h is smooth on X\ Z.

(2) he™¢ is a positively curved singular Hermitian metric on E for some
continuous function ¢ on X.

(3) There exists a positive number € > 0 such that /—10g ), — ew @
Idg > 0 on X \ Z in the sense of Nakano.

Then H1(X, Kx ® E(h)) =0 holds for any q > 1.

THEOREM 1.4. — Let (X,w) be a compact Kihler manifold, (E,h) be
a holomorphic vector bundle on X with a singular Hermitian metric and
(L,hr) be a holomorphic line bundle with a smooth metric. We assume the
following conditions.

(1) There exists a proper analytic subset Z such that his smooth on X\ Z.

(2) he=S is a positively curved singular Hermitian metric on E for some
continuous function ¢ on X.

(3) V=10pg,;, >0 on X \ Z in the sense of Nakano.

(4) There exists a positive number ¢ > 0 such that /—1Og, —
6\/_71@];7“ ®Idg >0 on X \ Z in the sense of Nakano.

Let s be a non zero section of L. Then for any q > 0, the multiplication
homomorphism

xs: HI(X,Kx ® E(h)) — HY(X,Kx ® L® E(h))
s injective.
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Therefore we proved a Nadel-Nakano type vanishing theorem with some
assumptions. If £ is a holomorphic line bundle, these theorems were proved
in [9]. We point out we do not use an approximation sequence of a singular
Hermitian metric to show these theorems.

Some applications are indicated as follows. First, we treat a singular Her-
mitian metric induced by holomorphic sections, as proposed by Hosono [15,
Chapter 4]. By calculating the curvature of this metric, we prove that we
can apply Theorem 1.3 to Hosono’s example. Therefore we can apply a
Nadel-Nakano type vanishing theorem even if h does not have an approx-
imate sequence such as [5]. Second, we generalize Griffiths’ vanishing the-
orem. That is, H1(X, Kx ® Sym™(F) ® det E) = 0 holds for any m > 0
and ¢ > 1 if F is an ample vector bundle. We treat the case when FE is
a big vector bundle. If E is a big vector bundle with some assumptions,
Sym™(F) ®det E can be endowed with a singular Hermitian metric h,,, sat-
isfying assumptions such as those in Theorem 1.3 (see Section 5.2). Therefore
HY1(X,Kx ® (Sym™(E) ® det E)(hy,)) = 0 holds for any m > 0 and ¢ > 1.

Finally, we generalize Ohsawa’s vanishing theorem.

THEOREM 1.5. — Let (X,w) be a compact Kihler manifold and (E,h)
be a holomorphic vector bundle on X with a singular Hermitian metric. Let
w: X — W be a proper surjective holomorphic map to an analytic space with
a Kdhler form o. We assume the following conditions.

(1) There exists a proper analytic subset Z such that his smooth on X\ Z.
(2) he=S is a positively curved singular Hermitian metric on E for some
continuous function ¢ on X.

(3) V-1Bg, — 1o ®Idg > 0 on X \ Z in the sense of Nakano.

Then H1(W,m.(Kx ® E(h))) =0 holds for any q > 1.

If h is smooth, this theorem was proved by Ohsawa [17].

The organization of this paper is as follows. In Section 2, we review some
of the standard facts on vector bundles, singular Hermitian metrics and L?
estimates. In Section 3, we prove Theorem 1.2. The proof is based on [8,
Lemma 5] and [5, Proposition 4.1.3]. Since h has singularities along Z, we
apply the L? estimate only outside Z. In Section 4, we prove Theorem 1.3
and 1.4. Based on [9, Claim 1], we prove the cohomology isomorphism be-
tween the cohomology group of Kx ® E(h) on X and the L? cohomology
group on X \ Z by using Cech cohomology. From this isomorphism, it is
easy to prove Theorem 1.3 and 1.4. In Section 5, we treat some applications.
For example, we treat a singular Hermitian metric induced by holomorphic
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sections and prove a generalization of Griffiths’ vanishing theorem. In Sec-
tion 6, we prove a generalization of Ohsawa’s vanishing theorem by using
the methods of [17, Theorem 3.1] and Section 4.

Acknowledgments
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for helpful comments and enormous support. He would like to thank Genki
Hosono and Takahiro Inayama for useful comments about the applications
in Section 5.

2. Preliminaries
2.1. Hermitian metrics on vector bundles

We briefly explain definitions and notations of smooth Hermitian metrics
of vector bundles.

We will denote by (X,w) a compact Kéhler manifold and denote by E a
holomorphic vector bundle of rank r on X. For any point z € X, we take a
system of local coordinates (V; z1,. .., z,) near x. Let h be a smooth metric
on F and let ey, ..., e, be alocal orthogonal frame of E near x. We denote by

\/_]-@E,h =+v-1 E cjk)\udzj /\dgk®€§®€#
1<g,k<n, 1A, usr

the Chern curvature tensor. For any u = ) 1<<n, 1<A<r ujA{)%@e)\ cTl,X®
I LA J
E,, we denote by

Op.n(u) = > CikApUj ATy
1< k<, 1A, u<r
and

Ouolds () = E WikUAUL,
1<j,k<n, 1<ALr

where w = v/—1 Zlgj,kgn wjrdz; A dZp.

DEFINITION 2.1 ([6, Chapter 7 §6]). — For any real number C, we write
V—10g > Cw ® Idg in the sense of Nakano if 0g p(u) — Clygra,(u) =0
foranyue TX @ F.
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Next, we review the definitions of singular Hermitian metrics. For more
details, we refer the reader to [18, Section 2]. Let H, be the set of r x r
semipositive definite Hermitian matrices and H, be the space of semipositive,
possibly unbounded Hermitian forms on CT.

DEFINITION 2.2 ([18, Definition 2.8 and Definition 2.9]).

(1) A singular Hermitian metric h on E is defined to be a locally mea-
surable map with values in H, such that 0 < deth < +oo almost
everywhere.

(2) A singular Hermitian metric h on E is said to be negatively curved if
the function log |v|3 is plurisubharmonic for any local section v of E.

(3) A singular Hermitian metric h on E is said to be positively curved
if the dual singular Hermitian metric h* = *h™! on the dual vector
bundle E* is negatively curved.

We prove the following lemma of a positively curved singular Hermitian
metric.

LEMMA 2.3. — For any point x € X, we take a system of local coordinate
(Viz1,...,2,) near x and take a local holomorphic frame ey, ... e, of E on
V. Let U € V be an open set near x. We assume there exists a continuous
function ¢ on X such that he ¢ is a positively curved singular Hermitian
metric on E. Then there exists a positive number My such that for any
ue H(V,E)

Julf, > My Y

1<igr

holds on U, where w =, <, Ui€;.
X=

Proof. — We may assume u = uje;. By [14, Chapter 16], we obtain

[fWI(2) o lei(w)l(z) _ _|ul(2)

Fline-cy= = 1€t he-<y €5l ine—c)=

‘u|he*C (Z) = sup
fEE:

for any z € V. Since he™¢ is positively curved, leT|(he—¢y~ is a plurisubhar-
monic function on V. Therefore |e]|(;c—¢)- is bounded above on U. We take a
s |

My
Since €S is a positive continuous function, we can take a positive number M

such that e¢ > M on X. We set My := %1; and we obtain

positive number M; such that |e]](se-¢)« < My, then we have |u[je-c >

ulf, = lulf,-ce* = Mylu|?,

which completes the proof. (|
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2.2. L? estimates and harmonic integrals on complete Kihler man-
ifolds

We need an L? estimate on a complete Kéahler manifold. Let Y be a
complete Kéhler manifold, w’ be a (not necessarily complete) Kéhler form
and (E, h) be a vector bundle with a smooth Hermitian metric. The L? space
L? (Y, E). p is defined by the set of E-valued (n,q) forms with measurable
coefficients on Y such that [, |f|i,7thw/ < 400, where dV,» 1= w/nlis a
volume form on Y.

THEOREM 2.4 ([6, Chapter 7 §7 and Chapter 8 §6] [7, Lemme 3.2 and
Théoréme 4.1]). — Under the conditions stated above, we also assume that
there exists a positive number € > 0 such that /—10g ), > ew’ @ Idg in the
sense of Nakano. Then for any g > 1 and any g € L%’q(Y7 E)yr . such that

0g = 0, there exists f € L? (Y, E),r.n such that Of = g and

n,g—1
1
J1rEeav < o [ 1o pave
Y q€ Jy

We use a fact of harmonic integrals to prove Theorem 1.4. For more de-
tails, we refer the reader to [9, Section 2] or [6, Chapter 8]. The maximal
closed extension of the 0 operator determines a densely defined closed op-
erator O: ng,q(}/’ E)w n — L%)q_,_l(Y, E).r ». Then we obtain the following
orthogonal decomposition.

THEOREM 2.5 ([9, Section 3], [6, Chapter 8]).
L} (Y,E)yp=Imd & H"(Y,E) & Im 3}, ,

holds, where 5?;',}1 is the Hilbert space adjoint of @ and H™(Y, E) is the set
of harmonic forms defined by

HYUY,E) :={f € L2 (Y,E)wpn: 0f =05, f =0}

3. Coherence of E(h)

We prove Theorem 1.2.

Proof. — We may assume that X is a unit ball in C", F = X xC", and w
is a standard Euclidean metric. Let eq,..., e, be a local holomorphic frame
of E on X. We take an open ball U CC X. It is enough to show that there
exists a coherent sheaf F on U such that E(h), = F, for any x € U.

We will denote by G the space of holomorphic sections g € H°(U, E) such
that fU lg|2dV,, < co. We consider the evaluation map 7: G ®c Oy — E|y.
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We define F := Im(x). By Noether’s Lemma (see [12, Chapter 5 §6]), F is
a coherent sheaf on U.

CLAIM 3.1. — For any x € U and any positive integer k,
Fo+ E(h)e Nmk - Ey = E(h),

holds, where m,, is a mazximal ideal of O,.

We postpone the proof of Claim 3.1 and conclude the proof of Theo-
rem 1.2. We fix x € U. By the Artin—Rees lemma, there exists a positive
integer [ such that

E(h)y Nmy - By = my~ (E(h), Ny, - E))
holds for any k > [. Therefore by Claim 3.1, we have
E(h)y = Fy + E(h), NmE - By C Fy +my - E(h), C E(h),.
By Nakayama’s lemma, we obtain E(h), = JF,, which completes the
proof. O

We now prove Claim 3.1.

Proof. — It is easy to check that F, + E(h), N m& - B,y C E(h)g;
therefore, we show that E(h), C F, + E(h), Nmk - E(,.

We take f = ). fie; € E(h),. Then there exists an open neighbor-
hood W CC U near z such that f; is a holomorphic function on W and
S 1f13dV,, < +00. Let p be a cut-off function on W. We note that d(pf) is
an E-valued (0,1) smooth form such that [y [pf]2 ,dVi, < 4+00. We define
the plurisubharmonic function ¢y to be ¢x(2) = (n + k)log |z — x|* + C|z|?
such that
vV—10g, + \/—1854,% ®Idg > w®Idg on X \ Z in the sense of Nakano,

where C' is some positive constant. Since p is a cut-off function, we obtain
Jx 10(pf)I2 pe™#rdV,, < 4o0.

Since X \ Z is complete by [7, Théoréme 0.2], there exists an E-valued
(0,0) form F =", Fie; on X \ Z such that
/ |F|2e~?xdV, é/ 0(pf)2 e ?*dV, < +oo and OF = d(pf)
X\Z X '
by Theorem 2.4. Here we may regard d(pf) as an (n,1) form d(pf)dz! A
-+-Adz™ on X with values in —Kx.

Let G :=pf — F =3, G;e;, which is an E-valued (0,0) form on X \ Z.
‘We obtain

/ |G|7dV, < 400 and 0G = 0.
X\z
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By Lemma 2.3 we have 37, [\ , |G;]2dV,, < +o0, and therefore G; extends
to the whole of U and G; is holomorphic on U by the Riemann extension
theorem. Hence we obtain G € G and G, € F,.

Let W' be the set of interior points in {z € U : p(z) = 1}; then we have
F=f—GonW'\Z. Then F extends on W’ and F is holomorphic on W".
It is obvious that F,, € E(h), from f, € E(h) and G, € F, C E(h),. By
fX\Z |F|2e=#*dV,, < 400 and Lemma 2.3, we have

S [ ety < o,
i YW

Therefore we obtain (F};), € m* and F, € mF - Ey).

Thus we have f, = G, + F, € F, + E(h), N m’; - E(;, which completes
the proof of Claim 3.1. O

4. Vanishing theorems and injectivity theorems

Let (X,w) be a compact Ké&hler manifold and (F, k) be a holomorphic
vector bundle with a singular Hermitian metric on X. We assume the condi-
tions (1)—(3) in Theorem 1.2. We will denote Y := X \ Z. By [9, Section 3],
there exists a complete Kahler form w’ on Y such that w’ > w on Y. We
study the cohomology group H4(X, Kx ® E(h)).

THEOREM 4.1. — Under the conditions stated above, we obtain the fol-
lowing isomorphism:
L2 (Y, E)y nNKerd
Im 0

12

Hq(XvKX ®E(h))

for any g > 0.
Proof. — The proof will be divided into three steps.

Step 1: Setup. — Let U = {U;};ca be a finite Stein cover of X. By
Theorem 1.2, the sheaf cohomology H?(X,Kx ® E(h)) is isomorphic to
the Cech cohomology HY(U, Kx ® E(h)). If necessary we take U; small
enough, we may assume that there exists a Stein open set Vj, a smooth
plurisubharmonic function ¢; on V; and a positive number C; > 0 such that

(1) U; cC 'V,
(2) C'j_l <e % <(CjonV;, and
(3) 2V _1®E,h + —18590j > w ®@Idg on V; \ A
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for any j € A. We set U,
open set.

= Ui, NU; N---N U, which is a Stein

oil...iq

With the conditions above, it is easy to check the following two claims.

CrLAamM 4.2 ([9, Remark 2.19]). — For any E-valued (n,q) form u on
Y with measurable coefficients, |ul2, ,dVir < |ulZ, ,dV,, holds. If ¢ = 0,
ul2, ,dVir = [ul? ,dVL, holds.

CrAamM 4.3. — Foranyq>1 and any g € L%,Q(Uioil-niq \Z,E)y . n such
that Og = 0, there exists f € L? (Uigir...iy \ Z, E)wr . such that of =g

n,qg—1
and
/Uioil...iq

where C' := max;cp C;.

2 pdVir < O / 192, Vi,

Uigiy...iq

Since Uiyiy..i, \ Z is a complete Kahler manifold and —10g; +
V—190¢;, > w' ® Idg holds on Uigiy...i, \ Z, we can prove Claim 4.3 by
Theorem 2.4.

Step 2: Construction of a homomorphism from Cech cohomology to Dol-

beault cohomology. — We fix ¢ = {ciyi,..5,} € HI(U, Kx @ E(h)). By the
definition of Cech cohomology, we have

(1) Cigiy...iy € HO(Uioil...iquX ® E(h)) and

. +1 k _
(2) de:=31T(=1) Cigiy..ipigrs Uigin.cigyr 0.

Let {p;}ican be a partition of unity subordinate to U. For each k €
{0,1,...,q — 1}, we define an E-valued form b;,;,.. ;. by

P ngAPjCjioil,__iq_l ifk=qg—1
o > jea PiOjigiy i, otherwise.

Then, we have

q
M bigiy..ig Yigir...ig = Z(_l)kbioil...i}miq
k=0
q q

k k
= (—1) PiCigiy..in..iqg — ij Z(_l) Cligiy...in...iq

k=0 jeA JEA k=0
From dc = 0, we have
q

k P - . - . P . . .
E :pj E :(71) Cigiy...ip..iqg — E :pJCZollwlq = Cigiy...ig-

JEA k=0 JEA

—79 -



Nadel-Nakano vanishing theorems of vector bundles with singular Hermitian metrics

Therefore, we obtain §{b;;,..;,_,} = c. Similarly we obtain 6{b;,. i, } =
{Obigiy...ix,, } for each k € {0,1,...,q — 2}

which is an E-valued (n, q) 0-closed form

i
on U;, \ Z. Since we have

§{0b;,} =0 and / |0b;, |2, AV < / |0bi, |2, ,dVey < +00
Ui \Z U

i0

by Claim 4.2, we can define a(c) := {8bs, } € L2 (Y, E).r,n N Ker 8. By the
above construction, we obtain the homomorphism
(Y E)w/ rN Ker8
Im o

Step 8: Construction of a homomorphism from Dolbeault cohomology to
Cech cohomology. — We fix u € L2 JYE) im0 Ker 0 and define D :=
Jy lulZ, ,dVir < +00. By Claim 4.3, there exists v, € L2 . 1 (Uix \ Z, E)ur
such that

a: HH(U,Kx ® E(h)) —

vy = uly,\z and / |vio |2, Vi < C™2D.
Ui \Z '
We set u' := §{v;, }. From Qu' = 0, there exists viys, € L2 , 2 (Ui, \ Z, E)wr
such that
8U¢0z1 = uzlozl and / |U1021 ’ th 20/2D

1011

by Claim 4.3. We set u? := §{v;,;, } and we have du? = 0.

By repeating this procedure, we obtain v;y;, . i,_, € Lfb 0Wigiy.ig—r \ Z,

E)yn and w9 = 6{vigi, i, ,}- By Oul, =0, ul, . isa holomorphic
E-valued (n,0) form on Usys,..i, \ Z. Smce we obtain
/U‘ o \Z|ug0i1..‘iq|c2u,hde = /U |uzqoi1“.iq|zz’,hde’ <q!IC™D < 400

i0i1...iq i0i1..-iq
by Claim 4.2, uw1 iq |U»;0ri1,..iq
is a holomorphic E-valued (n,0) form on U, ...;, by the Rlemarm extension

theorem and Lemma 2.3. Therefore we can deﬁne
Blu) := {uW1 i \z} € HY(U,Kx ® E(h)).
By the above construction, we obtain the homomorphism
L2 (Y,E)y N Kerd

g =n ! — HYU, Kx ® E(h)).
Imo

\z extends on Uy, 4, and uw1 |Ui0111,.,iq\Z

7,011 g

It is easy to check whether « and 8 induce the isomorphism in Theo-
rem 4.1. ]
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We finish this section by proving Theorem 1.3 and 1.4.

Proof of Theorem 1.3. — By Theorem 4.1, we have HY(X, Kx® E(h)) &

L? (YV,E NKer d L? (Y,E), ,NKerd .
na VB n . By Theorem 2.4, we have n.ql h)n(%” = 0, which

Imo
completes the proof. O

Proof of Theorem 1.4. — By Theorem 1.2, Kx ® E(h) is a coherent
sheaf on X. Therefore, by the argument of [9, Claim 1], Theorem 2.5 and
Theorem 4.1, we obtain Im @ = Im 9, Imgj},7h = Im 5::% and H1(X,Kx ®
E(h)) = H™4(Y, E). Similarly, we obtain H(X, Kx ® L ® E(h)) = H™4(Y,
L®FE). By [9, Claim 2], the multiplication homomorphism xs: H™4(Y, E) —
H™9(Y,L ® E) is well-defined and injective, which completes the proof. O

5. Applications
5.1. Hosono’s example

In this subsection, we study a singular Hermitian metric induced by holo-
morphic sections, proposed by Hosono [15, Chapter 4].

In this section, we assume that E has holomorphic sections si,...,s8y €
H°(X, E) such that E, is generated by s1(y),...,sn(y) for a general point
y. For any point z € X, we take a local coordinate (U;z,...,2,) near
x and take a local holomorphic frame eq,...,e, of E on U. Write s; =
> <j<r fij€j, where f;; are holomorphic functions on U. A singular Her-
mitian metric h induced by s1,...,sy is given by

ho = Z Jij fik-
1SN

By [15, Example 3.6 and Proposition 4.1], h is positively curved and E(h)
is a coherent sheaf. Hosono pointed out that we can easily calculate the
curvature of h in the case N =r.

LEMMA 5.1. — In the case N = r, there exists a proper analytic subset
Z such that /—10g , =0 on X \ Z. In particular we obtain /—10@g;, > 0
on X \ Z in the sense of Nakano.

Proof. — We take a finite Stein open covering {U; };ca. Under the con-
ditions stated above, an r x r matrix A® on U; is defined by

A = fie
Set Z;:={z€U; : tank A (2) <r} and W = {z€ X : h is not smooth at z}.
We have h = (h~1)~! =

—1 ) . . — .
defé?, where h~1! is a cofactor matrix of h~1. Since
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the (i,7) element of h— h=1 is a smooth function on X for any 1 <14,j7 <r, we
have W = {z € X : det h~!(z) = 0}. By [15, Lemma 4.3], we have
det hil = Z ‘dCt(Sil,Siz,...,SiT)l,

1< <ig<--<ir <N

and therefore W is a proper analytic subset. We write Z := U;ecpZ; U W,
which is a proper analytic subset.

By an easy computation, we have
V=105 = V=Ta(h~'0R) = vV=1(95h " — Oh"hdh~)h.
For any z € X \ Z, we may assume f;;(z) = 0;;. From E;kl = 1<i<r fii Fites
we have
Ohl (2) = 0fij(z) and  Ohy,!(2) = Ofjr(2).
Thus, we obtain
(Oh~"hoh™! = Y 0fi0fi(2) = 90hy (=),
1<igr

which completes the proof. O
By Lemma 5.1 and Theorem 1.3, we obtain the following corollary.

COROLLARY 5.2. — Let (L,hy) be a holomorphic line bundle with a
singular Hermitian metric. We assume there exist a proper analytic sub-
set Z and a positive number € > 0 such that hy is smooth on X \ Z and

V=104, = ew on X.

Then, H1(X,Kx ® L ® E(hhy)) = 0 holds for all ¢ = 1 for any holo-
morphic vector bundle E and a singular Hermitian metric h induced by
s1--+8. € H(X,E).

In particular H1(X, Kx @ L& E(h)) = 0 holds for all g > 1 if L is ample.

We point out that such a metric hz, on L as in Corollary 5.2 always exists
if L is big.

Now, we introduce Hosono’s example [15, Example 4.4]. Set X = C? and
let E = X x C? be the trivial rank-two bundle. We choose sections s; = e

and so = ze; + weyz. Then the singular Hermitian metric hgp induced by
$1, 82 can be written by

. 1 (|w? —wz
TP\ 2P+ 1)
Hosono proved the following theorem by calculating the standard approxi-
mation by convolution of hg.
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THEOREM 5.3 ([15, Theorem 1.2]). — The standard approzimation de-
fined by convolution of hg does not have a uniformly bounded curvature from
below in the sense of Nakano.

Therefore, we can not apply the vanishing theorem of [5] to this example.
However, we can apply Corollary 5.2 to this example. Thus our results are
new results.

Remark 5.4. — We ask whether there exists a proper analytic subset Z
such that v/—10 egnh = 0on X\ Z in the sense of Nakano for any singular
Hermitian metric h induced by s1 - - sy € HY(X, E) in the case N > r. This
calculation is very complicated and this question is open, but it is likely that
the answer is “No”.

5.2. Big vector bundles

We review some of the standard facts on big vector bundles.

DEFINITION 5.5 ([1, Section 2]). — Let X be a smooth projective variety
and E be a holomorphic vector bundle. The base locus of F is defined by

Bs(E) :={z € X: H*(X,E) — E, is not surjective},
and the stable base locus of E is defined by
B(E) := (] Bs(Sym™ E),
m>0

where Sym™(E) is the m-th symmetric power of E.

Let A be an ample line bundle. We define the augmented base locus of
E by
B.(B)= (] BSym‘E®A?),
p/q€Q>0

where Qs is a set of positive rational numbers.

We point out B (E) do not depend on the choice of the ample line bundle
A by [1, Remark 2.7].
DEFINITION 5.6 ([1, Theorem 1.1 and Section 6)).

(1) A wvector bundle E is said to be L-big if the tautological bundle
Op(g)(1) on P(E) is big.
(2) A vector bundle E is said to be V-big if By (E) # X.
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We note that if E is V-big then it is L-big as well by [1, Corollary 6.5].
We will denote by 7: P(E) — X the canonical projection and by & a Kéhler
form on P(F). Inayama communicated to the author the following lemma.

LEMMA 5.7. — Let E be an L-big vector bundle and L be a singular
Hermitian metric on Op(g)(1). We assume that there exist a positive number

€ > 0 and a proper analytic subset Z C P(E) such that h is smooth on
P(E)\ Z, n(Z) # X, and V_l@(’)]pw)(l),fz > ew ®IdOP(E)(1)'

Then h induces a singular Hermitian metric by, on Sym™(E) @ det E
such that

(1) hyn s smooth on X \ 7(Z),
(2) hy, is a positively curved singular Hermitian metric, and

(3) AV _]-GSymm(E)Q@det E,hp, Zew® IdSymm(E)®detE on X \ W(Z) in the
sense of Nakano.
Proof. — From Sym™(E) ® detE = m.(Kppyx @ Opgy(m + 1)),

Sym™(E) ® det E can be endowed with the L? metric h,,, with respect to h.
Therefore by the argument of [2, Theorem 1.2, Theorem 1.3, and Section 4],
(1) and (3) are proved. By [14] and [19], (2) is proved. O

Remark 5.8. — By [1, Proposition 3.2], (B4 (Op(g)(1))) = B4 (E) holds.

Therefore if £ is V-big, such a metric & on Op(g)(1) as in the assumption of
Lemma 5.7 always exists.

Thus, we can apply Theorem 1.3 to (Sym™(E) ® det E, h,,) and we have
the following corollary.

COROLLARY 5.9. — Under the conditions stated in Lemma 5.7, H1(X,
Kx ® (Sym™(E) ® det E)(hy,)) = 0 holds for any m > 0 and ¢ > 1.

This corollary is a generalization of Griffiths’ vanishing theorem in [13].

6. On Ohsawa’s vanishing theorem

We use the results of [17]. Let Y be a complete Ké&hler manifold, w’ be a
Kahler form and (E, h) be a vector bundle with a smooth Hermitian metric.
Let 7 be a smooth semipositive (1,1) form on Y. Write

Li,q(}/v E)th = {f € Li,q(Y5 E)w’+7,h; lgigL |f|2ew’+7',hd‘/€w/+7' < +OO}

By [17, Proposition 2.4], limcyo [y |f% 7 pdVewrir and L7 (Y, E);p do
not depend on the choice of the metric w’. We use Ohsawa’s L? estimate.
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THEOREM 6.1 ([17, Theorem 2.8]). — Under the conditions stated above,
we also assume that \/—71@]57;1 —7®Idg 2 0o0onY. For any ¢q > 1 and
f e L2 (Y,E).p such that Of =0, there exists g € L% , (Y, E)rn such
that 0g = f and

. 2 : 2
hm/ ‘g| ew’+7,hd‘/6w’+7 < qhm/ |f| ew’+7’,hd‘/€w’+7-
G\LO Y SJ,O Y

Now we prove Theorem 1.5.

Proof. — We take a complete Kéhler form w’ on Y := X \ Z as in Sec-
tion 4. The proof of Theorem 1.5 is similar to those of [17, Theorem 3.1] and
Theorem 4.1 with a slight modification.

Let U = {Uj}jen be a finite Stein cover of W. By Theorem 1.2 and
the Grauert direct image theorem, 7.(Kx ® E(h)) is coherent. Therefore
the sheaf cohomology HI(W,7.(Kx ® E(h))) is isomorphic to the Cech
cohomology HY(U,m.(Kx ® E(h))). We point out the following claim.

Cram 6.2 ([17, Lemma 3.2]). — For any form g on W, |7*g(2)|w+r+o <
lg(m(x))|s holds at any x € X.

We fix ¢ = {cigi,...i,} € HI(U, 7. (Kx ® E(h))). By the definition of Cech
cohomology, we have

(1) Cigir.iy € H'(Uigiy...iy» me(Kx ® E(h))) = HO (77 (Uipiy..i,) Kx ®
E(h)) and

(2) dc:= 1t =0.

k
(-1) Cioil...i;...iq+1|7r—1(UiOi1...iq+1)

Let {pj}jen be a partition of unity of U. Based on Section 4, for each
k€ {0,1,...,q — 1}, we define an E-valued form b;.;, ;. by

b e {ZJEA T (pj)Chivisnign R =q—1
fOrL ZJEA 7 (p;)0bjigiy .5,  Otherwise.
As in Step 2 in the proof of Theorem 4.1, we obtain
Hbigir.iy 1} =¢,  and  6{bigi,..i, } = {Obigiy..in.s }
for each k € {0,1,...,q —2}.

Therefore we obtain 9b;, ‘rl(UiO)\ 7, which is an E-valued (n, q) 0-closed
form on 771(U;,) \ Z. By Claim 6.2, |0(7*p;)|ew+r+0 are bounded above by
10(p;)|o for any € > 0 and |c;yi;..i, |2 dV.y4x+o are independent of € by

ewtnT*o
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Claim 4.2. Therefore we have §{0b;,} = 0 and
/ |8b20 ‘ew '+7*0o, hd‘/ew'-‘rﬂ'*a
Ui \Z
3 2
< / L ) |ablo |ew+7r*a,thEw+7r*a
T io

. IaY 2

< hm/ |8bi0|sw+ﬂ'*a,hd‘/€w+”*‘7
el0 7r71(U1.0)

< 400

for any € > 0 by Claim 4.2. Thus, we may regard {db;,} as an element
of L2 Y, E)yp and denote by b := = 0b;,. By Theorem 6.1, there exists
a € Ln q—1(Y, E)gp such that

da=0b and lim a2 e o n QVewr o < +00.
0 Jy\z :

Write dj = b, —a € L2 , (7' (Ui,) \ Z, E)g,n and d' := {d} }. We point
out

1 = 5{()10} = {5()1'01'1} and gdl =0.
By Theorem 6.1, there exists a;, € L2 , o(7~"(Us,) \ Z, E)o,p such that

da;, = dj, and liﬁjl |ai|fw/+7r*ayhdvewf+ﬂ*g < +o0.
€
i0\Z
0
We write dZ ;= biyi, — @iy + i, € L2, o(m " (Uigi,) \ Z, E)o,n and d? :=

{d? . }. We point out that

d2 = 5{1)1'01'1} = {51)1'01'11'2} and 5d2 =0.
By repeating this procedure, we obtain df(;ll___i%l € L2 o(m  (Uigiy i)\ 2,
E)gp and di71 := {d}" .} such that

1041

1091 -

6dq71 = 5{bioil--~iq—1} =c¢ and gdqil =0.

We have
2
/ |d1011 zq,1|w,hde
T Uigiy..ig_1)\Z
:/ | 1,011 - 1‘ /+7r*a,hde’+7r*a
T Uigiq.ig_ 1 )\Z
:hr{)l | zozl g 1‘ew’+7r ghd‘/ew +7ro
EJ/ _l(Uloll q 1)\
< +00.
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By Lemma 2.3 and the Riemann extension theorem, dgo_ill...iq,l extends on

-1 q—1 . . -1
T (Uigiy...i,_, ) and dioil_“iq_1 is holomorphic on 77 (U, ...4,_, ). Therefore

we obtain df;! € HO(m (Ui, ), Kx ® B()) and 6di™! = c,

which completes the proof. O

Remark 6.3. — We ask whether, under the assumptions of singular Her-
mitian metrics as in Theorems 1.3-1.5, we can show higher rank analogies
of a generalization of the Kollair—-Ohsawa type vanishing theorem by Mat-
sumura [16], an injectivity theorem of higher direct images by Fujino [10],
an injectivity theorem of pseudoeffective line bundles by Fujino and Mat-
sumura [11] and so on. It is likely the answer is “Yes” and the proof may be
similar to the original proof with a slight modification.
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