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Nadel–Nakano vanishing theorems of vector bundles
with singular Hermitian metrics (∗)

Masataka Iwai (1)

ABSTRACT. — We study a singular Hermitian metric of a vector bundle. First,
we prove that the sheaf of locally square integrable holomorphic sections of a vector
bundle with a singular Hermitian metric, which is a higher rank analog of a multiplier
ideal sheaf, is coherent under some assumptions. Second, we prove a Nadel–Nakano
type vanishing theorem of a vector bundle with a singular Hermitian metric. We
do not use an approximation technique of a singular Hermitian metric. We apply
these theorems to a singular Hermitian metric induced by holomorphic sections and
a big vector bundle, and we obtain a generalization of Griffiths’ vanishing theorem.
Finally, we show a generalization of Ohsawa’s vanishing theorem.

RÉSUMÉ. — Nous étudions une métrique hermitienne singulière d’un fibré vecto-
riel. Premièrement, nous montrons que le faisceau de sections holomorphes locale-
ment carrées et holomorphes d’un faisceau vectoriel avec une métrique hermitienne
singulière, qui est un analogue de rang supérieur d’un faisceau d’idéaux multipli-
cateurs, est cohérent sous certaines hypothèses. Deuxièmement, nous prouvons un
théorème d’annulation de type Nadel–Nakano d’un faisceau de vecteurs avec une
métrique hermitienne singulière Nous n’utilisons pas une technique d’approximation
d’une métrique hermitienne singulière. Nous appliquons ces théorèmes à une mé-
trique hermitienne singulière induite par des sections holomorphes et un fibré vecto-
riel gros, et nous obtenons une généralisation du théorème d’annulation de Griffiths.
Enfin, nous montrons une généralisation du théorème d’annulation d’Ohsawa.

1. Introduction

The aim of this paper is to study the vanishing theorem of a vector
bundle with a singular Hermitian metric. Here is a brief history of a singular
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Hermitian metric of a vector bundle. A singular Hermitian metric of a vector
bundle is a higher rank analog of a singular Hermitian metric of a line bundle.
The singular Hermitian metric was originated by de Cataldo [5], and was
later defined in a different way by Berndtsson and Păun [3]. We adopt the
definition of a singular Hermitian metric of a vector bundle in [3]. They also
defined the notion of a singular Hermitian metric with positive curvature,
called positively curved. In [19], Păun and Takayama proved that a direct
image sheaf of an m-th relative canonical line bundle f∗(mKX/Y ) can be
endowed with a positively curved singular Hermitian metric for any fibration
f : X → Y . Recently Cao and Păun [4] used this result to prove Iitaka’s
conjecture when the base space is an Abelian variety. For more details, we
refer the reader to [18].

Although a singular Hermitian metric of a vector bundle has been in-
vestigated in many papers (for example [3, 14, 15, 19, 20]), there exist few
results on vanishing theorems for vector bundles with singular Hermitian
metrics. We explain the details of the investigations of a singular Hermitian
metric of a vector bundle below. Let (X,ω) be a compact Kähler manifold
and (E, h) be a vector bundle with a singular Hermitian metric. In [5], the
sheaf of locally square integrable holomorphic sections of E with respect to h,
denoted by E(h), is defined as

E(h)x = {fx ∈ O(E)x : |fx|2h ∈ L1
loc} x ∈ X,

which is a higher rank analog of a multiplier ideal sheaf. In this paper, we
will denote by O(E)x the stalk of E at x, defined by lim−→x∈U H

0(U,E). We
consider the following problems.

Problem 1.1.

(1) Is E(h) a coherent sheaf?
(2) Does there exist a Nadel–Nakano type vanishing theorem, that is,

the vanishing of the cohomology group Hq(X,KX ⊗ E(h)) for any
q > 1 if h has some positivity?

We do not know if E(h), unlike a multiplier ideal sheaf, is coherent, In [5],
de Cataldo proved that E(h) is coherent and a Nadel–Nakano type vanishing
theorem if h has an approximate sequence of smooth Hermitian metrics {hµ}
satisfying hµ ↑ h pointwise and

√
−1ΘE,hµ − ηω ⊗ IdE > 0 in the sense of

Nakano for some positive and continuous function η. However, h does not
always have such an approximate sequence (see [15, Example 4.4]). Therefore
these problems are open.

Nonetheless, we can provide a partial answer to Problem 1.1. First we
prove the coherence of E(h) under some assumptions.
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Theorem 1.2. — Let (X,ω) be a Kähler manifold and (E, h) be a holo-
morphic vector bundle on X with a singular Hermitian metric. We assume
the following conditions.

(1) There exists a proper analytic subset Z such that h is smooth on X\Z.
(2) he−ζ is a positively curved singular Hermitian metric on E for some

continuous function ζ on X.
(3) There exists a real number C such that

√
−1ΘE,h − Cω ⊗ IdE > 0

on X \ Z in the sense of Nakano.

Then the sheaf E(h) is coherent.

Next we study the cohomology group Hq(X,KX ⊗ E(h)) for any q > 1.
We prove a vanishing theorem and an injectivity theorem for vector bundles
with singular Hermitian metrics under some assumptions.

Theorem 1.3. — Let (X,ω) be a compact Kähler manifold and (E, h)
be a holomorphic vector bundle on X with a singular Hermitian metric. We
assume the following conditions.

(1) There exists a proper analytic subset Z such that h is smooth on X\Z.
(2) he−ζ is a positively curved singular Hermitian metric on E for some

continuous function ζ on X.
(3) There exists a positive number ε > 0 such that

√
−1ΘE,h − εω ⊗

IdE > 0 on X \ Z in the sense of Nakano.

Then Hq(X,KX ⊗ E(h)) = 0 holds for any q > 1.

Theorem 1.4. — Let (X,ω) be a compact Kähler manifold, (E, h) be
a holomorphic vector bundle on X with a singular Hermitian metric and
(L, hL) be a holomorphic line bundle with a smooth metric. We assume the
following conditions.

(1) There exists a proper analytic subset Z such that h is smooth on X\Z.
(2) he−ζ is a positively curved singular Hermitian metric on E for some

continuous function ζ on X.
(3)
√
−1ΘE,h > 0 on X \ Z in the sense of Nakano.

(4) There exists a positive number ε > 0 such that
√
−1ΘE,h −

ε
√
−1ΘL,hL ⊗ IdE > 0 on X \ Z in the sense of Nakano.

Let s be a non zero section of L. Then for any q > 0, the multiplication
homomorphism

×s : Hq(X,KX ⊗ E(h)) −→ Hq(X,KX ⊗ L⊗ E(h))

is injective.
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Therefore we proved a Nadel–Nakano type vanishing theorem with some
assumptions. If E is a holomorphic line bundle, these theorems were proved
in [9]. We point out we do not use an approximation sequence of a singular
Hermitian metric to show these theorems.

Some applications are indicated as follows. First, we treat a singular Her-
mitian metric induced by holomorphic sections, as proposed by Hosono [15,
Chapter 4]. By calculating the curvature of this metric, we prove that we
can apply Theorem 1.3 to Hosono’s example. Therefore we can apply a
Nadel–Nakano type vanishing theorem even if h does not have an approx-
imate sequence such as [5]. Second, we generalize Griffiths’ vanishing the-
orem. That is, Hq(X,KX ⊗ Symm(E) ⊗ detE) = 0 holds for any m > 0
and q > 1 if E is an ample vector bundle. We treat the case when E is
a big vector bundle. If E is a big vector bundle with some assumptions,
Symm(E)⊗detE can be endowed with a singular Hermitian metric hm sat-
isfying assumptions such as those in Theorem 1.3 (see Section 5.2). Therefore
Hq(X,KX ⊗ (Symm(E)⊗ detE)(hm)) = 0 holds for any m > 0 and q > 1.

Finally, we generalize Ohsawa’s vanishing theorem.

Theorem 1.5. — Let (X,ω) be a compact Kähler manifold and (E, h)
be a holomorphic vector bundle on X with a singular Hermitian metric. Let
π : X →W be a proper surjective holomorphic map to an analytic space with
a Kähler form σ. We assume the following conditions.

(1) There exists a proper analytic subset Z such that h is smooth on X\Z.
(2) he−ζ is a positively curved singular Hermitian metric on E for some

continuous function ζ on X.
(3)
√
−1ΘE,h − π∗σ ⊗ IdE > 0 on X \ Z in the sense of Nakano.

Then Hq
(
W,π∗(KX ⊗ E(h))

)
= 0 holds for any q > 1.

If h is smooth, this theorem was proved by Ohsawa [17].

The organization of this paper is as follows. In Section 2, we review some
of the standard facts on vector bundles, singular Hermitian metrics and L2

estimates. In Section 3, we prove Theorem 1.2. The proof is based on [8,
Lemma 5] and [5, Proposition 4.1.3]. Since h has singularities along Z, we
apply the L2 estimate only outside Z. In Section 4, we prove Theorem 1.3
and 1.4. Based on [9, Claim 1], we prove the cohomology isomorphism be-
tween the cohomology group of KX ⊗ E(h) on X and the L2 cohomology
group on X \ Z by using Čech cohomology. From this isomorphism, it is
easy to prove Theorem 1.3 and 1.4. In Section 5, we treat some applications.
For example, we treat a singular Hermitian metric induced by holomorphic
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sections and prove a generalization of Griffiths’ vanishing theorem. In Sec-
tion 6, we prove a generalization of Ohsawa’s vanishing theorem by using
the methods of [17, Theorem 3.1] and Section 4.

Acknowledgments

The author would like to thank his supervisor Prof. Shigeharu Takayama
for helpful comments and enormous support. He would like to thank Genki
Hosono and Takahiro Inayama for useful comments about the applications
in Section 5.

2. Preliminaries

2.1. Hermitian metrics on vector bundles

We briefly explain definitions and notations of smooth Hermitian metrics
of vector bundles.

We will denote by (X,ω) a compact Kähler manifold and denote by E a
holomorphic vector bundle of rank r on X. For any point x ∈ X, we take a
system of local coordinates (V ; z1, . . . , zn) near x. Let h be a smooth metric
on E and let e1, . . . , er be a local orthogonal frame of E near x. We denote by

√
−1ΘE,h =

√
−1

∑
16j,k6n, 16λ,µ6r

cjkλµ dzj ∧ dzk ⊗ e∗λ ⊗ eµ

the Chern curvature tensor. For any u =
∑

16j6n, 16λ6r ujλ
∂
∂zj
⊗eλ ∈ TxX⊗

Ex, we denote by

θE,h(u) =
∑

16j,k6n, 16λ,µ6r
cjkλµujλukµ

and
θω⊗IdE (u) =

∑
16j,k6n, 16λ6r

ωjkujλukλ,

where ω =
√
−1
∑

16j,k6n ωjkdzj ∧ dzk.

Definition 2.1 ([6, Chapter 7 §6]). — For any real number C, we write√
−1ΘE,h > Cω ⊗ IdE in the sense of Nakano if θE,h(u)− Cθω⊗IdE (u) > 0

for any u ∈ TX ⊗ E.
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Next, we review the definitions of singular Hermitian metrics. For more
details, we refer the reader to [18, Section 2]. Let Hr be the set of r × r
semipositive definite Hermitian matrices andHr be the space of semipositive,
possibly unbounded Hermitian forms on Cr.

Definition 2.2 ([18, Definition 2.8 and Definition 2.9]).

(1) A singular Hermitian metric h on E is defined to be a locally mea-
surable map with values in Hr such that 0 < deth < +∞ almost
everywhere.

(2) A singular Hermitian metric h on E is said to be negatively curved if
the function log |v|2h is plurisubharmonic for any local section v of E.

(3) A singular Hermitian metric h on E is said to be positively curved
if the dual singular Hermitian metric h∗ = th−1 on the dual vector
bundle E∗ is negatively curved.

We prove the following lemma of a positively curved singular Hermitian
metric.

Lemma 2.3. — For any point x ∈ X, we take a system of local coordinate
(V ; z1, . . . , zn) near x and take a local holomorphic frame e1, . . . , er of E on
V . Let U b V be an open set near x. We assume there exists a continuous
function ζ on X such that he−ζ is a positively curved singular Hermitian
metric on E. Then there exists a positive number MU such that for any
u ∈ H0(V,E)

|u|2h >MU

∑
16i6r

|ui|2

holds on U , where u =
∑

16i6r uiei.

Proof. — We may assume u = u1e1. By [14, Chapter 16], we obtain

|u|he−ζ (z) = sup
f∈E∗z

|f(u)|(z)
|f |(he−ζ)∗

>
|e∗1(u)|(z)
|e∗1|(he−ζ)∗

= |u1|(z)
|e∗1|(he−ζ)∗

for any z ∈ V . Since he−ζ is positively curved, |e∗1|(he−ζ)∗ is a plurisubhar-
monic function on V . Therefore |e∗1|(he−ζ)∗ is bounded above on U . We take a
positive numberM1 such that |e∗1|(he−ζ)∗ 6M1, then we have |u|he−ζ > |u1|

M1
.

Since eζ is a positive continuous function, we can take a positive number M
such that eζ >M on X. We set MU := M2

M2
1
and we obtain

|u|2h = |u|2he−ζe
2ζ >MU |u1|2,

which completes the proof. �
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2.2. L2 estimates and harmonic integrals on complete Kähler man-
ifolds

We need an L2 estimate on a complete Kähler manifold. Let Y be a
complete Kähler manifold, ω′ be a (not necessarily complete) Kähler form
and (E, h) be a vector bundle with a smooth Hermitian metric. The L2 space
L2
n,q(Y,E)ω′,h is defined by the set of E-valued (n, q) forms with measurable

coefficients on Y such that
∫
Y
|f |2ω′,hdVω′ < +∞, where dVω′ := ω′n/n! is a

volume form on Y .

Theorem 2.4 ([6, Chapter 7 §7 and Chapter 8 §6] [7, Lemme 3.2 and
Théorème 4.1]). — Under the conditions stated above, we also assume that
there exists a positive number ε > 0 such that

√
−1ΘE,h > εω′ ⊗ IdE in the

sense of Nakano. Then for any q > 1 and any g ∈ L2
n,q(Y,E)ω′,h such that

∂g = 0, there exists f ∈ L2
n,q−1(Y,E)ω′,h such that ∂f = g and∫

Y

|f |2ω′,hdVω′ 6
1
qε

∫
Y

|g|2ω′,hdVω′ .

We use a fact of harmonic integrals to prove Theorem 1.4. For more de-
tails, we refer the reader to [9, Section 2] or [6, Chapter 8]. The maximal
closed extension of the ∂ operator determines a densely defined closed op-
erator ∂ : L2

n,q(Y,E)ω′,h → L2
n,q+1(Y,E)ω′,h. Then we obtain the following

orthogonal decomposition.

Theorem 2.5 ([9, Section 3], [6, Chapter 8]).

L2
n,q(Y,E)ω′,h = Im ∂ ⊕Hn,q(Y,E)⊕ Im ∂∗ω′,h

holds, where ∂∗ω′,h is the Hilbert space adjoint of ∂ and Hn,q(Y,E) is the set
of harmonic forms defined by

Hn,q(Y,E) := {f ∈ L2
n,q(Y,E)ω′,h : ∂f = ∂∗ω′,hf = 0}.

3. Coherence of E(h)

We prove Theorem 1.2.

Proof. — We may assume that X is a unit ball in Cn, E = X×Cr, and ω
is a standard Euclidean metric. Let e1, . . . , er be a local holomorphic frame
of E on X. We take an open ball U ⊂⊂ X. It is enough to show that there
exists a coherent sheaf F on U such that E(h)x = Fx for any x ∈ U .

We will denote by G the space of holomorphic sections g ∈ H0(U,E) such
that

∫
U
|g|2hdVω <∞. We consider the evaluation map π : G ⊗C OU → E|U .
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We define F := Im(π). By Noether’s Lemma (see [12, Chapter 5 §6]), F is
a coherent sheaf on U .

Claim 3.1. — For any x ∈ U and any positive integer k,
Fx + E(h)x ∩mk

x · E(x) = E(h)x
holds, where mx is a maximal ideal of Ox.

We postpone the proof of Claim 3.1 and conclude the proof of Theo-
rem 1.2. We fix x ∈ U . By the Artin–Rees lemma, there exists a positive
integer l such that

E(h)x ∩mk
x · E(x) = mk−l

x (E(h)x ∩ml
x · E(x))

holds for any k > l. Therefore by Claim 3.1, we have
E(h)x = Fx + E(h)x ∩mk

x · E(x) ⊂ Fx +mx · E(h)x ⊂ E(h)x.
By Nakayama’s lemma, we obtain E(h)x = Fx, which completes the
proof. �

We now prove Claim 3.1.

Proof. — It is easy to check that Fx + E(h)x ∩ mk
x · E(x) ⊂ E(h)x;

therefore, we show that E(h)x ⊂ Fx + E(h)x ∩mk
x · E(x).

We take f =
∑
i fiei ∈ E(h)x. Then there exists an open neighbor-

hood W ⊂⊂ U near x such that fi is a holomorphic function on W and∫
W
|f |2hdVω < +∞. Let ρ be a cut-off function on W . We note that ∂(ρf) is

an E-valued (0, 1) smooth form such that
∫
X
|ρf |2ω,hdVω < +∞. We define

the plurisubharmonic function ϕk to be ϕk(z) = (n+ k) log |z − x|2 + C|z|2
such that
√
−1ΘE,h +

√
−1∂∂ϕk ⊗ IdE > ω ⊗ IdE on X \ Z in the sense of Nakano,

where C is some positive constant. Since ρ is a cut-off function, we obtain∫
X
|∂(ρf)|2ω,he−ϕkdVω < +∞.

Since X \ Z is complete by [7, Théorème 0.2], there exists an E-valued
(0, 0) form F =

∑
i Fiei on X \ Z such that∫

X\Z
|F |2he−ϕkdVω 6

∫
X

|∂(ρf)|2ω,he−ϕkdVω < +∞ and ∂F = ∂(ρf)

by Theorem 2.4. Here we may regard ∂(ρf) as an (n, 1) form ∂(ρf)dz1 ∧
· · · ∧ dzn on X with values in −KX .

Let G := ρf − F =
∑
iGiei, which is an E-valued (0, 0) form on X \ Z.

We obtain ∫
X\Z
|G|2hdVω < +∞ and ∂G = 0.
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By Lemma 2.3 we have
∑
i

∫
U\Z |Gi|

2dVω < +∞, and therefore Gi extends
to the whole of U and Gi is holomorphic on U by the Riemann extension
theorem. Hence we obtain G ∈ G and Gx ∈ Fx.

Let W ′ be the set of interior points in {z ∈ U : ρ(z) = 1}; then we have
F = f −G on W ′ \Z. Then F extends on W ′ and F is holomorphic on W ′.
It is obvious that Fx ∈ E(h)x from fx ∈ E(h) and Gx ∈ Fx ⊂ E(h)x. By∫
X\Z |F |

2
he
−ϕkdVω < +∞ and Lemma 2.3, we have∑

i

∫
W ′
|Fi|2e−(n+k) log |z−x|2dVω < +∞.

Therefore we obtain (Fi)x ∈ mk
x and Fx ∈ mk

x · E(x).

Thus we have fx = Gx + Fx ∈ Fx + E(h)x ∩mk
x · E(x), which completes

the proof of Claim 3.1. �

4. Vanishing theorems and injectivity theorems

Let (X,ω) be a compact Kähler manifold and (E, h) be a holomorphic
vector bundle with a singular Hermitian metric on X. We assume the condi-
tions (1)–(3) in Theorem 1.2. We will denote Y := X \ Z. By [9, Section 3],
there exists a complete Kähler form ω′ on Y such that ω′ > ω on Y . We
study the cohomology group Hq(X,KX ⊗ E(h)).

Theorem 4.1. — Under the conditions stated above, we obtain the fol-
lowing isomorphism:

Hq(X,KX ⊗ E(h)) ∼=
L2
n,q(Y,E)ω′,h ∩Ker ∂

Im ∂

for any q > 0.

Proof. — The proof will be divided into three steps.

Step 1: Setup. — Let U = {Uj}j∈Λ be a finite Stein cover of X. By
Theorem 1.2, the sheaf cohomology Hq(X,KX ⊗ E(h)) is isomorphic to
the Čech cohomology Hq(U ,KX ⊗ E(h)). If necessary we take Uj small
enough, we may assume that there exists a Stein open set Vj , a smooth
plurisubharmonic function ϕj on Vj and a positive number Cj > 0 such that

(1) Uj ⊂⊂ Vj ,
(2) C−1

j < e−ϕj < Cj on Vj , and
(3)
√
−1ΘE,h +

√
−1∂∂ϕj > ω′ ⊗ IdE on Vj \ Z
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for any j ∈ Λ. We set Ui0i1...iq := Ui0 ∩ Ui1 ∩ · · · ∩ Uiq , which is a Stein
open set.

With the conditions above, it is easy to check the following two claims.

Claim 4.2 ([9, Remark 2.19]). — For any E-valued (n, q) form u on
Y with measurable coefficients, |u|2ω′,hdVω′ 6 |u|2ω,hdVω holds. If q = 0,
|u|2ω′,hdVω′ = |u|2ω,hdVω holds.

Claim 4.3. — For any q > 1 and any g ∈ L2
n,q(Ui0i1...iq \Z,E)ω′,h such

that ∂g = 0, there exists f ∈ L2
n,q−1(Ui0i1...iq \ Z,E)ω′,h such that ∂f = g

and ∫
Ui0i1...iq\Z

|f |2ω′,hdVω′ 6 C ′2
∫
Ui0i1...iq\Z

|g|2ω′,hdVω′ ,

where C ′ := maxi∈Λ Ci.

Since Ui0i1...iq \ Z is a complete Kähler manifold and
√
−1ΘE,h +√

−1∂∂ϕi0 > ω′ ⊗ IdE holds on Ui0i1...iq \ Z, we can prove Claim 4.3 by
Theorem 2.4.

Step 2: Construction of a homomorphism from Čech cohomology to Dol-
beault cohomology. — We fix c = {ci0i1...iq} ∈ Hq(U ,KX ⊗ E(h)). By the
definition of Čech cohomology, we have

(1) ci0i1...iq ∈ H0(Ui0i1...iq ,KX ⊗ E(h)) and
(2) δc :=

∑q+1
k=0(−1)kci0i1...ǐk...iq+1

|Ui0i1...iq+1
= 0.

Let {ρi}i∈Λ be a partition of unity subordinate to U . For each k ∈
{0, 1, . . . , q − 1}, we define an E-valued form bi0i1...ik by

bi0i1...ik :=
{∑

j∈Λ ρjcji0i1...iq−1 if k = q − 1∑
j∈Λ ρj∂bji0i1...ik otherwise.

Then, we have

δ{bi0i1...iq−1}i0i1...iq =
q∑

k=0
(−1)kbi0i1...ǐk...iq

=
q∑

k=0

∑
j∈Λ

(−1)kρjcji0i1...ǐk...iq =
∑
j∈Λ

ρj

q∑
k=0

(−1)kcji0i1...ǐk...iq

From δc = 0, we have∑
j∈Λ

ρj

q∑
k=0

(−1)kcji0i1...ǐk...iq =
∑
j∈Λ

ρjci0i1...iq = ci0i1...iq .
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Therefore, we obtain δ{bi0i1...iq−1} = c. Similarly we obtain δ{bi0i1...ik} =
{∂bi0i1...ik+1} for each k ∈ {0, 1, . . . , q − 2}.

Therefore we obtain ∂bi0 |Ui0\Z , which is an E-valued (n, q) ∂-closed form
on Ui0 \ Z. Since we have

δ{∂bi0} = 0 and
∫
Ui0\Z

|∂bi0 |2ω′,hdVω′ 6
∫
Ui0

|∂bi0 |2ω,hdVω < +∞

by Claim 4.2, we can define α(c) := {∂bi0} ∈ L2
n,q(Y,E)ω′,h ∩Ker ∂. By the

above construction, we obtain the homomorphism

α : Hq(U ,KX ⊗ E(h)) −→
L2
n,q(Y,E)ω′,h ∩Ker ∂

Im ∂
.

Step 3: Construction of a homomorphism from Dolbeault cohomology to
Čech cohomology. — We fix u ∈ L2

n,q(Y,E)ω′,h ∩ Ker ∂ and define D :=∫
Y
|u|2ω′,hdVω′ < +∞. By Claim 4.3, there exists vi0 ∈ L2

n,q−1(Ui0 \Z,E)ω′,h
such that

∂vi0 = u|Ui0\Z and
∫
Ui0\Z

|vi0 |2ω′,hdVω′ 6 C ′2D.

We set u1 := δ{vi0}. From ∂u1 = 0, there exists vi0i1 ∈L2
n,q−2(Ui0i1 \Z,E)ω′,h

such that

∂vi0i1 = u1
i0i1 and

∫
Ui0i1\Z

|vi0i1 |2ω′,hdVω′ 6 2C ′2D

by Claim 4.3. We set u2 := δ{vi0i1} and we have ∂u2 = 0.

By repeating this procedure, we obtain vi0i1...iq−1 ∈ L2
n,0(Ui0i1...iq−1 \ Z,

E)ω′,h and uq = δ{vi0i1...iq−1}. By ∂u
q
i0i1...iq

= 0, uqi0i1...iq is a holomorphic
E-valued (n, 0) form on Ui0i1...iq \ Z. Since we obtain∫
Ui0i1...iq\Z

|uqi0i1...iq |
2
ω,hdVω =

∫
Ui0i1...iq\Z

|uqi0i1...iq |
2
ω′,hdVω′ 6 q!C ′2D < +∞

by Claim 4.2, uqi0i1...iq |Ui0i1...iq\Z extends on Ui0i1...iq and uqi0i1...iq |Ui0i1...iq\Z
is a holomorphic E-valued (n, 0) form on Ui0i1...iq by the Riemann extension
theorem and Lemma 2.3. Therefore we can define

β(u) := {uqi0i1...iq |Ui0i1...iq\Z} ∈ H
q(U ,KX ⊗ E(h)).

By the above construction, we obtain the homomorphism

β :
L2
n,q(Y,E)ω′,h ∩Ker ∂

Im ∂
−→ Hq(U ,KX ⊗ E(h)).

It is easy to check whether α and β induce the isomorphism in Theo-
rem 4.1. �
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We finish this section by proving Theorem 1.3 and 1.4.

Proof of Theorem 1.3. — By Theorem 4.1, we have Hq(X,KX⊗E(h)) ∼=
L2
n,q(Y,E)ω′,h∩Ker ∂̄

Im ∂̄
. By Theorem 2.4, we have L2

n,q(Y,E)ω′,h∩Ker ∂̄
Im ∂̄

= 0, which
completes the proof. �

Proof of Theorem 1.4. — By Theorem 1.2, KX ⊗ E(h) is a coherent
sheaf on X. Therefore, by the argument of [9, Claim 1], Theorem 2.5 and
Theorem 4.1, we obtain Im ∂ = Im ∂, Im ∂∗ω′,h = Im ∂∗ω′,h and Hq(X,KX ⊗
E(h)) ∼= Hn,q(Y,E). Similarly, we obtain Hq(X,KX ⊗L⊗E(h)) ∼= Hn,q(Y,
L⊗E). By [9, Claim 2], the multiplication homomorphism ×s : Hn,q(Y,E)→
Hn,q(Y, L⊗E) is well-defined and injective, which completes the proof. �

5. Applications

5.1. Hosono’s example

In this subsection, we study a singular Hermitian metric induced by holo-
morphic sections, proposed by Hosono [15, Chapter 4].

In this section, we assume that E has holomorphic sections s1, . . . , sN ∈
H0(X,E) such that Ey is generated by s1(y), . . . , sN (y) for a general point
y. For any point x ∈ X, we take a local coordinate (U ; z1, . . . , zn) near
x and take a local holomorphic frame e1, . . . , er of E on U . Write si =∑

16j6r fijej , where fij are holomorphic functions on U . A singular Her-
mitian metric h induced by s1, . . . , sN is given by

h−1
jk :=

∑
16i6N

fijfik.

By [15, Example 3.6 and Proposition 4.1], h is positively curved and E(h)
is a coherent sheaf. Hosono pointed out that we can easily calculate the
curvature of h in the case N = r.

Lemma 5.1. — In the case N = r, there exists a proper analytic subset
Z such that

√
−1ΘE,h = 0 on X \ Z. In particular we obtain

√
−1ΘE,h > 0

on X \ Z in the sense of Nakano.

Proof. — We take a finite Stein open covering {Ui}i∈Λ. Under the con-
ditions stated above, an r × r matrix A(i) on Ui is defined by

A
(i)
jk = fjk.

Set Zi := {z ∈Ui : rankA(i)(z)<r} and W = {z ∈X : h is not smooth at z}.
We have h = (h−1)−1 = h̃−1

deth−1 , where h̃−1 is a cofactor matrix of h−1. Since
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the (i, j) element of h̃−1 is a smooth function on X for any 1 6 i, j 6 r, we
have W = {z ∈ X : deth−1(z) = 0}. By [15, Lemma 4.3], we have

deth−1 =
∑

16i1<i2<···<ir6N
|det(si1 , si2 , . . . , sir )|,

and therefore W is a proper analytic subset. We write Z := ∪i∈ΛZi ∪W ,
which is a proper analytic subset.

By an easy computation, we have
√
−1ΘE,h =

√
−1∂(h−1∂h) =

√
−1(∂∂h−1 − ∂h−1h∂h−1)h.

For any z ∈ X \Z, we may assume fij(z) = δij . From h−1
jk =

∑
16i6r fijfik,

we have
∂h−1

jk (z) = ∂fkj(z) and ∂h−1
jk (z) = ∂fjk(z).

Thus, we obtain

(∂h−1h∂h−1)jk(z) =
∑

16i6r
∂fij∂fik(z) = ∂∂h−1

jk (z),

which completes the proof. �

By Lemma 5.1 and Theorem 1.3, we obtain the following corollary.

Corollary 5.2. — Let (L, hL) be a holomorphic line bundle with a
singular Hermitian metric. We assume there exist a proper analytic sub-
set Z and a positive number ε > 0 such that hL is smooth on X \ Z and√
−1ΘL,hL > εω on X.

Then, Hq(X,KX ⊗ L ⊗ E(hhL)) = 0 holds for all q > 1 for any holo-
morphic vector bundle E and a singular Hermitian metric h induced by
s1 · · · sr ∈ H0(X,E).

In particular Hq(X,KX⊗L⊗E(h)) = 0 holds for all q > 1 if L is ample.

We point out that such a metric hL on L as in Corollary 5.2 always exists
if L is big.

Now, we introduce Hosono’s example [15, Example 4.4]. Set X = C2 and
let E = X × C2 be the trivial rank-two bundle. We choose sections s1 = e1
and s2 = ze1 + we2. Then the singular Hermitian metric hE induced by
s1, s2 can be written by

hE = 1
|w|2

(
|w|2 −wz
−zw |z|2 + 1

)
.

Hosono proved the following theorem by calculating the standard approxi-
mation by convolution of hE .
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Theorem 5.3 ([15, Theorem 1.2]). — The standard approximation de-
fined by convolution of hE does not have a uniformly bounded curvature from
below in the sense of Nakano.

Therefore, we can not apply the vanishing theorem of [5] to this example.
However, we can apply Corollary 5.2 to this example. Thus our results are
new results.

Remark 5.4. — We ask whether there exists a proper analytic subset Z
such that

√
−1ΘE,h > 0 on X \ Z in the sense of Nakano for any singular

Hermitian metric h induced by s1 · · · sN ∈ H0(X,E) in the case N > r. This
calculation is very complicated and this question is open, but it is likely that
the answer is “No”.

5.2. Big vector bundles

We review some of the standard facts on big vector bundles.

Definition 5.5 ([1, Section 2]). — Let X be a smooth projective variety
and E be a holomorphic vector bundle. The base locus of E is defined by

Bs(E) := {x ∈ X : H0(X,E)→ Ex is not surjective},

and the stable base locus of E is defined by

B(E) :=
⋂
m>0

Bs(SymmE),

where Symm(E) is the m-th symmetric power of E.

Let A be an ample line bundle. We define the augmented base locus of
E by

B+(E) =
⋂

p/q∈Q>0

B(Symq E ⊗A−p),

where Q>0 is a set of positive rational numbers.

We point out B+(E) do not depend on the choice of the ample line bundle
A by [1, Remark 2.7].

Definition 5.6 ([1, Theorem 1.1 and Section 6]).

(1) A vector bundle E is said to be L-big if the tautological bundle
OP(E)(1) on P(E) is big.

(2) A vector bundle E is said to be V-big if B+(E) 6= X.
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We note that if E is V-big then it is L-big as well by [1, Corollary 6.5].
We will denote by π : P(E)→ X the canonical projection and by ω̃ a Kähler
form on P(E). Inayama communicated to the author the following lemma.

Lemma 5.7. — Let E be an L-big vector bundle and h̃ be a singular
Hermitian metric on OP(E)(1). We assume that there exist a positive number
ε > 0 and a proper analytic subset Z̃ ⊂ P(E) such that h̃ is smooth on
P(E) \ Z̃, π(Z̃) 6= X, and

√
−1ΘOP(E)(1),h̃ > εω̃ ⊗ IdOP(E)(1).

Then h̃ induces a singular Hermitian metric hm on Symm(E) ⊗ detE
such that

(1) hm is smooth on X \ π(Z̃),
(2) hm is a positively curved singular Hermitian metric, and
(3)
√
−1ΘSymm(E)⊗detE,hm > εω ⊗ IdSymm(E)⊗detE on X \ π(Z̃) in the

sense of Nakano.
Proof. — From Symm(E) ⊗ detE = π∗(KP(E)/X ⊗ OP(E)(m + r)),

Symm(E)⊗ detE can be endowed with the L2 metric hm with respect to h̃.
Therefore by the argument of [2, Theorem 1.2, Theorem 1.3, and Section 4],
(1) and (3) are proved. By [14] and [19], (2) is proved. �

Remark 5.8. — By [1, Proposition 3.2], π(B+(OP(E)(1))) = B+(E) holds.
Therefore if E is V-big, such a metric h̃ on OP(E)(1) as in the assumption of
Lemma 5.7 always exists.

Thus, we can apply Theorem 1.3 to (Symm(E)⊗detE, hm) and we have
the following corollary.

Corollary 5.9. — Under the conditions stated in Lemma 5.7, Hq(X,
KX ⊗ (Symm(E)⊗ detE)(hm)) = 0 holds for any m > 0 and q > 1.

This corollary is a generalization of Griffiths’ vanishing theorem in [13].

6. On Ohsawa’s vanishing theorem

We use the results of [17]. Let Y be a complete Kähler manifold, ω′ be a
Kähler form and (E, h) be a vector bundle with a smooth Hermitian metric.
Let τ be a smooth semipositive (1, 1) form on Y . Write

L2
n,q(Y,E)τ,h := {f ∈ L2

n,q(Y,E)ω′+τ,h ; lim
ε↓0

∫
Y

|f |2εω′+τ,hdVεω′+τ < +∞}.

By [17, Proposition 2.4], limε↓0
∫
Y
|f |2εω′+τ,hdVεω′+τ and L2

n,q(Y,E)τ,h do
not depend on the choice of the metric ω′. We use Ohsawa’s L2 estimate.
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Theorem 6.1 ([17, Theorem 2.8]). — Under the conditions stated above,
we also assume that

√
−1ΘE,h − τ ⊗ IdE > 0 on Y . For any q > 1 and

f ∈ L2
n,q(Y,E)τ,h such that ∂f = 0, there exists g ∈ L2

n,q−1(Y,E)τ,h such
that ∂g = f and

lim
ε↓0

∫
Y

|g|2εω′+τ,hdVεω′+τ 6 q lim
ε↓0

∫
Y

|f |2εω′+τ,hdVεω′+τ .

Now we prove Theorem 1.5.

Proof. — We take a complete Kähler form ω′ on Y := X \ Z as in Sec-
tion 4. The proof of Theorem 1.5 is similar to those of [17, Theorem 3.1] and
Theorem 4.1 with a slight modification.

Let U = {Uj}j∈Λ be a finite Stein cover of W . By Theorem 1.2 and
the Grauert direct image theorem, π∗(KX ⊗ E(h)) is coherent. Therefore
the sheaf cohomology Hq(W,π∗(KX ⊗ E(h))) is isomorphic to the Čech
cohomology Hq(U , π∗(KX ⊗ E(h))). We point out the following claim.

Claim 6.2 ([17, Lemma 3.2]). — For any form g onW , |π∗g(x)|ω+π∗σ 6
|g(π(x))|σ holds at any x ∈ X.

We fix c = {ci0i1...iq} ∈ Hq(U , π∗(KX ⊗E(h))). By the definition of Čech
cohomology, we have

(1) ci0i1...iq ∈ H0(Ui0i1...iq , π∗(KX ⊗E(h))) = H0(π−1(Ui0i1...iq ),KX ⊗
E(h)) and

(2) δc :=
∑q+1
k=0(−1)kci0i1...ǐk...iq+1

|π−1(Ui0i1...iq+1 ) = 0.

Let {ρj}j∈Λ be a partition of unity of U . Based on Section 4, for each
k ∈ {0, 1, . . . , q − 1}, we define an E-valued form bi0i1...ik by

bi0i1...ik :=
{∑

j∈Λ π
∗(ρj)cji0i1...iq−1 if k = q − 1∑

j∈Λ π
∗(ρj)∂bji0i1...ik otherwise.

As in Step 2 in the proof of Theorem 4.1, we obtain

δ{bi0i1...iq−1} = c, and δ{bi0i1...ik} = {∂bi0i1...ik+1}

for each k ∈ {0, 1, . . . , q − 2}.

Therefore we obtain ∂bi0 |π−1(Ui0 )\Z , which is an E-valued (n, q) ∂-closed
form on π−1(Ui0) \Z. By Claim 6.2, |∂(π∗ρj)|εω+π∗σ are bounded above by
|∂(ρj)|σ for any ε > 0 and |ci0i1...iq |2εω+π∗σdVεω+π∗σ are independent of ε by
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Claim 4.2. Therefore we have δ{∂bi0} = 0 and∫
π−1(Ui0 )\Z

|∂bi0 |2εω′+π∗σ,hdVεω′+π∗σ

6
∫
π−1(Ui0 )

|∂bi0 |2εω+π∗σ,hdVεω+π∗σ

6 lim
ε↓0

∫
π−1(Ui0 )

|∂bi0 |2εω+π∗σ,hdVεω+π∗σ

< +∞

for any ε > 0 by Claim 4.2. Thus, we may regard {∂bi0} as an element
of L2

n,q(Y,E)σ,h and denote by b := ∂bi0 . By Theorem 6.1, there exists
a ∈ L2

n,q−1(Y,E)σ,h such that

∂a = b and lim
ε↓0

∫
Y \Z
|a|2εω′+π∗σ,hdVεω′+π∗σ < +∞.

Write d1
i0

:= bi0 − a ∈ L2
n,q−1(π−1(Ui0) \ Z,E)σ,h and d1 := {d1

i0
}. We point

out
δd1 = δ{bi0} = {∂bi0i1} and ∂d1 = 0.

By Theorem 6.1, there exists ai0 ∈ L2
n,q−2(π−1(Ui0) \ Z,E)σ,h such that

∂ai0 = d1
i0 and lim

ε↓0

∫
Ui0\Z

|ai|2εω′+π∗σ,hdVεω′+π∗σ < +∞.

We write d2
i0i1

:= bi0i1 − ai0 + ai1 ∈ L2
n,q−2(π−1(Ui0i1) \ Z,E)σ,h and d2 :=

{d2
i0i1
}. We point out that

δd2 = δ{bi0i1} = {∂bi0i1i2} and ∂d2 = 0.

By repeating this procedure, we obtain dq−1
i0i1...iq−1

∈ L2
n,0(π−1(Ui0i1...iq−1)\Z,

E)σ,h and dq−1 := {dq−1
i0i1...iq−1

} such that

δdq−1 = δ{bi0i1...iq−1} = c and ∂dq−1 = 0.
We have∫

π−1(Ui0i1...iq−1 )\Z
|dq−1
i0i1...iq−1

|2ω,hdVω

=
∫
π−1(Ui0i1...iq−1 )\Z

|dq−1
i0i1...iq−1

|2ω′+π∗σ,hdVω′+π∗σ

= lim
ε↓0

∫
π−1(Ui0i1...iq−1 )\Z

|dq−1
i0i1...iq−1

|2εω′+π∗σ,hdVεω′+π∗σ

< +∞.
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By Lemma 2.3 and the Riemann extension theorem, dq−1
i0i1...iq−1

extends on
π−1(Ui0i1...iq−1) and dq−1

i0i1...iq−1
is holomorphic on π−1(Ui0i1...iq−1). Therefore

we obtain dq−1
i0i1...iq−1

∈ H0(π−1(Ui0i1...iq−1),KX ⊗ E(h)) and δdq−1 = c,
which completes the proof. �

Remark 6.3. — We ask whether, under the assumptions of singular Her-
mitian metrics as in Theorems 1.3–1.5, we can show higher rank analogies
of a generalization of the Kollár–Ohsawa type vanishing theorem by Mat-
sumura [16], an injectivity theorem of higher direct images by Fujino [10],
an injectivity theorem of pseudoeffective line bundles by Fujino and Mat-
sumura [11] and so on. It is likely the answer is “Yes” and the proof may be
similar to the original proof with a slight modification.
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