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On equivalence of singularities of second order linear
differential equations by point transformations *)

MARTIN KLmes (D)

ABSTRACT. — The article provides a local classification of singularities of mero-
morphic second order linear ordinary differential equations with respect to ana-
lytic/meromorphic linear point transformations, that is, transformations of both the
unknown function and of the independent variable. In particular, it is shown that
under a non-degeneracy condition two linear differential equations are analytically
equivalent if and only if the associated companion systems are analytically equiva-
lent as systems. Also the Lie algebras of analytic linear infinitesimal symmetries of
the singularities are determined.

RESUME. — L’article propose une classification locale des singularités des équa-
tions différentielles linéaires du second ordre aux coefficients méromorphes par rap-
port aux transformations ponctuelles analytiques/méromorphes, c’est-a-dire, les
transformations de la fonction inconnue aussi que de la variable indépendante. En
particulier, il est montré que sous une condition de non-dégénérescence deux équa-
tions différentielles linéaires sont analytiquement équivalentes si et seulement si les
systémes compagnons associés sont analytiquement équivalents comme systémes.
Aussi les algebres de Lie des symétries linéaires analytiques infinitésimales des sin-
gularités sont déterminées.

1. Introduction

Considering a second order linear differential equation (shortly LDE) on
a complex domain 2 C C
d%y d

@Jral(a:)d—gchrao(x)y:O, (z,9) € 2 x C, (1.1)
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with meromorphic coefficients a; (), ao(zt:), one can associate to it its com-
panion linear differential system for v = (y, %)

% — (_?IO _1%) v, (z,v)€QxC (1.2)
And vice versa every 2x2 linear differential system with meromorphic co-
efficients can be meromorphically transformed to the form of a companion
system (1.2) by virtue of the so called “cyclic vector lemma” [21, §2.1]. From
the point of study of the solutions there is not much distinction between
meromorphic second order LDEs (1.1) and 2x2 meromorphic differential
systems (1.2). Correspondingly, the two are also interchangeable from the
point of view of differential Galois theory. However, there is an important
difference between them when it comes to the underlying space and to its
transformation group, and consequently also when it comes to their Lie sym-
metry groups.

A meromorphic linear differential system

dv = A(x)v, (z,v) € Q x C?, (1.3)
dz

can be seen as a meromorphic connection on a (trivial) rank 2 vector bundle

over €. As such, a natural kind of transformations of the system are the

gauge-coordinate transformations

T = ¢(x), v =T(z)v, (1.4)

with ¢ : @ — Q an analytic diffeomorphism and T'(x) a matrix-valued func-
tion that is either analytic and analytically invertible, or meromorphic and
meromorphically invertible. The corresponding systems for v and v are then
called analytically, resp. meromorphically, equivalent. In the literature one
often considers the above transformations with ¢ = idg, but here we opt for
the more general form (1.4).

On the other hand, a second order LDE (1.1) is living as a connection on
the 1-jet bundle J!(€2) (or more generally on a codimension 1 subbundle of
the 2-jet bundle J2(€2), cf. [9, §19E]). A natural kind of transformations are
linear point transformations, that is the jet prolongations of the transforma-
tions

T = Qj)(m)? yzt(x)y’ (15)
with ¢ : @ — Q analytic diffeomorphism and ¢(z) either a non-vanishing
analytic, or a non-zero meromorphic, function. Such transformations were
considered already by Kummer [11], and it is known that general point trans-
formations preserving the class of second (or higher) order LDEs are locally
of the this form [23]. The corresponding equations for y and gy are then called
analytically, resp. meromorphically, equivalent.
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On equivalence of singularities of second order LDE

For higher order differential equations the group of transformations (1.5)
is very restrictive, therefore more general transformations are often consid-
ered such as “Weyl transformations” (generalized linear contact transforma-
tions) [9, 25]

T=9¢(x), y=to(x)y+...+th-1(2) (gf)n_ly,

where n is the order of the LDE. Nevertheless the case n = 2, that we
consider here, is special in the sense that the dimension of the solutions
space is the same as the dimension of the ambient (z,y)-space, and locally
the linear point transformations (1.5) are relatively rich enough to provide,
at least in a generic situation, a satisfactory theory.

In this paper, we are interested in local analytic classification of mero-
morphic second order LDEs (1.1) with respect to linear point transfor-
mations (1.5) near a fixed point in the x-space placed at the origin, i.e.
Q = (C,0). If both coefficients ag(x),a;(x) of (1.1) are analytic at = 0,
then it is well known [12] that the equation is locally analytically equiva-
lent to

d?y

dz?
We will therefore investigate only singular points, where at least one of
ap(x), a1(z) has a pole.

While the local analytic/meromorphic theory of meromorphic linear dif-
ferential systems with respect gauge transformations v = T(z)v, fixing the
coordinate z, is well established by now, e.g. [1, 2, 3, 9, 21|, and it is easily
generalized to all transformation (1.4), there appears to be very little writ-
ten on the subject of local analytic/meromorphic classification of singular
second-order LDEs with respect to linear point transformations. We will de-
scribe the local analytic/meromorphic moduli space of LDEs (1.1) at singu-
larities of regular or non-resonant irregular type, as well as those that become
non-resonant irregular in the ramified coordinate 2, (Sections 1.2/1.3), and
describe their Lie groups of linear infinitesimal symmetries (Section 1.4).

1.1. Singularities of linear differential equations

Suppose that at least one coefficient a;(z), i = 0,1, of (1.1) has a pole at
the origin, and denote m; € Z the respective orders of the poles. Let

v= max{ml -1, {%—‘ — 1} = 0;
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we will call it the Poincaré rank of the LDE. Denoting

vr1 9

ox’

0, :==x
and rewriting the equation (1.1) as

oy — p()dyy — q(z)y =0, (1.6)

where p(r) = —2"*lai(z) + (v + 1)2¥ and q(x) = —2?"*2q¢(z), then the
Poincaré rank v > 0 is the smallest integer for which p(z), ¢(z) are analytic
at 0.

The companion system for (1.6) is the system for v = t(y, (Z,y)

5W=<J; pé»v. (1.7)

The equation (1.6) can be rewritten as

2
<5V - p(2:c)> Y= Aix)y’ where A := p® + 4q — 20,p. (1.8)

An equation (1.6) with p(z) = 0 will be called trace-free.
DEFINITION.

(1) If v = 0, then the singularity is called regular or Fuchsian (by a
theorem of Fuchs the notions of regular singularity and Fuchsian
singularity coincide for LDEs [9, Theorem 19.20]). A Fuchsian sin-
gularity is strictly non-resonant if the roots of A2 — p(0)X —q(0) = 0
do not differ by an integer,V) i.e. if \/A(0) ¢ Z, otherwise it is
called resonant.

(2) If v > 0, then the singularity is called irregular. An irregular sin-
gularity is non-resonant if the roots of A2 — p(0)A — q(0) = 0 are
distinct; i.e. if A(0) # 0.

It will be called non-degenerate if
o cither A(0) # 0 (non-resonant),
e or A(0) =0 and p(0) = 0, in which case $2(0) # 0 (otherwise
the Poincaré rank would be lower than v).
This is equivalent to say that in the coordinate s = 22 the LDE has
a non-resonant irregular singularity.

We shall prove the following result relating the formal and the analytic
equivalence of singular LDEs with that of their companion systems (1.7).

(1 This condition is slightly stronger than the usual non-resonance condition that
demands that the roots do not differ by a non-zero integer [9, Definition 16.12].
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On equivalence of singularities of second order LDE

THEOREM 1.1. — Two LDEs (1.6) with either a regular singularity or a
non-degenerate irreqular singularity at the origin are analytically, resp. for-
mally, equivalent if and only if the companion systems (1.7) are analytically,
resp. formally, equivalent.

Let us stress that we consider equivalence by linear point transforma-
tions (1.5) for equations, and by gauge-coordinate transformations (1.4) for
systems. By formal equivalence it is meant that the diffeomorphism ¢(z) and
the function ¢(z) in (1.5), resp. T'(x) in (1.4), are formal power series of x.

On the other hand, for degenerate irregular singularities it is possible to
have analytically inequivalent LDEs with analytically equivalent companion
systems (Example 2.1).

In the following section we describe the moduli space of analytic equiv-
alence of regular and non-degenerate irregular singularities of LDEs. In the
light of Theorem 1.1, these results are parallel to the classical theory of sin-
gularities of linear differential systems and are a direct reformulation of it.

1.2. Formal and analytic classification

It is easy to verify that if y1 (2), y2(z) are two linearly independent solu-
tions to (1.6) then one can express A(z) (1.8) as

) " L (82FN 182\
Alw) = —2Su(y2>(x>7 where 8,(f) = 5”<5Vf> B 2<6uf )

is the “Schwarzian derivative” associated to d,,. The point transformation
(1.5) relate two such LDEs by

S0 St

p=v-pod+ m —2%, (1.9)
2.7 oy ]t _ it
q=19"-q ¢+[w pod+ ¢] ; o (1.10)
2
A:¢2.£o¢—2ay<5ﬁ>+(5ﬁ), (1.11)

where ¢(x) = (fjfl, i.e. 6, = ¥(x)d,. In fact, the formula (1.11) is just the
transformation rule for the above “Schwarzian derivative”

_ AL
Sifed)=v?-sunesa (L) - 3(22).
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In this notation, the operator S_; is the usual Schwarzian derivative for
which the transformation rule reads S_1(fo¢) = (%)2- S_1(f)oo+S-1(9),
and
Az) = =222 28, <y1) — (2 = 1)z,
Y2
Remark. — The point transformations preserving the space of trace-free
LDEs 62y = 2%y are of the form x — ¢(x), y — ci(x)2y with o(z) =

= 74
(fy”f’l, i.e. up to the multiplication by a constant ¢ € C ~ {0} they act as

1
transformations of the (—1)-differential y(z)dZ, as was observed in [8].

Notation. — While we denote 02 = §,6,, 65 = 6,0,0, etc. the higher

order differential operators defined by composition of d,, at the same time

2 1 v
we also write 6,2 = %, and 67 = 2*% (dz)~? for formal powers of the

differential form &, ! = %. This double convention should not cause any

confusion.

From (1.9) and (1.11) one can see that
pla) = 0(@) - o) + 0@*™),  A) = ¥i@)* - A(o(w) + 0@ H)

The natural objects to consider as invariants are the meromorphic form
J¥p (x)-6,1 and the meromorphic quadratic differential JZ¥A(x)-d,, 2, where
J& denotes the k-jet of a germ at = = 0, on which the point transformations
act as the usual transformation rule for differentials.

If A(0) # 0, let
p? = (Reszzo VA(z) 5;1)2 ,

be the square residue of the quadratic differential A(x)6, 2. The following
proposition is well known in literature, see e.g. [24, Theorems 6.1, 6.3, 6.4].

THEOREM 1.2 (Local normal form of the quadratic differential A(z)d,?).

(1) If v =0 and u*> = A(0) # 0 then there exists an analytic transfor-
mation © — ¢(x) such that in the new variable

A(2)6y 2 = 2052

(2) Ifv > 0 then there exists an analytic transformation x — ¢(x) such
that in the new variable

A(2)8,2 = (1 + pa")?5,?,

where i1 € C is a root of the square residue p?, determined up to the
+ sign.
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(3) IfA(0) =0, 92(0) # 0, then there exists an analytic transformation

x +— ¢(x) such that in the new variable
A(x)6,% =25, 2.

In the situation we consider (regular or non-degenerate irregular singular-
ities) it turns out that the simultaneous equivalence class of the pair of jets of
forms Jgp (z)-6, 1 and JZ*A(z) -5, ? is determined by the pair J§p (z)-6,*
and JYA(z) - 6,2

v

DEFINITION (Formal invariants). — Let J&f(x) denote the k-jet of a
germ f(z) at x = 0.

We define the formal invariant of the LDE (1.6) as the simultaneous
equivalence class of the pair of meromorphic forms

J(l)/p(m) '6;1’ J(l)’A(x) '6;27 (1'12)

with respect to the action of analytic diffeomorphisms x© — ¢(x) and jet
restriction.

e Ifv =0, then the formal invariant is given by the pair p(0), A(0) =
u?, and will be identified with the pair of roots {1, A2} of \? —
p(0)A —¢(0) = 0.

e Ifv > 0 and the irregular singularity is non-resonant, A(0) # 0, let

Aj(z) = >\§0) +e +x”>\§»u), j=12,

be the v-jets of the roots of the characteristic polynomial A2 —p(x) A —
q(z). Then J¥p(x) = M\ (z) 4+ 2 (2), JEVA(x) = No(x) — My (2), and
the formal invariant can be identified with the equivalence class of
the pair
{M(@)d, ", Aal)d, )

with respect to the action of analytic diffeomorphisms x — ¢(z) and
jet restriction. Moreover, one may always assume that A(z)5,,?
(1+ px¥)?5, 2 is in the normal form of Proposition 1.2 and

Ao(x) — M(z) =1+ pa”. (1.13)
Such pair {\1(x)d,; 1, X\a(x)d, 1}, called in canonical form, is uniquely
determined up to the action of the rotations x — el%x, l € Zsy,. In
particular, if the equation is trace-free, then Ai(x) + A2(x) =0, and
the equivalence class of formal invariants is completely determined
by v and .

o Ifv >0, A(0) = 0 and the resonant irreqular singularity is non-
degenerate, %(O) # 0, then one can assume that A(z)5,;2 = 15,2,
in which case Jyp(z) -5, is uniquely determined up to the action
of the rotations x — e%m, L €Zoy_1q.
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DEFINITION. — A linear differential equation (1.6) is called reducible if
it can be written as

(6, — az(®)) (0, — o1 (z))y =0, (1.14)

Zk oaﬁk €z

with oy (z), ao(z) analytic, oj(x)

1.2.1. Regular singularities

DEFINITION (Projective monodromy). — Let y1(z), y2(x) be two linearly
independent solutions near a point xo € U* of some pointed neighborhood U*
of the origin, and let f(x) := ;ﬁgg For a loop v € m (U*, x0), the analytic

continuation of f(x) along v acts on f(x) as

f(y-z) =py(f(2)), for some p, € PGLy(C).
The map p : v — p, is the projective monodromy representation

p:m(U* z9) = PGL2(C)

of the LDE. This representation, which is the projectivization of the mon-
odromy representation of the companion system, is well-defined up to conju-
gacy in PGLo(C).

Let vy be a positively oriented simple loop generating w1 (U™, xg). Then
Pro 18 conjugated to either

(i) f = cf, for some c € C*, or
(ii) f— f+1.

In the case (i) we call the projective monodromy diagonalizable, and in the
case (ii) non-diagonalizable.

LEMMA 1.3.

(1) Strongly non-resonant regular singularities (i.e. with p = Aa — A1 ¢
Z) have diagonalizable projective monodromy (conjugated to f —
62Triﬂf).

(2) A regular singularity has non-diagonalizable projective monodromy
if and only if its formal fundamental solution contains a logarithmic
term.

THEOREM 1.4 (Analytic classification of regular singularities, v = 0).

(1) Two LDEs (1.6) with regular singularities are analytically equivalent
if and only if they have the same pair of formal invariants {1, A2}
and their projective monodromies are conjugated, i.e. either they are
both diagonalizable or both non-diagonalizable.
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(2) A LDE (1.6) with a regular singularity is always reducible. It is
analytically equivalent to one of the following normal forms.
(a) Diagonalizable projective monodromy (A1 # A2):
(60 — X2) (0 — A1)y = 0, (1.15)
whose basis of solutions is y;(x) = 2™, yo(x) = 272.
(b) If A1 = \g (then the projective monodromy is non-diagonalizable):

(60— M)’y =0, (1.16)

whose basis of solutions is y;(x) = 2™, yo(x) = 2 log x.
(¢) If \y — My = k € Zso and the projective monodromy is non-
diagonalizable:

I’k
<(50 )\2+k1—$k’) (607)\1)3420, (117)

whose basis of solutions is y1 (z) = 2™, yo(x) = 22 +kaz* log x.
Alternatively, it is also analytically equivalent to

((50 — o+ k’.’lﬁk) (60 — )\1)y =0. (1.18)

1.2.2. Non-resonant irregular singularities

PROPOSITION 1.5. — Two non-resonant irreqular LDEs (1.6) are for-
mally equivalent if and only if their pairs of formal invariants {\1(z)6;,?,
Xo(2)d0, 1} are in the same equivalence class. The formal transformation

F=0@) =Y ¢V, g=ta) y=> tVal .y, ¢M, 1?0, (1.19)
j=1 j=0

between the two LDEs is then Borel v-summable (see Appendiz for the defini-
tion), with singular directions arg(z) = B among those where S(e_”ﬁi()\go) —
0
A =o.
Assuming that their formal invariants are equal, then a formal transfor-
mation ¢, t exists with ¢(z) = x + ta+t1 + O(x¥2) which is unique (up to
y+—>cy) for any t € C.

In particular, the LDE is formally equivalent by means of a transforma-
tion (1.19) with ¢(x) = o + O(z¥*1) to the following formal normal form

<5V — M) — 5”2??_}?2;?)) (3, — 2\ (@))7 =0, (1.20)
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1.€e.
PE) = M+ Ag + 6, log(Aa — Ap),
A1+ Az
2
AT) = (A2 — M1)? — 2621og(A2 — A1) + (6, 1og(A2 — A1))?,

e 1
q(T) = M2+ 551/()\1 +A2) — 5, log(Aa — A1),

whose basis of solutions is
(@) = JN@T =1,

Note that even though the factorization (1.20) is asymmetric, the equation
itself is completely symmetric with respect to interchanging of A\; and As.

The formal transformation gg(;v) =z +O(z") is unique up to a compo-

sition with the flow of the vector field m&,.

Up to an analytic change of coordinate z — ¢(z), one can suppose that
the pair {\; ()6, 1, Aa(7)d; 1} is in the canonical form

Ao(z) — Mi(z) =14 px”.

Then the singular directions of ¢(x), ¢(x) are B = Lr, 1 € Z. Let ¢q,(z

tq, (z) be the Borel sums (see Appendix) of the formal transformation o,
bounded and analytic on the sectors

o —{

where 0 < < 5 is arbitrarily small, and p, > 0 depends on 7. They
transform the LDE to its formal normal form (1.20), which means that on

each sector ; the original LDE has a canonical basis of solutions

Yio = ta, () - Y; (Po, (),  j=12 (1.21)

We can now define projective Stokes operators of the equation, corresponding
to the projectivization of the Stokes matrices of the companion system, as
the operators connecting the bases on neighboring sectors in the following
way.

)
t

20+ 1 s
argz— x| < jal<pyb, 1€,
2v v

y2,0, ()
y1,9,(2)’
where y; o, are the canonical sectoral solutions (1.21). The projective Stokes
operators are the operators og, € PGLo(C) defined by

DEFINITION (Projective Stokes operators). — Let fo,(x) =

fa,_,(x) =08, (fa,(x)), for arg(z)=-m, [=1,...,2v—1,

fou, (€¥'x) - €72 = 0, (fa, (), for arg(z) =
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On equivalence of singularities of second order LDE

They are of the form

op,: fr=f+s; if l is odd, i.e. when e/ Ca=2)5 " 4o “exploding” as ©— 0,
o f ﬁ if L is even, i.e. when el P2= 8 s “Aat” g5 1 — 0.

Their collection (oga,,...,08,, ) is well-defined up to simultaneous conju-

gation by a scalar multiplication (corresponding to the non-unicity of g/b\(x))
It is extended to alll € Z by

112, () = €2V ag (72T ).

Remark. — The canonical pair of solutions y1 o, (), y2,0,(x) is up to mul-
tiplication by constants uniquely determined by their asymptotic behavior
at the singular directions §; — 7 and ; + T, one being flat at one direction
the other being flat at the other direction.

DEFINITION (Rotational symmetries of the formal invariant). — Let
{M(2)5,L, Na(x)6,1} be a pair of formal invariants in a canonical form.
Let us define G C Za, as the subgroup of the cyclic group consisting of the
elements g € Zg, such that the associated rotation x — ev x preserves the
pair {\1(z)6,t, A2(z)8, 1}, Since the pair of formal invariants in a canon-
ical form is uniquely defined up to rotations from Zs,, which commute with
G, the group G is well-defined.

For example, if the equation is trace-free, A\ (z) + A2(x) = 0, then either
G=12Z9 f u=0,0r G=27Z, if pn # 0.

THEOREM 1.6 (Analytic classification of non-resonant irregular singular-
ities, v > 0).

(1) Two formally equivalent LDEs (1.6) with a non-resonant irregular
singularity at the origin and the same pair of formal invariants in
canonical form {\(x)8; 1, Xo(2)6, 1} are analytically equivalent if
and only if their respective collections of projective Stokes operators
(08,)icz and (05, )iez are equivalent in the following sense: there
exrist c € C* and g € G such that

1
a'gl =90 (cgﬁlm) o(c9) foralll €Z,

where G C Zg, is the symmetry group of the formal invariant and

L f— %
(2) For every pair {\(x)d, %, Xo(x)d, 1} in canonical form and every
collection of projective Stokes operators (0a,,--.,08,,_,), there ex-

ists a LDE with non-resonant irreqular singularity of a given formal
class realizing them as its analytic invariants.
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PROPOSITION 1.7.

(1) For a non-resonant irreqular singularity the following are equivalent:

(a) The LDE (1.6) is reducible, i.e. of the form (1.14) for some
a1(x), as(z).

(b) The LDE(1.6) has a “convergent solution” y(x) :ef/\(“”)‘sv_lt(x),
where \(x) is one of the formal invariants and t(z) is a con-
vergent power series.

(¢) The Riccati equation

20,7 =1 — A(z) (1.22)

has an analytic solution r(zx). In this case o (z) = 1(p(z) —
r(2)), as(a) = 3(p(a) + ().

(d) For either all odd or all even indices | € Z the projective Stokes
operators are trivial, og, = id.

(2) For a non-resonant irreqular singularity the following are equivalent:

(a) The LDE (1.6) is analytically equivalent to the formal normal
form (1.20).

(b) The LDE (1.6) has a pair of “convergent solutions” y(z) =
e/X @8 (1), 5 = 1,2, where {\ ()0, Aa(z)0,1) are the
formal invariants and t;(x) are convergent power series.

(¢) The third order linear equation

53h — A(2)d,h — %(5UA(x))h ~0. (1.23)

has an analytic solution h(x).

(d) The Riccati equation(1.22) has two different analytic solutions
ri(x), ro(x). In this case h(x) = m is an analytic so-
lution to (1.23).

(e) All the projective Stokes operators are trivial, og, = id for all
leZ.

The differential operator of the left-hand side of (1.23) is known as the

second symmetric power of the operator 62 — ¥ [20, §3.1], [21, §2.3]. If
the LDE is reducible, and r(z) is an analytic solution to (1.22), then the
equation (1.23) can be factorized as

(6, — r(2))6, (6, + 7(2))h = 0. (1.24)
Since in this case r(0) # 0, the formal/analytic solutions to (1.24) are also

formal/analytic solutions to d, (8, + r(z))h = 0.

Remark. — If y1(x), y2(x) are two linearly independent solutions to the

LDE, f(z) = y2E;§, then r = 66”ff =p- 25”1’1 is a solution to (1.22), and
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h= f is a solution to (1.23). However, in general, they may not be analytic
at 0.

THEOREM 1.8 (Analytic normal forms when v = 1).

(1) An irreducible LDE with a non-resonant irregular singularity at the
origin of Poincaré rank v = 1 is analytically equivalent to an LDE
of the form

5ty — (P + 2pM) b1y — (¢ + 2¢W + 22¢P)y,

with 1 = A©) = (p(O)) +4¢© and p = % — p@pM) 494 e C.
Two such equations are analytically equivalent if and only if

=+, and cosTVA® +1=cost\/A® +1,

where A®) = (p1)2 4 4¢3 — 2p1),

(2) A reducible LDE (1.14) with a non-resonant irreqular singularity at
the origin of Poincaré rank v =1 with u = a(l) 51) ¢ Z<o (hence
with diagonalizable monodromy) is analytzcally equivalent to either

(51 - )\Q(LU)) (61 - Al(ﬁ))y = 0, (125)

with Aa(x) — A (x) =14 px, or to (1.20).
(3) A reducible LDE (1.14) with a non-resonant irreqular singularity at
the origin of Poincaré rank v =1 with p = 0451) ( ) e Zo is ana-
lytically equivalent to either (1.25), which in this case is analytically
equivalent to (1.20), if the monodromy is diagonalizable (scalar), or

to

(61 — Ao(z) +2%) (61 — Mi(z))y = 0, (1.26)

with Az (x)—A1(z) = 14px, if the monodromy is non-diagonalizable.

1.2.3. Non-degenerate resonant irregular singularities

PROPOSITION 1.9. — Two non-degenerate resonant irreqular LDEs (1.6)
are formally equivalent if and only if their pairs of formal invariants J¥p(x)-
5,1, JYA(x) - 6,2 are from the same equivalence class. The formal transfor-
mation

F=o)=) Vel G=i(z) y= Ztmx] : s 40 £

between the two LDEs is then Borel (v — 3)-summable (see Appendiz for

the definition), with singular directions arg(x) = [ among those where

F(e1=2F1d2(0)) = 0.
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Assuming that their formal invariants are equal, then a unique formal
transformation ¢, t exists with ¢(z) = x + O(x"*1) and t(0) = 1.

Suppose JYA(xz) = z and J§p (x) = P(z), P(0) = 0. Consider the formal
normal form LDE (1.20) with Ay (z) + A2(2) = P(z) — 327, Aa(z) — Ay (z) =
x%, that is the LDE

with
p (x) = P(x),
q(x) = % r— P(x)? +2"P(x) — <1/ + i)xm’ + 25VP(x)] ,

Alx)=xz+z"P(x) — (v+ i)gc2

whose basis of solutions is y;(z) = e/N@at =1 2.

By the Proposfcion 1.9, the LDE is equivalent to (1.27) by a formal trans-

formation ng( ), t(x), Borel (v—%)-summable except in the singular directions

2
bi=5,1"

Hence the LDE has a canonical basis of solutions

Yj. o = th (J?) : :'7] ((le (l‘)) ) .] = 17 27
where ¢q, (), to,(x) are the Borel sums (see Appendix), bounded and ana-
lytic on the sectors

o-|

where 0 <7 < 3

leZ.

< 2w
2v —
7 is arbitrarily small, and p, > 0 depends on 7.

1 - |£C| < pn}a le Z2V71a

The projective Stokes operators op, € PGL2(C) are now defined as before

fo 1(3’3) (fQL(:E))? for arg(m) = %777 l=1,...,2v -1,
1 _

fa,, (€2™x)™ 50 (fao(x)), for arg(x) = 0.

where fq,(z) := Zj%ﬁg Their definition is extended to all [ € Z by

OB4n, =L00g 0L, where v: f+— —.

f
They are of the form

{ : f— f+ s when e/ Qa=a0)8 " g “exploding” as x — 0,

cfe 1+fszf when e/ 2= ig “fat” as z — 0.
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DEFINITION (Rotational symmetries of the formal invariant). — Suppose
JYA(x) =z, J§p(x) = P(z). Let us define G C Zgy,—1 as the subgroup of the

cyclic group consisting of the elements g € Za,_1 such that the associated
27
rotation  — €371 preserves the differential form P(2)8; . Since P(z)6; !

is uniquely defined up to rotations from Zs,_1, which commute with G, the
group G is well-defined.

THEOREOM 1.10 ([Analytic classification of non-degenerate resonant
irregular singularities, v > 0).

(1) Two formally equivalent LDFEs (1.6) with a non-degenerate resonant
irreqular singularity at the origin and the same pair of formal invari-
ants in canonical form 8,2, P(x)5, 1 are analytically equivalent if
and only if their respective collections of projective Stokes operators
(08, )icz and (0}, )iez are equivalent in the following sense: there
exrist g € G such that

op, =1 oaop,, 0 foralllel,

where G C Za,—1 is the symmetry group of the formal invariant and
L f— %

(2) For every pair of formal invariants x6, 2, P(x)5, 1 in canonical form
and every collection of projective Stokes operators, there exists a
LDEFE with non-degenerate resonant irregular singularity of given for-
mal class realizing them as its analytic invariants.

THEOREM 1.11 (Analytic normal forms when v = 1). — LDEFE with a
non-degenerate resonant irreqular singularity at the origin of Poincaré rank
v =1 is analytically equivalent to an LDE of the form

1
5ty —pMadry — <4x + x2q(2)>y,

with A(x) = z + 22A@) ) with A® = (pM)2 4+ 4¢@) — 2pM . Two such
equations are analytically equivalent if and only if

PO =50 and cosTV1+A® =cosm\/1+ A®.

1.3. Meromorphic classification

If the transformation (1.5) is meromorphic with t(z) = 2™u(x), m € Z,
u(0) # 0, then from (1.9)—(1.11) one can see that

p(@) = d(@)-Pp(x))—2ma” +0(@*+),  Alz) = ¥(@)*Ao(x))+O0(z ).
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In the regular or non-resonant irregular case this means that A\ o(z) =

¢($)X172(¢(I)) —ma” + O(xz¥T1), i.e. that equivalence class of the pair of
formal invariants {\;(z)d; 1, Ao (2)d; 1} is shifted by —ma?§; L.

THEOREM 1.12 (Meromorphic classification). — Two LDEs (1.6) with
either reqular or non-degenerate irregular singularities are meromorphically
equivalent if and only if they have the same equivalence class of formal in-
variants JYA(x) - 6,2, J¥p (x)- 6,1 up to a shift J¥p (x) -6, — J¥p (z)-
5,1 +mavs;t, meZ, and

(1) if regular: their monodromies are conjugated (i.e. they are both either
diagonalizable or non-diagonalizable),

(2) if non-resonant irregular: their collections of Stokes operators are
equivalent in the sense of Theorem 1.6,

(3) if non-degenerate resonant irregular: their collections of Stokes op-
erators are equivalent in the sense of Theorem 1.10.

Let us remark that, unlike for systems, conjugation of monodromies of
regular singularities alone does not suffice to produce meromorphic equiva-
lence.

1.4. Lie symmetries

For non-resonant singularities of differential systems there is a canonical
diagonal formal normal form

S,u = (Aléx) Ag?x)) u, (1.28)

which is integrable in terms of elementary functions with fundamental so-
@t 0

0 RO
this normal form system is the one that has the largest possible Lie alge-

bra of analytic infinitesimal symmetries (see [5]) of all the systems within
the formal class. It turns out that the same holds also for non-resonant ir-
regular LDEs (1.6): they are analytically equivalent to their formal normal
form (1.20) if and only their Lie algebra of linear analytic point symmetries
is the largest possible (Theorem 1.13 below).

lution matrix ( ) Correspondingly, the analytic class of

Let us recall that an infinitesimal linear symmetry of a LDE (1.1) is a
vector field

0 0
Y = g(m)% + f(f)y@y
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whose second jet prolongation pr(®) Y leaves the surface ., + a1(z)y, +
aop(z)y = 0 invariant. This is equivalent [7, p. 350] to ask that

(X, prVY] = a(z)X, for some function a(z), (1.29)
where 5 5 5
X = 9z + ymafy + (al(x)yz + ao(as)y) B (1.30)

and pr(V Y is the first jet prolongation of Y

o0y = g(0) 2 4 pap + (df(x)erf(x)yx dg(m)yw)a. (1.31)

Ox Ay dx Cda Yo
THEOREM 1.13. — The infinitesimal linear symmetries of a LDE (1.6)
are of the form
1 0
Y = h(z)d, + 3 (c+6,h(x) —i—p(:zc)h(az:))ya—y7

where ¢ € C, and h(x) is a solution of (1.23). The Lie algebra of analytic
infinitesimal linear symmetries of

(1) a regular singularity:
(a) strictly non-resonant with Ay — Ao ¢ Z ~ {0} in the normal
form (1.15) is generated by
9
Y ay’
(b) resonant with A\ — Ao = k € Zso and trivial projective mon-
odromy, in the normal form (1.15), is generated by

) . B
y%7 607 €T (60+)\1y6y)7

(¢c) resonant with Ay — Ao = k € Zs¢o and non-diagonalizable pro-
jective monodromy, in the normal form (1.17),

0 P 0
2 5+ ANy —
y8y7 1-.’[k<0+ 1yay),
(2) a non-resonant irreqular singularity of Poincaré rank v > 0:
(a) in the normal form (1.20) is generated by

1 A A

I S PR MU RS MDA
Ay’ Aa(x) — Ai(x) 2 Oy

(b) not analytically equivalent to (1.20) is generated only by

9
yay'

50a
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(3) a non-degenerate resonant irreqular singularity of Poincaré rank v >
0 is generated only by

Let us remark that for non-singular LDEs the Lie algebra of analytic

2
linear infinitesimal symmetries is of maximal dimension 4, namely for S? =
0 it is generated by

I R N )
yé)y’ ox’ T ox’ Ox yay ’
while the Lie algebra of all analytic infinitesimal symmetries, i.e. infinitesi-

mal point symmetries of the form Y = G(z,y)0, + F(z,y)0,, is of dimen-
sion 8 (and is well known to be isomorphic to sl3(C)).

2. Proofs

We will review and adapt to our needs some basics of the theory of
singularities of linear differential systems which can be found in some form
in most standard references, e.g. in [1, 2, 3,9, 15, 21, 22]. In the case of regular
singularities the analytic classification agrees with a formal one, and in the
case of non-resonant irregular singularities the analytic modulus consists of
a set of formal invariants and of a conjugacy equivalence class of a collection
of Stokes matrices.

Proof of Theorem 1.1. — Follows from Theorems 1.4, 1.6 and 1.10. O

Regular singular points

If v = 0, the singular point is of Fuchsian kind and, according to the
general theory [9, Theorem 16.16], the companion system (1.7) is analytically
equivalent by a gauge transformation v = T'(z)v to a normal form

(A e L
500—(0 o )v, (2.1)

where € € {0,1} and € # 0 only if Ay — Ay € Z3(. Therefore the system (1.7)
possesses a fundamental solution matrix V(z) = T'(z) (‘”;1 5”:;“"“ >7 where
T(z) = (T;;(x)) is analytic and

- {44 102

(,\11 (1)) if Ay = Ao in which case e = 1.
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The complete analytic invariant of the system is given by the pair {A;, A2}
and by € € {0,1}. The monodromy matrix M of this fundamental solution,
V(e?™x) = V(z)M, is then given by M = (ehom 62;},?,;2::)1 ) :

The LDE has therefore a solution basis

y1(z) = Tn(aj)xkl, ya(x) = Tlg(x)xAQ + eTn(x)xAl log . (2.2)

Proof of Lemma 1.3. — By the above, the strict non-resonance condition
A1 — A2 ¢ Z means € = 0. The diagonalizability of the monodromy M is
equivalent to ¢ = 0, which is equivalent to the absence of logx in (2.2). O

Proof of Theorem 1.4. — The statement (1) is a corollary of (2).

(2a) Regular singularity with diagonalizable monodromy. — By the above
considerations, the LDE (1.6) has a solution basis (2.2) with ¢ = 0, where
Tyj(x) is an analytic germ with 77;(0) = 1. We are looking for an analytic
transformation Z = ¢(x), ¥ = t(x)y (1.5), such that

Tyj(2)xt = t(x) - p(2)N, j =1,2.
Writing ¢(z) = z(1 4 g(x)), g(0) = 0, then g(z) is a solution to
T
g (22 )) = O = A log(1 + ().

where the right-hand side is an analytic function of x and g whose derivative
with respect to g at (z,9) = 0 is Ay — A1 # 0, so it has by the implicit
function theorem a unique analytic solution g(z) with g(0) = 0. Then also
t(x) = T11(z)(1 + g(z)) ™™ is an analytic germ, ¢(0) = 1.

(2b) Regular singularity with Ay = Ay =: A. — The LDE (1.6) has a solu-
tion basis (2.2) with e = 1, where T71(0) = 1, T12(0) = 0. The transformation
equation we want to solve is

Ty (2)z* = t(x) - p(x)*,  Tia(x)z* + Tis(x)a* logx = t(x) - (x)* log p(x).
Writing ¢(z) = z(1 4 g(x)), g(0) = 0, then

T Tio
712 (4) = log(1 + g(x)). hence g(x) = i) 1,
11

and t(z) = T1(z)(1 + g(z)) =, t(0) = 1.

(2¢) Regular singularity with non-diagonalizable monodromy, A1 — Ag =
k € Zso. — The LDE (1.6) has a solution basis (2.2) with ¢ = 1, where
T11(0) = T12(0) = 1. The transformation equation we want to solve is

Tii(z)a = t(x) - ¢la),
k (Ti2(z)2™ + Ti1 ()2 logz) = t(z) - ((2)* + kd(2)™ log ¢(x)) .
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Writing ¢(z) = cz(1 + g(x)), g(0) = 0, let ¢ = k=%, then g(z) is a solution
to
Tz *

7o @) = (14 g(@) ™ + o*log(1 + g(a)) - — logk.

The derivative of the right side with respect to g at (z,g) = 0is Aa—A\; = —k,
therefore the equation has a unique analytic solution g(x) with ¢g(0) = 0.
Then t(z) = T11(z)c= (1 + g(x)) ™™, £(0) = 1. O

Non-resonant irregular singular points

Let \j(z) = A;O) +...+ /\g-y)x", j = 1,2, be modulo z¥*! the roots of the
characteristic polynomial A2 — p(x)\ — g(z) = 0. If v > 0 and A;(0) # X2(0),
then the singular point is non-resonant irregular and, according to the gen-
eral theory [9, §20], the companion system (1.7) possesses a formal funda-

~ ~ A1 O -1 ~ ~
mental solution matrix V(z) = T(x)ef( 0 A )s. , where T'(z) = (T;;(=)) is
a formal power series, f(O) = ( Aglm )\éo)). Correspondingly, the LDE has a
formal solution basis

J1(z) = Thi(x)e/ M@ 5o (2) = Tho(z)e/ @007 (2.3)

A complete formal invariant of the system (1.7) with respect to formal gauge
transformations v — T'(z)v (1.4) is formed by the pair of meromorphic 1-
forms {\1(x)d, 1, \a(2)6, 1 }. If one allows also for transformations x — ¢(z),
then it is always possible to transform analytically the pair to a canonical
form where (A2(z) — A1(2))8, ' = (14 pa”)é, !, where p is well-defined up
to the + sign.

A Stokes direction (also known as separating direction) o € R is defined
by %(e*”a(/\éo) — )\go))) = 0, and an anti-Stokes direction (also known as
singular direction) 8 € R is defined by %(67”5(/\9) — )\SO))) = 0. After the
normalization )\go) 7)\50) =1, this means a € TZ, € 5>+ ZZ. Let {a }iez,
resp. {Bi}iez, be all the Stokes directions, resp. anti-Stokes directions in
their order, o192, = a; + 2w. By a classical theorem of Horn, Trjitzinsky,
Hukuhara, Turittin, and others [9, Theorem 20.16], the formal power series
f(m) is asymptotic to a unique bounded analytic matrix-valued function
T,, () on every open sector €; covering exactly one Stokes direction arg(z) =
ay. Let Qg, = Qq, ..., Q9,1 be a cyclic covering by such sectors of a pointed
neighborhood of the origin, such that the intersection of two neighboring
sectors covers exactly one anti-Stokes direction (when considered on the
Riemann surface of logz), let T,,, = Taon...,Tu,,_, be the associated
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Ai(z) 0 )571
0 22(2) )7 pe the
)
27 < M (OV> )
sectorial fundamental matrix solutions, Vg, o (x) = V4, (2)e 0 A7/
For each anti-Stokes direction 3 the Stokes matriz Stg is defined by

sectorial transformations, and let Vg, (z) = Ty, (x)ej(

VB,L = V@+%St5.

2v
The collection of the Stokes matrices {Stg,,...,Sts,,_,} modulo simulta-
neous conjugation by diagonal matrices is a complete analytic invariant of
the system (1.7) with given formal invariants (sometimes called Malgrange—
Sibuya modulus) [9, Theoerm 20.21].

Proof of Proposition 1.5. — By the above considerations, the LDE (1.6)
has a formal solution basis (2.3), where T';;(x) is formal power series that

is Borel v-summable, flj(()) # 0. After an eventual analytic change of the
x-variable, we can suppose that the formal invariants {\;(z)8; 1, Ao(2)5; 1}
are in a canonical form with Ag(x) — A1(x) = 1 4+ pa¥. We are looking for a
formal transformation

I=¢(x)=x(l+a"g(z)), 7=ty
such that

T\lj(az)ef)‘j(x)‘s;l = t(z) - (e~f)‘j5v_1) o g/b\(z), ji=12.

Therefore g(x) is a solution to

T 1 1 .
I —_< = —_— 1 1 v y

" <T11>(””) T e
where the right-hand side is an analytic function of x and g whose de-
rivative with respect to g at = = 0 is /\go) — /\go) = 1, so by the for-
mal implicit function theorem it has a unique formal solution g(x) with

9(0) = 10g(%§3;). Since (x) = & + O(z¥1) then also #(x) is a formal

power series, £(0) = fll(O)e_Ago)ﬁ(O).

One can also solve the equation on the sectors €2, (see Proposition 2.2
in the Appendix) and deduce that ¢(z), t(x) are Borel v-summable in the
same directions as is the pair (T'11(x), T12(x)). O

Proof of Theorem 1.6. —

(1). Analytic equivalence. — Let us show that if two LDEs (1.6) with
non-resonant irregular singularity have their companion systems (1.7) ana-
lytically equivalent, than so are the equations. After an analytic change of
x we can assume that the formal invariants {\(z)d, %, \a(2)5, 1} are in the
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canonical form and are the same for the two systems. Up to right multipli-
cation of T'(z) by a constant diagonal matrix, we can also suppose that their
collections of Stokes matrices agree. Therefore, for a singular direction 5:

T1jp- () = Tijpe () + s5Ths g (w)e] 72600
T p—(x) = Thip+ (@),
T1jp-(2) = Thjpr(2) + 55T i, (z)e] iD= 200
Tiip—(2) = Tripy (),
where sg is the Stokes multiplier on the position (j,) of Stg, with (j,7) =

(1,2) or (2,1) depending on 8 such that e/ *(®=% @) is flat when z — 0,
argx = (. The conjugation equations to solve are

Tll’gi(m')ef/\L(m)é;l = tgi(l') . (fllﬁief)‘ﬁ;l) o Qﬁﬁi(m), l=1,2.

Comparing the above expressions we see that on the intersection sector
Qs+ NQs_ = both ¢ (z) and ¢p4 () solve the same functional equation

Lijpt fa,-no;t _ Tujps fx,-a

51
vo gy,
Tiip+ T p+

hence they shall be equal if the existence and the unicity of a bounded
sectorial solution is ensured, which means that they will all glue up together

to form an analytic germ ¢(z). Writing ¢ps(z) = x(1 + 2¥gps(x)), the
conjugation equation becomes

Ty Ty,
log(le’ﬁjE > (x) = log<~1]’6i> (z+ 2" gae)) +

14,8+ T8+

vxY

— + plog(1l 4 x¥ x)),
o (LT 27g5a)" plog( 9px())

which by virtue of Proposition 2.2 in the Appendix, has a unique bounded
L . e _ T1,;(0)T1:(0)
analytic solution gs+(x) on Qg+ = satisfying gs+(0) = log (T:TT;(O))
And similarly with tg4 = tg_.
(2). Realization. — Given v > 1, formal invariants A\ (z), A2(z), and a
collection of projective Stokes operators, we want to show that there exists
an equation (1.6) of which they are analytic invariants.

By the Birkhoff-Malgrange-Sibuya theorem ([4], [15], [22], [9, Theo-
rem 20.22], [1, Theorem 4.5.1]) there exists a differential system §,v = A(x)v
with the given formal invariants realizing the associated Stokes matrices as
its analytic invariants. Under the non-resonance condition one may as well

assume that A(0) = ()‘1[50) )\21(0)) Writing A = (A;;), then it is easy to
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verify that the system satisfied by v = ( A 13(9:) A 13(30) )v is of the companion

form.

Another possibility is to prove the realization theorem directly using the
Ahlfors—Bers theorem. For the sake of completeness let us give a rough
sketch of this second approach, following the ideas of Malgrange [15, 16].
Let f(z) = e/ 2=21)8,1 (@) For an anti-Stokes direction £ and a projective
Stokes operator og, let ¥g(z) ~ x + O(e” =) (with some ¢ > 0) be defined
by solving the equation og o f(z) = f o g(x) on a small sector bisected by
B, x € Qng = NQp_ =, where Q, = {largz —a| < T —n, |z < p} for some
0<n<g, |p| > 0. We then want to find bounded analytic sectorial maps
bo(x) =+ O(2?), € Q, that solve the cohomological equation

Vg =dp_xz o ¢5+2V (2.4)

Since fogs_ = = ogo(fopsy ) are related by a projective transformation,
they define the same A(z) = —2S,(f o ¢,) for all «, which is therefore
analytic on a neighborhood of 0, and the equation (1.6) with p(x) = Ay (x) +
A2(z) and q(z) = 1 (A(z) —p(z)?+26,p (z)) then realizes the invariants. The
problem of solving the cohomological equation (2.4) can be easily solved in
the C*°-smooth category by some sectorial germs ¢, exponentially tangent
to identity (cf. [1, §4.3]). One then can obtain the bounded analytic solutions
bo () after correcting ¢, (x) by a C® germ g(x), ¢po = @u © g°~ 1, obtained

by the Ahlfors—Bers theorem as a solution to the Beltrami equation glg =h

on a neighborhood of the origin, where h(x) is an exponentially flat C*° germ
defined by h := %g@a/%wa which is independent of the sector €2, since

W A (@ﬁ—i ° 902112%)
- (oo - Gooren B L igit )
oz ¥ Oz v %¢ﬂ+% 0z At
by the chain rule for the Wirtinger derivative. O
Remark. — In the formal equivalence problem for non-resonant irregular

singularities one can assume that 711 (0) = T'15(0) = 1, hence that §(0) = 0,
ie. ¢(z) = 2+ O(x ”"‘2) On the other hand, in the analytic equivalence

problem one may have ;1228) #1and §(0) #0, i.e. p(x) =z + O(z" ). To

be able to solve the equation for #(x), one needs that ¢(z) = x + O(z¥*1).
This observation is at the heart of the following two examples.

Ezample 2.1. — (Formally equivalent but analytically non-equivalent res-
onant irregular singularities with analytically equivalent companion sys-
tems.)
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Consider the reducible equation of Poincaré rank v = 2

((52 - ag(x)) (62 — al(x))y =0,
with
cx®
1+cx

ap(z) =1, a(z)=1+z+2>+ , ceC.
Its basis of solutions is

y1(x) = e w7, z€C,

xr
y2(x) = 6_5/ e
0+

1+ct teo
;c dt:e_ﬁ/ 6_8(1+§>d8, JJEC\Rgo,
1

where the integration path in the s-variable follows horizontal rays. The
projective Stokes matrices of the associated companion systems are easily
calculated using the residue to be Sty = id and St, = (§ ?7%), which are
conjugated by diagonal matrices for all ¢ # 0. Up to analytic gauge trans-

formation, the companion systems can be written as

_ [oa@) 1
bov = (aox az(z))”’

and are all formally equivalent to each other for all ¢ € C by a gauge transfor-
mation. Indeed, writing the formal gauge transformation between two such

systems with ¢ and ¢ as v = (1 /@) ) v, then f(x) must satisfy

== (1har @ NF
= = — x —
! 1+4¢cz 1+c¢x /)’

~

which has a unique formal solution with f(0) = ¢ —¢. Hence the companion
systems are all analytically equivalent for ¢, ¢ # 0.

Also the equations are formally equivalent for all ¢ € C: indeed, it suffices
to solve the conjugation equations

_il4cx _1l+4cop do 1 ~ 1
e = =e ¢ C—,

2 @2 dx

Writing ¢(x) = z + 22g(z), then g(x) satisfies an analytic ODE
1+cx

1+ cz(1+ zg)
with a “saddle-node” type singularity at (x,g9) = (0,0), which is known
to have a unique formal solution g(z) = (¢ — ¢)z + O(2?). Then t(z) =

c—¢

5- + O(x) can also be formally solved.

519 = ¢ T (1 4 zg)? —1—2zg,

On the other hand, in the problem of analytic equivalence one needs to
equalize the bases cy (), y2(z) and ¢y (Z), y2(T), with respect to which the
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Stokes matrices agree, and the conjugation equations

1l4cx _1l+¢cp do TS
e = =e ¢ — - ce 222 =ct(x)e 202

cx? cp?  dza’ (z) ’
are solved on sectors by the same ¢(z) = z+log £x2+0(2?) which is analytic
as in the proof of Theorem 1.6. But now the equation for ¢(x) has no formal

solution if ¢ # ¢, and hence no analytic one either.

Proof of Proposition 1.7. —

(1). — Indeed, for a reducible LDE (1.14) one has A(z) = r(z)? —
26,7(x) for r(z) = as(x) — or(x), and moreover y;(z) = elor1@d" g
convergent solution. Vice-versa, if A(z) = r(z)? — 25,r(z) for an analytic
r(z), then the equation factors as (1.14) with as(z) = 1 (p(z) + r(z)) and
o1(z) = §(p(z) — r(z)). If y(z) is a “convergent solution”, then the equa-
tion factors as (1.14) with aq(z) = 0, logy(z) and az(z) = p(z) — a1 (z),
ie. r(x) = p(x) — 2aq(x). Finally, it is known that the companion system
is analytically reducible, i.e. analytically equivalent to one in a triangular
form, if and only if the Stokes matrices of are either all upper triangu-
lar or all lower triangular (indeed the formal diagonalizing transformation
for a triangular system is triangular and therefore the Stokes matrices will
have the same triangular form, and vice versa, a solution to the sectorial
cohomological equation with triangular Stokes matrices exists that is tri-
angular). The system 0,v = A(z)v, A(z) = (a;;(z)), realizing triangular
Stokes data can be assumed upper triangular and with a;2(0) = 1 (since

a11(0) # a22(0)), and is therefore it is conjugated to d,v = (aléz) a;(w))v

for some a1 (), as(z), hence analytically equivalent to the companion system
of a reducible LDE (1.14).

(2). — The normal form LDE (1.20) has two linearly independent solu-
tions y;(z) = ep‘j(”)‘sﬁ_l), j =1,2, and the equation (1.23) has an analytic
solution h(z) = m In general, if y;(z) = tj(x)ej)‘j(“")‘sv_ , 7 =12,
is a pair of linearly independent solutions of the LDE, f(z) = Zfég, then

h(z) = 55 = T a0 g is an analytic solution to (1.23).

Supposing that h(z) is a nontrivial analytic solution to (1.23), let us show
that the LDE is reducible. First, let us notice that from (1.23) it follows that

h(z)2A(z) = ¢ + O(22 1) for some 0 # ¢ € C. Let r(z, ¢) := <=2 apg

h(z)

) ) 2~ (5,h(2)) " +2h(2)52 () )
Az, c?) :==r(x,c)* = 20,r(x,c) = AOE , ¢ € C. Consider-
ing the equation (1.23) as a non-homogeneous first order linear differential
equation for unknown A with coefficients determined by h(x), then A(z, a?)
are its solutions for all @ € C and for the reason of dimension there are
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no other solutions. Hence A(x) = A(z,c?) and the LDE is reducible, with
r(x) = r(x, £c), two different solution to A(z) = r(x)? —2,7(x) (1.22), and
yi(z) = el @87 o (2) = h(z)el*2@8 " where ay(z) = 1(p(z) — r(z))
and as(z) = 3 (p(z) + r(z)) are two linearly independent convergent solu-
tions to the LDE.

Vice-versa, if r;(x), j = 1,2, are two different solution to (1.22), then
h(z)
to (1.23).

m, oy logh(xz) = *Mv is an analytic solution

Finally, a system with an irreducible irregular singularity and formal
invariants {\1(x)6, 1, A\a(x)6, 1} is analytically equivalent to v =

(Al(a;) 0
0 Az(w)

one concludes by Theorem 1.6. |

)v, if and only if its collection of Stokes matrices is trivial, and

Proof of Theorem 1.8. — Two 2 x 2 linear differential systems with non-
resonant irregular singularity at the origin of Poincaré rank » = 1 are an-
alytically equivalent if and only if they have the same formal invariants
and the same trace of monodromy. Indeed, the monodromy matrix of such
system with respect to the sectorial fundamental solution V_z (z) is of the

e (1)
form M = (62 M 0 ) (& 9)(§5%0), where the product sosr # 0 is
0

(1) Sp 1
eZwLAQ
the invariant characterizing the pair of Stokes matrices. Therefore det M =

NN i) :
e2mi A A7) = @2mir Y and the quantity

-y (1) (1) .y (1) (1) .
(detM)*%trM:e’”(’\2 N (14505x) + €N = 2cos 4+ e 505,

is a natural invariant. On the other hand the eigenvalues of the residue
matrix of the companion system at x = oo are —* + %\/A(z) + 1, where
AP = (p(M)2 4+ 4¢3 — 2p(M) | and therefore

(det M)™2 tr M = 2cosmV/A® + 1,
from which one has (cf. [18, p. 144])

u+\/A(2)+1>. (u—\/A@)Jrl)
—_— Y |Smn\ —m— .

SoSy = de T gin
T 2 2

For given formal and analytic invariants, the equation for A(?) can be always
solved.

If the LDE is reducible, written as (1.14), then there are only two analytic
equivalence classes within a given formal equivalence class: one corresponds
to both Stokes matrices trivial, and the other to one non-trivial Stokes matrix
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conjugated to (§1). he equation has two canonical solutions:
() = S @5

ya(z) = eler@sr / O e
0

reCN (aéo) ol ))R<0, where the integration path follows a real trajectory
of otam Assumlng that ag(x) — ai(z) = 1+ px + 2%r(x) for some
analytic germ r(z), then

where R(z) := efr(w)di, the integration in the second integral following a
horizontal ray. Denoting ya 1 (), resp. y2, (), the branch of y2(x) on argz €
|7, 2x|, resp. argx € ]0, [, then for argz =«

Yorr (@) —yo, (1) = g1 (2)sm, 87 = (£27H—1) / +°° R(1>d (2.5)

8=

2mip

In particular, if az(z) — aq(z) = 1+ pa, i.e. R(z) =1, then s, = (e
DI(L—p) =e™# FQ(T”) which vanishes if and only if p € Z<o. And if aa(z) —

o1(z) =14+ pz—2?,ie R(z) = e ", then s, = (e*™ —1) > iso(— 1IT(1—
p—7j) = 2mie™* Zj>0 ﬁ which is positive for every pu € Z. a

Non-degenerate resonant irregular singularities

By Theorem 1.2, we may suppose JYA(z) = x and let Jip (x) =: P(z),
P(0) = 0. The LDE may be rewritten as

1

(55_%31 — (x_ép(:v) — 2x”_§>5yéy — x_lq(x)y =0, (2.6)

which is non-resonant in the variable 2. Correspondingly it has a formal
solution basis

ol

1 1
Ji(z) = Thy(x7)a el 3(P@)=22)8, 7
1(7) =T (22) @7)

1 -1

Ya(r) = f12($%)I7%€f2(P(I)+Z%)
where fu(O) = flg(O) = 1. By the results of the previous section, for
every two such LDE for y and y respectively there exists a unique formal
transformation in z2

~1 o~

53 — ¢§(m%) . +O(m”+%)7 g = t(;,g%)y, (0) =1,
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that transforms the respective solutions (2.7) one to the other, and is Borel
(2v — 1)-summable in the variable z 2.

Proof of Proposition 1.9. — Let us show that there exists a formal trans-
formation in x

T = ngS(gc) =x+ O(xl/+1)7 y= /t\(as)y, %\(O) =1,

between the LDEs. This transformation will necessarily also transform the
respective solutions (2.7) one to the other, so by the unicity it will agree
with the above one. We can assume A(Z) = 7, A(x) = z + O(z¥*1), and
we construct the transformation z = (E(x) as a formal infinite composition
3 = ... ¢y1200,410¢,, where ¢ (z) = x + apr**1 is such that if Ay =z +
bzt 4+ O(2F+2) and 7 = ¢y () then Ay, 1(7) = 24+ O(z%+2). Plugging this
into (1.11) gives z+arx*1 +O(z* +2) = 2+ (2k —2v+1)bpz* 1+ O (2% +2),
hence by = 54515 is uniquely determined. If d(z) = = + O(z*!) and
p(z) = p (x) + O(z¥*1), then also the equation (1.9) for logt(zx) has a
unique formal solution. O

Proof of Theorem 1.10. — 1If the Stokes operators agree, then by the
reasoning of the proof of Theorem 1.6, the sectorial transformation between
the respective solutions (2.7) of the two LDEs glue up to an analytic trans-
formation in the variable z2

(@%) =2 +O("*%), F=t(zt)y, #0)=1.

[SIE
=

T2 =¢
The Taylor expansion of this transformation is a formal transformation that
is tangent to identity, hence by Proposition 1.9 it contains only whole powers
of z, and therefore ¢(x2) and t(x2) are analytic also in z. O

Proof of Theorem 1.11. — By the same reasoning as in the proof of
Theorem 1.8. If v = 1, then the equation (2.6) is of Poincaré rank 1 in the
variable 2. g

Proof of Theorem 1.12. — Up to a composition with transformation
y + ™y, which changes J¥p (z) -0, ! by md; ! while preserving the mon-
odromy and the Stokes operators, the meromorphic classification problem
is reduced to the analytic one. In fact, in the irregular case meromorphic
transformations preserve the canonical sectorial solution bases. O

Proof of Theorem 1.13. — Calculating the coefficients of 0, and 0,
in (1.29) with (1.30) and (1.31) both give o = L g. Then the coefficients
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of y9,, and y,0,, in (1.29) give respectively
q d d q d? p v+1\ d
2372V+2 dz? + s <x2”+2) daz? ! T g dif

x
@ (p vy d A p vy _,d
deg pvtl x dxg gdx a:”‘H d

Hence

2/ (x) =

d plz) v+1
da:g prtl T

Let h(z) = 92 then 2f = 6,h+ph+2f©, and 62f —pé, f = 24 8,h+6,qh,
from which

) g(z) + 20 for some f e C.

1
55h = Ad,h— S0,Ah=0.

For a strictly non-resonant regular singularity (1.15), the equation to
solve is
63h — (M1 — A2)200h =
which has a basis of solutions hy(x) = 1, ho(z) = 22722, hs(x) = 2 2~ M if
A1 # Ao, and hy(x) = 1, ho(x) = logz, ha(x) = (logx)? if A} = Aa.

For a resonant regular singularity (1.17), the equation for h is of the

form (1.24) with v = 0 and r(z) = 7#, which has a basis of solu-

tions hi(z) = lf—’;k, ho(z) = =5 + f_’;kk logz, and hg(z) given by (J +
r(z))hs(z) = 2 + klogw.

If v > 0 and A(0) # 0, then by Proposition 1.7 the equation (1.23) has a
non-trivial analytic solution h(x) if and only if the LDE is analytically equiv-
alent to its formal normal form (1.20), for which one has h(x) = m7

ceC.

Appendix: Implicit function theorem for Borel summable power
series

We will recall the notion of Borel summability and present a Borel sum-
mable version of the implicit function theorem.

There are several equivalent ways to define Borel summability (see e.g. [2,
13, 17, 18, 22]). We will use the following one due to J.-P. Ramis.

Let (E,||-]|) be a Banach space: we will consider the following two, (i)
the field (C,|-]), (ii) the space of bounded analytic functions on some small
disc D = {|y| < €}, € > 0, together with supremum norm.
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Let f(:c) =2 o f (Mgn € Ez] be a formal power series with coefficients
f™ e E.

e An open sectorial domain at the origin is a simply connected do-
main U in C (or in the Riemann surface of logarithm) with 0 in its
boundary that can be written as an (infinite) union of open sectors
at 0 of increasing angular opening (and decreasing radius).

e Let U be an open sectorial domain at the origin. An analytic func-
tion f : U — E is said to be s-Gevrey asymptotic to j?, s > 0, if
for every sector V.CC U (i.e. such that V. C U U {0}) there exist
C, A > 0 such that
N-1

1f(x) = > f™Ma|| < Cla|YANT(1 + sN), forall N>0andallz €V,
n=0

e An analytic function f : U — F is said to be exponentially flat of
order v > 0 if it is %—Gevrey asymptotic to the zero series. This is
equivalent to ask that for every sector V' CC U there exist C; A > 0
such that

If(@)]| < Ce F7,  forallze V.

e The formal power series f(x) is said to be Borel v-summable in
a direction a € R for v > 0, if there exists an open sector U of
angular width > = bisected by «, and a function f, : U — E that
is %—Gevrey asymptotic to ]?(33) It is said to be Borel v-summable if
it is summable in all directions a € [0, 27[ up to finitely many. The
directions of non-summability are called anti-Stokes or singular.

Let By < ... < Bm—1 be the anti-Stokes directions of a Borel v-summable
f(z) in the interval [0, 27[, B, = Bo + 27. For 1 > 0 arbitrarily small, let
T

2v

™

Vj:{argxe]ﬁj— +777,8j+1+2y_77|:7 |x<p(77)}a

j=0,....,m—1, (28)

with some p(n) > 0, be a cyclic covering of a pointed neighborhood of 0
by sectors, and fy, : V; — FE the Borel sum of f in the directions a €
18; +n, Bj+1 —n[. Then by definition fyv,,, — fy, is exponentially flat of order
v on the intersection V; N V; ;.

By the Ramis—Sibuya theorem the converse is also true, giving thus a
useful characterization of Borel summability.

THEOREM (Ramis-Sibuya). — Let V;, j € Zy, be a cyclic covering of
a pointed neighborhood of 0 by sectors. Let fy,v,., : V; N Viy1 — E be
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exponentially flat of order v, for all j € Z,,. Then there exists a formal power
series f(x), and a “cochain” of sectorial functions fy, : V; — E, j € Ly,
that are %—Gevrey asymptotic to f(x), such that fv, v, . = fv,,, — fv;.

o~

In particular, if the angular opening of V; is > T, then f(x) is Borel
v-summable in the directions covered by e_%Vj N e%Vj.

PROPOSITION 2.2 (Implicit function theorem). — Let ﬁ(m,y) =
Zj;o FU(y)x? be a formal power series of x such that the coefficients
FU(y) bounded and analytic in y on some small disc D = {|y| < e},
€ > 0, and the series is Borel v-summable. Suppose that F(O)(O) =0 and

dg;o) (0) # 0. Then the implicit equation

F(z,g9(x)) =0,
has a unique formal solution g(x) = Y-, gDz, g0 =0, which is Borel v-

summable with singular directions among the singular directions of ﬁ(x, Y).

The above proposition follows directly from a sectoral implicit function
theorem with Gevrey asymptotics that is stated in [19, Theorem 2.8] with a
reference to the book [14], and also proved in [6]. Some related statements
can be also found in [26]. We provide a sketch of a proof below.

Proof. — For any small n > 0, let Fy, : V; x D — C, j € Zp,, be the

“cochain” of the Borel sums of F on the cyclic sectorial covering Vi (2.8).
Then there exist C, A > 0 such that

(2,y) = Fy, (a.y)| < O F
on the intersections (z,y) € (V; N Vj41) x D.

|Fy,

+1

We shall solve the sectorial implicit equations
Fy,(z,gv,(x)) = 0,

for x € Vj, by replicating the usual proof of the implicit function theorem.
The sectorial solution gy, () is obtained as a fixed point of the operator

OF©)
dy

n—-+oo

-1
K5l o)~ (B O) Foee, ov(o) = lim K5(,0),

on the space of bounded analytic functions on the sector V; with
Sup,evy, ly(z)] < § for some small ¢ > 0, supposing that the radius of V;
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is small enough. Indeed, let us estimate

-1

oK, or©

OFy. (0)
(z,y)] < =Y or
Jy dy

OF©® N\ "'op©
—1
+\( = <o>) )

for x € Vj, |y| < §. The second term can be made arbitrarily small by
restricting the radius € of D. The first term can expressed by the Cauchy
formula as

1]or© |7t Fy.(z,() — F©
RN I I CSE LIS
2m| Oy IC—yl=% C—y
for some ¢ > 0. Hence, up to restricting the radius p(n) of the sector V;, one

can assume that |8§y-7' (z,y)| < § for z € Vj, |y| < §, and the operator is

2
contractive.

Let us now show that [gy,,, () — gv,(z)| < Ke 7 on the intersec-
tions V41 NVj; for some K > 0 in order to apply the Ramis—Sibuya theorem
and obtain the Borel summability. For z € V; 1 NVj and |y;41], [y;| < § one
can estimate |Kj11(z,y;41) — Kj(z,y;)| < [Kja(@,y541) — Kja(@,9;)] +
\Kjs1(z,y;) — Kj(z,y;)|, where the first term is bounded by |y;j+1 — ;| -
fol ’387’23'(% tyj+1+(1—t)y;) ‘dt < 1lyj+1—y;l, and the second term is bounded

by |3g;0) (O)|_1Cefﬁ. Therefore the difference of all the respective itera-

tions satisfy K37, (2, 0) — K3™(x,0)] < Ke F" for K = 2|25 (0)|7'C and
so do the limits [gy,,, (z) — gv, (z)] < Ke =1 O
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