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A right inverse of Cauchy—Riemann operator 0 + a in
the weighted Hilbert space L2(C,e 5") ®)

Suaoyu Dar () AnND YirEI Pan (@)

ABSTRACT. — Using Hérmander L? method for Cauchy-Riemann equations from
complex analysis, we study a simple differential operator 8% 4a of any order (densely
defined and closed) in the weighted Hilbert space L?(C, e’|2‘2) and prove the exis-
tence of a right inverse that is bounded.

RESUME. — Nous utilisons la méthode des estimées L? de Hormander pour les
équations de Cauchy—Riemann pour étudier un opérateur différentiel simple 0% +a de
tout ordre (fermé et densément défini) dans I’espace de Hilbert & poids L2(C, e"z|2).
Nous montrons ’existence d’un inverse a droite qui est borné.

1. Introduction

In this paper, using Hérmander L? method [2] for Cauchy-Riemann equa-
tions from complex analysis, we study the right inverse of the differential
operator 0% 4 a, which is densely defined and closed, in a Hilbert space by
proving the following result on the existence of (entire) weak solutions of
the equation 0%u + au = f in the weighted Hilbert space L?(C, e*|z|2). Here

and throughout, a is a complex constant, k a positive integer, 0% := %7
kt"-order Cauchy-Riemann operator, where 2 = 1(Z + ia%), and do :=

i dz A dz, the volume form.
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THEOREM 1.1. — For each f € L2(C,e*I"), there exists a weak solu-
tion u € L2(C, e~ 1#1") solving the equation

OFu+au=f

in C with the norm estimate

1
/(C|u\267|z|2 do < E/C|f|2(f|z‘2 do.

The novelty of Theorem 1.1 is that the differential operator 0F + a has a
bounded (linear) right inverse

T : L3(C,e 2"y — L2(C, e I#1),
(gk + G)Tk =1

ﬁ.
0" has a bounded right inverse 7" : L?(C, e“z‘z) — L3(C, e“z‘z), which, to
the best of our knowledge, appears to be new. We also note the fact that the
constant a dose not appear in the norm estimate, and it is this fact that we
shall use later.

with the norm estimate ||T| < In particular, the differential operator

For the first order 0 := 0!, the Cauchy-Riemann operator, we have the
following slight extension of the simplest case of Héormander’s theorem in
the complex plane ([3] and [4]) (a = 0; see [1] for a related result). Note that
A = 480.

THEOREM 1.2. — Let ¢ be a smooth and nonnegative function on C with

Ag > 0. For each f € L*(C,e™%) such that —— € L?(C,e~%), there exists
VAe

a weak solution u € L?(C,e~%) solving the equation
Ou+au=f

with the norm estimate

2
/|u\26_9”d0< 4/ ﬂe_‘PdJ.
c c Ay

The organization of the paper is as follows. In Section 2, we will prove
several key lemmas based on functional analysis in terms of Hérmander L?
method, while the proof of Theorem 1.1 and 1.2 will be given in Section 3.
In Section 4, we will give some further remarks.
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2. Several lemmas

Here, we consider the weighted Hilbert space

L*(C,e %) = {f fe leoc((C);/ |fIPe ¥ do < —I—oo},
C

where ¢ is a nonnegative function on C. We denote the weighted inner prod-
uct for f,g € L*(C,e=%) by (f,9) = ¢ fge~?do, and the weighted norm
of f € L*(C,e %) by ||fll, = V([ [)e- Let C5°(C) denote the set of all
smooth functions ¢ : C — C with compact support. For u, f € L? (C), we
say that f is the k' weak O partial derivative of u, written O*u = f, pro-
vided [ ud*¢do = (—1)* [, f¢ do for all test functions ¢ € C5°(C); we say
that f is the k" weak O partial derivative of u, written 0*u = f, provided
Joud*pdo = (=1)* [ f¢do for all test functions ¢ € C5°(C).

In the following, let ¢ be a smooth and nonnegative function on C. For
¥ ¢ € C§°(C), we first define the following formal adjoint of % with respect
to the weighted inner product in L? (C,e~%). Let u € L} .(C). We integrate

loc
as follows by the definition of the weak partial derivative.

Ak _ | 7 (ak, ) .—¢
<¢,8 u><p—/c¢ (8 u)e do
= (—1)’“/ (gk (pe=%)) udo
C
— (—1) / ¢ (3 (Fe%)) ue* do
C
= (—1)* / e?OF (pe=%)ue” ¥ do
C
_ /(_1\k vk —p
= ((—1)"e?d" (ge ),u)w
./ Qkx*
= <a<p ¢)’u>¢’
where 9f*¢ = (—1)"e?d" (¢pe~ %) is so called the formal adjoint of 9* with
domain in C§°(C). Let (0% + a); be the formal adjoint of 0% + a with do-
main in C§°(C). Note that I = I, where I is the identity operator. Then
(0% +a), =0 +a.
Now we give several lemmas for a general weight based on functional
analysis, which are the core elements of Hérmander L? method.

LEMMA 2.1. — For each f € L?(C,e™%), there erists an entire weak
solution u € L?(C,e™%) solving the equation

Fu+au=f
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in C with the norm estimate
Jull2 < ¢

if and only if
_ . 112
(00 <e| (@ +a) 6| . voecs(©)
where ¢ is a constant.
Proof. — Let 0¥ +a = H. Then (5’“ + a); = H;.
Necessity. — For V ¢ € C§°(C), from the definition of H; and Cauchy—
Schwarz inequality, we have
F, @)l = [(Hu, 6) o2 = [(u, H20)o|” < [lull? HH*¢H
* ok * 2
<el[Hzo];, = el|(@* +a)zell,
Sufficiency. — Consider the subspace
E={H}¢|¢ € C5(C)} C L*(C,e%).
Define a linear functional Ly : E — C by

Ly (H*¢ /f¢>e_“0da

Since
Ly (Hz0)| = 1(F, 00 < Ve | Hyel|,

then Ly is a bounded functional on E. Let E be the closure of E with
respect to the norm || - ||, of L?(C,e~%). Note that E is a Hilbert subspace
of L?(C, e~%). So by Hahn-Banach’s extension theorem, L ¢ can be extended

to a linear functional L § on E such that
|Li(9)| < Vellgll,, YgeE. (2.1)

Using the Riesz representation theorem for L f, there exists a unique ug € E
such that

Ly(g) = (uo,9), Vg€ BE. (2.2)

Now we prove O¥ug+aug = f. For V ¢ € C5°(C), apply g = Hj¢in (2.2).
Then
Es (H30) = (un. H30),, = (Hun0),
Note that N
Ly (Hy¢) = Ly (Hy¢) = (f, d)p-
Therefore,
(Huo, ¢), = (f,9)p, V¢ € CG(C),
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ie.,
/ Huype ¥ do = / foe ¥ do, V¢ e C5(C).
C C
Thus, Hug = f, i.e., 0"uy + aug = f.

Next we give a bound for the norm of ug. Let g = up in (2.1) and (2.2).
Then we have

luoll?, = I{wo, o) | = [Ly(uo)| < Velluoll,
Therefore, |lug||?, < ¢

Note that ug € E and E C L*(C,e”%). Then ug € L*(C,e™¥). Let
u = ug. So there exists u € L?(C,e~%) such that 0*u+au = f with [ull < c

The proof is complete. O
LEMMA 2.2.
10"+ a)zol2 = (|8 +a) 6I2 + (6,8" (3% 0) — 85" (8%0))
V¢ e C5(C).

Proof. — Let 8" + a = H. Then (9" +a); = Hj. For V ¢ € C5°(C),

ezl = (Hz0. H20),
— (0. HH:0),
= (6, HLHO), + (6. HH}6 ~ HLHG),
= (H¢,Ho), <¢7HHZ¢—H;ZH¢>¢

= |HO| + (¢, HH ) — HLHG) . (2:3)
Note that
HH¢ = (0" +a) (0% +a)_ 6 = 0" (9 0) + ad*¢ + ad" 6 + |al*¢
and
HiH¢ = (0" + a) (0" +a) ¢ = 9L (9"¢) + adly ¢+ ad"¢ + |a*¢.
Then
HH}¢ — H3H¢ = 9" (95 ¢) — 9 (9%¢) . (2.4)
So by (2.3) and (2.4), we have
5 = IHOIE +(0.9" (90) — 0 (%)),

This lemma is proved. O

1256
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LEMMA 2.3. — ForV ¢ € C§°(C),

9" (0 ¢) — 05" (9% ¢) = kii( )( )ak O Igd P;, (2.5)

=1 j=1

where

P, = Zml'mz m'pl( 5"<P> . (2.6)

and the sum is over all i-tuples of nonnegative integers (my, ma,---m;) sat-
isfying the constraint 1mq + 2mg + - -+ +im; = 1.

Proof.
05 ¢ = (—1)"e*0" (¢e™%)

et (o
kzz:( ) (0"71¢) (e£07e%) . (2.7)

Then from (2.7), we have

E

7" (95 ¢) = (1)

<2) ((0""¢) (e¥0'e%))

() B en)

Mw M M

"k (K
k k—iak—j J (P Aal,—¢
Z(J(ﬂ)a I pd (ePde™?)
=0 j=0
and
k
ak* 8k kZ( > ak 18k (egaaie—ga).
=0
Therefore,

9 (957¢) — 95 (9"9)

= (=1)* f:z (’:) (’;) OFTIOF I gd (e¥0'em?) . (2.8)
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Let h(g) = €9, g = —¢. By Faa di Bruno’s formula [5],

9'e™? =0'(h(g))

il _ g\
_ () 99

]
=N T

_ (Z ml'mz — H < 8”%0>m”> o

= Pi€7¢

; (2.9)

where the sum is over all i-tuples of nonnegative integers (mq,ma,---m;)
satisfying the constraint 1m; + 2mg + -+ 4+ im; = 4. So (2.5) is proved
by (2.8) and (2.9). O

However, unlike in the previous lemmas, here we have to be confined with
a special weight ¢ = |z|? in order to deal with the high order differential

operator and we note that the space LQ((C,e“Z‘z) is a well-known space,
sometimes, called Fock space.

LEMMA 2.4. — Let ¢ = |z|%. Then

k—1
(6,0" (T 0) — Ty (3%0)), ZO ,HMH
=
Ve CP(C). (2.10)

Proof. — By ¢ = |z|2, we have

Then from (2.6),

Pi=(=0p)' = (-2)" = (-1)' (3)". (2.11)
Note that
a O’ < b)
Iz = il Z J
G—? 75 ¢ =]



Shaoyu Dai and Yifei Pan

Let s =14 — j. So for V ¢ € C5°(C), by (2.5) and (2.11) we have
0" (95" 0) — 0 (9"¢)

<.
I
—
Il

<

ERES
|
<

T

N

ES
[~
-

Y R
0 R

+ o~ N————

s!

I
—
I
—
~—
e
-

<
Il
—
w
Il
o

5) <k’) Gl (—1)7"*(j + 5)!23

I
T T
= =
B >
= 1]~
o~ N
> >
d d
7N Y

>(ak]sak j¢)( ) =5

<
Il
—
Il
<. O

k =7\ (gk-i-sgk—i
] )(a =09 ¢) Py, (2.12)

<
Il
—
w
Il
o

where

Then by (2.12) and (2.9), we have
(@ (5k*¢) _ 5}c* (5k¢)) -

k

ZAk JZ< ) OFIT0 9 I ) Pem®

ZAk y ( 89) (04— ¢) 9o

ol ZAkfjak*j ((0"7¢)e?)
j=1
Therefore, as the key step of the proof, we have
(0.0 (95 ¢) - 95 (9%9)),,
- / 53" (39) — 8% (3)) e *do

k
ZAk J/¢>a’€ T((8F¢) e ?) do

kol

= (CDFS Ay (1) /(C (0*15) ((87¢) ) dor

<.
Il
N
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k . =, . < .
15 A (—1)4 / (@9) (3*9¢) ¢ do
j=1 €
= (=1 A (-1)FT (9, Ok_qu)@
j=1

k
= (DR Y Ay (—1)8 7 |||

j=1
k
(
=X G 1Pl
j=1
L= (2 gl
‘wﬁﬁﬁﬁ”ww
j:
Then (2.10) is proved. O

3. Proof of theorems

First we give the proof of Theorem 1.1.

Proof. — Let ¢ = |z|?>. By Lemma 2.2 and Lemma 2.4, we have for
V¢ e C5°(C),

!Wﬂ@@W>@W@wf@@%m

= Z 5 1979l

> i II¢H¢~ (3.1)
By Cauchy—Schwarz inequality and (3.1), we have for ¥V ¢ € C§°(C),

1(F ool < IFIS 16115

= (7 12) (reol)
< (,j, ||f§i) @ +G)Z¢Hi

Then by Lemma 2.1, there exists u € L?(C,e~%) such that
= . 1 2
Ou+tau=f with Julf < I3

The proof is complete. O
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Second we prove the following theorem.

THEOREM 3.1. — There exists a bounded (linear) operator
Ty : L2(C,e” ™) = 22(C e
such that
5 1
k = ) < ——
(8 +a) Tk I with ||Tk|| S \/H,
where || Ty is the norm of Ty, in L2((C,e_|z|2).

Proof. — Let ¢ = |z|%. For each f € L*(C,e~%), from Theorem 1.1, there
exists u € L?(C, e~ %) such that

_ 1

k _ .

(0" +a)u=f with llull, < Z=11fl,-
Denote this u by Ti(f). Then Ty (f) satisfies

1
V!

Note that f is arbitrary in L?(C,e=%). So Ty : L?>(C,e~%) — L?(C,e~%) is
a bounded (linear) operator such that

(@ +a) Ti(f) = £ with |Te(H)lp < —= £, -

(0" +a) T, =1 with |Tx <

-

The proof is complete. O
Lastly we prove Theorem 1.2.

Proof. — From Lemma 2.3, we have
0 (55;(;5) - 52 (5(;5) = ¢y, Y ¢ € C(C).

Then by Lemma 2.2, for V ¢ € C§°(C),
_ . N2 _ _
|@+a) 0| >(0.03;0) -7, (30)),
~ (0.000), = | /a0,

- 628 —
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By Cauchy—Schwarz inequality and (3.2), we have for V ¢ € C§°(C),
2

2 f 5
B - ay=—— 33
2
7, I
< = 1/ 00
| 50, 17V,
2
f L
<Jl vt

Then by Lemma 2.1, there exists u € L?(C,e~%) such that
2

Ou+au=f with ||u||$2(J < 4 .
\/ 00
©
The proof is complete. O

4. Further remarks

Remark 4.1. — Given A > 0 and z € C, for the weight ¢ = |z — 2|,
we obtain the following corollary from Theorem 1.1. Here we stress that
the proof is not simply a straightforward scaling, instead it will scale to a
different equation.

COROLLARY 4.2. — For each [ € L2((C,e_’\|z_20|2), there exists a weak
solution u € L2(C,e=M==%1") solving the equation

Fu+au=f

with the norm estimate

el o < oo [ el a
C - JC

Proof. — From f € LQ(C,e_MZ_ZO'z), we have
/ |f(,z)|267)“2'7z°‘2 do < +o0. (4.1)
C

Let z = % + 20 and g(w) = f(2) = f(% + z0). Then by (4.1), we have
1 1
X /(C |g(w)|26_|“’|2zdw A dw < 400,

- 629 -
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which implies that g € LQ(C,G"“’F). For g, applying Theorem 1.1 with a
replacing by ﬁ, there exists a weak solution v € L?(C, e"“"z) solving the
equation

——v(w) = g(w) (4.2)
in C with the norm estimate

21 1 2 1
/C\v(w)ﬁe*lw\ 245 A dw < E/Cm(w)\?e*lwl LA Ade. (43)

Note that w = VA(z — 2) and g(w) = f(2). Let u(z) = ﬁv(w) =
(le)kv(ﬁ(z — 20)). Then (4.2) and (4.3) can be rewritten by

OFu(z) + au(z) = f(2) (4.4)

/C|u(z)\26_’\‘z_20‘2d0< ﬁ/@mz)ﬁe—klz—zﬁ do. (4.5)

(4.5) implies that v € L2((C,e’>‘|z*20|2). Then by (4.4) and (4.5), the proof
is complete. O

Remark 4.3. — From Corollary 4.2, we can obtain the following corollary,
which shows that for any choice of a, the differential operator 0* + a has a
bounded right inverse in L?(U), provided U is a bounded open set.

COROLLARY 4.4. — Let U C C be any bounded open set. For each f €
L2(U), there exists a weak solution u € L*(U) solving the equation

OFu+au=f

with the norm estimate ||ul|r2wy < ¢l fllz2w), where the constant ¢ depends
only on the diameter of U.

Proof. — Let zy € U. For given f € L?(U), extending f to zero on C\ U,

we have
f— f, €U
10, zeC\U.

Then f € L2(C) C LQ(C,e"Z’ZO‘2). From Corollary 4.2, there exists u €
L3(C, e"Z’ZO‘Q) such that

— _ ~ ~ 1 —
O +au = f with |u|26_|z_20|2 do < = |f|26—\z—20\2 do.
C k! Je

2 1 ~ 1
[u2el7==" do < 7/ |f|?do = 7/ |£]? do.
/C k' Je K Sy

- 630 —
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Note that

[tetnrars [ et
C U

> [ e as = [ fa,
U U

where |U] is the diameter of U. Therefore,

- 1
€_|U|2/ ‘u|2d0_<7'/ ‘f|2d0',
U k! U

2
al2d < 2q
e < S [ 1P d
U . U

Restricting w on U to get u, then

ie.,

_ U
Fu+au=f with / lu|* do < ¢ / |fI? do.
U U

k!
Note that v € L?(U) and let ¢ = e‘Z!P . Then the proof is complete.  [J
Remark 4.5. — As a simple consequence of Theorem 1.1, we can obtain

the following result on the existence of entire weak solutions of the equation
0"u+au = f for square integrable functions and almost everywhere bounded
functions.

COROLLARY 4.6. — For each f € L?(C) or f € L>(C), there exists a
weak solution u € L?, (C) solving the equation
OFu+au = f.

In particular, the equation O%u = f has a weak solution uw € L? (C) for
f € L?(C) or f € L>=(C).

The proof of Corollary 4.6 follows from the observation that L?(C) C
L2(C,e”1#1"), L(C) c L%(C, e *") and L2(C,e**) c L2 (C).

Remark 4.7. — It would be a natural question whether other weights
would work by Hérmander L? method, but so far we don’t know how to do.
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